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We study the probability p = p, (t) that two directed polymers in a given random potential
7 and with fixed and nearby endpoints, do not cross until time ¢. This probability is itself
a random variable (over samples 1) which, as we show, acquires a very broad probability
distribution at large time. In particular the moments of p are found to be dominated by atyp-
ical samples where p is of order unity. Building on a formula established by us in a previous
work using nested Bethe Ansatz and Macdonald process methods, we obtain analytically the
leading large time behavior of all moments p™ ~ v, [t. From this, we extract the exact tail
~ p(p)/t of the probability distribution of the non-crossing probability at large time. The

exact formula is compared to numerical simulations, with excellent agreement.
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I. INTRODUCTION

A. Overview

The problem of directed paths, also called directed polymers, in a random potential arises in a
variety of fields[1H6l (18] [19]. In its continuum version, it is connected to the Kardar-Parisi-Zhang
(KPZ) growth equation [7] by an exact mapping, the Cole-Hopf transformation. Recent progress
in integrability of the KPZ equation in one dimension [, [0, 21H27] have thus been accompanied by
new exact results for the directed polymer (DP) in 1+ 1 dimension. Methods from physics such as
replica and the Bethe Ansatz [8, 10} [25H27], or from mathematics such as the Macdonald processes
[9], led to many exact results both for the KPZ and the DP problem. Examples in the later case
are distributions of the free energy, of the endpoint position [31], as well as some multi-point

correlations [32].

Despite these progresses, many interesting DP observables still evade exact calculations. This
is the case for instance of quantities testing the spatial structure of the manifold of DP ground
states such as the statistics of coalescence times [33], or of their low lying excited states, such as
the overlap and the droplet probabilities, of great interest for many applications, e.g. to quantum
localization [34]. Similarly, very few results are available for the problem of several interacting DP
which are mutually competing within the same random potential, most notably the case of several
DP subjected to the constraint of non-crossing [9, 11}, 2] 17, 28]. More generally, not much is
known about crossing or non-crossing probabilities for paths in random media. Since in a random
potential directed polymers compete for the same optimal configuration(s), one can expect that
the non-crossing probability may be small. It remains to quantify how small they are and how rare

are the samples such that they are not small.

In a recent work we introduced a general framework to calculate non-crossing probabilities for
directed polymers, equivalently free energies of a collection of directed paths with a non-crossing
constraint. Specifically, we studied the probability p,(t) that two directed polymers in the same
white noise random potential 17 = \/2¢ n(x,t) and with all four endpoints fixed nearby = = 0 (see
below precise definition) do not intersect up to time t. We used the replica method to map the
problem onto the Lieb-Liniger model with attractive interaction ¢ = —¢ < 0 and generalized statistics
between particles. Employing both the Nested Bethe Ansatz and known formula from Macdonald
processes, we obtained a general formula for the integer moments W (overbar denotes averages

with respect to 1) which we could relate, at least at a formal level, to a Fredholm determinant.



FIG. 1. Configuration of two polymers starting at (& = ¥1/2,# = 0) (respectively red/blue) for a typical
value of p in (a) and for a rare realization with large p = O(1) in (b). The opacity of each dot in (,)
corresponds to Z(+1/2,2|t) x Z(&,+1/2|7 — 1) with 7 = 300. See Section for definitions of notations
on the lattice. Here, 8 = 1.0 and the red points have been drawn on top of the blues, which explains the

apparent asymmetry in (a).

While explicit evaluation of this formula for any m,t appeared very difficult, we were able to obtain
explicit results for m = 1,2 for all time ¢, and for m = 3 in the large time limit. This led us to
conjecture that, at large time:
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where ¢ is the strength of the disorder, with explicit values for the first three coefficients
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The calculation of all the -, and the more general question of the determination of the full
probability distribution, P¢(p) of p = p,(t), remained open problems. An interesting finding of
[13] is that the first moment is exactly given by i.e. py(t) = 1/(2t) for all ¢, independent of
the disorder strength, and in fact identical to the result without disorder. As explained there
(and recalled below) this arises as a consequence of an exact symmetry of the problem, called the

statistical tilt symmetry (STS).

B. Aim and main results

The aim of this paper is to report a first step in the determination of the sample to sample
distribution of non-crossing probability Pi(p). We will start from the general formula for the
moments derived in [I3] in terms of multiple integrals over so-called string rapidities, y;, of a quite

complicated symmetric polynomial of these rapidities (called A, ., (u) below). We will develop



general algebraic methods to deal with these types of polynomials and integrals, and apply them
here to study the replica limit n = 0 and the large time limit. We demonstrate that the conjecture
is indeed correct and obtain all the coefficients ~,,. From the moments we are able reconstruct
an interesting and non-trivial information about the probability distribution P;(p), namely its tail,
as we now explain.

It is important to point out that the result is valid only for fixed integer m in the limit of
large time. In fact, this knowledge of the leading behavior of the integer moments at large time is
not sufficient to reconstruct the full distribution of p. As we have argued in [35] on the basis of

universality from the results of [17], we expect that
In pryp(t) = Inpy(t) ~ —a(c?t)'/? (3)

where, furthermore, a = X3 — X_’2 ~ 1.9043 is the average gap between the first (x2) and second (x5)
GUE largest (properly scaled) eigenvalues of a random matrix belonging to the Gaussian unitary
ensemble (GUE). This means that in a typical realization of the random potential 1, p = py(t)
is sub-exponentially small at large time, i.e. py,(t) ~ e=a(@D Do account for the form the
integer moments should be dominated by a small fraction ~ 1/(¢*t) of environments for which
typically p,(t) ~ ¢®. Hence we are led to conclude that

p(p/c*)

cit

Pt(p) Zt—>+o00 po(p/ptyp(t)) + (4)

where p(p/c) is a fixed function and P is the bulk of the distribution centered around the typical
value. Here our goal is to calculate only the tail function p(p), leaving the determination of the

bulk function to future studies. We obtain, from an exact calculation of the ~,, (given in formula

below),

o) -= [ \/7Ko(2f\/w) (5)

where K is the modified Bessel function. It is easy to see that this result reproduces [ dpp™p(p) =
Ym in agreement with the values in Eq. . The conjecture (4]) with the analytical form is fully
confirmed by our numerical study, see Sec. [V.C} in particular Fig. [2] shows comparison with the
model defined on the square lattice, which at high temperature is a good approximation of the

continuum one.

Strictly Eq. and are valid only at fixed p for large ¢, and the total weight in the tail is

naively ~ 1/t. However one sees that the asymptotic behavior of the density function p(p) at small



p is
1 2
p(p) = o (Inp) (6)
p

hence its total weight is not integrable at small p. Thus we can surmise that the above form holds
for p > p.(t) where p.(t) is a small-p time-dependent cutoff, and we can try to match the tail to
the bulk around p.(t). Integration of @ gives a total weight ~ %|ln pe(t)]3/t for the tail region
of the probability distribution. This suggests, assuming no other intermediate scale, the following
bound on p.(t): %|lnpc(t)|3/t < 1 ie Inpe(t) > —(6t)1/3 ~ —1.817t'/3, This is consistent with
Pryp(t) < pc(t) but on the same /3 scale. A more detailed analysis of this matching is left for the

future.

Finally one may wonder how the samples with values of p of order one differ in real space from
the ones with typical values of p. For this, we show in Fig[I|density plots of the configurational prob-
abilities of two independent directed polymers in the same environment constrained to start and
end at different, but very close-by points (nearest neighbors on the lattice). We show two samples:
for the sample with higher p, the small difference in starting points results in a very large differ-

ence in most probable configurations. The details of the numerics are discussed in section Sec.[[VC]

The paper is organized as follows: in Sec. [[T, we recall the model, the observables and the main
results of [13] which are the starting point for the present calculation; in Sec. we study the
building blocks for the formula of the moments of p,(t); finally in Sec. we apply these formulas
in the limit n - 0 and of large times to derive the coefficients v, and the distribution of p,(¢),

which is then compared to numerics.

II. MODEL, OBSERVABLES AND STARTING FORMULA

A. Model and observables

The model of a directed polymer in the continuum in dimension 1+1 is defined by the partition
sum of all paths z(7) € R starting from = at time 7 = 0, and ending at y at time 7 = ¢. This can be

seen as the canonical partition function of a directed polymer of length ¢ with fixed endpoints

x(t)= © _
ot = [ Do Bolit o) )
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FIG. 2. Comparison of our prediction for the continuum model with numerical simulations of the DP on
the square lattice, as described in the text. We use at least 2 x 10° realizations of the disorder (samples).
The log of the empirical distributions of p = p/(163%), with p the probability on the lattice, is shown for
different values of 3 and several times ¢ = 28,27 ...,2'3. The opacity of each line is scaled proportionally
t. The analytical prediction in Eq. for the tail of the distribution is confirmed at large times ¢ - oo
and 8 — 0. Note that the bulk of the distribution and Inpy,,(¢) shifts very rapidly to large negative values

(which we find consistent with ¢'/3, but not analyzed here).

in a random potential with white-noise correlations n(z, t)n(z’,t") = 6(z—x")0(t—t"). It describes the

thermal fluctuations of a single polymer in a given realization 7 of the random potential (a sample).

Thanks to the Karlin-McGregor formula for non-crossing paths and its generalizations [14], the
partition sum of two polymers with ordered and fixed endpoints, (x1,y1) and (z2,y2), is given by

a determinant formed with the single polymer partition sums:

Z8 (w1, w2391, 92lt) = Ziy (1391 6) Zy (23 wolt) = Zip(@2s 1 [£) Zy (15 90t) - (8)

Hence one can express the probability (over thermal fluctuations) that two polymers with fixed

endpoints do not cross in a given realization 7 as the ratio:

Zp(x2;y1t) Zy (215 y2lt)
Zy(z1;y1[t) Zy (223 92lt)

Here for simplicity, we study only the random variable defined by the limit of near-coinciding

py(T1,22;91,92[t) =1 - (9)

endpoints

Py(=€ € =€ €t)

12 (10)

t)=1li
Py () ey
As noticed in [I3], it can also be written as:

pn(t) = 0,0, ann(J:;y|t)|x:8 (11)
y=



which is useful in some cases, e.g. to show that the first moment is independent of the disorder,

see [13].

B. Replica trick and starting formula

The observables that we will study here are the integer moments of this probability p, (¢). Using

the replica trick these moments can be written as

pp(t)™ = hn% Onm(t) (12)
where we have introduced:
O (1) = lim [(26) 722, ()] [ 2, (0; 0}t ]~ (13)

and we defined the partition sum of two non-crossing polymers with endpoints near x =0 as
782 (€) = Zy (& elt) Zy (=€ —elt) = Zy(6; €lt) Zy (6 —elt) (14)

The idea is now to calculate O, ,(¢) and then to take the limit n = 0.

In Ref. [13], we have derived a formula for these quantities. This result was obtained in the
simplest case (m = 1) by use of the nested Bethe Ansatz and, for general m, using a contour
integral formula obtained from the theory of Macdonald processes in [9], with perfect agreement
between the two methods.

The formula goes as follows. For each n,m, one first defines a function of a set of n complex

4

variables pq, @ = 1,..n, the “rapidities” (also indicated collectively by a vector p = (1, ..., tn)) as

1 1521 h(p2g-1,2¢)
1) = v | ’ (15)
o 2m H Hléa<ﬁ£n f(uﬁa)
where (1, = 113 — fto and we have introduced the two functions
h(u) = u(u—ic) , f(u)=uf(u—ic) (16)
and the symmetrization operator over the variables pu:
1
symy,[F(p1,... i)l = = > Fpp,..o1p,) - (17)
n: PeS,

As discussed below, the rational function in Eq. is actually a symmetric polynomial in the pq.



The formula obtained in [13] then reads:

On,m(t) = (Anm(1))n (18)

where we introduced the “string average” for any symmetric function F'(u) as

no e ns oo ik, .
Flp),= S —2¢ f P & (1, m) F? (k, m)e A3 0em)t 19
(F(p)) nsZzl R @) ()0, Zn;n )nle oy (k,m)F*(k,m)e (19)

In this equation, we introduce the notation

(kj — kjr)? +c2(mj —my )[4

FP(k,m) = F(p)|p=ps ,  @(k,m) = — 7 (20)
e 1gjggn5 (kj = kjr)? + 2 (mj +myr)?[4

Mgzuia:kj-l-%(mj-i-l—Qa), aj=1,.m;, j=1,.n, (21)

Ap(#) = Z o s A;;(kam) = Ap(“)|u=us (22)
a=1

where Ay denotes the energy and A, corresponds to the conserved charges of the Lieb-Liniger
model [30]. The factor F'*(k,m) is obtained from F'(u) replacing the values of the n rapidities jq
with their values p , for a “string state” and so is A;(k, m) obtained from A,(u). Such a “string
state” is characterized by: (i) an integer ns, the number of strings in the state, with 1 < ng < n; (ii)
ns real variables k; € R, j =1,...,n,, the “momenta of the string center of mass”; (iii) ns integer
variables 1 < my, "the particle content” of each string in the string state. In the above formula
a “summation” over all string states is performed, meaning that these variables are summed upon
or integrated upon. Here, (m1,...,my,), indicates sum over all integers m; > 1 whose sum equals
n, i.e. Z?jl mj =n.

An important property of and is that considering (Ay 0)n = (1), one recovers the
formula for Z,,(t) = Z,(x = 0;0lt) = O, (t) for the n-th moment of a single DP partition sum with
fixed endpoint, studied and calculated in [8]. The present calculation is thus a, quite non-trivial,
generalization of that calculation.

The formula is thus our starting point. We now turn to explicit calculations of the building
blocks in Eq. .

ITI. CALCULATION OF THE BUILDING BLOCKS A, ., (u)

In this section we provide an explicit formula for A, ,,(p) as a symmetric polynomial. This
approach is based on: (i) the invariance of under the simultaneous translation of all the

rapidities po = fto + u; (ii) the fact that A, ,, vanishes on any (-string with £ >n —m.



The best way to deal with this problem, is to separate these polynomials into homogeneous
components, which are discovered to coincide with the Ay, ,, (@) computed at ¢ = 0. Hence, we start

by studying this case.

A. ¢=0 case

We define Ay, (@) as Apm(p) computed at = 0. In this case f(u) = 1 in and therefore
Eq. simplifies to

Ay m(#) = ! om Sym,, [IW—L[l(NZq—l - N2q)2:| = 8ym,, [ﬁ(ﬂ%ql - H2q—1ﬂ2q)] (23)

where the second equality is obtained expanding the square and replacing pioq — fi24-1 inside the
symmetrization. We want to re-express in terms of the elementary symmetric polynomials
ep() = D Hay---Hay - (24)
1€ <..<ap<n
with eg(p) = 1 and we will use below the convention that ji, =0 for a > n, leading to e,(p) = 0 for
p>n . We will also omit the explicit dependence on rapidities when these do not take a specific
value and simply denote e, = e, (). It is important to underline few properties that has to

satisfy. Indeed, A, (@) is a polynomial
1. symmetric in the variables pi, ..., tin;
2. homogeneous of degree 2m;

3. containing each rapidity p, with degree at most 2;

4. invariant under a simultaneous translation of all variables: A, (g +u) = Ay, (1) for any
complex number u and g+ u = (g1 + U, ..., b +u).
Conditions 1, 2, 3 impose that An,m( ) is a linear combinations of terms epea,,—, with p=0,...,m.

Moreover, in this expansion, all the coefficients, but one, can be fixed using condition 4. An im-
portant consequence, which we will use below, is that, for any given n, m, a polynomial satisfying
conditions 1-4 has to be a multiple of An,m. Additionally, by focusing on the coefficient of [], ugq_l
in (23), it can be seen that e,e,, appears multiplied by m!(n — m)!/n!. We refer to Appendix

for all the details and we get

2m

A () = ( ),( 1)m2( 1)P(n=p)l(n - 2m+p)lepeam—p (25)
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which is the required expansion. Remarkably, this expression is a convolution and can therefore
be expressed compactly using generating functions. We recall the standard generating function for
the elementary symmetric polynomials
E(zlp) =[]+ piz) = > epa”. (26)
i>1 r>0

Again we will write simply E(z|p) = E(z), and similarly for other generating functions, whenever

the rapidities are considered at generic values. Then, we can rewrite

m)!

Apm (1) = m(-l)m[Hn(iﬂ)Hn(-fv)]xzm (27)
where we introduced
Hy(z) = I;O(n ~p)leyaP = fo dte " Bz /) (28)

and everywhere here [F'(x)]» indicates the coefficient of 2 in the series F(x).

B. General case ¢+ 0

The study of the finite ¢ case requires a more detailed analysis. First of all, one can check
(see Appendix that Ay, (pe) is still a symmetric polynomial in the rapidities. Moreover it is
homogeneous of degree 2m in the combined set of ¢, 1, ..., y. Thanks to the characterization of
]\mmr(u) in terms of properties 1-4 given in the previous section, it can be seen (Appendix

that Ay (p) admits the following expansion
An,m(ﬂ) = Z Ezan,m]\n,m—a(N) ) (29)
a=0

where the (2} |, are constant coefficients, for the moment unknown, expect for Q%m = 1. Thanks

to Eq. , it is possible to rewrite Eq. again in terms of generating functions as

m!(-1)™

Apm(p) = (n—m)inl

[wn,m (icx)Hp (x) Hp (—) ] 2m (30)
where we introduced the generating function of the unknowns €7 .,

wpm () = % g@z,m%x% (31)

with wy, , (0) = 1. Since Eq. and Eq. holds for an arbitrary choice of u, the values of the

Qy, m can be fixed by choosing specific configuration of rapidities where Ay, ;, () simplifies. Consider
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in particular the string configuration characterized by my = £ and mo = ... = mp_ps1 = 1, all

with vanishing momenta k; =0, i.e.
l‘l’ao = (E(g_ 1)3 E(E_ 3)3 .- '7_E(£_ 1)707 s ,0) ) (32)
2 2 2
then one obtains (see Appendix that
An,m(;ﬁo):o, forany/=n-m+1,n-m+2,...,n. (33)

These conditions have a direct physical interpretation: in the Lieb-Liniger language, an ¢-strings can
be considered as a bound-state composed by ¢ particles; in order to form a string with ¢ > n —m,
necessarily, the rapidities of two-particles which are mutually avoiding each other would need
to be included in the string. As no bound state can be formed between avoiding particles, this
term gives a vanishing contribution in Eq. . So, the condition expressed by encodes the
effective repulsion between polymers. The value of the elementary symmetric polynomials for this

configuration g = Y can be found explicitly (see Appendix B 4)) as

o) = (1) ey By (). (34)

We will extensively use in this paper the generalized Bernoulli polynomials [I5] which have been

introduced from the generating function

o 00 (a) "
) efvy:ZM. (35)

n!

Ga(z,y) = (ew 1
n=0

By inserting Eq. in Eq. and denoting Hy)(x) = H,(z|u"?), we arrive at (see Appendix
51

2k+1
H D (@) B (<2) = Y b,Ganalice,n—k+p) (36)
p=1

where k = n—/ and the coefficients by, satisfy the symmetry boy.2-, = by, as is seen from the property
Ga(x7y) = Ga(—x,a—y) (37)

and the fact that the left-hand side of is an even function of x. Using Eq. and Eq. ,
the conditions in Eq. are equivalent to

[wWn,m (icz) (Gaons2(icz,n — k + 1) + Gopsa(—icx,n -k +1))],2m =0, Vk=0,....,m-1 (38)

To see this, we start from k = 0, in which case there is only one term in the sum (36[). Then, for

k =1, the sum involves three terms. However, using the condition for k& = 0, we can reduce to the
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first and last term in the sum and obtain , again by the symmetry in Eq. . Similarly, one
can proceed for all £ up to k =m — 1 using each time, all the previous conditions up to k — 1.

These conditions are solved by
1
wn,m(x) = §(G2m—2n—1(xa m— n) + G2m—2n—1(_xa m— n)) + O(x2m+2) (39)

where the higher orders do not affect the 2™ coefficients needed in . To see that Eq.
satisfies , we use that

B(2m+1)(m—k+1):(_k_m+1)2m207 Vk:O7...,m_1 (40)

2m

where (2), = z(z +1)..(x + p) is the Pochhammer symbol, as shown in detail in the Appendix
Finally, we get, from Eq. and Eq. , our final explicit expression for the coefficients 27

as

o« min-m+ a)!Bézm_%_l)(m -n)
mm (2a)!(m - a)!(n-m)!

(41)

in terms of generalized Bernoulli polynomials, which complete the expansion of Ay, ,, () in Eq. .
More compactly we can write combining and

2m-2n . _

m!(=1)™ cT sin cx

An,m(ll/) = ( ) o - H’n(x)Hn(_x) (42)
(n—=m)n!|\2sin F cx .

which is the main result of this section.

IV. CALCULATION OF THE MOMENTS OF p

A. n -0 limit

Thanks to the results of the previous section, we can now express A, ,,(p) in terms of the
elementary symmetric polynomials. Then, the dependence in terms of the conserved charges A, in

Eq. can be recovered using the Newton’s identities [16]

Ay 1 0
A, A1 2 0
ep:]%det : (43)
Apfl Apf2 - A p-1
Ay A1 - Ay A
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Therefore, as explained in [13], after introducing the generalized replica partition function

Z0(t) = (X1 Py, (44)
the relation for ©,, ,, in Eq. can be rewritten as
Gn,m(t) = An,m[{aﬁp}][zg(t)] . (45)

Here, we first define A, ,,,[A,] as Ay, () expanded as a function of the Ay, for simplicity without
using a new symbol. Then, we formally replace in Ap,,[Ap] the charges A, — 0p,, with the
derivatives computed setting all 3,’s to zero afterwards. In the limit n — 0 prescribed by the

replica trick, we can write
A
M) = 228 00). (46)

and neglect all the subleading orders in the Taylor expansion in powers of n, as they act as
derivatives of a constant lim,,.o zP (t) = 1. We can therefore focus on Ay, = lim,,.gn Ay, . Although
in principle n - 0 would imply a vanishing number of variables, A, is well-defined as a symmetric
polynomial and admits an explicit expansion in terms of the elementary symmetric polynomials e,
in the ring of symmetric functions.

In a similar way, we define S\m( ) from the limit of n A, ,, (). The latter can be expressed by
taking the limit n — 0 of

<2 ()Pl (m - 1) €2m-p€p R ot
)\m:p; D@m= p- 1) = —m!(m - 1)![Ho(z)Ho(-x)],2m , Ho(z) = p;)( -1
(47)

using that (n—p)!=~ (=1)P~1/(n(p—1)!) for strictly positive integer p and small n and introducing
the auxiliary function Hy(z). Note that in the expansion of Am both the terms p=0and p=2m
give a vanishing contribution.

We can now easily express the A,,. Since

ml(m - 1)(-1)?BE" " (m)

Q, =1lim QF = 48
R (m-a)l(m-a-1)!(2a)! (48)
is not singular, we can take the limit directly in , and arrive at
A1) = 3 9 X -a (1) = =md(m = 1)! [t (i) Ho () Ho (<)o - (49)
a=0
where
wo,m () :Tlli_I)%OJn,m(«T) ml(m 1)1 2 Z( Q% (m - a)!(m -a—-1)!z*

= %(Ggm_l(azjm) +Gom-1(—x,m)) + O(x2m+2) (50)
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in agreement with , as expected. Again, as above in Eq. , the orders higher than z>™ are

irrelevant for the final result.

B. Large time limit

We now turn to the calculation of ©,, ,,,. First of all, we need to replace, in the conserved charges,
the values of the rapidities with a “string state”. Since the charges A,(p) are additive we have

A (k,m) = 30, Ap(kj,m;), where Ap(kj,m;) are the contributions relative to a single string. As

shown in Appendix [C] they can be written as
P
Ayleem) = 3 (1) ey 12177 - 1) By AL () (1)
q=0 q

where B, = B]gl)(O) are the standard Bernoulli numbers and the homogeneous conserved charges,
satisfying A,(Dh)(uk,um) = up“Aéh)(k:, m), have been defined as

]{j ic_mp+1_ k‘—w p+1
A](Dh)(k,m):( Tt ) ( 2 )

ie(p+1) (52)

As argued in [I3], the string average of products of homogeneous charges has a simple scaling with

t at large times:

(h) (h)
i (Apy . AR, ooyt 1D~ D]f3 (53)
n— n

Since Ay (k,m) = Agh)(k, m) , the leading contribution O(¢™!) to each moment p™ is then given by
the terms involving ((A1)?), = n/(2t) as dictated by STS (for detailed version of these arguments
and this last identity see [35]). Then, when expanding e, as a function of the A, through , we
do not need the higher charges, A1, as they will give subleading contributions to the moments

at large time. Combining and , we observe
Ay (k,m)

ep(k,m) = + “terms involving more than one A” — (ic)?*(2*? —1)B,_1.A5(k, m) .
(54)
where in order to derive the last replacement we used and A%h)(k, m) = Aj(k,m). Once this

replacement is applied in Eq. (47)), it leads to
s 1 s
Ho(z|p®) — 2G(icz, §)A1 (k,m) . (55)

This function is now odd: Hy(-z|u®) = Ho(z|p®), as expected since Agh) only appears in the
expansion A, for odd p’s. Finally using Eq. and Eq. , we obtain the moments at large
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times
_ . m(i6x) Ho ()] 2m n [(m-1)!
P~ lim () :limm!(m—l)!([wo’ (iew) Ho ()" Loz L (m=-1) [2°Gomy1 (iGx, m + 1)]42m
n—0 n n—0 n 2t
(56)
(D)™ @2 - D)t BET S (m+ 1) (m— 1)1e2m2 57)

2(2m - 2)!t Co202m-1)it
where in the first line we have used the multiplication formula for the Bernoulli generating functions
(see end of Appendix ) and in the second line we have used the value of the Bernoulli
polynomial at a special argument, obtained in the Appendix

Thus, we have shown as announced in the introduction, that, for integer m > 1

_ el s o(tY) V74T (m)3
t )

=t—+o00 m = F(m+%)

(58)

i)
3

where we have rearranged the Gamma functions in the v,,. It is easy to check that the values for

m=1,2,3 given in Eq. are recovered.

C. Final result and comparison with numerics

We want now to recover the density p(p) associated to the moments in Eq. . For simplicity,
in this section we set ¢ = 1. The full result can be recovered by rescaling as in . We look for a

function p(p) satisfying

fo " dp p(D)P™ = Y (59)

for all integers m > 1. One can note that the densities p;(u) = e ™/u and pa(u) = (0 < u <
1)(1 - u)~'/2/u have respectively moments u™ = I'(m) and u™ = /7L (m)/T(m + 1/2). We then

obtain, by convolution, the density

p(p) =~ [ \/7Ko(2f\/U+) (60)

An equivalent expression, suited for asymptotic expansion at small p, is given by the contour

integral

o) = [T S ALY ) (61)

for a small € > 0. For p < 1, the contour can be closed on the half plane 23(s) < 0 and one gets the

sum of residues as an expansion in small p: the first term (residue in zero) gives (Inp+2yg)?/(2p),
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the second one gives p? and p?(Inp)? and so on. As explained in the introduction, this suggests

that the validity of this tail for large p, extends up to a cut-off value p. bounded by p. > 1817

We now compare our analytical result for the continuum model with the discrete directed
polymer on a square lattice [8], defined according to the recursion (with integer time # running

along the diagonal)
7. —(Zj 1t+Zj+;£)6_B &,t+1 (62)
27

with V; ; sampled from the standard normal distribution. This discrete model reproduces the
continuous DP in the high temperature limit § < 1, under the rescalings: ¢ = 1 with = = 4¢3
and t = 2t8* [§]. As done in [I3], we take two polymers with initial conditions Z;le = 0z,41/2
and ending at time f at & = £1/2. Then, for each realization, the non-crossing probability p on the
lattice is computed by the image method [14]. The relation between p on the lattice and the random
variable p can be read from , which leads to p ~ 16pB*4, for B — 0. As shown on the figure

the agreement between the numerics, in the double limit ¢ - co and 8 — 0, and our prediction for

p(p) is convincing.

V. CONCLUSION

We presented an exact method to compute the large-time asymptotics of the moments of the
non-crossing probability for two polymers in a random medium. As an intermediate outcome,
an algebraic approach, based on generating functions, is developed to express explicitly a class of
symmetric polynomials, related to arbitrary number of replicas of two mutually-avoiding polymers.
In the large-time limit, the calculation of the moments further simplifies and an analytic expression
is provided. In this way, an explicit formula, compatible with these moments, for the tail of the full
distribution of the non-crossing probability is proposed. Its validity is then benchmarked against
numerical simulations on a discretization of the continuous directed polymer problem.

This approach provides a rare analytical result in the complicated interplay between disorder
and interactions. Moreover, several new perspectives and generalizations become accessible. First
of all, a larger number of mutually avoiding polymers is treatable within the same framework.
Then, the next question, currently under investigation by the authors, concerns the bulk of the
distribution. The conjectured connection with the statistics of the first few eigenvalues of a random

Gaussian matrix should be addressable within our approach.
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Appendix A: Explicit formula for /~\n7m

We now show that, for given n,m, any polynomial Anm(p,) satisfying properties 1-4 presented
in Sec. equals, up to a multiple, the expression in Eq. . Clearly, being symmetric, it admits
a representation in terms of elementary symmetric polynomials. Moreover property 3 implies that
it is a quadratic function of the e,’s and from homogeneity we arrive at

~ 2m
Apm(p) = pz_:,)apep@mﬂ) . (A1)

with the coefficients a, satisfying a, = a2,,—p. Using that

ep(p+a)=ep(p)+(n—p+1)ae,1(p)+0(a?), (A2)
property 4 leads to
dAnm +a 2m
, d(;‘ ra)l . Mlap(n=p=1) +ap-1(n-2m+p)lep-1€2m—p =0. (A3)
a=0 p=1

For this condition to be true for arbitrary values of u, we arrive at

n-2m+p\_ p_m(n—p)!(n—2m+p)!a
n-p-1 )_( b [(n—m)!]? " (A4)

Then, simple inspection of Eq. gives a,, = m!(n—-m)!/n! and Eq. follows.

ap = —Ap-1 X (

Appendix B: Characterization of A, ,,

1. Polynomial from symmetrization

In this subsection we show that A, () defined in Eq. is actually a symmetric polynomial
in the rapidities. More generally, we show that for any polynomial ¢(u), the rational function ¢(u)
defined by

a(p)
B(p) = sym [—] (B1)
# Ma<s(pta = 1g)

is itself a polynomial. Indeed, we can rewrite it as

(B2)

! Z (_1)JPQ(MP17 s 7:uPn) = asymu[q(u)]

d = = BNV
() n! Ha<5(ﬂa — 1) PeS, HOKﬁ('U’O‘ — 13)
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where the anti-symmetrization operator asym]...] has been introduced. Since asym[q(p)] is an
alternating polynomial, it will be a multiple of the denominator and therefore ®(u) is itself a

polynomial.

2. Expansions of A, ,, in powers of ¢

We show here that A,, (@) admits the expansion . First of all we notice that reverting the
order of rapidities 1o = fin—q is equivalent to sending ¢ - —c. Then, after symmetrization, A, ., (p)

will be an even function of ¢ and we can expand it as

An,m(ﬂ) = i)cmlpn,m,a(llf) (B3)

where P, , o(p) are homogeneous and symmetric polynomial of degree 2m — 2a. As explained in
Appendix in order to proof that P, , () o< Amm_a(u), we simply need to show that Py, , o (1)
satisfies properties 1-4 of Sec. [[ITA] The only non-trivial property is 3. But we can write

1 d**Apm(p)
P, = : B4
Tb,m,a(lj/) (20,)! déza 0 ( )
and after applying all the derivatives, we obtain several terms of the form
sym,, (Noq - NB1) cee (Map+2’rn72a = HBpiam-2a ):| (B5)
(s = 115,) - - (py, — 15,
with p = 0,...,2a. As the numerator comes from 2a — p differentiations, with respect to ¢, of

[T5%1 h(p2g-1,2¢), each variables cannot appear more than twice. After symmetrization in Eq. (B5)

we obtain a polynomial, as explained in Sec. and therefore each term satisfies property 3.

3. Value on strings

We show in this subsection that A, ,,(p@) vanishes whenever the set of rapidities p contains a

{-string with ¢ > n —m. To fix the notation we slightly extend Eq. to

ic ic ic
p = (ul =5 =Dz =S (0=3), e == (€~ 1),M+1,--~,un) : (B6)

which reduces to pu“® when o = 0 for o > £. Note that the momentum of the (-string can be
set to zero, without losing generality, as A, (@) only depends on the differences between pairs
of rapidities and the u,’s with a > £ in Eq. are arbitrary. Writing explicitly Eq. and

exchanging ¢ — ¢ (it is an even function of ¢ as showed in (B3))), we have

PeS,, | g=1 a<B MPg — HP,

M) = [ﬁ<upzq1—up2q><up24l—mq—ia”H w] (B7)
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and it is clear that the numerator of the second product will vanish unless the order of the first £
rapidities is left unchanged by the permutation P: P!, > P,! for all a = 1,...,£ - 1. Instead, the
first product will vanish whenever P! = 2¢ - 1, 1 =2¢ forsome g=1,...,mandi=1,...,0-1.
These two conditions are compatible only for £ < n—m. In particular, in the limiting case £ = n—m,

only two types of permutations are possible:

(,Ul,l', W25 Xy 3y« - -y my Um+1s - - - 7/’Ln*m)
Uﬁbﬂﬂw'wu%)z (B8)
('Tnulu Ly 2, Ly« ooy &y bmy bm+1, -+ - ,/,Ln_m)
where the x’s stand for arbitrary permutations of the remaining m rapidities. Then, it is clear that

for £ > n—m at least two consecutive rapidities of the ¢-string would be adjacent in the first 2m

places, and all the terms in the sum (B7)) for arbitrary P would vanish.

4. Calculation of the coefficients Q7

As shown in Eq. of the text, Ay, (p) can be written employing generating functions and
the function wy n,(x) contains all the unknowns. We use conditions in to fix the function

wn,m (). First we note that

(—icx)T (17% +24)

Blelu) = ey (B9)
Then using the asymptotic expansion [29] for z - oo
Fz+a) 4 (B=a)n pia-ps1) -
Pl )" B - " B10
rg e et (0): (B10)
and z = i/(¢z), we deduce (34)). Then injecting in Eq.
(£+1) (£+1
n " (n-p)! By (- zcw)p
o) = 35 ptey a0y = 0 32 (2 Br () (B11)

p=0 p=0 (f p)' p!

One easily sees from its definition that BI(,KH) (“Tl) =0 for p odd, which implies that the function
Hn(:z:|ue’0) is even in x. In this last sum, we can safely replace the upper bound for p to +o0, since

higher powers in = will not affect A, (@) in . Then, from the definition in Eq. , we obtain

for £ =n:
Hy, (™) = nlGpit (—ié:n, nr 1) +0(z™) (B12)
together with the recursive relation in n
Hoor (ala) = 22 [ ()] (B13)

dx
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Then, using the relation

d _,-
$n+2@ [$ 1Gn+1(xvy)] =(y-n-1)Gny2(z,y+1) - yGpi2(z,y) (B14)

it is easy to prove, by induction over n, starting from n = ¢, that
&t £—1+2p)+

H, (z|u°) = > apGn+1(—iE:U,
p=1

Oo(z") . (B15)

for appropriate coefficients a, which explicit values are not needed below. Then, taking the square

of this expression, the multiplication formula Go(z,y)Gs(z,2) = Gasp(z,y + 2) leads to Eq. (36)).

5. Special values of generalized Bernoulli polynomials

Fixing an integer p, one has

dz z

B@D () = pI[ (X ypHlgzyy -p p+l 2y B16
) = (P e =t [ (e (B16)
where C' is a small contour around the origin. This simplifies into
(p+1) ! dz z -p-1_zy ! dw (1 + w)y—l
By (y)=P~fC%(e -1)™" e :P-'[C%WZ(?J—PM (B17)

where we have changed e* — 1 = w. More generally, for integer ¢

(p+1) _ _ A\ z p+l_zy o _ '[ % q(,%2 _1\-p-1_zy _ (p_q)!d_q _
Byly ()= (- (=) e arma = (p= )t | 5 —21(e" = 1) e = T dyq(y P)p-
(B18)
It follows for p =2m and g = 2
2 m-1 2
(2m+1) 1 d (-1)™H(m-1)!
B )=— — — (y=-2 m = B19
oz (M4 1) =500 gy g2 )2 et m(2m—1) (B19)
(B20)
Appendix C: Conserved charges on strings
The value of the conserved charges on a single string is defined as
ml ic(m—-1-2a)\"
Ap(k,m) = > (/£+(f : (C1)
a=0

In order to compute this sum, we introduce the charge exponential generating function

< A xP Ll iecx(m-1-2a 2eFT sin (ML)
Ql(x):z—;' = ek Zexp( ( 5 )): 2

G, (icx, 1) (C2)
p=0 : a=0 2

CT
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using the definition of G1. From this expression, it is clear that the denominator present in G
produces the “inhomogeneity” in the expansion of A,(k, m). Therefore, if we define the generating

function of the homogeneous charges as

T i MCT 0 h
AM () = 2" SI_D(T) = AP (k,m)a?

cx frary) p!

we immediately deduce Eq. . Then Eq. follows combining Eq. (C2) and Eq. and using
that G1(z, %) =2G1(5,0) - 1.
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