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Abstract

Let p and ¢ be two distinct primes, F' a p-adic field and n an integer. We show that any
level 0 block of the category of smooth Zg-valued representations of GL,,(F) is equivalent
to the unipotent block of an appropriate product of GLy, (F;). To this end, we first show
that the level 0 category of GL, (F) is equivalent to a category of “modules” over a certain
7Zs-algebra “with many objects” whose definition only involves n and the residue field of
F. Then we use fine properties of Deligne-Lusztig cohomology to split this algebra and
produce suitable Morita equivalences.
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1 Introduction

Let F' be a p-adic field and let R be a commutative ring in which p is invertible. For G a
reductive group over F', we put G := G(F') and we denote by Repy(G) the abelian category
of smooth representations of G with coefficients in R, and by Irrg (G) the set of isomorphism
classes of simple objects in Repy(G). In this paper we focus on the following situation :

e G is of GL-type, by which we mean that G is a product of restrictions of scalars of general
linear groups.

e R =7y, for { a prime number coprime to p, occasionnally R = F, or Q,.

1.1 Main results

1.1.1 The block decomposition. — For G = GL,,, Vignéras [9] has obtained a decomposition
of the category Repg,(G) as a product of blocks, indexed by the so-called “inertial classes of
supercuspidal pairs” [M, 7| with M a Levi subgroup and 7 € Irrg, (M) supercuspidal. This
decomposition was further lifted to a decomposition of RepZ](G) by Helm in [6]. A simple
object of Repz,(G) belongs to Repyy, -(G) if and only if it has “mod ¢ inertial supercuspidal
support” equal to [M, 7], in the sense of [6, Def. 4.10].

At the moment, Vigneras blocks and Helm blocks are not well understood. Actually even the
structure of the principal block of Repz, (G) (the one that contains the trivial representation,
and corresponds to the supercuspidal pair [T, 1] with T a maximal torus) is still a mystery.

However, it is expected that any Vigneras or Helm block is equivalent to the principal block
of another group G’ of GL-type. One consequence of this paper is the following result in this
direction.

Theorem. — If G is of GL-type, any level 0 block of Repz, (G) is equivalent to the principal
block of Repz,(G') for an appropriate G' of GL-type.

Here, a block of Repz, (G) has level 0 if any object in it has non-zero invariants under the
first congruence subgroup of some parahoric group in G. In terms of supercuspidal pair [M, 7],
this means that 7 has level 0 (or “depth 0”) in the usual sense.

In this result, the group G’ may not be unique. This is already the case for Q,-coefficients
since the Iwahori-Hecke algebra of GL,,(F') only depends on the residual field of F. However,
we have explained in [5] how a very natural G’ stands out when we take the Langlands-dual
point of view.

1.1.2 Dual parametrization of blocks. — Let W denote the absolute Weil group of F', and
let I be its inertia subgroup. We will denote by I% the prime-to-¢ radical of I, i.e. the kernel
of the canonical map Ir — Zy(1). We have observed in [5, §1.2.1] that Vignéras’ Langlands
correspondence for supercuspidal Fj-representations of GL,,(F) yields a bijection [M, 7] <> ¢
between inertial classes of supercuspidal pairs and isomorphism classes of semi-simple continous
representations It — GL,(Q,) that can be extended to Wpg.

More generally, let “G = G x Wy denote “the” L-group of a connected reductive group over
F and let ®(G,Q,) c H' (W}, G(Q,)) denote the set of admissible Weil-Deligne parameters
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for G. When G is of GL-type, we again refer to [B, §1.2.1] for a bijection [M, 7| <> ¢ where
now ¢ belongs to the set

O inert (G, Q) = im (D(G, Q) == H' (I, G(@é)))
Therefore, to any ¢ € ¢_iners(G, Qy) is attached a block Repy(G) of Repz, (G). The irreducible
Q,-representations 7 in this block are those whose Langlands parameter ¢, satisfies (gpw)‘ o~ Q.
In this parametrization, the principal block corresponds to the trivial parameter ¢ : i — (1,1),

while level 0 blocks correspond to tame parameters ¢, in the sense that the restriction ¢ p, to
the wild inertia subgroup Pr is trivial.

1.1.3 The transfer conjecture. — Having a dual parametrization suggests that some kind
of “Langlands transfer” principle for blocks might exist. So, let us consider a L-homomorphism
€ : G — LG of groups of GL-type, fix an admissible parameter ¢’ : [I(f) — LG’ and put
¢ :=Eo¢'. Let us denote by Cg(¢) the centralizer of the image of ¢. We have formulated the
following conjecture in [5], §1.2.2]

Congecture. — Suppose that & induces an isomorphism Cg/(¢') — Cg(¢), and also
that the projection of &(Wr) to G(Q,) is bounded. Then there is an equivalence of cate-
gories Repy (G') — Repy(G) that interpolates the Langlands transfer &, on irreducible Q-
representations.

1.1.4 Main results. — In this paper we construct an equivalence Rep, (G') — Repy(G)
in the following two cases.

i) ¢ =1 and & is a base change L-morphism “GL, — “Respr(GL,) with I’ totally
ramified.

ii) ¢ is tame and £ is an automorphic induction L-morphism “Respp(GLy) — LGL,,
where F’ is unramified and n = n/[F : F'].

We have explained in [5], §2.4] how these two particular cases imply the following weak form
of the above conjecture for tame parameters and tame L-morphisms.

Theorem. — Let & be as in the conjecture, and suppose that both & and ¢’ are tamdl. Then
there is an equivalence of categories Repy (G') — Repy(G).

This result, in turn, implies the following more precise version of Theorem [LT.1] for which
we refer again to [5], §1.2.3]. For any ¢ € ®y_inert (G, Q,) there is a unique connected reductive
group G, of GL-type over F, such that C}¢ = Cg(¢) and “Gy is isomorphic to the normalizer
Nig(¢) of the image of ¢ in “G. Moreover G, is unramified if ¢ is tame.

Corollary. — For any tame parameter ¢ of a group G of GL-type, there is an equivalence
of categories Rep,(Gg) — Rep,(G).

What the theorem and the corollary are missing at the moment is the compatibility with
the transfer maps on irreducible Q,-representations. This would follow from a natural and
hoped-for compatibility with parabolic induction of our explicit constructions in cases i) and
ii) above, that we haven’t proved yet.

'this means that the restrictions of ¢ and ¢’ to Pr are G-conjugate to the map v — (1,7)
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1.2 Outline of the construction

Here we outline the construction of the desired equivalences in the two settings i) and ii) of
[LT4 Note that the analog of i) for Q,-coefficients boils down to the fact that the Iwahori-Hecke
algebra only depends on the residue field of F. The analog of ii) for Q,-coefficients is a little
more complicated and uses the computation of Hecke algebras for level 0 simple types (in the
sense of Bushnell and Kutzko). These methods seem difficult to adapt to Z-coefficients at the
moment, because there is no known connection between blocks and categories of modules over
sufficiently explicit algebras. Our method is therefore completely different. It relies on modular
Deligne-Lusztig theory, that provides a crucial input from representation theory of finite linear
groups, and on coefficient systems on the building, that provide the necessary link between
finite and p-adic linear groups. Technically, we replace “Hecke algebras” by “Hecke algebras
with many objects”, see [[2.4]

1.2.1 Tame inertial parameters of GL,(F) and semisimple conjugacy classes in GL,(F). —
Recall that the quotient Ir/Pr is procyclic of pro-order prime to p. More precisely, let us fix an
isomorphism ¢ : (Q/Z)y — F ", where F = F, is the residue field of F. This lifts uniquely to
an embedding ¢ : (Q/Z), — F, and provides us with a generator of I/Pp = Z,(1), namely
the system 7 := (u(%))vp=1. Therefore, a continuous morphism ¢ : Ip/Pp — GL,(Q)
(with discrete topology on target) is given by the image s = ¢(y), which has finite and prime-
to-p order. Such a morphism extends to Wy if and only if s? is conjugate to s. Hence a tame
parameter ¢ € @y (GL,, Q,) is given by a conjugacy class in GL,,(Q,) stable under ¢"*-power.
Such a conjugacy class is determined by its characteristic polynomial Py(X) € Q,[X], which
has the form P,(X) =[], (X — ¢) = [[,(X — ¢}) with ¢; a p/-root of unity.

Let us now choose an embedding 7 : (Q/Z), < Z, . Via 107" we can transfer Py(X) to a
polynomial in F[X], and the functional equation of P,(X) says that this polynomial is in fact
in F[X]. Therefore it corresponds to a semisimple conjugacy class s in GL,,(F).

In the same way, a tame (-inertia parameter It — GL,(Q,) corresponds to a semisimple
conjugacy class s in GL,(F) whose elements have prime-to-¢ order. This fits into a diagram

Pinert(GL,, Q) — = {semi-simple conjugacy classes in GL,(F)}

rest l lﬁ’ —part

®¢_inert (GL,,, Q) — {¢'-semi-simple conjugacy classes in GL,(F)}.

1.2.2 Semisimple conjugacy classes and idempotents in ZyGL,(F). — Green’s classification
of irreducible representations of the finite group GL,(F) provides us with a surjective map
Irrg, (GLn(F)) — GL,(F)7,,; which a priori depends on our choices of ¢ and j. This map can
also be understood in terms of Deligne-Lusztig “twisted” induction, and its fibers are called
“(Lusztig) rational series” (see section 2l for a brief account). Let s be a semisimple conjugacy

class in GL,,(F) of order prime to ¢. Broué and Michel have proved that the central idempotent

(=Y Y

(s")gr=s =5’
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of Q,GL,(F) actually lies in Z,GL,(F). Here e, € Q,GL,(F) is the central idempotent attached
to the irreducible representation 7.

1.2.3 Repy(G) as a category of coefficient systems. — Denote by BT the reduced building
of GL,(F') with its simplicial structure. A vertex x of BT corresponds to an homothety class of
Op-lattices, so its compact stabilizer comes with a reduction map G° — GL,,(F) well defined
up to inner automorphism of the target. Denote by s the conjugacy class in GL,(F) that
corresponds to ¢ as in [L2.11

Taking inverse image of e, by the reduction map, we get a central idempotent e? in the
smooth distribution algebra Hz, (GY). More generally, the compact fixator GY of a facet comes
with a reduction map to a standard Levi subgroup of GL, (F), and we can again define a central
idempotent ef in Hz, (G7).

Consider the category Coef% (BT) of all G-equivariant coefficient systems in Z,-modules
(V,)sent, on BT such that for all 7 < o, the structural map V, — V, is an isomorphism
V, — e2V,. Using results of Meyer-Solleveld [§] and Wang [10] we prove in part 3] that the
functor which takes V' € Repgz,(G) to the G-equivariant coefficient system (e2V)qepr, induces
an equivalence of categories

Rep,(G) — Coef% (BT).

1.24 Rep¢(_G) as a category of modules over a Hecke “algebra”. — In.1.2] we introduce
a category [A/G], that only depends on n and on the residual field F of F'. We start with the
category [A/W1] given by the Coxeter complex attached to the affine Weyl group W of type
/Tn_l with its natural action by W. Then we enrich it by plugging in, for each simplex o, a
group of automorphisms G, isomorphic to a well-chosen product of finite GL,,(F). Finally we
consider the Z-span Z,[A/G] of this “enriched Coxeter complex”, that we see as “Zs-algebra
with many objects”. The appendix recollects some supposedly standard definitions regarding
the notion of modules on such gadgets.

To any semisimple conjugacy class s in GL,(FF), we also attach an “algebra with many
objects” e,Z¢[A/G], and we show in that Rep,(G) is naturally equivalent to the category
of “cartesian modules” on this “algebra” for s = s(¢). The proof of this result takes the
previous one about coefficient systems on the building as a starting point.

The fact that the construction of e,Z¢[A/G] only depends on n,F and s shows that we have
in particular constructed an equivalence of categories as claimed in [LT4]1).

1.2.5 Automorphic induction setting. — Now, let F', n' and £ be as in [LT4]ii), and let
F’ be the residual field of F, which is an extension of degree n’ of F. In order to simplify the
notation a bit, put G := GL,, and G’ := RequF(GLn/). We have a commutative diagram

Pipert (G, Q) — {semi-simple conjugacy classes in GL,/(F")}

4 e

Pinert (G, Q) —— {semi-simple conjugacy classes in GL,(F)}.

Here, the second line is the bijection explained in [.2.1] while the first line is the same bijection
for GL, g, composed with the Shapiro bijection ®Pinet(G’,Qp) > Pinert(GLy 57, Q) of [5,
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Corollary 2.3.3]. The left vertical map is composition with &, and the right vertical one &, is the
transfer of conjugacy classes that one gets through any embedding GL,/ (F’) — GL, (F) obtained
by choosing an F-basis of F™. In this setup, the hypothesis that ¢ induces an isomorphism
Ca/(¢') — Cg(¢) translates into the hypothesis that the centralizer in GL,,(IF) of any element
in the conjugacy class s’ corresponding to ¢ is contained in GL,,/(F").

Of course we have a similar diagram if we replace “inert” by “/-inert” on the left side, and
restrict to conjugacy classes with order prime to ¢ on the right side.

1.2.6 Integral Deligne-Lusztig theory. — If we embed GL,/(F’) in GL,(F) as above, the
former group is the group of rational points of an algebraic F-subgroup of GL,, that becomes
isomorphic to the Levi subgroup GLfL, over F. In this situation, any choice of a parabolic

subgroup of GL,, with Levi subgroup GLfL, gives rise to a Deligne-Lusztig variety Y over F with
a left action of GL,(F) and a right action of GL, (F').

Now, fix a conjugacy class s’ of ¢’-order in GL,/(F’), denote by s the image conjugacy class
in GL,(FF), and suppose that Cqr,, ) (s") C GLy (F).

The main result of [2] is that, in this setting, the cohomology space HY™ (Y, Zy)ey induces
a Morita equivalence between e,Z,GL,(F) and eyZ,GL,/(F’). All the necessary details are
recalled in part

1.2.7 A Morita equivalence for “Hecke algebras”. — Now, the strategy to exhibit an
equivalence of categories in the setting of [[T.41ii) should be clear. We will construct a Morita
equivalence between the Hecke “algebras” e,Z[A /G| and ey Z[A’/G'] relative to (F,n, s), resp.
(F',n',s"). Such an equivalence will be given by a “bimodule” in the sense of [A.1.6l i.e. a
certain functor [A'/G']°PP x [A/G] — Zs-Mod.

In order to construct this bimodule, we first embed ¢ : [A’/G’] < [A/G]. This requires
some choices, among which that of an F-basis of F'. The value on a pair (¢’, t0”) of the desired
“bimodule” will be given by some cohomology space P?, as in the previous paragraph ; in
particular it will induce a Morita equivalence between €2 ,Z,[G,,/] and ej’,zg [G,/]. The problem
is then to extend this assignment to all pairs (¢, o) and make it into a functor.

This turned out to be a more subtle matter, and was only solved after we proved in [I]
a property of invariance of the Deligne-Lusztig cohomology under certain change of parabolic
subgroups. The heart of this paper is therefore the construction of this “bimodule”, which
is explained in (3.7 after some crucial step in Proposition 2.2.5l Once the construction is
done, the fact that it induces a Morita equivalence and preserves the cartesian property is
comparatively easier.

1.2.8 Organisation of the paper. — Section 2 reviews the needed input from Deligne-
Lusztig theory. It is mostly expository, with the exception of Proposition which is a
crucial technical point to be used in section 4. Section 3 deals in detail with the content of
above. Section 4 is the heart of this paper. In particuler, subsection 4.2 explains [[.2.4]
while subsection 4.3 contains the construction of a Morita equivalence in the setting of an
unramified automorphic induction. Some generalities about “rings with many objects” are
postponed to the appendix.



2 Finite linear groups

In this part, F = F, denotes a finite field of characteristic p, and F an algebraic closure of it.

2.1 Review of Lusztig theory

Bold letters G, L, P, etc. will typically denote algebraic groups over F. A F-structure on such
a group gives rise to a “Frobenius isogeny” typically denoted by F', such that F-rational points
are given, e.g. by G := G(F) = GI'.

2.1.1 Varieties and functors. — Let G be a reductive group over F with a F-rational
structure. Assume given a parabolic subgroup P with unipotent radical U, and assume that P
contains an F-stable Levi subgroup L. The generalized Deligne-Lusztig variety associated to
these data is defined by

Yp :={gUc G/U,g'F(9) € U- F(U)}.

This is a variety over F with a left action of G = G¥ given by (v, gU) 79U and a right
action of L = L" given by (gU,d) — géU. The cohomology complex RT'.(Yp,Z) is thus a
complex of (Z,[G], Z,[L])-bimodules and induces two adjoint functors

Ricp = RUe(Ye, Z) %, — : D*(ZL) — D*(ZG)
“Ricp : RHomg, (RT(Yp, Zy),—) : D*(ZG) — D"(ZL)

called “Lusztig’s twisted induction”, resp. “restriction”, and where D® means “bounded derived
category”. These functors satisfy some rather obvious transitivity properties, and when P is
also F-stable, they coincide with Harish-Chandra’s usual parabolic functors.

2.1.2 Duals and characters. — Let us fix compatible systems of roots of unity ¢ :
(Q/Z2)y — Ej and : (Q/Z)y — Z, as in[L2Z1 If T is a torus defined over F and T* de-
notes the dual torus, also defined over F, there is a group isomorphism T*/ — Hom (T, FX)
associated to ¢, see [3, (8.14)]. Composing with jo ™! gives a bijection T** —» Hom(T, Z, ).
In other words, characters of T" valued in Z, are parametrized by rational elements s in the
dual torus T*. More generally, let us denote by G* the dual reductive group of G, which is also
defined over F. Then any rational element s in the maximal central torus of G* determines a
character §: G — 7Z, .

2.1.3 Rational series. — Let s be a semi-simple conjugacy class in G* = G*!. An
irreducible representation 7 € Irrg, (G) is said to belong to the rational series attached to s if
there is an F-stable torus T in G, an element ¢t € T*F that belongs to s, and a Borel subgroup B
containing T such that 7 occurs with non-zero multiplicity in [R$_g(f)] (here brackets indicate
that we consider the image of the complex in the Grothendieck group). We’ll denote by £(G, s)
the set of such rational series and by ¢& = ef@l € Q,[G] the central idempotent that cuts out
these rational series. We then have the fOHOW}ng remarkable properties :
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i) the subsets £(G, s) form a partition of Irrg, (G), and consequently we have the equality
1=3",¢% in Q)[G], see [3, Thm 8.24].

ii) if s consists of ¢'-elements, then the idempotent esGZ[ = Zs’wgs eS, where s’ ~; s means
that s is the (-regular part of s’, belongs to Z,[G], see [2, Thm. A’ and Rem. 11.3].

We will denote by &(G, s) the set of simple modules of ZZ[G]esGZZ' The representations in

E(G,1) are also called unipotent series, and those in &G, 1) are sometimes called (-unipotent.
Accordingly, Z, [G]G?ZZ will be called the (-unipotent summand of Z,[G].

2.1.4 Compatibility with induction functors. — Suppose L is an F-stable Levi subgroup
contained in a parabolic subgroup P of G. Any semisimple conjugacy class ¢ in L* gives rise
to a semisimple class s in G*. The map ¢t — s is finite to one.

From transitivity of twisted induction, we see that

[RTc(Yp, Q)er] = [eF RTe(Yp, Q)er].

For the same reason, we have [e¢RI.(Yp, Q,)el] = 0 if ¢’ is not contained in s, and therefore,
putting el := 3", . el we get that

[RFC(va @Z)esL] = [QSRFC<YP7 @Z)]

In the particular case that P itself is F-stable, and denoting by ey the idempotent which
averages along the group U = U¥ of rational points of the radical U of P, we get the equalities

(2.1.5) Cey = eCepel = eyel =: el
showing in particular that eSey is a central idempotent in @Q,[P]. In the same way, when s
consists of ¢'-elements, we have equalities

. _ G L _ . L _..P
esvzeeU o esszeUessz o eUeszf o esvzf

which show that efzzeU is a central idempotent in Zg[P)].

2.1.6 Morita equivalences. — As above, let L be an F-stable Levi subgroup contained in
a parabolic subgroup P of G. We choose an F*-stable embedding L* — G* dual to L — G.
Let t be a semisimple class in L* and s its image in G*. Let also A denote either Q, or Zi,
and suppose that the order of an element of t is invertible in A. The following result is due to
Lusztig [7, Prop 6.6] for A = Q, and to Bonnafé and Rouquier [2, Thm B’] for A = Z,.

Fact. — Assume that L* contains the centralizer Cg«(t) of any element in t. Then the
complex RU.(Yp, N)ey, is concentrated in degree d = dim(Yp) and the (A[GleSy, A[L]el,))-
bimodule H4(Yp, A)etLJ\ induces a Morita equivalence, in the sense that the two adjoint functors

A[L]ef,-Mod
M

A[G]e$ -Mod
Hi(Ye, Nefy @ay M

%

H
A[G]eS\-Mod  —  A[L]ef,-Mod
N — Homyg (HY(Yp,Nefy, N)

and

are equivalences of categories.



In particular these functors induce bijections from £(L,t) to £(G,s), and from &(L,t) to
&G, s) when appropriate. Note that in the case A = Q,, the Morita equivalence follows from
this bijection property, but of course things are much more complicated for A = Z,.

Note also that in the case where L* = Cg- (), the element ¢ provides a character ¢ of L,
and twisting by ¢ induces an isomorphism between ZZ[L]elLZZ and Z, [L]ele, and a bijection
E(L,t) — E(L,1). Therefore, for groups G such that all centralizers of serrfisimple elements in
G* are Levi subgroups, these equivalences reduce the study of £(G, s) and Z, [G]esG— to that of

Zyg
E(Cg+(s)*,1) and Zg[C’G*(s)*]eiZ.
2.1.7 Dependence on the parabolic subgroup. — In our later application to p-adic groups,
it will be important to know that the equivalences of are ‘naturally independent” of the
parabolic sugroup P that contains L as a Levi factor. Note that this is far from obvious since
even the dimension of Yp depends on P.
We need here an apparently more general notion of “Deligne-Lusztig varieties”. Namely,

start with a collection Py, - - -, P, of parabolic subgroups with Levi component L, and define
(¢1Uq,--+,9,U,) € G/U; x --- x G/U, such that
Yp,.p, = gi_lgl-ﬂ eU,; U, fori=1,---,r, and

g, ' F(q1) € U, - F(Uy)

This is again a variety over F with a left action of G given by (v, (¢ Uy, -, ¢.U,))
(v91Uy, - - -, 79, U,) and a right action of L given by ((¢1 Uy, - -+, ¢,U,),8) = (10U, - - -, g,0U,.).

Now let P, P’ be two parabolic subgroups with Levi component L. Consider the closed
subvariety

Yep = {(gU,dU") € Ypp, g 'F(g9) € U-TU}.

We have a diagram

Yp p/ ~— Vp.pr ——Yp

where 7 is the first projection (¢U, ¢'U’) — ¢U. It follows from [I, Corollary 5.3] that = is
an affine bundle of relative dimension ¢ := %(dim(Ypp/) — dim(Yp)). Therefore the map m
induces an isomorphism RI'.(Vppr, Z¢) — RU.(Yp, Zy)[—26](—0). Composing with  we get
in particular a morphism

(2.1.8) Ve + RUY™ (Vo pr, Zy) — RTI™ (Yp, Zy) .
where we use the notation RT'Y™(Y,Z,) := RT.(Y, Z,)[dim(Y)](2dim(Y)) for a smooth variety

Y of pure dimension. In the same way we get a morphism \Ifg,) FP

varieties ¥;$p pr — YLGCP/,F(P) defined by (¢U, ¢'U’) — (¢'U’, F(gU)) is known to induce an

equivalence of étale sites, we see that \Ilg/) F(P) provides a morphism

) Since the morphism of

(219) \IIS?P’ : erim (YP,P/,Zg) — erim (YP/,Zg) .

Let us now choose a F-compatible embedding L* < G*. We can transfer P and P’ to dual
parabolic subgroups P* and P’* with Levi component L*. The following result follows from
Theorem 6.2 of [1]%

2The reader will find in [4] a shorter account of this result, with notation closer to those of this article
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Fact. — Let A denote either Zy or Q,. Let t be a semisimple element in L* with order

(2

invertible in A. Assume that Cg~(t)NP* = Cq«(t)NP’*. Then the morphisms \IIP?P, and \Ilg)P,
induce isomorphisms

RIY™(Yp, A)egA <~ RTY™(Yp pr, A)egA s R (Yp, A)efA.

2.1.10 General linear groups. — We assume here that GG is a product of general linear
groups over extensions of F. Then we have the following additional properties :

i)

ii)

iii)

E(G, s) contains a cuspidal representation if and only if s is elliptic in G* (by which we
mean that s does not intersect any rational parabolic subgroup). Moreover in this case,
E(G, s) consists of one element, so that we get a bijection

{elliptic conjugacy classes in G*} «+ {classes of cuspidal irreps of G over Q,}.

To see why these properties hold, note first that if s is elliptic then for any rational parabolic sub-
group P we have eSeyr,, = 0 by (Z.15)), thus £(G, s) consists of cuspidal representations. Picking
up an irrep in each £(G,s) we thus get an injection from the set of elliptic conjugacy classes to
that of cuspidal representations. But a counting argument based on Green’s classification shows
that we get all cuspidals this way.

If s is not elliptic, there is a rational parabolic subgroup in G whose dual intersects s.
Choose P minimal for this property, and let L be a Levi complement and ¢t € L* N s.
Thus ¢ is elliptic in L* and corresponds to a cuspidal irrep o of L by i) above. We get in
this way a bijection s +— [L, 0]

{s/simple conjugacy classes in G*} <> {G-conj. classes of cuspidal pairs (L, ) over Q,}.

Moreover, by the compatibility with induction of paragraph T4, £(G, s) contains all
irreducible subquotients of RE p(s) = Ind% (o). But then, comparing the partition of
Irrg, (G) in rational series, and that given by the cuspidal support, we see that

E(G, s) = JH(IndS (0)).

Assume now that s consists of #’-elements. Then &(G, s) contains a supercuspidal repre-
sentation if and only if s is elliptic in G*. Moreover in this case, £(G, s) consists of one
element, so that we get a bijection

{¢-regular elliptic conjugacy classes in G*} <+ {supercuspidal F;-representations of G'}.

To see these properties, observe first that since the centralizer of an elliptic element is a torus, the
Morita equivalence of paragraph shows that &/(G, s) consists of one representation, which
by the way is cuspidal. If it were not supercuspidal, it would occur as a subquotient of some
induced representation hence would belong to some &;(G, s’) with s’ not elliptic, a contradiction.
Thus we get an injective map from f-regular elliptic classes to supercuspidals. Again a counting
argument, relying this time on James’ classification, shows it is also surjective.
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iv) If s is not elliptic, choose P minimal among rational parabolic subgroups whose dual
intersects s, and choose L a rational Levi complement and t € L* Ns. Thus ¢, being
elliptic and /-regular in L*, corresponds to a supercuspidal irrep o of L over F,. We get
in this way a bijection

{s/simple {-regular conjugacy classes in G*}
<> {G-conj. classes of supercuspidal pairs (L, o) over F,}.

Moreover, by the compatibility with induction of paragraph T4l &,(G, s) contains all
irreducible subquotients of RE p(s) = Ind% (o). But then, comparing the partition of
Irrz, (G) as a union of &(G, s), and that given by the supercuspidal support, we see that

&G, s) = JH(IndS (0)).

2.2 General linear groups in a coordinate-free setting

The setting here is the following. Let V' be a vector space over F of finite dimension n. We put
G := Autp(V) and we also denote by G the corresponding algebraic group over F and F the
Frobenius associated with the F-structure, so that G = G'. Further, let F’ be a finite subfield
of F containing F, and let n/, V', G', G', F' be as above, but relative to F’. We assume that
IF|™ = |F'|"". We may then see G’ as the rational points of some Levi subgroup in G, and thus
use the theory of the previous section to go from representations of G’ to representations of G.

2.2.1 Varieties. — Fix an F-linear isomorphism ¢ : V' — V. This induces a group
embedding ¢, : G’ — G, which comes as the F-fixed part of an embedding ¢, : ResppG’ — G
of algebraic groups over F. The image of this embedding is a Levi subgroup L, of G such that
LF = 1,(G"). More precisely, on the F-vector space V := F ®g V, we get from ¢, a F-linear
action of the field /. Thanks to this action, we have a direct sum decomposition

e—1
V=@V, with Vi = {v € V,Va € F', . (a)o = Fi(a)o},
=0

and this identifies L, with [[, Autz(V;). We denote by P, the parabolic subgroup with Levi L,
associated to the flag

VD@VZD@VZDD{O}

i>1 i>2

Unlike L,, this parabolic subgroup is only defined over F’, not over F. Let U, be the unipotent
radical of P, and consider the variety

Vo
Y,V’ - YPL

L

It has a right action of G = G¥ given by (v, gU,) — vgU, and a left action of G’ given by
(U, 7)) — gu.(v)U,.
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2.2.2 Idempotents and bimodules. — As usual we denote by A either Q, or Z,. We now
fix a semisimple conjugacy class §' in GL,/(F’) with invertible order in A. This determines
a conjugacy class of rational elements in G’ and thus a central idempotent 65: A € A[G].
Moreover, choosing an F-basis of ', we get a conjugacy class s in GL,(F), which does not
depend on the choice of this basis. Then, similarly we have an idempotent 5, € A[G].

We assume that the centralizer of an element of s’ in GL,(F) is contained in GL,/(F").

Then, as recalled in Fact Z.1.6, the (A[G], A[G'])-bimodule

Vis' _ pV,s A dim G’
PV/—PV/ H (}/LV’ A) /A

L, L

induces a Morita equivalence between A[G']eS A and A[GleS.

2.2.3 Flags and parabolic induction. — Let V' = (Vj =V ' D V/ D --- DV =0) be a
flag of F'-subvector spaces in V', and let P’ € G’ be the associated parabolic subgroup, with
radical U" and Levi quotient M, all F’-stables. Denote by V := 1, )’ its image as a flag in
V, and let P C G, U, M be similarly defined. We note that, upon identifying Resp/r(G’) to
a Levi subgroup of G through ¢, we have the equality P N Resp/r(G’) = Respp(P’). Also, ¢
identifies Respr(M’) to an F-stable Levi subgroup of M and the projection of P, NP to M
provides a parabolic subgroup PM of M with Levi component ResppM’. We then put

. _ Vi/Vi+1
YLV" Ypm = YLV/V'

J
which is a M x M'-variety that we will also consider as a P x P’-variety (since P and Res(P’ )
are F-stable, we can use the notation P = P¥ and P’ = P'¥" ). Recall our notation e’ from

(ZI13) and put
R

L,

As above, it induces a Morita equivalence between A[P']el’, and A[P]el ,  (note that everything
boils down to the Levi quotients M, M’ where the mtua’mon is a product of instances of the last
paragraph).

Later, we will need the following functoriality property of this parabolic construction. If
~' € G' with image v := 1,(7') € G, then the conjugation map by v in G

It = Y, — Y, 0, mUY = ymUMy~

induces an isomorphism of varieties which is equivariant with respect to Int., xInt,, : PxP" —
7P x 7' P'. This induces in turn an isomorphism

~ V,s'
(2.2.4) Int%vl PL V/ _> PL7’Y,(V,)

with the same equivariance property. Note that when 4/ € P’ this isomorphism is given by the
natural action of (v,7 ') € P x P' on Y,
The following result is crucial for the main theorem of the paper.
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2.2.5 Proposition. — There ezists a family of isomorphisms of (AP, AP])-bimodules

L,

(2.2.6) byi 1 APy ®@ap, Py — Plyeny

indexed by pairs of flags Vi, V5 in V' such that V| refines V5 (so that P, C Py and P] C Py)
and which satisfy the following properties.

i) (functoriality) For any~' € G" with image v = 1.(7), we have gzﬁﬁ/,v, = Int,, oqﬁf oIntv_li

i) (transitivity) If Vi is a coarser flag than Vi, then the following diagram commutes :

ors
AP PV,S/ Vi PV,S/
3 Oap Py PRV
V/
L e
)8 2
APy @xp, APy @ap, Py AP; ®ap, P e 6U1

Proof. Step 1. Construction of gb:j% For the sake of clarity, we first assume that 1} is the trivial
1

flag V' and we abbreviate V' = V]. We take up the notation of subsection 2231 Consider the
two parabolic subgroups of G

Q= (P,NnP)U, and Q = (P,NnP)U.

Both have Levi quotient isomorphic to Respr(M’). In fact, putting V,;; := V,; N L(V) the
parabolic subgroup Q, resp. Q’, corresponds to the flag obtained by ordering pairs i, j accordmg
to the lexicographical order on the couple (i, 7), resp. on the couple (j,7).

Let us temporarily choose a splitting of the flag V’. This gives rise to splittings M’ < P’
and M — P, that fit in a diagram of Levi and parabolic subgroups

P,

R,eSF/“F(G ); G
Res(P’) P

RGSF/‘F<M,)W M

so that Q corresponds to the upper way of composing parabolic subgroups in this diagram while
Q’ corresponds to the lower way. A good point about general linear groups is that they are
isomorphic to their own duals. In fact the same diagram as above may serve as a dual diagram
to itself. Now, let ¢ be a semisimple element in the intersection of our semisimple class s’ and
M’ = M'**" . By hypothesis, the centralizer Cg(#') is contained in Res(G’). Moreover, we have
QN Res(G') = Q' NRes(G') = Res(P’). Therefore we may apply Fact 2.7 which provides us
with an isomorphism

Wiy 0 (WE)y) : RTE™ (Yo, A)edy 5 RUU™ (v, A)eld).
Summing on all ¢ as above up to M’-conjugacy, we get an isomorphism in D*(AG @, AM'P)

1
(2.2.7) Dyiq = VL)

Qo © (T0)g) « RII™ (Yo, A)ell 5 RTI™(Vg, A)elf.

Q.Q’
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It is easily checked that these isomorphisms do not depend on the choice of a splitting of V.
Now, the transitivity for DL varieties tells us that the multiplication map induces an iso-
morphism
U NF ~
YVLK// XG G//U/ - YPL XRGS(G) YRes(P’) — YQ

Similarly, upon choosing a splitting of the flag V', giving rise to splittings M’ — P’ and
M — P, we get an isomorphism
G XP Y;K;/ = G/U XM Y;K;/ = YP XM YPEVI - YQ!
which does not depend on the splitting.
Taking cohomology and applying idempotents, the isomorphism (2.2.7) becomes our desired
isomorphism
(2.2.8) Vo AG @ap Py = Pleu

Let us now treat a general pair (V;,V}) as in the proposition. Let ¢’ be any conjugacy class
in Pj contained in s’. Then, repeating the above discussion, we get an isomorphism similar to

22.3)

dim Py ~ dim Py
APQ ®AP1 H (va,vi)et’,ll\ — H (Kyé)et/?/\e(]{.

c Cc

Indeed the whole situation is a product of instances of the case just treated. Now, summing
over all ¢’ provides us with the desired isomorphism

1z Vs~ Vs’
(2.2.9) ¢v{ 1 AP, @ap, PW{ — PL% eyy-

Step 2. Property i). This follows quite clearly from the geometric origin of gbz% Indeed
we have used various geometric relations between DL varieties that all have a clear functorial
behavior under conjugacy by ¢.(7'), the most involved point being the isomorphism (Z2.7])
whose geometric construction was recalled in subsection 2.1.7]

Step 3. Property i). To simplify the discussion a bit we will assume that Vi = V’'. As
pointed out in Step 1, this is not a real loss of generality. Let us denote by Q; and Q) the
parabolic subgroups involved in Step 1 and associated to Vj. Further, let us introduce a third
parabolic subgroup with Levi quotient Res(M';) :

% = (PL N P1><UL N P2)U2.

Upon choosing splittings of the flags V] and V), this parabolic subgroup is the “intermediate”
way to compose parabolic subgroups in the following diagram
Res]F/‘]F(G’)& G
Res(P}) Ps
/ -/
ReSF’HF(M 2>;PL0M2 M2
Res(P)NM}) P1NM,

-/

ReSF,|F<M,1>W1M1
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Now, looking at the construction in Step 1, we see that what needs to be proved is the equality
involving isomorphisms of type (Z27). Consider the following diagram

RTI™(Yq, q))

(2
NG
Q1.Q2.Q] T

dim
(1) RF (YQllele (3)

y/ &w

RT¢™(Yqe q;) o e erm(YQl Q?)

1 2

Rrgim (YQ/l ) =1 Fdnn Fdim(le )

(1)
\IIQLQ'

Q1,Q)

When we apply the idempotent ei%\ to this diagram, all morphisms become isomorphisms (and
all complexes are concentrated in degree 0). Therefore, to prove (Z2.I0), it is enough to prove
the commutativity of subdiagrams , and . Each of these diagrams is isomorphic to a
diagram of the following form

(3)

di R1,Ro,R3 di
chlm (YR1,32> chlm(YRLRQ,Rs)
(2) (2)
‘I’Rl,RQT T\IIRI R2.R3
dim dim
ch (YRI) @) ch (YRLRS)
qu1 R3

in which the morphisms \Ifgz R, R, and \I/(éi R, R, are defined in a way similar to what we

explained above (2I.8)) for \If%’m. We refer to section 6.B of [I] for more details (see also
section 2 of [4]). In particular, Lemma 6.14 of [I] (or Corollary 2.9 of [4]) tells us that such a
diagram is commutative provided one of the following inclusion holds.

a. Ry C R1R3, or b. F(Rl) C R1R3, orc. Ry C RQF(Rl), ord. R C RQF(Rl)
Diagram . Here we are in the situation R; = Q;, Ry = Q? and R3 = Q). From the
definition of these parabolic subgroups, we see that
Q= (P,NnP)(U,NPy)U, C (P,NnP,)U,(P,NP,)U; = Q:Q],

so we are in case a. and we conclude that diagram |2 |is commutative.

Diagram . Taking into account the roundabout definitions of morphisms ¥ (through
certain equivalences of étale sites), we are in the situation R; = Q}, Ry = F(Q;) and R3 =
F(Q?). As above, we have F(Q?) C F(Q;)F(Q}), so we are in case c. and we conclude that
diagram is commutative.

Diagram [ 3. Here we are in the situation Ry = Q?, Ry = Q| and R = F(Q;). We have

F(QY) = (F(P,)NP1)(F(U,) NP2)U; C F(Q1)U: C F(Q1)Q;,

so we are in case b. and we conclude that diagram |3|is commutative. O
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3 From level 0 blocks to coefficient systems

We now denote by F' a local non-archimedean field with ring of integers O and residue field F.
We fix a vector space V over F' of dimension n and are interested in the smooth representation
theory of the p-adic group G = Autg(V).

3.1 Review of coefficients systems and systems of idempotents

3.1.1 Coefficient systems on simplicial complexes. — Recall that a simplicial complex
X = (X, X,) is a pair of sets with X, consisting of finite subsets of X, being stable under
inclusion and containing all singletons. We’ll denote by X; C X, the set of d-simplices (of
cardinality d + 1) and identify X to X (the set of vertices). We also denote by [X] the small
category whose set of objects is X, and morphisms are given by inclusion, 7.e.

Homy)(o,7) = {1,-} if 0 O 7 and Homx(o, 7) = 0 else.

A coefficient system on X with values in a category C is a functor £ : [X] — C. When
C is an abelian category with arbitrary direct sums, we may form “the” chain complex of a
coefficient system

C(E): i — - @ Ep—s o — @50

ceXp—1 oeXo

once an orientation of X has been chosen. The first homology object H°(€) is then canonically
isomorphic to the colimit colimx;€ of the functor &.

Suppose further that X carries an action of an abstract group G that respects the simpli-
cial structure. We then denote by [X/G] the small category whose set of objects is X, and
morphisms are given by the action of G, i.e.

Homy/q)(0,7) =Gl :={g € G, 7 C go}.

Hence [X/G| contains [X]. Now, a G-equivariant coefficient system on X with values in a
category C is a functor € : [X/G] — C. For each 0 € X,, the object &, then gets an action
of the stabilizer G of o and the colimit colim(x)€ gets an action of G, as well as the complex
C.(€) when C is abelian. If G is a topological group and acts continously on X with the discrete
topology, we say that & is smooth if for each o € X,, the action of GI on &, is so. Then the
action of G on colimx|€ and C,(€) is also smooth.

We will generally denote by G, the pointwise stabilizer of o, which is a distinguished
subgroup of GI. For 7 C o we have G, C G, but in general G! is not contained in GI.

3.1.2 The Bruhat-Tits building. — Here we take up our notation G = Autp(V) of the
beginning of this section. We introduce the semi-simple building BT associated to G, which
we view as a simplicial complex of dimension n — 1 with a simplicial action of G.

Denote by Latt(V) the set of Og-lattices in V. A lattice chain is a decreasing sequence
Z — Latt(V), ¢ — L;. It is called d 4 1-periodic if £;;4 = wL; for all i. Moreover, two such
sequences are called equivalent if one is a shift of the other one. Denote by BT, the set of
equivalence classes of d-periodic lattice chains. It turns out that such an equivalence class is
completely determined by the d 4+ 1 equivalence classes of 1-periodic lattice chains that can be
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extracted from it. Whence an embedding of BTy in the power set of BT := BTy, that is part
of a simplicial complex structure (BT, BT,), for which a d’-simplex 7 is a facet of a d-simplex
o if a lattice chain in 7 is extracted from one in o.

The action of G on Latt(V) induces a simplicial and continuous action on BT. Let G° :=
ker (] det|) C G. The group G% := GI N G° is the maximal compact subgroup of the stabilizer
G! of a simplex o. It is a normal subgroup and we have G, = G Z with Z denoting the center
of G, while G /G, is a cyclic group of order dividing n.

3.1.3 Consistent systems of idempotents and Serre subcategories. — Let R be a commuta-
tive ring in which p is invertible and let Hz(G) denote the algebra of locally constant R-valued
compactly supported measures on G. We are interested in collections of idempotents (e;).cp1,
in Hr(G) that satisfy the following consistency properties, taken from [, §2.1].

i) eye, = e e, whenever x and y are adjacent.
ii) e,e,e, = e,e, whenever z belongs the simplicial hull (enclos) of {z, y}.
iil) ey = geyg~* for all z and all g € G.

Note that condition i) enables one to define an idempotent e, = [], <o Ex for each simplex o.
Moreover we have e,e, = e, for 7 C o and ey, = ge,g~! for g € G. Note also that the whole
system is determined by a single e,, since in our GL,, setting, all vertices are conjugated.

Our interest in this notion comes from the following result of Meyer and Solleveld. Recall
that Repy(G) is the category of smooth R-representations of G.

Fact. ([8], Thm 3.1) — Let e = (e;)zepr be a consistent system of idempotents as above.
Then the full subcategory Reph(G) of all objects V' in Repp(G) such that V. =Y e,V is a

Serre sub-category.

In fact, level decompositions on Repy(G) show that Rep%(G) is a direct factor subcategory,
or in other words, that Hr(G)e,Hr(G) is a direct factor two-sided ideal of Hz(G).

3.1.4 Resolutions and equivalences of categories. — The most important ingredient in the
proof of the above Fact is a certain acyclicity result. Namely, for a representation V', define the
coefficient system (V,),epr by putting V, := e,V for all 0 € BT, and V(g,,) : €,V — e,V

the map induced by the action of g on V, for all g € GI_ (recall that e,e,, = €,,). Then the

complex C,(V) has a natural augmentation given by @, BT, €2V =,

Fact. ([8], Thm 2.4) — The complex C.(V) is acyclic in positive degrees and the augmen-
tation map is an isomorphism Hy(C.(V)) — > e, V.

Denote by Coefp[BT/G] the category of G-equivariant coefficient systems in R-modules on
the building BT'. The above result suggests one to consider the full subcategory of all coefficient
systems V such that V(1,,) induces an isomorphism V, — e,V; for all 7 C o (equivalently,
V(gor) induces an isomorphism V, — e,,V, for all g € GI ). In order to be able to do this,
one needs to impose a further axiom on the system e, namely

iv) for any o, e, is supported in G,.
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Indeed, under this assumption, since G, C G, for 7 C ¢ and since V, comes with a smooth
action of G-, we can unambiguously make sense of the expression e,V;. Denote by Coef%[BT /G|
the category of these coefficients systems. Wang has extended the above fact in the following
way.

3.1.5 Fact ([10], Thm 2.1.9 and Cor. 2.1.10) — For V € Coef%[BT /G| the complex C.(V)
is acyclic in positive degrees. Moreover the functor V — Hy(C.(V)) provides an equivalence of
categories

Coef %[BT /G] — Rep%(G)
with quasi-inverse the functor V — (e,V),.

We note that Meyer and Solleveld results are valid for any reductive group over F', while
Wang’s result has been written only for GL,,.

3.1.6 The level 0 example. — For a vertex x, denote by G the kernel of the action map
G — Autp(L®p F). It is independent of the choice of £ and coincides with the pro-p-radical
of G,. In particular it determines an idempotent e} € Mz (Ga)-

The system (e;),epr, is well known to be consistent in the above sense. Moreover, for any
simplex o, the 1dempotent et = ]1,e, i is nothing but the idempotent associated to the pro-p-
radical G of GY, the latter being also the kernel of the natural map G% — ], Autp(L;/Lis1)
whenever o is represented by the lattice chain (£;);. In particular, property iv) above is also
satisfied.

We denote by Rep%(G) the direct factor of Repg(G) cut out by the system (ef),. It is
usually called the level 0 subcategory. Similarly we write Coef%[BT /G| for the corresponding
category of equivariant coefficient systems.

3.2 Level 0 blocks

Let A denote either Q, or Z; (or F,). Fix a semisimple conjugacy class s in GL,,(F) and assume
it has order 1nvert1ble in A. Since GL, is its own dual, paragraph 2.1.3] provides us with a
central idempotent e’ "(F in A[GL,(F)].

3.2.1 The systems of idempotents attached to s. — Let = be a vertex. Let us choose a
lattice £ corresponding to x and an O-basis of L. Then we get an isomorphism

G, =G, /GF 5 Autp(L£ ®0 F) — GL,(F)

which allows us to pull back e oA b®) t6 a central idempotent est € A[G,] € Ha(G,). Since it
is central it is in fact 1ndependent of the choices of £ and the basis.

Lemma. — The system (e5™),epr, is consistent in the sense of [31.3 and satisfies the
additional property i) of [3.1.9]. Moreover, for any two vertices x,y we have
(3.2.2) e:eZ’A =ey Aez,

Proof. We will first extend the system to all simplices. Let o be a simplex represented by a
periodic lattice chain --- D Ly D Ly D ---. We thus get a partial flag in the vector space
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Lo ®o F. After choosing an O-basis of £y we get a parabolic subgroup P, of GL,(F) and a
surjection GY — P,. Let U, be the radical of P, and ey, the corresponding idempotent. Then
by (2Z15) the idempotent e, ”( )eUU is a central idempotent in A[F,], and therefore defines a
central idempotent es* € HA(GJ). Note that changing the lattice chain or the O-basis will
result in conjugating the parabolic subgroup P, in GL,(F). Therefore %" is independent of
these choices. Moreover, by construction, we have

(3.2.3) est = eres for any vertex x < o,

and where e is the idempotent associated to G as in B.1.Gl
We now can prove that these systems are consistent. For the sake of readability, we omit the
superscript A. For property i) of BZIL3| let z,y be adjacent vertices and o the simplex {xz,y}.

Then we know that efe) = ef. Therefore we get

s _s++s_ ++s_ss_s
exe 6$6x6y6y 6 Jeaey—eaea—ea.

This proves property i). Moreover, we see in the same way that e; =[], e; for any simplex
o, so that property iv) of B4l also holds. Since property iii) is clear, it only remains to check
property ii). So let z belong to the enclos of {z,y}. We already know that efef = efefer.
This implies the desired property when z is adjacent to x, since in this case we have

S s s + s + s s _ S8 8,8
€€y = €,€, €, = € €, }e = €[,y = €2E2€y.
When z is not adjacent to x, we can find a path x = xg, 21, -+, 2, = z,---,x; = y such that

x;i11 is adjacent to z; and belongs to the enclos of {x;, y} for each i, as in [10, Lemme (2.2.5)].
Then by induction we get property ii).
Finally we prove equality (82.2). When x and y are adjacent we already know that

+ s + s __ 8 58 _s8
o€y = ClayCy = Clay = C2Cy
as desired. In general, we choose a path z = z,---2; = y as above. Since x;_; is in the enclos

of {x,y} and is adjacent to y, we have

+s_++ s + s s
l’ y T X1y T X1 Y

By induction on [, we deduce that

as claimed. m

We will denote by Repf}(G) the Serre subcategory of Rep,(G) cut out by the system of
idempotents (es"),. It is pro-generated by the induced object indgg (e5AHA(G,)) for any

T

vertex x, and is clearly contained in the level 0 subcategory Rep$ (G) of Rep, (G).

3.2.4 Proposition. — The level 0 subcategory RepQ(G) splits as a direct product

Repy (G) = II Repj (G)

SEGLy, (F)ss:A /conj

where s Tuns over semisimple conjugacy classes in GL, (IF) which have invertible order in A.
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Proof. Let s,s" be two distinct conjugacy classes with invertible order in A. For simplicity we
simply write 5 = e®* and e = e}, We first show that Rep3 (G) and Rep$, (G) are orthogonal.
Indeed, let V' be an object in Rep} (G). We have to prove that ei/V = 0 for any vertex z. We
know that V' =3 eV, so that e; V =3_ e;e;V. But for all z,y, using (B.2.2) we get
s’ s s + s s s s
€, €, =c e e, =ce ee =0
since e ef = 0.

Now, let V' be a level 0 object that is orthogonal to all subcategories Rep} (G). For a fixed
vertex x, we thus have ef for all s. But by ZZI.3i) we know that ef =" €2, so eV = 0 hence
V=0.

This finishes the proof of the claimed decomposition. Note that, concretely, the projection
of a level 0 object V' on Rep} (G) is canonically isomorphic to the subrepresentation generated

by esAV. O

The link between the decompositions over Z, and Q, is quite clear : for an ¢-regular semisim-
ple class s we have
Repz (G) N Repg, (G) = H Repf@(G).

s'~oys

3.2.5 Relation to Bernstein blocks. — Here we consider the case A = Q,. Fix a conjugacy
class s as above. There is unique partition (ny > ns > -+ > n,) of n such that s contains
an elliptic element of the diagonal Levi subgroup M(F) = GL,,(F) x --- x GL,, (F). As
in Z.T.T0 i), we thus get from s a supercuspidal representation ; ® -+ ® 7, of this Levi
subgroup. After inflating to M(O) =[], GLy,(O), extending to [[, F*GL,,(O), and inducing
to M(F) = GL,,(F) x --- x GL,, (F'), we get a supercuspidal representation ¢ = 0, ® - - - ® 0,
of the p-adic group M (F'). Choosing further an F-basis of V' we get a cuspidal pair (M, o) in
G whose inertial class does not depend on any choice (basis and extension). In view of the well
known construction of level 0 supercuspidal representations, this process sets up a bijection

{semisimple conj. classes in GL,,(F)} <> {inertial classes of level 0 supercuspidal pairs in G}

Now, attached to [M, o] is the Bernstein block Rep%w ! (G) of Repg, (G) which consists of all
£
objects, all irreducible subquotients of which have supercuspidal support inertially equivalent

to [M,o]. Bernstein’s decomposition, when restricted to the level 0 subcategory, then reads

Rep%{(G) = H Rep%\j’o}((}’).
]

M,o

Proposition. — We have Repf@Z(G) = Rep%‘/l’a](G). In particular Repf@Z(G) is a block.
4
Proof. In view of the two above decompositions of Rep%l(G) and the bijection s <> [M, ], it
(M. 0]
Q
For this it suffices to prove that any irreducible @ which occurs as a subquotient of an
induced representation i% (o, ® - -- ® 0,) as above (where P is a parabolic subgroup with Levi

M) satisifies esm # 0 for some vertex .

will be sufficient to prove the inclusion Repf@((}’) D Rep~ "7(G) for s corresponding to [M, o].
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For simplicity, let us choose an F basis of V' such that the identification G = GL,,(F') takes
M to the diagonal Levi subgroup [[, GL,,(F') and P to the corresponding upper-triangular
group. Then consider the vertex x associated to the lattice spanned by this basis, so that
GY = GL,(0). Finally denote by P, the image of PN G in G,. Then the Mackey formula
shows that, as a representation of G, we have

i (0, ®...®0'T)G;L ~ 1‘%(51 ® - ®a,).

where i$ denotes parabolic induction. Therefore 7 is a subquotient of i 1:;” (01 ®---®0,) and

by BT.I01i) we get that esw # 0. O

3.2.6 Compatibility with Langlands’ correspondence. — As in [L1.2] the local Langlands
correspondence gives a parametrization of blocks of Rep@(GLn(F )) by the set ®iert(GL,, Q)
of equivalence classes of semi-simple representations of I that extend to Wr. Moreover, level
0 blocks correspond to tame parameters through this parametrization. Sofar, we have defined
three maps :

{inertial classes of level 0 supercuspidal pairs in G}

LLC TSb—) [M,o]

d—s

o (GLy, Q)

inert

{semisimple conj. classes in GL,(F)}

The vertical map was defined in B.2.5], while the horizontal one was defined in [L2.11

Proposition. — This diagram commutes. In particular we have Repy(G) = Repf@(G).

Proof. Let us start with a semisimple element s € GL,(F), let us denote by [M, o] the corre-
sponding supercuspidal pair, by ¢ the inertial parameter of [M, o], and by s(¢) the conjugacy
class associated to ¢. We want to prove that s € s(¢).

We first reduce to the case where s is elliptic. Indeed, after maybe conjugating we may
assume that s = s; X - - - X s, is elliptic in the Levi subgroup M (F) = GL,, (F) x - - - x GL,, (F).
Then we have M = GL,, x --- x GL,, and 0 = 07 ® --- ® 0, with each o; corresponding to
s;. Next, putting ¢; := (g, )1, We have ¢ = ¢1 @ - - ® ¢,, and the conjugacy class s(¢) is by
definition that of a product s(¢q1) X -+ x s(¢,.) in M(F) C GL,(F). Therefore we are reduced
to check s; € s(¢;) for each i.

Now assume s is elliptic, so that M = . This case boils down to the well-known compati-
bility between the local Langlands correspondence and the Green-Deligne-Lusztig construction
(up to some unramified rectifying character). O

3.2.7 Relation to Vignéras-Helm blocks. — Here we consider the case A = Z, and we
suppose that s is an f-regular semisimple conjugacy class of GL,(F). Using the notation of
paragraph B.2.5, we now get from s a supercuspidal F,-representation of M(F), thanks to
2110 iii). Again, after inflating, extending, and inducing, we get an inertial class [M, o] of
supercuspidal pairs over F, in G, and this process induces a bijection

{ f-regular semisimple conj. classes in GL,(F)}
+> {inertial classes of level 0 Fy-supercuspidal pairs in G}
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Now, attached to [M, o] is the Vignéras-Helm block Rep— ’U](G) of Repz, (G) which consists
of all objects, all simple subquotients of which have mod E inertial supercuspidal support”
equal to [M, o]. The level 0 subcategory then decomposes as

RepZ H Rep (M 0]

[M,0]

the product being over [M, o]’s with level 0.
Proposition. — We have Rep, (G) = Rep[M U}(G). In particular Repj, (G) is a block.

Proof. As in the proof of Proposition B.2.5 it suffices to prove the inclusion Rep%Z(G) D

Rep- MU](G) On the other hand, since the LHS is a Serre subcategory and the RHS is a block,

it suffices to find one object in the RHS that belongs to the LHS. Therefore it suffices to prove
that any irreducible Fy-representation 7 in Repf }(G) satisfies e2%¢r # 0. By definition

occurs as a subquotient of some i (01 K& ar), so we may argue exactly as in the previous
proposition, using ZT.T0 iv) instead of ii). O

Let now ¢ € ®y_inert (GL,, Q) be the £-inertia parameter which corresponds to [M, o] as in
[LT2 and let s(¢) be the conjugacy class associated to ¢ as in [[21]

Proposition. — We have s = s(¢). In particular, we have Repy (G) = Repy(G).

Proof. As in the proof of Proposition [3.2.6] we reduce to the case where s is elliptic. Then we
have M = G and o is the reduction mod ¢ of the supercuspidal Q,-representation & attached
to s. Moreover, by compatibility between Langlands and Vignéras correspondences for super-
cuspidal representations with respect to reduction mod ¢, the parameter ¢ is the restriction to
I%. of the inertial parameter ¢ associated with . Proposition B.2.6 tells us that s(gf)) = s, and
m tells us that s(¢) is the ¢-part of s, which is s by assumption. O

4 From Coefficient systems to Hecke “modules”

We take up the setting of the last section. So G = Autp(V) acts on its building BT, and
A = Z; or Q,. To any semisimple conjugacy class s € GL,(F) with order invertible in A,
we have associated a system of idempotents (e),cpr, heading to a block Rep}(G) that is
equivalent to a certain category Coef%z [BT /G| of equivariant coefficient systems on BT.

In this section we show how Coef}[BT/G] is equivalent to a category of “modules” over
a certain Hecke “A-algebra”’, whose definition only involves a single appartment A and the
collections of reductive quotients G, ¢ € A,. In this way, we obtain objects that are closer
to the usual modules over Hecke algebras, except that our Hecke “algebras” will actually be
“rings with many objects”.

4.1 The enriched Coxeter complex

4.1.1 Level 0 coefficient systems. — Let C be any category. We say that a C-valued G-
equivariant coefficient system & : [BT/G] — C has level 0 if for all 0 € BT,, the action of G}
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on &, is trivial. Let us introduce a new category [BT/G] whose set of objects is still BT,, and
morphisms are given by

Gi, = GI\Gl,/G} =G, /GE.

Note that the composition maps Gf_ x GI, — G  induce associative composition maps on
quotients GI_x GI — G so we indeed get a category [BT/G], which is a quotient category
of [BT/G]. Tt is then clear that a G-equivariant coefficient system £ has level 0 if and only if
it factors through a functor £ : [BT /G| — C.

Definition. — We say that € : [BT/G] — C is cartesian if the transition map E(1,,) is
an isomorphism E,; — 59; forallT Co.

4.1.2 The enriched Cozeter complex [A/G]. — Put I := {1,---,n} and A := Z /Zgjag.
Two elements x, vy in A are called adjacent if we can find representatives #, § in Z! such that
(i) < g(i) < Z(i)+1foralli € I. A subset o of A is called a simplex if all its pairs of elements
are adjacent. We thus get a simplicial complex A,, namely the Coxeter complex of type Avn—l-
The natural action of the extended affine Weyl group W := Z! x &,, on A is simplicial. We will
also denote by W9 C W the (non-extended) affine Weyl group, given by W% = (Z)°x &, ¢ W
where (Z1)° = {(z;)ier, >_; x; = 0}. For any simplex 0 € A we put W2 := W N W% Then
the fixator of o in W decomposes as W, = W2 x Zgiag and the quotient W1/W, embeds in
W /(W Zgiag) hence is cyclic of order dividing n.

Let o be a simplex in A. If we fix a vertex o € o and a representative o of xy, there
is a unique ordering o = {xg,x1, - x4} such that we can find representatives z; : I — Z
of z; verifying Zp < --- < &g < 2o + 1. We get a partition [ = I,oU I,y U--- U Iq of 1
defined by I, := {i € I,Zy41 — T = 1}. Up to cycling the indices k +— k + 1(modd), this
partition does not depend on the choice of xg and its representative. In particular, the subset
P, ={l,0, -, 154} of the power set P(I) of I is canonically attached to o. We then define a
finite group of Lie type

GJ = H AutF(FJ) C AU_tF(FI).

JePs

If 7 C ¢ is another simplex, then the partition P, refines P;, so that G, canonically embeds as
a (semi-standard) Levi subgroup of G,. Moreover, if we choose zy € T, the associated ordering
on P, provides a flag F! > F/Meo 5 ... 5 Floe 5 (0 in F! whose intersection with each Flrx
does not depend on the choice of zy € 7. We thus get a “canonical” parabolic subgroup P, , of
G, with Levi component G,, and whose unipotent radical we denote by [UJJ.

Now, if w € W, its image w € &,, under the quotient map W — &,, takes P, to P,,, hence
the permutation matrix [w] € Autg(F!) conjugates G, to G,,. We denote by w, : Gy — G
the isomorphism thus obtained. When w € W,, the permutation w preserves each subset
J € P, of I, hence [w] € G,. Moreover, the map w + [w] is a group embedding W? — G,.
Finally, if 7 C wo (i.e. w € W), we put

Wor : Gy =2 Guo — G
the composition of the maps just defined. The image_waz(@a) is a Levi subgroup of G, which

is contained in the parabolic subgroup IF’M,T = u‘;m(GU_)wa. Ifve W1 for a third simplex
v, it is easily checked that 0, o Wy, = vWw,,, and that Uywey = Upr 070 (Upe 7).
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For o, 7 € A, we now define B B
G:rﬂ' = (GT X WOTT)/N7
where )
(g, w) ~ (g, w) iff 3@, v) € Upyr x W2, § = giv and v’ = v~ "w.

One checks that the composition rule (G, x Wi) x (G, x Wi ) — G, x W}, given by
(@) © (§r,0) = (8,5r,(g,), v0) descends to & map

Gj’u X GL’T — G:rn/
that fulfills the necessary associativity property to justify the following definition.

Definition. — We denote by [A_/G] the small category whose set of objects is Ay and the
hom-sets are given by Hom(o,7) = G _.

4.1.3 A functor from [A/G] to [BT/G]. — Let us choose a basis of the F-vector space V.
This allows us to identify V to F! and G to Autg(FT). We define a map A — BT by sending
T € Z! to the lattice £(7) := @ w*@Op.[i] where {[i],i € I} is the canonical basis of F!. This
defines a simplicial isomorphism from A, to the appartment A associated to the diagonal torus

of G. Moreover for any simplex o in A there is a canonical identification G, = GY, := G, /G,
and if 7 C o the identification G, = G?_ carries P, , to G° /G- and U, , to G, /G .

g g

We also embed W in G by mapping w = (t,wp) to the matrix [t][wg] where [w] is the
permutation matrix of G attached to wg and [t] = diag(w™ - - - w') if t = (¢1,-- -, ¢,). The map
v is then W-equivariant and the map W2 — G identifies with the map W2 — G2 of the
previous paragraph.

4.1.4 Theorem. — The multiplication map G, x W1_ = G% x W:[,,LT — @IWT induces a
bijection G — @IWT. Moreover, the functor
[A/G] — [BT/G]
thus obtained is an equivalence of categories.

Proof. In order to simplify the notation, we write o for .o and 7 for v7. In view of the definition
of GI_ and the foregoing discussion, what need to be proved is that the multiplication map of
the theorem induces a bijection

(G’Or X ‘/Vz;rT)/N L) él’r
where the equivalence relation is given by
(g,w) ~ (¢',w) iff 3(h,u,v) € GF x G x WP, ¢ = hguv and w' = v 'w.
Since W? = G% N W, we may simplify this in
(g, w) ~ (¢',w') if 3(h,u) € GT x Gy, gw' = hguw.

; + + + Gt
But since G C G}, and G|, = wGjw™", we also have

(g,w) ~ (¢",w') iff Ju e G}, v’ = gwu.
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Therefore the multiplication map descends to
(GO X Wi ) = (GUW)/GE € G

and we are left to prove that the inclusion GYWJ_ C GI_ is an equality. So let g be an element
in GI_, that is go D 7. Since 7 € A, we can find g, € G? such that g,go € A,. Then, since
o € A, too, there is w € W such that wo = g,go, so that we have g~'g-'w € G!. Using the
equality GI = GYW, we finally write ¢ in the form g-'wg; 'w; ! which belongs to GOW} _since
wGw! C GY.

We thus have obtained a fully faithful functor [A/G] — [BT/G]. But since any simplex
in BT is conjugate to some simplex in A under G, and therefore isomorphic to this simplex in
[BT'/G], this functor is also essentially surjective. O

4.1.5 Corollary. — Let C be any category. The restriction functor £ — & o1 is an equiva-
lence of categories between the category of C-valued level 0 G-equivariant coefficient systems on
BT and the category of functors [A/G] — C.

As in Definition EET.T], let us say that a functor £ : [A/G] — C is cartesian if £(1,,) is
an isomorphism &, — EY~ for all ¢ D 7. The above equivalence clearly preserves cartesian
objects on both sides. Using now B.I.5l and B.1.6) we get :

4.1.6 Corollary. — Let R be any commutative ring with p € R*. The functor V —
(VGEB)UGA is an equivalence of categories between Rep%(G) and the category of cartesian functors
[A/G] — R — Mod (with natural transforms as morphisms).

Note that this implies in particular that the level 0 subcategory Rep%(GL,,(F)) only depends
on the residue field F of F (and n), up to equivalence. Indeed, the definition of [A/G] only
involves the Coxeter complex associated to the affine Weyl group W, and the residual reductive
groups G,, o € A. In order to refine the above corollary for summands Rep‘%{((}’), we enhance
the setting a bit.

4.2 Hecke “algebras” and “modules”

We refer to the appendix for the language of “rings” (also called ringoids) and “modules” that
we will use from now on. As above, R denotes a commutative ring with p € R*.

4.2.1 The Hecke “algebra” of level 0. — Let us apply the construction of the R-algebra of
a small category A as in [A.T1l to the case A = [A/G]. We get an “R-algebra” R[A/G] with
set of objects A, and hom-sets defined by R[A/G](o,7) = R[GI ]. We wish to use Corollary
in order to see Rep%(G) as a category of left modules over R[A/G]. Indeed, this corollary
provides us with a full and faithful functor

V =V, Rep%(G) — R[A/G] — Mod,

with V, = VG and the action V, ®r R[@LT] — V; obtaine_d by R—linear extension of the
action of Gf . induced by that of G on V' via the isomorphisms Gf, — G¥,. The image of this
functor is formed by “R[A/GJ|-modules” which are cartesian as functors [A/G] — R—Mod (as
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defined above Corollary [LT.6]). So we need to understand what this property means in terms
of “R[A/G]-modules”.

Define W2 = Wi N W%and GY_ = (G, x W2 )/ ~ where the equivalence relation is
the same as in the definition of Gf_ (so, in particular we have G? = G,). We get a category
[A/G]° and an “R-algebra” R[A/G]° which is naturally a “sub-R-algebra” of R[A/G]. Indeed
any “module” over R[A/G] restricts canonically to a “module” over R[A/G|°. We refer to
Definition [A.T.5 for the notion of Cartesian “module”.

Theorem. — The functor V — V above is an equivalence of categories from Rep’%(G) to
the category of left R[A/Gl-modules that are cartesian as R[A/G]°-modules.

Proof. Let o, 7 be two facets such that W7 is non empty, and fix w € W7_. The next lemma
tells us that W2 = W%w, and this implies in turn an identification of G, x G2P-sets

GST = G’r/@wm’r

where g, € G, acts on the right by multiplication by w,(gs) € G.e. For any left “R[A/G]°-
module” M, this implies an isomorphism

Hom pigo) (R[GS, ], M) 5 MTvor
which identifies the map a’._ of [A. 1.5 with the map
MO’ ;> Mwo_ E— M?WU,T

where the first map is M(w,) and the second one is M(1,,,) (the image by the functor
M Qf the inclusion 1,,, : wo C 7). In particular, we see tpat M is cartesian as a functor
[A/G]® — R — Mod if and only if it is cartesian as a “R[A/G]’-module”. O

Lemma. — Given two chambers § O o and v D 7, the multiplication in W induces two

bijections W2 x (Wg,y NWE) —= Wi and W2 x (W3, N W) — W__ . Moreover, Wg, is a
singleton.

Proof. Since W2 acts simply transitively on the set of chambers that contain 7, the multiplica-
tion map gives a bijection W2 x Wgy o W(;TT. But we have W} _C W(STT, and this bijection thus
restricts to a bijection W2 x (Wgﬂf NW] ) — W} and to a similar bijection with o instead of
1. Finally, W acts simply transitively on the set of all chambers, so W(?,Y is a singleton. O

4.2.2 Hecke “algebras” attached to semisimple conjugacy classes. — Now, let s € gLn(F)
be a semisimple conjugacy class of order invertible in R, and assume R is either Z, or Q,. For

each 0 € A, we get a central idempotent e’ € R[G,]. Namely, with the notation of 2Z.T.3 we

put .
e = Z eve
t
where ¢ runs on conjugacy classes in s N[ ,.p Autg(F”) inside Autg(F') = GL,(F).

Lemma. — The idempotent ey is central in R[G!]. Moreover, for any other 7 € A, we
have e;R[G],] = e; RG], ]e; = R[G{,]e;

o*
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Proof. Any w € W] acts on G, = HJEPU Autp(F/) by permuting P,, and this action is by
conjugation by some element in Autg(IF?). Therefore w normalizes €. Since GI = G, W], the
first assertion follows.
For the second one, let 2 _ be a set of representatives of W, \W} . Then we have a decom-
position of G, x G sets
GLT = |_| GT/UwO,Ta

wEQZT

where g, € G, acts on the summand G, /U, , by right multiplication by w,,(g,). It follows
that
R[GlJe; = €D RIG-/Uuosles, = @ € RIG/Uuos) = € RG],

’LUEQZ—-,— ’LUEQZ'T

where the second equality is (Z.1.5). O

The lemma shows that the composition map R[G!,] ®r R[G},] — R[G},] takes the sub-
module €3 R[GI ]et ®p e R[G! _Jes into €S R[G les. This justifies the following definition :

Definition. — We denote by eslf[A/G] the “R-algebra” whose set of objects is Aq and Hom
sets are given by Hom(o, 7) = €2 R[GI_|es. Similarly we have a “R-algebra” e R[A/G]°.

Now, let V = (V,)sca, be a left “R[A/G]-module”. For any pair o, 7, the structure map
V, ®r R[G],] — V, induces a map €5V, @p e:R[G] ]e5 — esV,, which equips the collection
(€5V,)sen. With a structure of left “e®R[A/G]-module” that we denote by e*V. We have a
decomposition V = @, e*V of V as a direct sum of functors A/G — R — Mod. Here s runs
over semisimple conjugacy classes in GL,(F) of order invertible in R. In other words we have
a categorical decomposition

R[A/G] — Mod = [ [ ¢’R[A/G] — Mod.

Putting Fact B.1.5 Lemma [3.2.T1and Theorem [£.2.T] together, we obtain the following result.

Theorem. — The functor V. s V of [{.2.1] induces an equivalence of calegories from
Rep%(G) to the category of left “e* R[A/G|-modules” which are cartesian as “e® R[A/G|°-modules”.

Since the construction of e* R[A/G] only involves F, n and s, we infer :

Corollary. — Let F' be another local field with residue field isomorphic to F. The categories
Repi(GL,(F)) and Repy(GL,(F")) are equivalent.

In particular, taking s = 1 and F’ an unramified extension of F', we have constructed an
equivalence of categories such as predicted in [LT.4]1).

4.3 Morita equivalence of Hecke “algebras”

In this section, we assume that n = n/f and we denote by F’ _the extension of F of degree
f. To (n',F’) we associate the enriched Coxeter complex [A’/G'] as in L1.2l In particular,
A = 7" | Lging, where I' = {1,---,n'}, and W’ = Z!" x &,,,. Next, to any semisimple conjugacy
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class s’ € GL,/(F') with order invertible in R, we associate the Hecke “R-algebra” e* R[A’/G']
as in 4.2.2)

By choosing a basis of ' over [F, we get an embedding of GL,/(F') into GL,(F), and we
denote by s the unique conjugacy class in GL,, (IF) that contains s’. Note that s does not depend
on this choice of basis.

(%) We assume that the centralizer in GL,(FF) of an element of s' is contained in GL, (F').

For simplicity, put R := e*R[A/G] and R’ := ¢ R[A’/G’]. Our aim is to prove that the
categories R — Mod and R’ — Mod are equivalent, under the above assumption. For this, we

will construct a (R, R’)-bimodule P and show it induces a Morita equivalence in the sense of
Definition [A.2.5]

4.3.1 Embedding [A’/W'] in [A/W]. — We fix a surjective map 7 : [ — I’ with fibers of
cardinality f. Dually, this map induces an embedding ¢ : Z!" < Z!, as well as an embedding
S,y — &,, which sends a permutation w’ to the unique permutation w = «(w’) which induces
an increasing bijection 77!(r') — 7! (w'(r’)) for each v’ € I'. In turn, these two maps induce

e a group embedding ¢ : W’ < W and

e a simplicial, dimension preserving, embedding ¢ : A, — A,, which is equivariant with
respect to the previous embedding.

Therefore we have obtained an embedding of categories [A’/W'] — [A/W]. Note that for
any o’ € A,, we have P,,, = 7 1(P,).

4.3.2 Gradings. — Consider the map p : W — Q, ((z1,---,2,),w) — > .o x;. Then
p is a group morphism with kernel W? and image ~Z. For i € Q, we will put W* := p~'(i).
This notation will propagate to all notation involving W, e.g. we put Wi = W1 N W Note
that Lemma 2] tells us that if W¢_ is not empty, it is a principal homogeneous W%-set. In
particular, the multiplication map induces a bijection

j i~ i+j
W, o Wi, = Wi,

For 0,7 € A,, the composition G, x Wi — WJT —+ Q factors through GLT’, and we will
denote by G _ the inverse image of i. Note that G’ is also the quotient set of G, x W_ by
the equivalence relation of £1.2. If w € W/ _, then G ~ G,/ Uyo,-. In particular we see that

o7
the multiplication map induces a bijection
&1, g, G, > Gif.

The disjoint union G}, = | |; G}, induces a grading R[G],] = @, R[G},], and in turn a
grading R, = @, R, .. Note that R” = ¢*R[A/G]° so this notation is consistent with the
former one. The multiplication map R ; ®R., — Ro, takes R, @R/, into R, so we may
think of R as a graded “ring”. Actually, the above bijection shows that the same multiplication
map induces an isomorphism

RZO’,’T ®RQ RZ’,V — Rff—:’_uj

Similarly, there is a map p' : W' — Q and we will use similar notation as above for W’

and R’. We have p' = p o, so that in particular we have +(W'%) C W°.
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4.3.3 Lemma. — Let o', 7 € AL. If W! # (), then W(;’},T/ £ ().

vo! !

Proof. After maybe conjugating o’ by some element in W'° we may assume that ¢’ and 7/ are
contained in a chamber §’. Let ¢’ be the unique element in W(Sl,/ " Then WZJ, #0 e 1 C
c™ o', because WY acts transitively on the set of chambers that contain 7/. Let us choose a
vertex x( € ¢, whence a unique labelling ¢’ = {z{,---, 2/, ;}, as in .12l On this labelling, ¢
is the circular permutation. Let us identify ¢’ to Z/n'Z via x} +— k (modn’). This identifies ¢
to the map r — r + 1. Then ¢’ and 7’ correspond to subsets S’, T" of Z/n'Z and we have

G A0S T C S i,

Now let 0 be a chamber in A, that contains t6’. The vertex xy := tx{ gives an ordering
d ={wo, -+, 21} and we have 1z} = x)s. Let us identify § to Z/nZ as above. This identifies
the inclusion ¢d’ C 0 to the multipication by f map Z/n'Z — Z/nZ, hence the simplex to’
corresponds to fS” and the simplex (7' to fT". As above, we have

Wi,  #0e fT' C fS' +in,

ol ot

which is equivalent to 7" C S’ + in’ since n = fn'. O

4.3.4 Embedding [A'/G'] in [A/G]. — Next, we fix an F-basis (a1,---,ar) of F'. We
associate to it the F-linear isomorphism ¢ : F'/ — F! defined as follows. Let n : I’ x
{1,--+, f} — I be the unique bijection which commutes with the projections to I’ (i.e. 7o

n coincides with the first projection 71) and which is increasing on each fiber of m;. Then
we let ¢+ be the F-linear map which takes aje}, to e, ;), where (e;)ic; and (e}, )ycp are the

respective can/onical basis of F/ and F'"'. This isomorphism induces in turn an embedding
b Autp(F'7) < Autg(F’) and we note that this embedding restricts to the embedding
t: 6, — &, defined earlier.

For all J' C I, the isomorphism ¢ restricts to F’ Ay e ) ), and therefore, for all o/ € A/,
L. takes G/, into G,,/, compatibly with the previously defined W' < W. In other words we
now have an embedding of categories [A"/G'] — [A/G].

4.3.5 Varieties. — As explained in2.2.T], we can now see G, as a “twisted” Levi subgroups
of G, with a “canonical” choice of a parabolic subgroup, and therefore we get a Deligne-Lusztig
variety Y, with an action of G, x G)*. We then define

PO = HI™(Y,, A)egé’ in R%, @, (R'2,)°PP — Mod
4.3.6 Lemma. — There is a family of isomorphisms (¢por 1) or rens 0f (R, R'S/)—bimodules
(bolﬂ'/ : Pg/ ®'RO , RLU/,LT/ — R;/T/ ®'R/0/ PB/
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which satisfy the following transitivity property. For any other v' € AL, the following diagram

/ 0
RO'/,T/ ®7€/2, PT/ ®'R?_r, RLT’,LV’

d)al ! ®IdRL‘r’,LV’ w

0 / / 0
Po'/ ®’R?U, RLO’,LT’ ®’R?T/ RLT’,W’ RU/T/ ®’R2, RT,V, ®R10/ Pz/’

| |

0 ! 0
PU/ ®R?o’ ’RLO’I,LI// Ro”l/ ®'RS/ Pl/’

Gyt 1
is commutative, where the vertical maps are given by composition in R and R’'.

Proof. Step 1. Assume that 7/ C o’. In this case we are in the setting of 2.3l Namely, the
parabolic subgroup szw' = Gw/@w,w/ of G, is defined by the image under ¢, of the flag
that defines the parabolic subgroup P;,J, = G;,TU/U,J, of G/,. In particular we have P;,J, =
P, . NG Since moreover we have R°, , = R[G,/U, /] and R’ (O,/J/ = R[G, /@;/J,],

Lo’ LT

Proposition 2227 provides us with an isomorphism of (R, R’ 2,)—bimoduleéﬁ

~ /0
0, PY ®ro R, R ®rn P?,

ol 7! ol !
Moreover, if v/ C 7/, the following diagram commutes by statement ii) of the same proposition

(IdRO ®¢2/ Ul)o(¢2/ T/®IdR0 )
olr! ’ ’ vl !

0 0 0 0 0 0
7)0./ ®R?o’ RLJ’,LT’ ®R?T/ RLT’,U/ RU/T/ ®R2, RT’I/’ ®R8/ Py/

Nl l~

0 0 0 0
7)0./ ®R?o’ RLO”,LV/ RU’V’ ®RS/ PV’

&,

Note that in this diagram the vertical maps are isomorphisms, so that we can express it as an
equality
/)'

Step 2. Assume that 7' € W0’ for some i € Q. Pick w € W, such that 7/ = wo’. We also
denote by w the image +(w) of w in W. Conjugation by the permutation matrix [@] in Autg(F!)
induces an isomorphism of varieties w : Y,, — Y, which is equivariant with respect to the
isomorphisms Wy : G,» — G and W,y : G,,» — G,». Recall that the latter isomorphisms
are also given by conjugation under [w] in Autg(F), and coincide with the “outer-conjugacy”
by w seen as an isomorphism ¢/ —— 7’ in the category [A’/G’], resp. 1o’ — 17’ in the category
[A/G]. Recall also that the maps

(bg/J/ - (IdRO/ , ®¢?_/71/> o) ( 2/77_/ ® IdeO

vl v

. _ _ _
— /

6ol - G, . Gl o G
¥ = wr r — xw !

3Note that the tensor products have been switched, because of our convention to write “left modules” on the
right (in accordance with the composition of morphisms in a category rather than with the action of a usual

ring on a module, see [A1.2])
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are bijections. It follows that the map (z/,y,2) — (zw™!) - (wy) - (wz') is a G/, x @/ﬁpp—
equivariant isomorphism

_, . _ . -
Q- G, Xg, Y, XGw/ G* — Y.

!0 ol ur!

Moreover, let v € WY9. We have ., (7',y, 1) = a,(ve’, vy, zv™!). But the automorphism v of
Y, is given by the action of ([v], [v]™}) € G,or X G,s. Therefore, (va’, vy, xvt) = (2/,y, z) in the
contracted product above, and hence we have «a,, = a,,. Since W’ 2, acts simply transitively
on W', we see that o, does not depend on the choice of w. We denote it by a;. Taking the

0-/7-/7 i
contracted product on the left with G, ., and passing to cohomology we get an isomorphism

of (R%,,R",)-bimodules

T

i i ~ i
bt Po@gro Rl = R v Qo P
Lo T

ol T! Lo’ ur!

These isomorphisms compose as expected. Namely, taking into account that the multipli-
cation map induces isomorphisms like R! . ®zo R], — RS/, we have for any v/ € W7’ the
following equality

).

Step 3.Compatibility between steps 1 and 2. Here we pick two simplices 7/ C ¢’ and an
element w € W', In order to simplify the notation a bit, we put ¢ = 10’ and 7 = ¢t7/. We have
a commutative diagram

(b?’Li’ = (IdRi,T, ®¢{",V’) © ( 3'7/,7'/ ® Id’RJ

vr! !

¢g/ 7,/
s 70
Pgl ®Rg RS’,T R ol 7 ®R’?_, P’T(']’
[w}@(woow_l)l: :l(woow‘l)@)[w]
0 0 0 0
Pwa’ ®R9w RU}O’,'{UT ¢0—> R wo! wr’ ®R’?UT/ 7Dwfr’
/ /

wo! ,wT

where the vertical maps are given by conjugation by [w] in Autp(F!). As in step 2, these
vertical maps are equivariant with respect to conjugation by [w] and we make them equivariant
by tensoring the first line on the left by R’/ ,, and on the right by R as follows :

o T,WT)

ldeg¢?, ,®Id

1= 0 0 i
R ’ ®'R’g, Pa’ ®R2 RO’,T ®RQ RT,wT

wo’ o

R/ ! / ®R/gl R/J’,’T’ ®R/70_l P’T(']’ ®RQ RZ

wo’ o T,WT

w®[w]®(wo—ow‘l)®w_1l: :lw@(wo—ow_l)@)[w}@w_l

0 0 /0 0
Pwo’ ®R9uo Rwo,wT 0 R wo’ wr’ ®R,2}7’ Pwr/
! !

wo! ,wT

i
o’ wo

phisms of the type R%_ ®Ro RI, — RUJ given by the multiplication. We get a commutative
diagram

Now we tensor on the left the whole diagram by R’ , and we simplify terms using isomor-

0 .
¢0/77/®Id7€3’,w7

0 i /0 0 A
Pa’ ®R2 mer R o'’ ®R'2/ PT' ®R9 RT,U}T
¢Z”,wo”®ld7€%mw7— l l R?UU,’MT/ ®¢T’,wr’
1% 0 0 1" 0
R o' wo' ®R’O , Pwo.l ®739w meu”_ ; R o wr! ®R’0 , Pwr/
wo IdR/i ®¢) / / wr

) , wo’ ,wT
ol wo
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Note that the objects and morphisms in this diagram only depend on wo’ and w7’, not on w.

Step 4. The desired maps. Let now o', 7" € A be any pair of simplices. Assume that
W', .+ # 0. So there is a simplex v/ € W0’ such that 7" C v/. Consider the composition

(Id'R’i, , ®¢S’,T’) © <¢o R ® IdRO ) : Pg/ ®RO RLU/ ot - R/i'lﬂ'/ ®'R'0/ Pﬂ(']’

We will show it is independent of the choice of /. So, let 1/ be another simplex in W' ¢’ which

contains 7/. By Step 2 we have a factorization ¢., , = (IdR/z , Q00 ) o (¢, @Tdgo ).
5 w! !
Thanks to this factorization, we are left to prove the followmg equahty

l/’ T (IdR’O ®¢g/,T/) © ( w ® Id'RO )

! ot

Now, since i/ € W°» and both contain 7/, there is w € W', such that i/ = wr/. Applying

the last diagram of Step 3, with (¢/,7’) instead of (¢’,7’) and ¢ = 0, and taking into account
that wr’ = 7/, we get exactly the desired equality.

Step 5. Transitivity. Pick three simplices ¢/,7/,1/. Suppose that W', , and W’i,yl are
non-empty and pick w, resp. v, in these sets. We then have a diagram

We want to check that the morphisms associated to the dotted arrows in Step 4 compose as
expected Qﬁlﬂ/ = <IdRZw ®¢i,7y,) o (¢l @ Idp, . ). By definition, each one of them is the
composition of the morphism associated to the dibz;é(u)nal arrow in Step 2 and the one associated
to the vertical arrow in Step 1, along the corresponding “triangle”. We saw in Step 2 that
the morphisms associated to diagonal arrows compose as expected. We saw in Step 1 that the
morphisms associated to vertical arrows compose as expected. Therefore it is sufficient to check
that the diagram of morphisms associated to the parallelogram commutes. But this is exactly
what Step 3 tells us.

Step 6. Conclusion. Recall the decompositions Ry = @ieq Ripr o and R,
@Pico R - Define ¢gr = B, iz % ., where we agree that ¢}, , = 0 whenever Wi, =0
(and in partlcular if i ¢ - L7). The only point that remains to be checked is that ¢gr . is
actually an isomorphism, and for this we need to show that for all i € Q, we have W, o

0= W, . #0. But this is Lemma £33 O
4.3.7 Construction of a (R, R’)-bimodule. — For any ¢’ € A, and o € A, we put

. D0
Pa’,o = Po/ ®'R? , RLU/,U-
o
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The composition maps R,s o ® Rsr — R, - induce an obvious left R-module structure on
the collection (Pyy)seca,. On the other hand, define a map R, , ® Py, — Py, as the
following composition of maps :

I I ! 0
RO'/,T/ ® PT/,T — RO'/,’T’ ®'RO, PT/,T = Ro./77-/ ®RO/ P’T’ ®R? , RLT/,T
T T T
~ 0
—_— Po" ®R? , RLU’,LT’ ®R? , RLTIJ-
leg T

0
— Pal ®RO , RLO”J‘ — ,Po-lﬂ_
Lo

In the second line, the isomorphism is ¢;,1T, ® Idg _, . The big diagram in Lemma
insures that these action maps are transitive,’ so that we get a right R’-module structure on the
collection (P ;)rren,. On the other hand this structure clearly commutes with the left action
of R, so we have constructed a (R, R')-bimodule structure on the collection (P, »)o 4, seas, i
the sense of [ALT.6l We denote it by P and we refer to Definition [A.2.5] for the notion of Morita
equivalence in this context.

4.3.8 Theorem. — The bimodule P induces a Morita equivalence between R and R'.

Proof. We show that the hypothesis of Proposition [A.2.6] are satisfied. First of all, for all
o' € A, the R-module ¢ — P, is, by construction, induced from to’ (in the sense of Definition
[AT4). Next, the isomorphisms ¢y : Py o —> Ry ®ro, PY and ¢ i P —
R Qpo, PY combine to an isomorphism Py ./ — Ry o ®r., Prrirr, which tells us that
o — 73;/7”/ is induced from 7. Therefore, hypothesis i) of [A.2.6] is satisfied. Now, condition
ii) of [A.2.6]is that P, should induce a Morita equivalence between R, and R!,. To show
this, consider the evaluation map for any R,,--module M

Pa’,w’ ®'RU/ HomRia, (PU/,LU/a M) — M.

Since Py 100 = P2 Qpo  Rio ~ R, @ro, PY,, it coincides with the evaluation map
Lo o

(o (o

P ®ro, Homgo (P2, M) — M

which is indeed an isomorphism since P? induces a Morita equivalence between R?, and RY,.
Similarly, the adjunction map

M — Home/ (PU'7LU’7 M’ ®’Rf7, ,Pa’wa’)

is an isomorphism for any R/ ,-module M’, hence we have the desired Morita equivalence at o’.

It remains to prove condition iii) of [A.2.6l To this end, we need to prove that if the
idempotent e in R[G,] is non zero, then ¢ is conjugate to a simplex of the form «o’. Now, €2 is
non zero if and only if the conjugacy class of s in Autp(FF!) intersects G,. Since the centralizer
of s is contained in Autp (F’ Il), this means that G, contains a maximal torus isomorphic to
one of Autp (F’ I/) and therefore any J € P, has cardinality divisible by f. It follows that
we can find w € &,, such that w(P,) = Py, is the inverse image of a partition of I’. Now
choose a vertex zy € wo, whence an ordering wo = {xg, -+, 24}. We can find t € Z! such that
tzg € t(A"). Then the fact that w(P,) = P is the inverse image of a partition of I’ implies
inductively on i that each tz; is also in ¢(A’), so that finally two € ((A)). O
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Now we need to prove that the equivalences of categories given by this theorem preserve the
property of being cartesian as R°-modules (resp. as R’ _modules ). To this end, it is useful to
express directly the equivalence in terms of R°-modules and R'°-modules. Let us thus consider

0 ._ 0 0
7)0/70 = Po/ ®R?a/ RLU/’U

for all o/ € A, and 0 € A,. Exactly as in .37 this collection of R-modules has a clear

left action by R?, and we get a right R/°-action using the O-weight part of the isomorphisms
¢or - of Lemma [£.3.6. Therefore this collection P° = (772/70)0/@%/“06&. has a (R°, R/ 0)-bimodule
structure.

4.3.9 Theorem. — P° induces a Morita equivalence between R® and R'°. Moreover :

i) the associated equivalences of categories commute with those of Theorem[.3.8 via the re-
striction functors from R-modules (resp. R'-modules) to R°-modules (resp. R'*-modules).

ii) the associated equivalences of categories preserve cartesian modules.

Proof. The fact that P° induces a Morita equivalence follows from Proposition [A.2.6], exactly
as in Theorem EL3.8. The only change is that we have to choose the ¢ in (Z7)°, at the end of
that proof. Consequently, also ii) follows from Proposition [A.2.6]

To see i), consider the obvious morphism of (R°, R'°)-bimodules P° — Piroxrro- This

induces the following morphism of R’°-modules, natural in the R-module M
Homg (P, M) — Homgo (P, M).

Let o’ € A,. The map Homg (P, M), — Homgo(P°, M), is isomorphic, by Example [A TS|
to the restriction map Homz (Por 1ot s Myor) — Homigo ) (PY ., M,,) which is bijective since

o’ ol

o’ Lo

Pot ot = P Rpo R.o. Therefore, the displayed morphism is an isomorphism of R’ % modules.
On the other hand, we also have a morphism of R°-modules, natural in the R’-module M’

P @po M — P @r M.

For any o’ € A,, the map (P°®goM'),;r — (PR M), is isomorphic, by Lemma [AT.1T] to
the map M., @0, Pl 5 —> ML, @gr_, Por1or Which is bijective since Pyr o0 ~ R, @pi0, Pos o0
Since any simple;g o with R, # 0 is conjugate to some o’ (see the proof of the last tﬁeorem),
this shows that the second displayed map is an isomorphism of R°-modules. O

A “Rings” and “modules”

A.1 Generalities

A.1.1 “Rings”. — In this paper, a “ring” is a small category R such that all Hom-
sets R(z,y) are abelian groups, and all composition maps R(z,y) X R(y,z2) — R(x,z),
(f,g9) — g o f are bilinear, thus defining linear maps R(z,y) ® R(y,z) — R(z,z) that
satisfy the usual transitivity properties. Such gadgets appear in the literature under several
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other names, like “ringoids”, “rings with several objects”, or “small preadditive categories”,
or “small categories enriched over the tensor category of abelian groups”. Note that for any
x € R, the abelian group R(z) := R(z,x) is an ordinary ring with unit. However, this ring is
allowed to be the zero ring, in which case x is called a “zero object”.

More generally, if R is a commutative ring, an “R-algebra” will be a small category R such
that all Hom-sets R(x,y) are R-modules, and all composition maps are R-bilinear, thus defining
linear maps R(x,y) ®r R(y, 2) — R(z, z) that satisfy the usual transitivity properties.

If A is any small category, we denote by R[A] the following “R-algebra”. Its objects are those
of A and Hom-sets are the free R-modules on Hom-sets of A, i.e. R[A|(z,y) = R[A(z,y)]. If
we think of A as a “monoid with many objects”, then R[A] is the R-algebra of that monoid.

A.1.2 “Modules”. — Let R be an “R-algebra”. A left “R-module” M is an R-linear
functor M : R — R — Mod. It thus consists in a collection (M (x)),er of R-modules,
together with R-linear maps M(z) ®g R(z,y) — M(y), m & f — M(f)(z) that define an
action in the sense that the following diagrams should be commutative? :

M(x) @r R(7,y) @r R(y, 2) — M(y) @r R(y, 2)

| |

M(z) ®g R(x, 2) M(2)

With natural transforms as morphisms, left “R-modules” form an R-linear abelian category
which we will denote by R — Mod. Note that M(z) = {0} for any zero object x.

Similarly, a right “R-module” will be a contravariant functor M : R — R — Mod. These
objects again form an abelian R-linear category that we will denote by Mod — R. Note that
for any R-module M, the collection (Homg(M(x), M)).cr gets a structure of left R-module,
that we denote by Hompg(M, M).

If A is a small category, then any functor (resp. contravariant functor) £ : A — R — Mod
canonically extends to a left (resp. right) “R[A]-module”.

A.1.3 Restriction and (co)induction. — For any object x, we have an obvious restriction
functor M — M(x), R — Mod — R(x) — Mod. In the other direction, we can induce a left
R(z)-module M to an R-module Ind, M by putting

Ind, M (y) := M Qg R(z,y)

for any object y, with the action of R given by the multiplication in R. Similarly, we can
coinduce M to an R-module Coind, M defined by

Coind, M (y) := Homg) (R(y, x), M)

Lemma. — The induction functor (resp. the coinduction functor) is left adjoint (resp. right
adjoint) to the restriction functor Res,.

40ur way of displaying these maps suggest that they should define a right module structure, but in terms of
composition of maps, this is really a left module structure. For example the diagram says that M(x) is a left
R(z, z)-module
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Proof. For an R(z)-module M, we have a tautological isomorphism Idy; ®1 : M — Ind, M (x) =
M ®r(z)R(x), and this defines a natural transform Id — Res,oInd,. On the other hand, for an
R-module M, the action maps M(z) @R (z,y) — M(y) factor through M(z) @z ) R(z,y),
due to diagram[A.1.2] and this defines a natural transform Ind, oRes, — Id. It is immediately
checked that these natural transforms are the unit and counit of an adjunction between Res,
and Ind,. The case of Coind,, is similar. ]

There are similar functors Ind, and Coind, and similar adjunctions for right modules.

A.1.4 Definition. — We say that a left (resp. right) R-module M is induced from z if it
is isomorphic to some Ind, M, or equivalently if the canonical maps

Uy M(7) Or() R(2,y) — M(y) (resp. R(y, 2) Ore M(z) — M(y))

are isomorphisms for all y € R.
Stmilarly, we say that M is coinduced from z if it is isomorphic to some Coind, M, or
equivalently if the canonical maps

ty .+ M(y) — Homp () (R(y, 2), M(x)) (resp. M(y) — Homp()(R(z,y), M(z)))

y7$

are isomorphisms for all y € R.

A.1.5 Definition. — We say that a left R-module M is cartesian or locally coinduced, if
all maps a . as above are isomorphisms, whenever R(x,y) is non-zero.

*
y7$

A.1.6 “Bimodules”. — Let R, R’ be two “R-algebras”. A “(R,R’')-bimodule” is an R-
bilinear functor R"** xR — R—Mod. Concretely, this consists in a collection (B(2', x))rer 2 er’
of R-modules together with action maps

B<xl7x) ®R R(l’,y) — B('xlv y) and R(yl7x/) ®R B(I'/, SL’) — B(:yla SL’)

that make each collection (B(z', z)).er into a left R-module and each collection (B(z', x)).rer
into a right R’-module, and which “commute”’in the sense that the following diagrams are
commutative

R(y',2") ®r B(z',z) @r R(z,y) —=R(y', 2') ®r B(z',y)

| |

B(y', ) ®@r R(z,y) B(y',y)

Ezxamples.

i) If M is a left “R-module” and M’ is a right “R’-module”, we get an “(R,R’)-bimodule”
M’ ®@r M with underlying collection (M’ @gr M) (2, z) = M'(2") @ g M(x)

ii) If B is a “(R,R')-bimodule”, its “dual” B* defined by B*(z,2") := Homg(B(z', x), R) is
naturally a “(R’, R)-bimodule”.

iii) If M, N are two “R-modules”, we get a “(R,R)-bimodule” Hompg(M,N) by putting
Hompg(M,N) (2, z) := Homp(M (2'), N (z)) with the obvious actions.
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A.1.7 Ends and coends. — Let B be a (R, R)-bimodule. Its end is an R-module denoted
by fRB and defined by

/RB := ker (H B(z,x) = H HomR(R(yaz)aB@aZ)))

zER Y,2€ER

where the first map is a product of the maps B(z,z) — Homg(R(x, z), B(z, 2)) adjoint to
B(z,x) ®g R(z,2) — B(x,z) and the second map is a product of the maps B(z,z) —
Homg(R(y,x), B(y, x)) adjoint to R(y,z) @g B(x,z) — B(y, ).

Similarly, its coend is an R-module denoted by [ "B and is defined by

/ B := coker (@ R(z,y) ®@r By, z) = @B(az,x))

Y,2€R TER

where the first map is a sum of maps R(z,y) ®gr B(y,z) — B(y,y) (giving the left modules
structure) and the second map is a sum of maps R(z,y) @ B(y, z) — B(z, 2) (giving the right
module structure).

A.1.8 Example. — If M, N are two R-modules, we have [, Homp(M,N) = Homg (M, N).
We note that when M is induced from an object x, Lemma [A.1.3] tells us that the canonical
map [, Homp(M,N) — Homp(M(z), N (z)) induces an isomorphism

Homg (M, N') — Homg ) (M (z), N (z)).

A.1.9 Definition. — If M, resp. N is a right, resp. left, “R-module”, we define their
“tensor product over R” as the R-module

R
M@RNZ:/ M@Qp N

When R has a single object and is thus an ordinary ring, this is consistent with the usual
tensor product over R. Moreover, classical adjunction properties of tensor products extend to
this context.

A.1.10 Lemma. — There is a canonical isomorphism
Hompz(M @r N, M) — Homg (N, Homg(M, R))
natural in the left R-module N, the right R-module M, and the R-module M.
Proof. Since Hompg(—, M) is left exact, we have

Homp(M @x N, M) = /R(:E’,x) — Homp(M(2') @ N (x), M)

= /R(:L",x) — Homp(N (z), Homp(M(2'), M))
= HOI’HR(N, HOmR(M7 R))

where the isomorphism is classical adjunction over R. O
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A.1.11 Corollary. — If N (resp. M) is induced from the object x, the canonical map
M(x) @p N(z) — fR./\/l ®r N induces an isomorphism

M(z) OR(z) ./\/(l‘) —— M®rN.

Proof. For any R-module M, the previous lemma tells us that the functor Homg(—, M) takes
the canonical map under consideration to the canonical map

/R(a:’, r) — Homp (N (z), Homg(M(2"), M)) — Hompg(N (x), Homg(M (z), M)).

But as noted above, the latter map induces an isomorphism
Hompg (N, Homg(M, M)) — Homg ) (N (z), Homp(M(z), M)),
which means that the map under consideration induces an isomorphism

Homp(M @gr N, M) — Homp(M(z) Qg N (), M).

A.2 Morita equivalences

A.2.1 “Bimodules” as functors between categories of “modules”. — 1If C is an R-linear
category with finite limits and colimits, one defines the end and coend of an R-bilinear functor
B : R’ x R — C by the same formulas as in [A.T.7] These are objects of C. An example of
such a category C is R’ — Mod. Indeed, finite limits and colimits exist in this category and are
computed terms by terms, e.g. (lim; M})(z’) = lim; M;(2').

Now, let B be a “(R,R')-bimodule” as in [A.1.6] and let M be an “R-module”. Then
Homp(B, M) is an R-trilinear functor R°®* x R’ x R — R — Mod, and can be seen as an R-
bilinear functor # : R®* xR — R'—Mod. The end [, H of H is therefore a left “R'-module”

that we will denote by Homg (B, M). In this way we obtain a functor

R —Mod — R —Mod
M — Homg(B, M)

Concretely, for any 2’ € R, we have
Homg (B, M)(2") = Homg (B(2', —), M) = / Hompg(B(2', z), M(x)).
R

On the other hand, let M’ be a left “R’-module”. We get an R-trilinear functor B®z M’ :
R x R'PP xR — R—Mod whence an R-bilinear functor R'’* x R’ — R — Mod. As above
we get a functor
R —Mod — R — Mod
M — B KRR/ M

with (B ®@g M')(z) = B(—, ) @ M’ = [F B2/, z) @ M'(2)).
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A.2.2 Proposition. — The functor M’ — B ®@gr: M’ is left adjoint to the functor M
Hompg (B, M).

Proof. We first define a counit. Let M be a left R-module. For any x € R and 2’ € R/,
consider the canonical map

Hompg (B, M)(z') = Homg (B(2', —), M) — Homg(B(z', z), M(z))
Taking the sum of the adjoint maps, we get a map

EB B(z',x) @ g Homg (B, M)(z') — M(x).

z'eR!
It is tediously but easily checked that this map factors through the coend, giving a map
(B @z Homg (B, M))(z) = B(—, z) ®g Homg (B, M) — M(x).
When varying x, this collection of maps defines a morphism of R-modules

(A.2.3) B @z Homg (B, M) — M

which is clearly natural in M.
Let us now define the unit. Let M’ be a left R'-module. For any z € R and =’ € R/,
consider the canonical map

Bz, z) @g M'(2') — B(—,2) @re M' = (B®@r M')(2)
Taking the product of the adjoint maps, we get a map

M'(z') — H Hompg(B(2', z), (B @r M')(2)).

zER

Another tedious and easy check insures that this map factors through the end, giving a map
M'(2') — Homg (B(2', —), B@r: M") = Homg (B, B @z M')(z").

Now, varying z, this collection of maps defines a morphism of R’-modules

(A.2.4) M’ — Homg (B, B @z M)

which is clearly natural in M.

It remains to check that these maps satisfy the axioms of a counit-unit system. We leave the
reader check in detail that this indeed follows from the classical adjunction between functors
B(z',z) ®r — and Hompg(B(2/, ), —) for each pair of objects 2/, x. O

A.2.5 Definition. — We say that B induces a Morita equivalence between R and R’ if
the functors of the last proposition are equivalences of categories or, equivalently, if all maps

(A.2.3) and are isomorphisms.

The following result is relevant for our applications in the main body of this paper.
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A.2.6 Proposition. — Assume there is a map : R’ — R such that the following holds.

i) forallz’ € R/, the left R-module x — B(x', x) is induced from 1x’ and the right R'-module
y' — B(y', ') is induced from ' in the sense of Definition[A.1.4)

ii) forallz' € R, the bimodule B(x', 1z") induces a Morita equivalence between the R-algebras

R(wz') and R'(2).
iii) any non zero object x € R is isomorphic to some 1z’ in R.

Then B induces a Morita equivalence between R and R'. Moreover, the two associated equiva-
lences of categories preserve the propery of being cartesian.

Proof. We first show that the map (A.2.3)) is an isomorphism for any R’-module M’. To
this end we shall evaluate it at any 2/, for 2’ € R'. Our assumption i) provides us with an
isomorphism

Homg (B, M)(z") — Homg ) (B(2', ta’"), M(1z')),

as in example [A.1.8 as well as an isomorphism
B(2',12") @y Homg (B, M)(z") — (B @% Homg (B, M))(wz'),
thanks to Lemma [A.T.TTl Combining these two isomorphisms gives the following one
(B ®r: Homg (B, M))(waz") ~ B(2', 12") @ (zy Homg ) (B(2', ta’), M(ea’)).

Tracking backward definitions shows that this isomorphism identifies the counit (A.2.3)) at c2’
with the evaluation map of the RHS. But our hypothesis ii) implies that this evaluation map
is an isomorphism. Hence we have proved that the counit (A.2.3)) is an isomorphism at any
object of the form «2’. By hypothesis iii), it is an isomorphism at any x € R.

The proof that the map ([A.2.4)) is an isomorphism is very similar, except that we don’t need
hypothesis ii) in this case.

It remains to prove the last assertion about cartesian modules. Let M be an R-module. It
suffices to prove that M is cartesian if and only if M’ = Homg (B, M) is cartesian. To this
aim, we have to study the map a;, ., of [A. T4l for the R"-module M’ = Homg (B, M) and any
',y € R'. We leave the reader convince himself that this map is the following composition of
maps.

ty o+ Homg(B,M)(y')  —  Hompy) (B, '), M(w))

', ')
g Homg .,y (B(Y', '), Homg () (R(ey/, 1), M(e2")))
HomR(L{L'/ B<y/7 [/y,) ®’R(Ly’) R<1/y,7 L'T,)u M(LSL’/))
HomR(w’ B(y/a v’ 7M(L:E,))

Ll el f

40



In the first and last lines, we have applied [A. 1.8 using that y — B(y/,y) is induced from wy'.
The third and sixth lines are classical adjunction properties. The fourth line again uses that
y — B(y',y) is induced from ty’. The fifth line is given by the right R’-module structure on
B(—,wx’). It is an isomorphism, by our hypothesis that y' — B(y/,tz’) is induced from a’. It
follows from this sequence of maps that

*

Ay i 18 an isomorphism if and only if a;, ., is an isomorphism.

! Lx
Going back to the definition of cartesian modules, we see that, thanks to hypothesis iii), what
remains to prove is
R'(y',2') £0 < Ry, 1x’) # 0.
But by hypothesis i) we have the folloving isomorphisms
R'(Y,2") Qriy B(a', 1a") — B(y', 1) «—B(y', 1y) @rpyy R(y', 1a")
and by hypothesis ii), the functors — ®@x/() B(2', t2") and B(y', 1) @r(yy) — are faithful. [
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