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Approximate Capacity of the Gaussian Interference
Channel with Noisy Channel-Output Feedback

Victor Quintero, Samir M. Perlaza, Ifiaki Esnaola and Jean-Marie Gorce

Abstract—In this paper, an achievability region and a converse
region for the two-user Gaussian interference channel with
noisy channel-output feedback (G-IC-NOF) are presented. The
achievability region is obtained using a random coding argument
and three well-known techniques: rate splitting, superposition
coding and backward decoding. The converse region is obtained
using some of the existing perfect-output feedback outer-bounds
as well as a set of new outer-bounds that are obtained by using
genie-aided models of the original G-IC-NOF. Finally, it is shown
that the achievability region and the converse region approximate
the capacity region of the G-IC-NOF to within a constant gap
in bits per channel use.

Index Terms—Capacity, Interference Channel, Noisy Channel-
Output Feedback.

I. NOTATION

Throughout this paper, (-)T denotes the positive part oper-
ator, i.e., (-)7 = max(-,0) and Ex[-] denotes the expectation
with respect to the distribution of the random variable X. The
logarithm function log is assumed to be base 2.

II. SYSTEM MODEL

Consider the two-user G-IC-NOF in Fig. 1. Transmitter <,

with ¢ € {1,2}, communicates with receiver 4 subject to the
interference produced by transmitter j, with j € {1,2}\{é}.
There are two independent and uniformly distributed mes-
sages, W; € W, with W; = {1,2,...,2N8i} where N
denotes the block-length in channel uses and R; is the trans-
mission rate in bits per channel use. At each block, transmitter
i sends the codeword X,; = (X;1,X,2,.. .,XZ-_,N)T € AN,
where X; and X}V are respectively the channel-input alphabet
and the codebook of transmitter 4.
The channel coefficient from transmitter j to receiver ¢ is
denoted by h;;; the channel coefficient from transmitter ¢ to
receiver ¢ is denoted by h ;;; and the channel coefficient from
channel-output 7 to transmitter ¢ is denoted by / ;. All channel
coefficients are assumed to be non-negative real numbers. At
a given channel use n € {1 ., N}, the channel output
at receiver ¢ is denoted by ?2 n- During channel use n, the
input-output relation of the channel model is given by:

?i,nzﬁiiXi,n + hij X, + 71‘,7“ (D
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Fig. 1. Gaussian interference channel with noisy channel-output feedback at
channel use n.

where 7m is a real Gaussian random variable with zero mean
and unit Variance that represents the noise at the input of
receiver ¢. Let d > 0 be the finite feedback delay in channel
uses. At the end of channel use n, transmitter 7 observes Y ,,
which consists of a scaled and noisy version of
specifically,

& %m forne {1,2,...,d}
L (Eii7i,n7d+<2i,n7 for ne {d+1’d+27 e

i n—d- More

2
7N},( )

where ?,n is a real Gaussian random variable with zero mean
and unit variance that represents the noise in the feedback
link of transmitter-receiver pair ¢. The random variables

and Z i,n are independent and identically distributed. In the
following, without loss of generality, the feedback delay is
assumed to be one channel use (d = 1). The encoder of
transmitter ¢ is defined by a set of deterministic functions
f(l) ,fi(N), with fi(l) W; — &; and for all n €
{2,...,N}, fi(") W, x R"~1 — X;, such that

zlzf(l)( W;), and
Zn_f(n) <WL7Y1 Iy--vy

(3a)
(3b)

Fora).

The components of the input vector X, are real numbers
subject to an average power constraint:

—ZE in’) <1, “)

n=1

where the expectation is taken over the joint distribution of
the message indexes Wi, W5, and the noise terms, i.e., Z 1,

2, Z1, and Z 5. The dependence of X; , on W;, Ws, and
the previously observed noise realizations is due to the effect
of feedback as shown in (2) and (3).



Assume that during a given communication, 7' blocks are
transmitted. Hence, the decoder of receiver ¢ is defined
by a deterministic function 1; RN — WI. At
the end of the communiTcation, receiver ¢ uses the vector
(?i,la?i,%-”a?i,NT) to obtain an estimation of the
message indices

(Wi(l), w2 Wi(T)):U%‘ (?i,la ?i,z, e ?i,NT) , S)
where Wi(t) is an estimation of the message index sent during
block ¢t € {1,2,...,T}. The decoding error probability in the
two-user G-IC-NOF during block ¢, denoted by P{" (N), is
given by

PW(N)=max <Pr {Vﬁ(“ ” Wﬂ Pr {(ﬁ/}(” ” Wét)} ) .(6)

The definition of an achievable rate pair (R, Ry) € R% is
given below.

Definition 1 (Achievable Rate Pairs): A rate pair
(R1,R2) € RZ is achievable if there exists at least one
pair of codebooks XN and XJ¥ with codewords of length
N, and the corresponding encoding functions fl(l), ey fl(N)
and f2(1), ey Q(N) such that the decoding error probability
Pe(t)(N ) can be made arbitrarily small by letting the block-
length N grow to infinity, for all blocks t € {1,...,T}.

The two-user G-IC-NOF in Fig. 1 can be fully described
by six parameters: SNR;, %Z and INR;;, with ¢ € {1,2}
and j € {1,2}\{¢}, which are defined as follows

SNE; =72, 0

INR;;=h; and @)
o > —

SNR,= 2 (W2 +2hhi+h +1). 9)

III. MAIN RESULTS

This section introduces an achievable region (Theorem 1)
and a converse region (Theorem 2), denoted by C_;c_noF
and Cq_1c—noF respectively, for the two-user G-IC-NOF with
fixed parameters SNR;, SNRg, INRj2, INRo, %l, and

NRy. In general, the capacity region of a given multi-user
channel is said to be approximated to within a constant gap
according to the following definition.

Definition 2 (Approximation to within £ units): A closed and
convex set T C R is approximated to within £ units by the
sets Tand T if T CT CT andforallt = (t1,...,ty) €T
then (t1 —&)™,...,(tm — ) e T.

Denote by Caic—nor the capacity region of the 2-user
G-IC-NOF. The achievable region C_;c_nop and the con-
verse region Cq_1c_NOF approximate the capacity region
Cgic—nor to within 4.4 bits per channel use (Theorem 3).

A. An Achievable Region for the Two-User G-IC-NOF

The description of the achievable region Cq_;c_nof 1S
presented using the constants a; ;; the functions ag; : [0,1] —
Ry, ai; ¢ [0,1)> — Ry, with [ € {3,...,6}; and a7, :
[0,1]®> — R, which are defined as follows, for all i € {1,2},
with j € {1,2}\ {i}:

B PILLUR (10a)
41175 08 INR;;, ] 2
1 1
azi(p)=3 log (bri(p) +1) - 3, (10b)

1 m{i(INRU + 1) +b1i(1) +1
as,i(p, p)=;log :
2 m{i((l—ﬂ)bm(m*&)+b1,i(1)+1

(10c)
1 1
asi(p, n)=7 log ((1 - M)bzi(p) + 2) -5 (10d)
1 SNE, 1
as,i(p, p)=5 log (2 + Rt (1 - u)bzz(p)> ~ 5
g
(10e)
1. (SNE, 1
ag,i(p, u)Qlog(INRH ((1 u)sz(p)+1>+2) 5
gt
(10f)
1 SNE,
a7,z’(,0,,u1,/12)=§10g <INR~ ((1—/~Li)b2,j (P)-l—l)
JT
1
+(1—Nj>b2,¢(0) + 2) 3 (10g)

where the functions b;; : [0,1] — Ry, with (1,4) € {1,2}?
are defined as follows

bl’i(p):SNﬁi + 2p4/ SNﬁZINR” + INRZ‘J‘ and (11a)

bg,i(p):(l - p)INRij ~1, (11b)

with j € {1,2}\ {i}.

Note that the functions in (10) and (11) depend on Sﬁl,

Sﬁ% INR;2, INRo1, %1, and %2, however as these

parameters are fixed in this analysis, this dependence is not

emphasized in the definition of these functions. Finally, using

this notation, Theorem 1 is presented on the next page.
Proof: The proof of Theorem 1 is presented in [1]. W

B. Comments on the Achievability

The achievable region is obtained using a random coding
argument and combining three classical tools: rate splitting,
superposition coding, and backward decoding. This coding
scheme is described in [1] and it is specially designed for
the two-user IC-NOF. Consequently, only the strictly needed
number of superposition code-layers is used. Other achievable
schemes, as reported in [2], can also be obtained as special
cases of the more general scheme presented in [3]. However,
in this more general case, the resulting code for the IC-NOF
contains a handful of unnecessary superposing code-layers,
which complicates the error probability analysis.

C. A Converse Region for the Two-User G-IC-NOF
The description of the converse region Cq_ic_NOF iS

. . INRy; INR;; )
determined by the ratios 3R, and 0, for all ¢ € {1,2},

with j € {1,2} \ {¢}. All relevant scenarios regarding these



Theorem 1:
non-negative achievable rate pairs (R1, Ry) that satisfy

R;<min (az,l(/)), as,1(ps p1) + az2(p, p1), a1,1 + az2(p, p1) + as2(p, Ml)),

Ry<imin (az,z(/)), az,1(p, p2) + ac2(p, p2), a1 (p, p2) + as,1(p, p2) + al,z),

The capacity region Cgic—nor contains the region Cq_ic_nor &iven by the closure of the set of all possible

(12a)

(12b)

Ry 4+ Ry<min <a2,1 p) +a12,a11 + az2(p), as(p, p2) + ar1 + az2(p, p1) + az2(p, p1, p2),

az,1(p, p2) + as,1(p, p2) + az2(p, 1) + as 2(p, 1), az,1(p, p2) + az,1(p, pa, p2) + az2(p, p1) + a1,2)> (12¢)

as,1 /)7

(
)

2Ry 4+ Ry<min (az 1(p) + a1y +az2(p, 1) + az2(p, pa, p2),
p2) + a1+ ara(p, pas p2) + 2a3 2(p, pa) +
(

(124d)

as2(p, 1), a2,1(p) + a1 + as2(p, 1) + as 2 (p, M1)>,

Ry + 2Ry<min (ag 1(ps p2) + as1(p, p2) + a22(p) + a1,2,as,1(p, p2) + a7.1(p, p, p2) + az.2(p) + a1 2,

2a3,1(p, p2) + as,1(p, p2) + as2(p, p1) + a2 + a7 2(p, p1, M2)),

(12e)

with (p, p1, pi2) € [O, (1 — max (ﬁ’ ﬁ))*} x [0,1] x [0,1]2.

ratios are described by two events denoted by S;, 1 and Sy, o,
where (l1,12) € {1,...,5}%

Sis: SNR, < min (INR;;,INR;,), (13a)
Sps: INRj; < SNE; < INR;, (13b)
Sy INR;; < SNR; < INR;;, (130)
Sus: max (INR;;,INR;;) < SNR; < INR;;INR;;, (13d)
S5 SNE, > max (INR,;, INR;, INR;;INR;;).  (13e)

Note that for all ¢ € {1,2}, the events S1;, S24, S35 Sa.i
and S5 ; are mutually exclusive. This observation shows that
given any 4-tuple (SNR;, SNRo, INR9, INRy;), there always
exists one and only one pair of events (S, 1,5,,2), with
(I1,l2) € {1,...,5}?, that identifies a unique scenario. Note
also that the pairs of events (S2,1,S522) and (S31,S532) are
not feasible. In view of this, twenty-three different scenarios
can be identified using the events in (13). Once the exact sce-
nario is identified, the converse region is described using the
functions k;; : [0,1] — R4, with (1,4) € {1,...,3} x {1,2};
ki o [0,1] = Ry, with [ € {4,5}; ke = [0,1] — Ry, with
le{1,...,4}; and k74, : [0,1] = Ry, with (4,1) € {1,2}2.
These functlons are defined as follows for all ¢ € {1, 2}, with

Je{1,2;\ {i}

(14a)

1+ bs, (p)) +% log (Hljif)@())’ (14b)

+1

(14c)

71 b4’1(p) 1
H4(P)*§ log (1 + 1+b52(p)> +3 log (bl,Q(P) + 1)3(14(1)

1+bs51(p

1
H5(P):§ log <1+

b 1
1,2(p) )>+210g (bl,l(p)+1)7 (14e)

kea(p) if (S12V S22V S52)
A(S11V 82,1V S51)
Ke2(p) if (S12V S22V S52)
ke (p)= A(S3,1V Sa1) (14f)
ke3(p) if (S32V Si2)
A(S1,1V 821V S5.1)
ke,a(p) if (S3,2V S42) A (S31V Ss1)
H77i(p){’i7,i,1(/’) %f (S1,V 82,V Ss.i) (l4g)
wri2(p) if (S3:V Sai)

where
1 1
/ﬁ@)l(p)=§log(b1 1( )+b5 1( )INR21>—§10g (1+INR12>

+%log (1—|—b52 R2>

bia(l) +1
1 1

+5log (bl,g(p) T bs,l(p)INRm) — 5 log (1+INR21>
1 b5 1([))§NR1

+=log 1+
2 bia(1) + 1

Ke,2(p) = % log <b6,2(P) + % (Sﬁz + b3,2))

1 1 bs.1 (p
—=1 1+IN — 1 1
20g(+ R12)+20g(+b1)1()+1

1 1
+5log (bl,l(p)+b5,1(p)INR21) — 5 log (1 n INRﬂ)

1 bs2(p) b3 2§NR2
Z1 1 ) IN 3,20°772
+2 og ( + ﬁ Rz +

) bi2(1)+1
(1 N bs.1(p)INRy;
SNR

2

) + log(2me), (152)

1
——log

5 (15b)

) + log(2me),



Fig. 2. Genie-Aided G-IC-NOF models for channel use n. (a) Model used to calculate the outer-bound on Ry; (b) Model used to calculate the outer-bound
on R1 + Ra; and (¢) Model used to calculate the outer-bound on 2R + R»

1 1
1 b INR (o) = L , L g
Foslp) =3 log (bﬁ’l(p) ! %721 (SNﬁl + b3,1)> wrialp) = 5 lo8 <b1“(p) * 1) g los (1 * INR”)
1 1 1
— log (1 + b5, (p)) + = log (1 + bai(p) + bs,; (p))

%log (1 + INng) + 1log (1 + bz 2 ( EQ) 1 INR
k 12 +3 log (1 +(1-» )ﬁi <INRU+
+5 log (bu )b ( )INR21) ~log <1+INR21) i
1 b bs.1 SNR by, SNRy )) — Liog (1 + b5’i(p)INRji)
5 lo (1 5.1 INR21 + b13711(1) +11> ) b (1) +1 2 SNR,
7 1 bs,i(p)INR;
% ( b5 1 INR21 ) + log(2me), (15¢) —|—§10g (b&j(p)—’— ﬁf (Sﬁ] " b37j)>

+2log(2me), (16b)

1 bs.1(p)INRg1 SNE where the functions b, ;, with (I,i) € {1,2}? are defined in
rea(p) = 5 1og (bm(p) + SﬁN (SN 1+ b3 1) (11); b3 ; are constants; and the functions b;; : [0,1] — Ry,
! with (1,7) € {4,5,6} x {1,2} are defined as follows, with

1
—5 log 1+INR12) - flog (14 INRs,) je{1,2}\ {i}:
;10g< () (INRH bb8,2§1 R21)> bs.,=SNR;, — 2\/SNR;INR; + INR;, (17a)
2l b s(p)=(1— *)SNE,. (17b)
1 los {1+ b5 1(p)INRo
2% SNﬁ2 bs,i(p)=(1 - pz)INRij, (17¢)
Log (14 U (P)INR2 be.i(p)=SNR; + INR;; + 20+/INR,; <\/ SNR; — /INRji>
2 ﬁ
INR;;+/INR;
1 b INR, ij ji
41 10g (bﬁ , 5.1(P)INRo; (S—R>2 b 2)) +T (\/INRJ-Z- ~2 SNRZ-) . (17d)
~ SNB, '
1 b5,1(p) 53,1§NR1 Note that the functions in (14), (15), (16) and (17) depend on
Slog {1+ INRo; + SNE;, SNE,, INRy2, INRa;, SNR,, and SNR,. However,
2 SNB;1 b1’1(1)+1
these parameters are fixed in this analysis, and therefore,
+log(2me), (15d)  this dependence is not emphasized in the definition of these
and functions. Finally, using this notation, Theorem 2 is presented
1 1 below.
57’i’1(p) = 3 log (b1 i(p) + 1) —3 log (1 + INRij) Theorem 2: YZze capacity region Cqic—NOF Is contained
1 b V within the region Cg_1c—Nor given by the closure of the set of
+=1o <1 + 573 NR; ) non-negative rate pairs (Ry, Ro) that satisfy for all i € {1,2},
f b1,;(1) +1 with j € {1,2}\ {i}:
+5log (bl,j(p) + b5,i(P)INRj1ﬁ) R;<min (r14(p), k2.4(p)) , (18a)
1 1 R;<k3,(p), 18b
+§ log (1+b4,z‘(P)+b5,j(p)) ~3 log (1+b57j(p)) ¢ 1433.,7,(p) (18b)
+2log(2re) (162) Ry + Ro<min (4(p), 55 (p)) (18¢)
Tr K
s Ry + Ry<r(p), (18d)

2R1 + Rj<ﬁ77i(p), (186)
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Fig. 3. Gap between the converse region Cq_1c_~or and the achievable
region C_c_nor ©Of the two-user G-IC-NOF, under symmetric channel

conditions, i.e., SN = SN ﬁg = SN ﬁ INR12 = INRo; = INRgld
§NR1 § NRy = § NR, as a function of a = log*%y and B = log SNR

SN log SN?

with p € [0, 1].
Proof: The proof of Theorem 2 is presented in [1]. H

D. Comments on the Converse Region

The outer bounds (18a) and (18c) correspond to the outer
bounds for the case of perfect channel-output feedback [4].
The bounds (18b), (18d) and (18e) correspond to new outer
bounds that generalize those presented in [2] for the two-user
symmetric G-IC-NOF. These new outer-bounds were obtained
using the genie-aided models shown in Fig. 2.

E. A Gap Between the Achievable Region and the Converse
Region

Theorem 3 describes the gap between the achievable region
Ca_1c—_nor and the converse region CG_1C_NOF using the
approximation notion described in Definition 2.

Theorem 3: The capacity region of the two-user G-IC-
NOF is approximated to within 4.4 bits per channel use by
the achievable region Cq_1c_nor and the converse region
CGe-1C-NOF-

Proof: The proof of Theorem 3 is presented in [1]. M

The gap, denoted by §, between the sets Ceo_1c—nor and
Ca_1c—Nor can be approximated (Definition 2) as follows

O2r O3R, 53R2>
2 ) 3 ) 3 )

(5< max (5];{1,(532, (19)
where

o, 2 min (s1,1(p), #2,1(p), K31 (p) ) = min (az,1(p),

ag,1(p, p1)+asz2(p, p1), a1,1+asz2(p, p1)+as2(p, #1)>,
(20a)
O R, = min (Hl,z(/)), K2,2(p), K3,2(P)) — min (%2(0)7

az1(p, p2)+aes2(p, p2), as1(p, p)+a1(p, u2)+a1,2),
(20b)

2 £ min <H4(P)7 #5(p), HG(ﬂ)) — min ((12,1(,0) +ai2,
a1+ az2(p),
az1(ps p2) + ar1 + az2(p, p1) + az2(p, pa, pr2),
az,1(p, p2) + as,1(p, p2) + az2(p, p1) + as 2(p, p1),

as1(p, p2) + ar1(p, 1, p2) + as2(p, 1) + ax 2>7 (20¢)

(
(
83r, = K7.1(p) — min (a21 )+ a1+ az2(p; p1)

+a7,2(P7 P, p2), a3, (ps p2) + a1 + a7 (p, p, p2)
+2a32(p, p1) + as2(p, 1), a2,1(p) + a1 + az2(p, 1)

+as2(p.11)), 20d)

83Rr,= K7,2(p) — min (a371(p, p2) + as,1(p, p2) + az2(p)
+ai 2, a3,1(,07 Mz) + a7,1(P, M1, M2) + a2,2(P) + a9,
2a3,1(p, 12) + as1(p, p2) + as2(p, p1) + a1 2

+a7,2(P,H1,M2))- (20e)

Note that dr, and Jr, represent the gap between the active
achievable single-rate bound and the active converse single-
rate bound; do represents the gap between the active achiev-
able sum-rate bound and the active converse sum-rate bound;
and, d3r, and Jsp, represent the gap between the active
achievable weighted sum-rate bound and the active converse
weighted sum-rate bound.

Finally, it is important to highlight that, as suggested in [2],
[4], and [5], the gap between C_jc_nop and Ca_1C_NOF
can be calculated more precisely. However, the choice in (19)
eases the calculations at the expense of less precision.

Fig. 3 presents the exact gap existing between the
achievable region Cq_;c_norp and the converse region

Ci_1c—nor for the case in which SNR; = SNR, = SNR,
INR;> = INRy; = INR, and SNR; = SNR, = SNR as a

function of o = llog;\\zp” d g3 = % Note that in this
0O, O,

case, the maximum gap is 1.3 bits per channel use and occurs
when o« = 0.5 and 8 = 0.

IV. CONCLUSIONS

An achievable region and a converse region for the two-
user G-IC-NOF have been introduced. It has been shown that
these regions approximate the capacity region of the two-user
G-IC-NOF to within 4.4 bits per channel use.
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