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Analysis of fibrous elastic composites with nonuniform
imperfect adhesion

Abstract In most composites, the fiber–matrix adhesion is imperfect; the continuity conditions for stresses
and displacements are not satisfied. In this contribution, effective elastic moduli are obtained by means of
the asymptotic homogenization method (AHM), for three-phase fibrous composites (matrix/mesophase/fiber)
with parallelogram periodic cell. Interaction between fiber and matrix is considered, and this is called
the mesophase model where the nonuniform mesophase is studied. Besides, there is another type of
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matrix–fiber contact which is called nonuniform spring imperfect contact. In this case, the contrast or jump
of the displacements in the boundary of each phase is proportional to the corresponding component of the
tension in the interface in terms of a parameter given by a certain function that depends on the position.
The constituents of the composites exhibit transversely isotropic properties. A doubly periodic parallelogram
array of cylindrical inclusions under longitudinal shear is considered. The three-phase model is validated by
the Finite Element Method and the AHM both approaches applied to two-phase composites with nonuniform
spring imperfect contact. Comparisons with theoretical and experimental results verified that the present model
is efficient for the analysis of composites with presence of nonuniform imperfect interface and parallelogram
cell. The effect of the nonuniform imperfection on the shear effective property is observed. The present method
can provide benchmark results for other numerical and approximate methods.

1 Introduction

Composite materials containing microstructural constituents are very extensively used in industrial applica-
tions. However, defects induced due to manufacturing processes have been recognized as a general problem
in this type of composites. These defects can be found in the fiber (i.e., fiber misalignment, irregular fiber
distribution and broken fibers), in the matrix (i.e., voids and non-homogeneity) and/or in the interface regions
(i.e., debonding, delimitations and imperfect interface) [1,2]. The presence of such defects affects the overall
properties of composites and nonhomogeneous materials [3,4]. An imperfect interfacial bonding is a common
defect in composites, which can significantly affect the mechanical properties of the material [5].

In most composites, the fiber–matrix adhesion is imperfect; the continuity conditions for stresses and
displacement are not satisfied. Thus, various approaches have been used, in which the bond between the
reinforcement and the matrix is modeled by an interphase with specified thickness [6,7]. Another approach
consists in considering that the thickness and the elasticity coefficients of the bond are small parameters
compared to those of the other components of the composite. Then, using matched asymptotic expansions, it
can be shown that in that case, the behavior of the interphase can be accurately approximated by an interface
with an appropriate contact law, where the jump in the displacements is proportional to the stress, which is
supposed to be continuous (see, for example, [8–11]).

This kind of imperfect contact (spring type) in the modeling of composites was investigated by Benveniste
and Miloh [12] among others and has been used, for instance, by Achenbach and Zhu [13] and Hashin [14–
16]. Some previous studies also reported the elastic effective coefficients for two-phase fibrous composites
with rhombic array of periodic cells, both with perfect and with imperfect contact conditions, analytically and
numerically [17–20].

In this work, a micromechanical analysis method is applied to a periodic composite with unidirectional
fibers and parallelogram cells, in particular, rhombic periodic cells. The analytical expressions of the homog-
enized elastic properties are calculated for a two-phase composite with interphase. In this study, coated fibers
or a thin mesophase is considered which often contains the contrast or jump of the displacements in the
boundary of matrix and fibers [6]. The mesophase is assumed as a function that depends on the position
(nonuniform imperfect adherence). The asymptotic homogenization method (AHM), for three-phase fibrous
periodic composites with nonuniform mesophase and oblique cell, is used for the calculation of shear elastic
effective coefficients. This contribution is an extension of previous works [21–23] where the imperfection on
the interface is a constant function (uniform). The results in this paper are mainly focused on the impact of
the arrangement of the fibers and the mechanical nonuniform imperfection at the interface on the stiffness
properties. The novelty of the present work is that the imperfection of the interface in the composite with
parallelogram cell is studied by two different models (three-phase and spring models) where the interface is
in general nonuniform, which makes the composite more complex due to the presence of an heterogeneous
interface. Moreover, both theoretical approaches are validated by the Finite Element Method.

2 General considerations for three-phase composites: contact at the interface

Let us consider a composite � of unidirectional periodic fibers embedded in a matrix as shown in Fig. 1.
The angle of the cell μ is assumed to remain constant so that a parallelogram cell with periods w1 and w2
can be defined. The periodicity of the microstructure determines the geometry of the periodic cell S. Thus, a
three-phase periodic composite is considered here which consists of a parallelogram array of identical parallel
circular concentric cylinders embedded in a homogeneous medium (Fig. 2).
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Fig. 1 Heterogeneous medium with periodic cell

Fig. 2 The parallelogram, square and hexagonal cells showing the domains S1, SI and S2 occupied by the matrix, mesophase
and fiber materials; Γ2, Γ1 are the common interfaces

As a unidirectional fibrous composite, it is assumed that the microstructure of the composite along the third
direction (perpendicular to the plane of cross section) remains constant. The central fibers are all assumed
straight and of circular cross section with radius R, and the mesophase has a thickness h (see Fig. 2). The
material properties of each phase belong to the crystal symmetry class 6mm, where the axes of material and
geometric symmetry are parallel. The composite is not well bonded at the contact between the matrix and the
fiber. Therefore, imperfect contact conditions at the interface �ε are considered, where ε = l/L is a small
geometrical parameter relating the distance l between the centers of two neighboring cylinders and the diameter
L of the composite.

A family of boundary value problems depending on ε for the linear elastic heterogeneous media can be
formulated in general form for a three-phase composite as follows:
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∇ · (Cε : ∇uε
) = 0, x ∈ �, (1)

[[
T(uε)

]] = 0, x ∈ �ε, (2)

[[uε]] = 0, x ∈ �ε, (3)

u = u0 on ∂�, (4)

where Cε(x) = C(y) is the S-periodic stiffness elastic tensor and y = x/ε is the local variable. Moreover, ∇
is the gradient operator and uε = (uε

1, u
ε
2, u

ε
3) the mechanical displacement vector referring to the Cartesian

coordinate system. u0 is a prescribed displacement at the boundary ∂�. T is the traction vector, and [[ f ]]γ (γ =
1, 2) indicates the jump in the quantity at the common interface �ε between the matrix and the mesophase,
and the mesophase with the fiber, i.e, [[ f ]]1 = f (1) − f (I ), [[ f ]]2 = f (I ) − f (2).

Since a periodic composite with nonuniform interphase is studied, three distinct phases, occupying S1,
SI and S2 (Fig. 2), are assumed. The region SI characterizes the non-perfect contact along the interfaces
�1 = {

z = Reiθ , 0 ≤ θ ≤ 2π
}
and �2 = {

z = (R + h)eiθ , 0 ≤ θ ≤ 2π
}
of each cylinder of radius R

and R1 = R + h, respectively, where h denotes the thickness of the mesophase SI . The effect of mechanical
imperfection in the effective properties of the composite is incorporated through the presence of the mesophase
SI . In the forthcoming sections, some summary ideas of the antiplane problem and a brief comment about the
asymptotic homogenization method (AHM) are given.

2.1 Asymptotic homogenization method (AHM) for the antiplane problems α3L

It is well known that the problem (1)–(4) is decoupled into two independent systems for unidirectional fibrous
composites with components of transversely isotropy symmetry. One of them involves uε

1, u
ε
2, i.e., it is a

state of in-plane mechanical deformation field. The other state, which is of particular interest in this work, is
characterized by an out-of-plane mechanical displacement uε

3 which is a function of the variables x1 and x2.
The main aim of this section is the determination of effective properties in three-phase composites for the out
of plane using the homogenization method, considering that the mesophase SI is not a homogeneous medium
with its properties being functions of the angle θ with vertices in the center of the fiber (Fig. 3). In this case,
the relevant constitutive relations are

σ13 = C1313u3,1, σ23 = C2323u3,2, (5)

where σ13 and σ23 are the components of out-of-plane mechanical stress, C1313 and C2323 are the elastic
moduli, and the comma denotes partial differentiation.

Here, we are interested to consider the antiplane case, and the BVP (1)–(4) is transformed into the problem
(
C3η3β(y)u3,β

)
,η

= 0, in �, (6)

[[Cε
1313(u

ε
3,1n1 + uε

3,2n2)]] = 0, on �ε, (7)

[[uε
3]] = 0, on �ε, (8)

uε
3 = u0, on ∂�, (9)

Fig. 3 Three-phase composite with nonuniform interface

4



where the Greek indices run from 1 to 2 and �ε = �1 ∪�2. The usual convention of index summation is used.
Equation (6) has S-periodic coefficients and they are rapidly oscillating (see, Fig. 1). In order to obtain the

homogenized problem and the corresponding effective coefficients, the solution of (6)–(9) is sought using the
method of two scales by the ansatz:

uε
3(x) = v0(x) + εv1(x, y) + O(ε2), x = (x1, x2), y = (y1, y2), (10)

with v1 being an S-periodic function with respect to y. Substituting (10) into (6), applying the chain rule
considering that x and y are independent and equating the terms of orders ε−1, ε0 to zero, one can obtain that
v1(x, y) = α3N (y)v0,α(x), where v0(x) is the solution of the homogenized equation C∗

3α3βv0,αβ = 0, where

C∗
3α3β = 〈

C3α3β(y) + C3α3η(y)α3N,η(y)
〉
are the so-called effective coefficients and α3N (y) is an S-periodic

harmonic function of the α3L local problem. The comma will also be used to denote a derivative with respect
to the local variable. The angular brackets define the volume average per unit length over the unit cell, that
is, 〈F〉 = 1

V

∫
S F(y)dy. The index α = 1, 2 denotes two different problems over the periodic cell which are

to be solved. It is a well-known derivation whose details can be found elsewhere and is omitted here (see, for
instance, [24,25]).

The local problems are referred to as 13L and 23L with solutions 13N (y) and 23N (y), respectively. The
solution of such local problems on the periodic cell described in Fig. 2, taking into account the perfect contact
conditions (7) and (8), is one of the main objectives of the present work to obtain the overall properties
C∗
55,C

∗
54,C

∗
45 and C

∗
44 with the short index notation. The alternative form is found as follows:

C∗
55 = p1V1 + pI VI + p2V2 + 〈

p 13N,1
〉
, (11)

C∗
54 = 〈p 13N,2〉, C∗

45 = 〈p 23N,1〉, (12)

C∗
44 = p1V1 + pI VI + p2V2 + 〈

p 23N,2
〉
, (13)

where pγ = C (γ )
1313 with (γ = 1, I, 2 ) are the shear moduli of the matrix, mesophase and fibers, respectively.

V2 = πR2/V, VI = π
(
2hR + h2

)
/V and V1 = 1 − VI − V2 are the percentages of concentrations of fiber,

mesophase and matrix, respectively, and V = |w1| |w2| sin μ is the area of periodic cell.
Themathematical statement for the two local problems α3L(α = 1, 2) in the case of three-phase composites

consist of finding doubly periodic functions α3N = α3N (γ )(y) if y ∈ Sγ , that satisfy the following Laplace
equations with the contact condition in each phase (γ = 1, I, 2):

∇2
α3N

(γ ) = 0 in Sγ , (14)

where the continuity condition for the stress and displacement at the interfaces �1 and �2 depends on the
angle θ of the point z = reiθ ∈ SI , which describes a particular type of imperfect contact between the matrix
and fiber with nonhomogeneous mesophase. The interface �ε = �1 ∪ �2 by the continuity of displacement,
therefore, yields

[[α3N ]] = 0 on �ε = �1 ∪ �2, (15)

and the continuity condition for the stress

[[pγ (α3N
(γ )
,1 n1 + α3N

(γ )
,2 n2)]] = −[[pγ ]]nα on �ε = �1 ∪ �2, (16)

and the condition for uniqueness

〈α3N 〉 = 0 in S = S1 ∪ SI ∪ S2. (17)

The outward unit normal vector to the interface � is n = (n1, n2). The pre-index used in (14)–(17) for the
local function will be omitted for simplicity. The problem (14)–(17) should be converted into dimensionless
problems making the appropriate change. Indeed, defining the dimensionless variable ξ = y/ l (this is not a
small parameter!), then N (γ )

,β = u(γ )
,β and N (γ )

,ββ = u(γ )
,ββ/ l where u(γ ) ≡ N (γ )/ l and the derivative u,β is with

respect to the variable ξβ. R0 is the true radius of the fibers in the composite. Also the dimensionless parameter
R = R0/ l is introduced.
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2.2 Solution of local problems α3L (α = 1, 2) for three-phase composites with nonuniform imperfect
mesophase

The well-developed theory of analytical functions in Muskhelishvili [26] can be applied to solve the problem
(14)–(17). Thus, it is necessary to solve the local problems α3L . Doubly periodic harmonic functions in the
matrix (γ = 1), mesophase (γ = I ) and fiber (γ = 2) region are to be found for the α3L local problems in
terms of harmonic functions ϕγ (z) analogous to Lopez-Realpozo et al. [23],

u(γ ) = Re
{
ϕγ (z)

}
. (18)

Since the composite exhibits a nonuniform mesophase between the matrix and fiber, we consider a partition
of the cell Sγ = ⋃n

j=1 Sγ j , where Sγ j (θ) = {z = reiθ : z ∈ Sγ , θ j−1 < θ < θ j }. This partition divides
the interfaces �β = ⋃n

j=1 �β j , �βi ∩ �β j = ∅, i �= j, β = 1, 2, into n arcs. Over the mesophase SI , the
material property pI is a piecewise constant function pI (θ) = pI j , θ j−1 < θ < θ j with j = 1, . . . , n,
θ0 ≡ 0, θn ≡ 2π and θ j denotes the angle of each arc (Fig. 3).

In each region Sγ j , we consider

ϕ1 j = a0 j z

R1
+

∞∑

k=1

o

(
ζ (k−1)(z/R1)

(k − 1)!

)

ak j , (19)

φI j (z) =
∞∑

p=1

obpj

(
R1

z

)p

+
∞∑

p=1

ob−pj

( z

R

)p
, (20)

ϕ2 j (z) =
∞∑

p=1

o
( z

R

)p
cpj . (21)

ζ(z) is the Weierstrass quasi-periodic function, which is defined as ζ(z) = 1
z +∑∞

m,n
′
(

1
z−Pnm

+ 1
Pnm

+ z
P2
nm

)
,

Pnm = nw1 + mw2, for m, n ∈ Z , and the prime over the summation symbol means that the pair (m, n)=
(0, 0) is excluded. The Laurent’s expansion of function ϕ

j
1 (z) is given by the following expression:

ϕ1 j (z) = z

R
a0 j +

∞∑

p=1

o
(
R1

z

)p

apj −
∞∑

p=1

o
∞∑

k=1

o
(

z

R1

)p
√

k

p
wkpak j , (22)

where wkp = (k+p−1)!
(k−1)!(p−1)!

Sk+p R
k+p
1√

kp
, Sk+p = ∑

m,n (mw1 + nw2)
−(k+p) ,m2 + n2 �= 0, k + p ≥ 2, S2 = 0.

The constants a0 j , apj , bpj , b−pj , cpj and z = ξ1 + iξ2 are complex numbers; the overbar denotes the
complex conjugate and the superscript “o” on the summation indicates that the sum is carried out only over odd

indices.w1, w2 are the periods and a0 j = −R2
1H1ā1 j−R2

1H2a1 j , where H1 = δ̄1w̄2−δ̄2w̄1
w1w̄2−w2w̄1

, H2 = δ1w̄2−δ2w̄1
w1w̄2−w2w̄1

,
with δi = ζ(z + wi ) − ζ(z).

Replacing (18)–(22) into (15)–(16) and performing some algebraic manipulations, the following system
of equations is obtained in order to find the complex unknown coefficients ak j for each arc by the system:

āpj + χ1 j R
2
1H1δ1pā1 j + χ1 j R

2
1H2δ1pa1 j + χpj

∞∑

k=1

owkpapj = R1χ1 jδ1p (δ1α − iδ2α) , (23)

where δkp is the Kronecker delta, χpj = (V2+VI )
p(κ1 j+κ2)(1−κ1 j )+V p

2 (κ1 j−κ2)(1+κ1 j )

(V2+VI )
p(κ1 j+κ2)(1+κ1 j )+V p

2 (κ1 j−κ2)(1−κ1 j )
, κ2 = p2/p1 and κ1 j =

pI j/p1 are the components of shear ratios for each region SI j (θ) of the mesophase with the shear property of
the matrix.
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2.3 Effective properties for three-phase composites under nonuniform mesophase

The Eqs. (11)–(13) are easily transformed applying Green’s theorem to the area integrals. Replacing N (γ ) =
u(γ )/ l, dyi = ldξi and neglecting the line integral over the radial path in SI because its thickness h � 1, the
effective coefficients C∗

55, C
∗
54, C

∗
45 and C

∗
44 are connected by the following relations:

C∗
55 − iC∗

54 = 〈p〉 −
n∑

j=1

p1 − pI j
V

⎛

⎜
⎝
∫

�1 j

u(1)dx2 + i
∫

�1 j

u(1)dx1

⎞

⎟
⎠

+ pI j − p2
V

⎛

⎜
⎝
∫

�2 j

u(2)dx2 + i
∫

�2 j

u(2)dx1

⎞

⎟
⎠ , (24)

C∗
45 − iC∗

44 = −i 〈p〉 −
n∑

j=1

p1 − pI j
V

⎛

⎜
⎝
∫

�1 j

u(1)dx2 + i
∫

�1 j

u(1)dx1

⎞

⎟
⎠

+ pI j − p2
V

⎛

⎜
⎝
∫

�2 j

u(2)dx2 + i
∫

�2 j

u(2)dx1

⎞

⎟
⎠ , (25)

where 〈p〉 = p1V1 + p2V2 +∑n
j=1 pI j VI j is the Voigt average, VI = ∑n

j=1 pI j VI j is the volume fraction of
the mesophase and VI j denotes the volume fraction of the region SI j . The volume fractions of matrix, fiber and
the parallelogram periodic cell (V1, V2 and V )were defined previously. In (24), u(γ ) is the solution of the local
problem 13L , whereas in (25) u(γ ) is the solution of 23L . Taking into account (18)–(22), the analytical formulae
for effective properties are obtained from (24) and (25) depending only on the unknown a1 j as follows:

C∗
55 − iC∗

54 = 〈p〉 −
n∑

j=1

13Q1 j
(
θ j+1 − θ j

)−
n∑

j=1

13 Q̄1 j e
−i(θ j+1+θ j)sen

(
θ j+1 − θ j

)

− 2
n∑

j=1

⎡

⎢⎢⎢⎢
⎣

∞∑
p=3

13Qpj
e
i(p−1)(θ j+1+θ j)

2

p−1 sen (p−1)(θ j+1−θ j)
2

+
∞∑
p=3

13 Q̄ pj
e

−i(p+1)(θ j+1+θ j)
2

p+1 sen (p+1)(θ j+1−θ j)
2

⎤

⎥⎥⎥⎥
⎦

, (26)

C∗
45 − iC∗

44 = −i 〈p〉 −
n∑

j=1

23Q1 j
(
θ j+1 − θ j

)−
n∑

j=1

23 Q̄1 j e
−i(θ j+1+θ j)sen

(
θ j+1 − θ j

)

− 2
n∑

j=1

⎡

⎢⎢⎢⎢
⎣

∞∑
p=3

23Qpj
e
i(p−1)(θ j+1+θ j)

2

p−1 sen (p−1)(θ j+1−θ j)
2

+
∞∑
p=3

23 Q̄ pj
e

−i(p+1)(θ j+1+θ j)
2

p+1 sen (p+1)(θ j+1−θ j)
2

⎤

⎥⎥⎥⎥
⎦

, (27)

where

α3Qpj =
[
(
p1 − pI j

)
R1 −

(
p2 − pI j

)
κ1 j R

Apj

] (
χpj + 1

)
ā j
p − R1χ1 j (δ1α − iδ2α) δ1p

2Vχpj

−
(
p2 − pI j

)

2A1 j V

(
R2 − R2

1

R1R

) (
κ2 − κ1 j

)

2
R2 (δ1α − iδ2α) δ1p,

Apj =
(
κ1 j + κ2

)
R2p
1 + (

κ1 j − κ2
)
R2p

2Rp
1 R

p
.
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The coefficients (26) and (27) represent the effective axial coefficients of a reinforced three-phase composite
with nonuniform mesophase SI . The analytical expressions of the effective properties (26) and (27) are func-
tions of the properties and volume fractions of constituents of a composite with periodic cell w1, w2. As a
limit case, the two-phase composite with perfect contact on interface � reported in Guinovart-Díaz et al. [22]
is obtained from (26) and (27) by taking the parameters κ1 j = pI j/p1 → ∞. The complete separation is
obtained when κ1 j = pI j/p1 → 0.

3 Local problems α3 L̃ (α = 1, 2) and effective properties for two-phase composites under nonuniform
spring imperfect contact

The statement and the solution of the local problems as well as the effective coefficients for nonuniform
imperfect spring model are calculated in an analogous way to the three-phase model reported in the previous
section, and the principal details can be found in López-Realpozo et al (2014). Therefore, in this section we
shall not repeat the same procedure and only some fundamental ideas will be explained, and the closed-form
expressions of the effective coefficients will be written.

Now, the family of boundary value problems depending on ε for the linear elastic heterogeneous media
can be formulated in general form as follows:

∇ · (Cε : ∇wε
) = 0, x ∈ �, (28)

[[T(wε)]] = 0, x ∈ �ε, (29)

T(γ )(wε) = (−1)γ+1K[[wε]], x ∈ �ε, (30)

wε(x) = Au0(x), x ∈ ∂�, (31)

where Cε(x) = C(y) is the S-periodic stiffness elastic tensor and y = x/ε is the local variable. Moreover,
wε = Auε, A is a rotation matrix, the spring stiffness diagonal matrix is given by K, the displacement and the
traction vectors are denoted by w and T, respectively, where

K =
⎛

⎝
K̃n 0 0
0 K̃t 0
0 0 K̃s

⎞

⎠ , w =
⎛

⎝
wn
wt
ws

⎞

⎠ , T =
⎛

⎝
Tn
Tt
Ts

⎞

⎠ . (32)

The corresponding tractions remain continuous (29), while the effect of mechanical imperfection is incorpo-
rated through the mechanical displacements jumps across the interface (30). The spring constants K are the
measures for themagnitude of the associated continuities, and they are a function of the position at the interface
which is called proportional interface parameter [27]. The vanishing value of K̃n and K̃t , K̃s corresponds to
pure debonding (normal perfect debonding), in-plane pure sliding and out-of-plane pure sliding, respectively.
The status of the mechanical bonding is completely determined by appropriate values of these constants. For
large enough values of the constants, the perfect bonding interface is achieved.; wn , wt , ws are the normal and
the two tangential components of the rotated mechanical displacement vector wε; Tn, Tt , Ts are the normal
and tangential components of the traction vector T (Ti = σi j n j ), n is the outward unit normal on �.

Here also we are interested to consider the antiplane case, and then, dimensionless local problems α3 L̃ (α =
1, 2) related to (28)–(31) over the periodic cell S are written as follows:
Laplace equation:

∇2u(γ ) = 0, in Sγ , (33)

imperfect contact condition:

pγ (u(γ )
,1 n1 + u(γ )

,2 n2) + pγ nα

p1
= Ks(θ)

R
[[ u ]] , on �, (34)

continuity condition for the stress:
[[

pγ (u(γ )
,1 n1 + u(γ )

,2 n2)

p1

]]

= −(1 − κ)nα, on �, (35)

uniqueness condition:
〈u〉 = 0, in S = S1 ∪ S2, (36)

8



Fig. 4 Partition of the interface in n arcs for the spring model

where κ = p2/p1 and the superscripts γ, γ = 1, 2 denote the matrix and fiber, respectively. The interface
parameters in (32) are replaced by dimensionless constants. Consequently, K̃s = Ks(θ)p1/R, where Ks(θ) is
a dimensionless function that depends on the angle θ (Fig. 4).

The analytical formulae for effective properties were obtained in López-Realpozo et al. (2014) depending
only on the unknown α3a

j
p related to the solution of the local problems (33)–(36):

p11 − i p21 = p1

⎡

⎣1 − V2
πR

n−1∑

j=0

13ā
j+1
1

(
θ j+1 − θ j

)
⎤

⎦

− p1V2
πR

n−1∑

j=0

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

∞∑
p=1

∗ e− i(p+1)(θ j+θ j+1)
2

p+1 sen
[

(p+1)(θ j+1−θ j)
2

] [
213a

j+1
p − (1−κ) δ1p R

]

+ 2
∞∑
p=3

∗
13ā

j+1
p

e
i(p−1)(θ j+1+θ j)

2

p−1 sen
[

(p−1)(θ j+1−θ j)
2

]

⎫
⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎭

, (37)

p12 − i p22 = −p1

⎡

⎣i + V2
πR

n−1∑

j=0

23ā
j+1
1

(
θ j+1 − θ j

)
⎤

⎦

− p1V2
πR

n−1∑

j=0

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

∞∑
p=1

∗ e− i(p+1)(θ j+θ j+1)
2

p+1 sen
[

(p+1)(θ j+1−θ j)
2

] [
223a

j+1
p + i (1−κ) δ1p R

]

+ 2
∞∑
p=3

∗
23ā

j+1
p

e
i(p−1)(θ j+θ j+1)

2

p−1 sen
[

(p−1)(θ j+1−θ j)
2

]

⎫
⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎭

. (38)

The unknown constants a j
p = α3a

j
p are computed as solution of the following infinite system of algebraic

equations for each arc:

ā j
p + β

j
1 R

2H1δ1pā
j
1 + β

j
1 R

2H2δ1pa
j
1 + β

j
p

∞∑

k=1

∗wkpa
j
k = β

j
1 δ1p (δ1α − iδ2α) R, (39)
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where δkp is the Kronecker delta and β
j
p = K j (1−κ)+κp

K j (1+κ)+κp and K j is the tangential component of the imperfect
parameter for each arc.

In the case where the area of mesophase SI is very thin, very good coincidence exists between the
imperfect spring (37) and (38) and three-phase model (26) and (27). A condition between the interface and
mesophase parameters is found. Thereby, the volume fraction of the interphase in the three-phase model is
VI = π(h2+2hR)/V , where h is the aforementioned thickness of the layer SI (see Fig. 2) and the relationship
between the nondimensional debonding parameters K j and the interphase property κ1 j can be introduced as
in Hashin [6], in the following form:

K j = R1κ1 j/h. (40)

4 Numerical algorithm based on a finite element method

In this part, the numerical method proposed to solve the problem (33)–(36) is based on the finite element
method. Even if this technique is quite standard, it is rapidly outlined here. For that purpose, it is first necessary
to write the variational formulation of the interface problem (33)–(36). First of all, it is convenient to make the
change of variable in each phase

ũ(γ )(ξ) = u(γ )(ξ) + ξα, (41)

for α = 1, 2, ξ ∈ S. Then, ũ(γ ) is the solution of the problem
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

∇2ũ(γ ) = 0 in S,

pγ

p1
∂ ũ(γ )

∂n = KS(θ)
R

[[
ũ
]]

in �,
[[

pγ

p1
∂ ũ(γ )

∂n

]]
= 0 in �,

〈ũ〉 = 〈ξα〉 inS,

ũ − ξα S-periodic.

(42)

Then, choosing a test function v, which can be discontinuous along the interface �, multiplying the imperfect
contact condition by the jump of this test function and integrating this relation among the interface, one obtains

∫

�

[[
v
]]KS(θ)

R

[[
ũ
]]
ds −

∫

�

[[
v
]] pγ

p1

∂ ũ(γ )

∂n
ds = 0. (43)

Then, on each sub-domain Sγ , one can write

∫

Sγ

pγ

p1
∇v(γ ) · ∇ũ(γ )dξ +

∫

�

pγ

p1

∂ ũ(γ )

∂n
v(γ )ds = 0, (44)

and, adding the three last equalities (on �, S1 and S2), a weak formulation of the problem can be written:
∫

Sγ

pγ

p1
∇ũ · ∇vdξ +

∫

�

KS(θ)

R

[[
ũ
]] [[

v
]]
ds = 0,

〈ũ〉 = 〈ξα〉 in S, ũ − ξα S-periodic. (45)

Finally, using a standard finite element on each subdomain, and a ”flat” finite element on �, which has all its
nodes on �, the first ones related to S1 and the other ones related to S2, it is possible to write a rigidity matrix
of this problem that is invertible, with standard error estimates (see, for example, [28,29] for more details).

Due to finite element discretization, the integrals (see formulae (11)–(13) for example) for the computation
of the average stress and strains are replaced by sums over all elements contributions. In all the computations
below, P2 triangular finite elements (conforming piecewise quadratic Lagrangian finite elements) are used.
These elements are characterized by six nodes (one on each vertex and one on the middle of each edge). An
example of meshed RVE is provided in Fig. 5 for fiber volume fraction 0.4 and fiber arrangement μ = 60◦.
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Fig. 5 Meshed RVE for 0.4 fiber volume fraction and μ = 60◦ fiber arrangement

5 Analysis of results

In order to illustrate the applicability of the theory developed above, several examples are chosen. As a
validation of the model, we study some different particular cases of two-phase composites with hexagonal
and square configurations of the periodic cell (Fig. 2). From now on, we shall use the classic short notation
for the aforementioned effective elastic constants, i.e., p11 = C∗

55, p12 = C∗
54, p21 = C∗

45 and p22 = C∗
44.

The uniform imperfect elastic spring contact is obtained as a particular case of a stiffness matrix, taking
K1 = K2 = K3 = · · · K j = K with 0 < K < ∞. Now, some comparisons with other theoretical approaches
are given in order to validate the present work.

Table 1 presents the normalized effective elastic modulus C∗
44/C

(1)
44 , for perfect contact (K = 1012)

computed by the present model using AHM, the Finite Element Method proposed in this work and the results
reported in Jiang et al. [20]. The material parameters used for this calculation are C (2)

44 /C (1)
44 = 120 for

Table 1 Effective elastic modulus obtained by Jiang et al. [20], AHM-uniform interface and FEM for composites with perfect
contact, square and hexagonal periodic cell and ratio (C (2)

44 /C (1)
44 = 120)

V2 C∗
44/C

(1)
44

μ = 60◦ μ = 90◦

Jiang et al. AHM FEM Jiang et al. AHM FEM

0.1 1.21815 1.21815 1,21815 1.21816 1.21816 1,21816
0.2 1.48971 1.48971 1,48971 1.49000 1.49000 1,49000
0.3 1.83711 1.83711 1,83711 1.83990 1.83990 1,83990
0.4 2.29764 2.29764 2,29764 2.31343 2.31343 2,31343
0.5 2.93931 2.93931 2,93931 3.00863 3.00863 3,00863
0.6 3.90319 3.90319 3,90319 4.18637 4.18637 4,18638

Table 2 Variations of effective longitudinal shear elastic modulus obtained by Jiang et al. [20], AHM and FEM for a composite
with uniform imperfect contact with empty fibers and C (1)

44 = 30GPa

V2 C∗
44 ≡ C∗

55

Hexagonal cell (μ = 60◦) Square cell (μ = 90◦)

Jiang et al. AHM FEM Jiang et al. AHM FEM

0.1 24.54550 24.54545 24.54546 24.54530 24.54530 24.54531
0.2 20.00000 19.99996 20.00000 19.99590 19.99592 19.99592
0.3 16.15330 16.15326 16.15326 16.12740 16.12740 16.12740
0.4 12.85340 12.85336 12.85336 12.76050 12.76054 12.76054
0.5 9.98430 9.98427 9.98427 9.73960 9.73964 9.73964
0.6 7.45030 7.45029 7.45029 6.90960 6.90954 6.90954
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hexagonal and square periodic cell. Table 2 shows the behavior of the effective longitudinal shear elastic
modulus C∗

44 = C∗
55 for the same arrangement of the periodic cell obtained by Jiang et al. [20], the present

model by AHM for void volume fraction (K = 10−12) and the Finite Element Method. The matrix shear
modulus used is C (1)

44 = 30 GPa.
In order to show the novelty of this work, we study now the nonuniform imperfect contact for two-phase

composites with square cell. We consider the interface of the two-phase composites divided into two pieces
� = �1 ∪ �2 and different spring imperfect parameters K1 and K2, which are assigned constants on �1 and

�2, respectively (see Fig. 6), according to the following distribution function Ks(θ) =
{
K1, 0 ≤ θ < θ1,
K2, θ1 ≤ θ < 2π.

Consequently, for illustrating the performance of the considered approach, a composite with hexagonal
periodic cell and constituent properties C (1)

44 = 1,C (2)
44 = 0.0002168 is taken. For the distribution of the

imperfect parameters by arcs, we use θ1 = π/2 in the calculations of Table 3. Two different situations for soft
interface are modeled with K1 = 105, K2 = 0; K1 = 0, K2 = 105 using the AHM (spring and three-phase
model) and FEM. Good agreement can be appreciated between the three methods where the relative errors are
always smaller than 0.03%.

Fig. 6 Two-phase composite with interface divided by two arcs

Table 3 Effective elastic moduli obtained by AHM and FEM approximations for nonuniform imperfect contact and hexagonal
periodic cell (μ = 60◦). Ratio between the constituent properties is C (2)

44 /C (1)
44 = 0.0002168

V2 C∗
44/C

(1)
44 (K1 = 105, K2 = 0) C∗

44/C
(1)
44 (K1 = 0, K2 = 105)

AHM
3-phase

AHM spring FEM Relative error
FEM versus
AHM spring

AHM
3-phase

AHM spring FEM Relative error
FEM versus
AHM spring

0.1 0.818195 0.81819972 0.81827746 0.0000950 0.81823051 0.81823555 0.81832811 0.0000511
0.2 0.666561 0.66669543 0.6667594 0.0000960 0.66662112 0.66675565 0.66684457 0.0000565
0.3 0.537619 0.5384805 0.53853414 0.0000996 0.53769615 0.53855748 0.53864309 0.0000432
0.4 0.425396 0.42848958 0.42853803 0.000113 0.42548651 0.42857813 0.42866353 0.0000929
0.5 0.324705 0.33285732 0.33289935 0.000126 0.32480566 0.33295393 0.33303658 0.000162
0.6 0.230374 0.24839417 0.24842982 0.00014 0.23048551 0.2484966 0.24857572 0.000264
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Fig. 7 Comparison of the axial effective properties computed by AHM and FEM where K2 is fixed and the other parameter K1
changes

Figure7 shows a comparison between AHM and FEM. The figure describes the behavior of the effective
propertiesC∗

55, C
∗
44,C

∗
54 andC

∗
45 computed by AHM and FEM for square cell and a partition of the arc and the

nonuniform imperfect parameters given for soft interface modeled by K (θ) = K1 if 0 ≤ θ < π/2, K (θ) =
K2 if π/2 ≤ θ < 2π, for K2 = 50, and fiber volume fraction V2 = 0.5. The material parameters used in the
computation areC (2)

44 /C (1)
44 = 120. Good agreement between the two models is observed, where the difference

is attained for low fiber volume fraction.
Figure8a, b illustrates a comparison for the overall normalize properties C∗

55 and C
∗
45 between three-phase

and spring models, both for uniform and for nonuniform interface computed by FEM and AHM approaches.
The composite has square periodic cell, and the interface for the nonuniform case is partitioned into two
arcs with length π /2 and 3π /2, respectively. Hence, the three-phase composite for the nonuniform analysis
has the normalized shear interphase property in each element SI1 and SI2, κ11 = pI1/p1 and κ12 = κ2 =
p2/p1, respectively. Moreover, the effective properties are considered as a function of κ11 which varies in the
range (0, 106), whereas κ12 = κ2 = p2/p1 is constant in the whole range, and the contrast between the fiber
andmatrix is κ2 = 120 (Fig. 8a) and κ2 = 6 (Fig. 8b). Consequently, the spring model exhibits a similar pattern
and the spring parameters K1, K2 assigned to each arc are different. The parameters of imperfection used for
the nonuniform analysis (FEM and AHM) are K j = κ1 j p1R1/h. The composite with uniform interface means
that the interphase SI is homogeneous. Accordingly, in the case of the uniform spring model, the imperfect
constant is K1 = K2 = κ11 p1R1/h. The fiber and interphase volume fractions are V2 = 0.4 and VI = 0.001
in the computation. Notice that the three-phase and spring models coincide in the whole range of the contrast
of the stiffness parameter κ11. Furthermore, when the parameter κ11 → +∞, all models describe the effective
properties for a perfect contact of a bi-phase fibrous composite. In the case κ11 → 0, the difference between
the uniform and nonuniform models is remarkable. In this case, the effective property is weaker in comparison
with perfect contact (κ11 → +∞) and it is even more weaker when the stiffness κ2 = p2/p1 is low. Hence, the
spring uniform model as κ11 → 0 reflects a total disbond between the fiber and matrix. These models predict
the lower and upper bounds for the effective properties in the range of the κ11. The two approaches (FEM and
AHM) are consistent in the numerical analysis. The differences between them for small value of κ11 are due to
the singularities that appear around the zone where the rigidity of the interface/interphase changes (θ = 0◦ and
θ = 90◦) (these singularities appear for large value of rigidity). It is well known that the global axial behavior
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Fig. 8 Different models are compared for the effective properties C∗
55 and C∗

45 in a composite with square periodic cell,
uniform/nonuniform imperfect contacts and two different values of contrast between the fiber and matrix κ2 = 120 (a) and
κ2 = 6 (b)

in fibrous composites with periodic square cell, isotropic components along the axis x3 under perfect contact
condition, is transversely isotropic; however, due to the nonuniform imperfection at the interface, the global
behavior of this composite changes and it is a monoclinic symmetry so that the effective coefficient C∗

45 is
different from zero for the antiplane problem (see Fig. 8b).

A comparison between the three-phase and spring model, both for non-uniform case, is shown in Fig. 9.
This figure shows the effective normalized propertiesC∗

44,C
∗
55,C

∗
45 = C∗

54 varying the length of the arcs of the

14



Fig. 9 Behavior of the effective properties byAHMspring and three-phasemodels for a compositewith square cell and nonuniform
imperfect interface

Fig. 10 Effective axial properties of a composite with rhombic cell (μ = 75◦) versus the volume fraction using spring and
three-phase models via AHM. The influence of the nonuniform interface is considered by different configuration of the imperfect
parameters K1 and K2. The composite exhibits monoclinic symmetry (i.e.,C∗

44 �=C∗
55,C

∗
45 �= 0 andC∗

54 �= 0) (color figure online)
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imperfection in the composite where the parameters of imperfections K1 = 1, K2 = 50 are considered. The
material parameters used in the computation are κ2 = C (2)

44 /C (1)
44 = 120, the fiber volume fraction is V2 = 0.3

and the interphase volume fraction is VI = 0.001. Notice that the effective normalized properties C∗
44 and C

∗
55

are decreasing and different, except when the amplitudes of the arc are 90◦, 180◦, 270◦ and 360◦.
In Fig. 10, the effective axial properties of a composite with rhombic cell versus the volume fraction are

studied. The angle of the periodic cell is μ = 75◦, and the contrast between the fiber and matrix used in
the calculus is κ2 = p2/p1 = 120. Some different cases are presented via AHM: first, a composite with
perfect contact conditions at the interface, denoted by black dotted line, is considered. The coefficients C∗

44
and C∗

55 possess the biggest rigidity because the fiber is much more rigid than the matrix. When in Fig. 10a,
b the imperfect uniform parameter K = 50 (blue circles and dashed line) is included, the present models
indicate that the composite begins to be weaker. The nonuniform interphase considered possesses two arcs of
circumference with different length, with angles θ1 = 90◦, θ2 = 360◦ − θ1 and the corresponding imperfect
parameters K1 and K2, respectively (see Fig. 6). The coefficients C∗

44 and C
∗
55 when K1 < K2 (black and red

circles) are weaker than the uniform imperfection and reciprocally in the case K2 < K1 (black and red square)
the fragility increases. The curve corresponding to the imperfect uniform parameter K = 0.1 (blue square
and dashed line) approximates to the total separation of materials or porous fibers. One remarkable difference
of the composite with rhombic periodic cell in comparison with hexagonal or square cell is that it exhibits
monoclinic symmetry, i.e., C∗

44 �= C∗
55, C

∗
45 �= 0 and C∗

54 �= 0. Moreover, in Fig. 10c, d it can be observed that
the absolute value of C∗

45 and C
∗
54 increases as the nonuniform interphase is considered. The total coincidence

between three-phase and spring models can be obtained when the interphase parameter η = h/R2 = 10−5 [6].
For major values of η, some differences appear between the used models, because the thickness h is increased
and the mesophase SI has more influence in the properties of the composite. Besides, the validation with FEM
indicates the accuracy of the theoretical models calculated by AHM.

6 Conclusions

An approach using the asymptotic homogenizationmethod for simulating the nonuniform imperfect bonding in
elastic composite materials with oblique angle of the cell is proposed.We introduce different elastic mesophase
constants for each partition of the interphase SI , between the matrix and inclusions, where a piecewise constant
function pI (θ) = pI j , θ j < θ < θ j+1 transmits a load from the matrix to the inclusion. The computation of
the analytical expressions (26) and (27) of the shearmoduli for three-phasemodel with nonuniformmesophase,
derived by the asymptotic homogenization approach, is realized with good accuracy. The exactitudes of the
solutions (26) and (27) were tested with other theoretical models (AHM spring model (37) and (38) and FEM),
and good agreement was observed. The nonuniform imperfect interface and the angle of inclination of the cell
play an important role in the global behavior of the composite. When the thickness of the interphase is very
small (h → 0), the three-phase composites behave like two-phase composites. These models can be extended
to more complex composites in order to predict the overall properties in the design and manufacturing of
one-directional fibrous composite materials.
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