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Ordered Smoothers With Exponential Weighting*

Chernousova, E..! Golubev, Yu.! and Krymova, E.5

Abstract

The main goal in this paper is to propose a new approach to de-
riving oracle inequalities related to the exponential weighting method.
The paper focuses on recovering an unknown vector from noisy data
with the help of the family of ordered smoothers [12]. The estimators
withing this family are aggregated using the exponential weighting
method and the aim is to control the risk of the aggregated estimate.
Based on natural probabilistic properties of the unbiased risk estimate,
we derive new oracle inequalities for mean square risk and show that
the exponential weighting permits to improve Kneip’s oracle inequality.

1 Introduction and main results
This paper deals with the simple linear model
Y,=pu;+0&, i=1,2,...,n, (1.1)

where € is a standard white Gaussian noise, i.e. & are Gaussian i.i.d. random
variables with E¢; = 0 and EZ = 1. For the sake of simplicity it is assumed
that the noise level o > 0 is known.

The goal is to estimate an unknown vector € R™ based on the data Y =
(Y1,...,Y,)T. In this paper, u is recovered with the help of the following
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family of linear estimates
i (Y) = hiYy, h e, (1.2)

where H is a finite set of vectors in R™ which will be described later on.
In what follows, the risk of an estimate i(Y) = (f1(Y),..., . (Y))" is
measured by

. A 2
R(f, p) = Epfla(Y) = pll,
where E,, is the expectation with respect to the measure P, generated by

the observations from (1.1) and ||-||, (-,-) stand for the standard norm and
inner product in R"

n n
ol =522 (@y) =3 2
i=1 =1

One can check very easily that the mean square risk of i"(Y) is given
by
R(i", ) = (1 = h) - ul* + *|[n],

where x - y denotes the coordinate-wise product of vectors z,y € R", i.e.
z = -y, means that z; = 2;3, i = 1,...,n. So, R(i", 1) depends on h € H
and one can minimize it choosing properly h € H. Very often the minimal
risk
H : ~h
= min R
(1) = min R(A", p)

r

is called the oracle risk.
Obviously, the oracle estimate

pH(Y)=h*-Y, where h* = argmin R(i", ),
heH

cannot be used since it depends on the unknown vector p. However, one
could try to construct an estimate ji’*(Y) based on the family of linear
estimates (i"(Y), h € H, the risk of which is close to the oracle risk. This
means that the risk of 7 (Y") might be bounded from above by the so-called
oracle inequality R

R(i™, ) <77 (u) + A% (),

which holds uniformly in u € R™. Heuristically, this inequality assumes
that the remainder term A™(p) is negligible with respect to the oracle risk
for all p € R™. In general, such an estimator doesn’t exist, but for certain
statistical models one can construct an estimator i7*(Y) (see, e.g., Theorem
1.1 below) such that:



o A"(u) < Cr™(p) for all u € R™, where C' > 1 is a constant.
o A"(u) < rM(p) for all p such that r*(u) > o2.

It is also well-known that one can find an estimator with the above properties
provided that H is not very rich. In particular, as shown in [12], this can be
done for the so-called ordered smoothers. This is why this paper deals with
‘H containing solely ordered multipliers defined as follows:

Definition 1.1. H is a set of ordered multipliers if the following properties
hold

e contracting property: h; € [0,1], i=1,...,n for allh € H,
e decreasing property: h;11 < h;, i=1,...,n for all h € H,

e totally ordered property: if for some integer k and some h,g € H,
hi < g, then h; < g; foralli=1,...,n.

The totally ordered property means that vectors in H may be naturally
ordered, since for any h,g € H there are only two possibilities h; < g; or
hi > g; for all i = 1,...,n. Therefore the estimators defined by (1.2), where
H is a set of ordered multipliers, are often called ordered smoothers [12].

Note that ordered smoothers are common in statistics. Below we give
two basic examples, where these smoothers appear naturally.

Smoothing splines. They are usually used in recovering smooth regression
functions f(z), = € [0, 1], given the noisy observations Z = (Z1,..., Z,)"

Z; = f(XZ‘)-i-é“&, 1=1,...,n, (13)

where the design points X; belong to (0,1) and ¢ is a standard white Gaus-
sian noise. It is well known that smoothing splines are defined by

n 1
fute,2) = arguin{ L3 12— 0P 4o [ UP@PL 0

i=1 0

where f(™)(.) denotes the derivative of order m and a > 0 is a smoothing
parameter which is usually chosen with the help of the Generalized Cross
Validation (see, e.g., [23]).

In order to show that the regression estimation with the help of the
smoothing splines is equivalent to the sequence space model (1.1), consider



the Demmler-Reinsch [6] basis i, (z), « € [0,1], k =1,...,n having double
orthogonality

1
(i, Y1)n = Ok, /0 w,ﬁm)(xml(m)(x) de = 6w, k,1=1,...,n, (15)

where d; = 1 if k = [, and d; = 0 otherwise. Here and below (u, v),, stands
for the inner product

i=1

Let us assume for definiteness that the eigenvalues Ay are sorted in ascending
order \1 < ... < \,.

With this basis, representing the underlying regression function as fol-
lows:

Fla) =" tr(@), (1.6)
k=1
we get from (1.3) and (1.5)
LN () = e+ ]
n—n;%mu»ﬂ%aﬁ@, (1.7)

where p = (f,¥r)n and & is a standard white Gaussian noise. So, substi-
tuting (1.6) in (1.4) and using (1.5), we arrive at

fol, 2) = fntn (),
k=1

where
n

= angmind SV~ + 0 3 Ak}

k=1 k=1

It can be seen easily that
Y

- 14 Oé)\k
and thus the model (1.3)—(1.4) is equivalent to (1.1)—(1.2) with 0 = ¢/\/n

and )
H {h hy, 15 o o€ } (1.8)

~

Mk




If we are interested in minimax regression estimates on Sobolev’s classes,
they can be easily constructed using the statistics from (1.7) and the follow-
ing set of ordered multipliers

H={h: h=max(l —a),0), « € R"}.

See [17] and [20] for details.

Note that the Demmler-Reinsch basis is a very useful tool for statistical
analysis of spline methods. However, in constructing statistical estimates,
this basis is rarely used since there are very fast algorithms for computing
smoothing splines (see, e.g., [10] and [23]).

Spectral regularizations of large linear models. Very often in linear
models, we are interested in estimating X6 € R™ based on the observations

Z =X0+o0¢, (1.9)

where X is a known n X p-matrix, § € RP is an unknown vector, and &
is a standard white Gaussian noise. It is well known that if X "X has a
large condition number or p is large, then the standard maximum likelihood
estimate X6°(Z), where

0°(Z) = arg min || Z - X0>P=(x"x)"'x"z

may result in a large risk. In particular, if XX > 0, then
E|X60 — X6°|? = o?p.

When p is large, this risk may be improved with the help of a regular-
ization term. For instance, one can use the Phillps-Tikhonov regularization
[22] (often called ridge regression in statistics)

0°(2) = arg min{||1Z — X0|1* + alj9]*},
[4
where a > 0 is a smoothing parameter. It can be seen easily that
0%(Z) = [I + (X T X)71716°(2).

This formula is a particular case of the so-called spectral regularizations
defined as follows (see, e.g., [7]):

0%(Z) = H*(X T X)0°(2),



where H*(X " X) is a matrix depending on a smoothing parameter o € R
and X " X and admitting the following representation

»
HYX'X) =" h*(Me)exes
k=1
where ey, k =1,...,pand \; < A2 < ... < )\, are eigenvectors and eigen-

values of X "X, and h?(-) is a function R* — [0,1].
The standard way to construct an equivalent model for the spectral
regularization method is to make use of the SVD. Note that

Xe
e}';:—k, k=1,...,p

Vk

is an orthonormal system in R™. Therefore the observations Z (see (1.9))
admit the following equivalent representation

Yi = (e, Z) = (e}, X0) + 0&,, k=1,...,p, (1.10)
where ¢’ is a standard white Gaussian noise. Noticing that
X04Z)=XH*X'TX)(X'X)"'XxTZ,

we have

(X0%(Z),eL) = Zp: Yo (XHYX"X)(XTX) X Tex, ef)

s=1

p
= Y A(HY (X TX)(XTX) eq, ) = h* (M) Vi
s=1

Therefore from this equation and (1.10) and we see that the spectral regu-
larization method is equivalent to the statistical model defined by (1.1) and
(1.2) with H = {h: hy = h*(\), a € RT}.

Note that for the Phillps-Tikhonov method we have

1

hA) = 1+a/A

and it is clear that the corresponding H is a set of ordered multipliers. Along
with this regularization method, the spectral cut-off method and Landwe-
ber’s iterations (see, e.g., [7] for details) are typical examples of ordered
smoothers.



Nowadays, there are a lot of approaches aimed to construct estimates
mimicking the oracle risk. At the best of our knowledge, the principal idea
in obtaining such estimates goes back to [3] and [15] and related to the
method of the unbiased risk estimation [21]. The literature on this approach
is so vast that it would be impractical to cite it here. We mention solely
the following result by Kneip [12] since it plays an important role in our
presentation. Denote by

FY, M) LY — @) + 202 Y hi — o?n, (1.11)
=1

the unbiased risk estimate of (Y.

Theorem 1.1. Let

h = in7(Y, i
arg min7(Y, 4"

be a minimizer of the unbiased risk estimate. Then uniformly in p € R™,

rH(p)
o2’

Eullh-Y — pl?> <o (p) + Koy /1 + (1.12)

where K s a generic constant.

Another well-known idea to construct a good estimator based on the
family i, h € H is to aggregate the estimates within this family using a
held-out sample. Apparently, this approach was firstly developed by Ne-
mirovsky in [16] (see also [11]) and independently by Catoni (see [4] for a
summary). Later, the method was extended to several statistical models
(see, e.g., [24], [18], [13], [19]).

To overcome the well-know drawbacks of sample splitting, one would
like to aggregate estimators using the same observations for constructing
estimators and performing the aggregation. This can be done, for instance,
with the help of the exponential weighting. The motivation of this method is
related to the problem of functional aggregation, see [19]. It has been shown
that this method yields rather good oracle inequalities for certain statistical
models [14], [5], [19], [1], [2].

In the considered statistical model, the exponential weighting estimate
is defined as follows:

) = 3 wa(V)l (), (1.13)
heH



where

~g

wh(Y)—wheXp[ i ]/Zﬂgexp[ 25;,“2)] 5>0,

7(Y, i) is the unbiased risk estimate of 4i"(Y") defined by (1.11), and a priori
weights {7y, h € H} are non-negative and such that ), ,, 7, > 0. Recall
that for simplicity, it is assumed here and in what follows that H is discrete
and finite.

It has been shown in [5] that for this method the following oracle in-
equalities hold.

Theorem 1.2. Assume that ), 4,7, = 1. If B > 4, then uniformly in
©weR?

! : = o Anft Aha +20'2 K )\,7T }a
(1, 1) )\h>0:/\|1=1{];{ nR(A™, ) BE( )
e (1.14)

1
R(fi, ;1) < min{ R(a" 2023 log —
(u,u)_ggg{ (A", ) + Oﬁogﬂh},

where K(-,-) is the Kullback-Leibler divergence and ||-||1 stands for ¢1-norm,

1.e.,
An
=3 wlog 2t A= 3wl

heH heH

Note that for projection methods (hy € {0,1}) this theorem holds for
B > 2, see [14].

It is clear that if we want to derive from (1.14) an oracle inequality
similar to (1.12), then we have to chose m, = 1/(#H), where #H denotes
the cardinality of H, and thus we arrive at

R(jt, i) < 7 (p) + 20°Blog(#H).

This oracle inequality is good only when the cardinality of H is not very
large. If we deal with H having a very large cardinality like those related to
smoothing splines, this inequality is not good. To some extent, this situation
may be improved, see Proposition 2 in [5]. However, looking at the oracle
inequality in this proposition, one cannot say, unfortunately, that it is always
better than (1.12).

The main goal in this paper is to show that for the exponential weighting
method one can obtain an oracle inequality with a smaller remainder term
than the one in Theorem 1.1, Equation (1.12).



In order to attain this goal and to cover H with both small and large
cardinality, we make use of the special prior weights defined as follows:

¥l — ||k
- d§f1_exp{—”‘|15“1}- (1.15)

Here
ht =min{g € H:g > h}

and mpmax = 1, where h™?* is the maximal multiplier in .
Along with these weights we will need also the following condition:

Condition 1.1. There exists a constant K, € (0,00) such that
1217 = llgll* > Ko ([l — llglr) (1.16)
for all h > g from H.

The next theorem, yielding an upper bound for the mean square risk of
f(Y) defined by (1.13), is the main result of this paper.

Theorem 1.3. Assume that H is a set of ordered multipliers, 5 > 4, and
Condition 1.1 holds. Then, uniformly in p € R™,

M
Bla(y) — ul < G0 + 260%10g (14 3) ] an

Here and in what follows C' = C (K, ) denotes strictly positive and bounded
constants depending on Ko, (.

We finish this section with some remarks regarding this theorem.

Remark 1. The condition 8 > 4 may be improved when the ordered
multipliers h € ‘H take only two values 0 and 1. In this case it is sufficient
to assume that 8 > 2 (see [9]).

Remark 2. Usually Condition 1.1 may be checked rather easily. For in-
stance, for smoothing splines and equidistant design, the set of ordered
multipliers is given by (1.8) and this condition follows from the well-known
asymptotic formula Ay < (k)%™ for large k (see [6] for details). Heuristi-
cally, for small o and large n we have

n

a2 1 N 1
0= 2 Tran ™ 2 T et T

k=1 k=1

n

1 * 1
T ravem) Ji 1+ a2m)2 L

9



and

n n

1

1
= e Y
—ltak 1+ a(rk) (1.18)

dz.

1 ©
Nﬂ-al/(2m) 0 1+x2m

With these equations Condition 1.1 becomes obvious. A rigorous proof of
(1.16) is based on a non-asymptotic version of these arguments. It is tech-
nical but unfortunately cumbersome and therefore, in order not to overload
the paper, we omit it.

For spectral regularizations Condition 1.1 is obvious for the spectral cut-
off method. For the Phillps-Tikhonov method the proof is more involved but
similar to the one for splines. Note, however, that in this case the following
condition

As > Ks?, for some ¢ > 1

is required.

Remark 3. In practice, the multipliers in ‘H are often chosen so that
IRF ] = (L +e)llnllx

with some small € > 0 and the initial condition ||h™"|; = 1, where h™" is
the minimal multiplier in H. In this case one may chose the a priori weights
7, = 1 since 7, from (1.15) are strictly bounded from below and it can
be checked very easily that Lemma 2.1 holds true for m;, = 1. This means
in particular that if the smoothing parameter o in smoothing splines (1.4)
takes values {(1 4+ ¢)~2™* k = 0,1,...}, then 7, = 1 may be used in the
exponential weighting (see (1.18)).

Remark 4. In contrast to Proposition 2 in [5], the remainder term in (1.17)
does depend neither on the cardinality of A nor n. It has the same structure
as Kneip’s oracle inequality in Theorem 1.1.

Remark 5. Comparing (1.17) with (1.12), we see that when

then the remainder terms in (1.12) and (1.17) have the same order, namely,
o%. However, when

(1)
2

> 1,
o

10



we get
rH(

H
260210g[c<1+ 2‘”)] <« Kotyf14+ T
o o
thus showing that the upper bound for the remainder term in the oracle
inequality related to the exponential weighting is better than the one in

Theorem 1.1.

Remark 6. To compare the actual remainder terms in (1.17) and (1.12)
and to find out what 5 is good from a practical viewpoint, a numerical
experiment has been carried out. The goal in this experiment is to compare
the exponential weighting methods for 5 = {0,1,2,4} combined with the
cubic smoothing splines for the equidistant design. In order to simulate
these splines, the following family of ordered multipliers was used

HZ{h:thM, a>0}.

The motivation of this family is due to the well-known asymptotic formula
e < (Tk)4, k — oc.

The simulations are organized as follows. For given A € [0, 300], 100000
replications of the observations

Yk:Mk(A)+§k7 k=1,...,400

are generated. Here p(A) € R is a Gaussian vector with independent
components and

]452
_ 2 — _
Eur(A) =0, Epi(A) = Aexp( 222).

Next, the mean oracle risk
P (A) = Eglnin{H(l —h) - p(A)| + |R]*}
€EH
and the mean excess risk
Ag(A) = E||ju(A) — p(Y)||> — 7(A),

were computed with the help of the Monte-Carlo method. Finally, the data
{F*(A), Ag(A), A € [0,300]} are plotted on Figure 1 to illustrate graphically
the remainder term Ag(r’t) = E,||g — p||? — r7(u).

Looking at this picture we see that there is no universal § minimizing
the excess risk uniformly in p. However, it seems to us that a reasonable

11



choice is § = 1, but unfortunately, good oracle inequalities are not available
for this case. Note also that the exponential weighting can provide only a
moderate improvement of the risk compared to the classical unbiased risk
estimation (8 = 0). All methods demonstrate almost similar statistical per-
formance. However, when r7¢(y)/0? is not large, the exponential weighting
works usually better.

i i

i L I L i L i L I I i I I I
2 4 B 8 10 12 4 16 13 20 40 0 &0 100 120 140 180 180 200
Qracle fisk Oracletisk

Figure 1: Mean excess risks Ag(77!) (left panel X = 5; right panel ¥ = 50).

2 Proofs

The proof of Theorem 1.3 is based on a combination of methods for deriving
oracle inequalities proposed in [14] and [9]. We indicate here solely the main
steps in the proof, all details are given below. With the help of Stein’s
formula for the unbiased risk estimate it can be shown similar to [14] that
for g >4

Eulla—ul® <Eyu Y wn(Y)R(Y, 4")

heH
H 2 T
<r’*(p) +2B0°E, };wh(Y) log (V) 1)
_ ~h _ Ail
- 2ﬁU2Eu10g{Z Ty, €XPp [—T(Y"u ) — Q(Y’/‘ )} }7
heH 2B0

where h = arg minpey 7(Y, 21).

12



To control the right-hand side at this equation, we make use of the
ordering property of estimates i, h € H. First, we check using (??) that
if 7y, is defined by (1.15), then

F(Y, i) — (Y, (Y, i) = (Y, i)
Z Ty, eXP [ 2502 ] Z T, eXP [ 2502 >1,
heH h>h
and so, the last term in Equation (2.1) is always negative.
The most difficult and delicate part of the proof is related to the average
Kullback-Leibler divergence

wp(Y)

ng )lo .

: h g ™
eH

To compute a good lower bound for this value, we follow the approach
proposed in [9]. The main idea here is to make use of the following property
of the unbiased risk estimate: for any sufficiently small ¢ < 1, there exists
he depending on Y such that with probability 1, for all h > he

F(Y, i) — 7 (Y, i) > 2802¢[||h]|? — ||Al*] + 26802

This equation means that wy(Y') are exponentially decreasing for large h.
With this property we obtain the following entropy bound (see Lemma 2.3

e w5 e Con(€)]

heH h<he

The rest of the proof is routine. It follows from (1.16) and (1.15) (see
Lemma 2.1 below) that

17>
}:wh§1+755.

h<he

More cumbersome probabilistic technique is required to prove the following
upper bound (see Lemma 2.5)

L VIT2
Zﬁe 1—20e \/>

E th \2 <
Finally, combining the above equations, we arrive at (1.17).

13



2.1 Auxiliary facts

The next lemma collects some useful facts about a priori weights defined by
(1.15). Let
={geH |l <llgll < IAllr +1}.

Lemma 2.1. Under Condition 1.1, for any h € ‘H, the following assertions

hold:
Zﬂgexp{ ”9”1} xp{—”hﬁ”l}, (2.2)

g>h
d <t + [l (2.3)
g<h ﬁ
d omg <1+ 1, (2.4)
geDh B

1 1
2™ 55 n(5) (22)

Proof. Denote for brevity

— A
(= 3 npep{ N0}

g>h

Then we have

S(h) — S(ht) = 7Th+eXp{ _ W}
ol = 1411 )| (o=l
X m exp{— — Ty expq — - 12
ggh:-&- ! ﬁ g;;— 9 ﬁ
= Tp — {1—exp[_||h+’16_’h"l]}s(h+)'

Therefore in view of the definition of 7, it is clear that if S(h™*) = 1, then
S(h) = S(h™), thus proving (2.2).
To prove (2.3), note that

g™l — gl
5 . (2.6)

Ty <

14



This inequality follows from (1.15) and from the inequality inequality 1 —
exp(—z) < z. Hence, by Condition (1.16) we obtain

1
S <14 Y < 1+ 3 > gt = lgli]

g<h g<h~ g<h~
h _ hmin h 2 hmin 2
SN 41 e | RO | H}
g K.p

where h™" is the minimal element in .

The same arguments can be used in proving (2.4).

In order to check (2.5), denote by g, be the maximal element in D".
Then there are two possibilities

* llgnlls < [[hllx +1/2,
* [lgnllL > lIAll +1/2.
In the first case, [|g; [l — [lgnlly > 1/2, and thus by
+
- 1

Y g zmg, 21— exp(—th”l”gh’h) >1 —exp<—>- (2.7)

f p 2
geDh

In the second case, where ||h]|1 +1/2 < ||gn|l1 < ||h|l1 + 1, we obtain by
a Taylor expansion that for any g < g

gt s = llgll < lgnlln — HhHl> gt s = llgllh ( 1>
T Z—QXp — Z expl —= |,
g B B B B

and thus

—||h 1 1 1
3 2 Lol (15 L (1Y)

geDh

This equation together with (2.7) ensures (2.5) since it can be checked
with a simple algebra that

1 1 1
2Bexp<—6> §1—exp(—26), 8>0. 1

The following lemma is a cornerstone in the proof of Theorem 1.3.

15



Lemma 2.2. For 8 > 4 the risk of p(Y') is bounded from above as follows:

EJaY) —ul® < Eu) wn(Y)R(Y, 2").
heH

Proof. It is based essentially on the method proposed in [14]. Unfortu-
nately, we cannot use directly Corollary 2 in [14] because it holds only for
hi, k=1,...,n taking values 0 and 1. In the case of ordered smoothers hj
belongs to the interval [0, 1] and we will see below that this fact results in
the condition 8 > 4.

Recall that the unbiased risk estimates for fi;(Y) and f?(Y) are com-
puted as follows (see, e.g. [21])

P(Yi, i) = [m(Y) = Yi)* + 2028%@‘8/) — 02, (2.8
RV, i) = [ (Y) = Yil? + 20%h; — 0*.
Since ), wh = 1, we have
(V) = Vi)* = > wp(V)[m(Y) = Vi)?
heH
= > wnM)[m(Y) = g (V) + @ (V) = YiJ?
heH
= wn(V)[m(Y) = it (V)P + Y wn(V)[a(Y) = Vi]?
heH heH
+2 Z wr(Y)[:(Y) — i (V)][ak (V) — Y] (2.9)
heH
= wn(V)[m(Y) = it (V)P + Y wn (V) (V) = Vi?
heH heH
+2) w(V)[E(Y) = p W[ (V) = pa(Y) + pa(Y) = Vil
heH
== W) — R+ 3w ()Y - 2
heH heH

From the definition of fi(Y") we obviously get

oY) _ S (Y)agg(Y) -3 20

Y, Y, ay, M
H

heH he

16



and combining this equation with (2.9) (see also (2.8)), we arrive at

F(Yio i) = [ (V) — V72 + 202 200) o

oY;
=%wh<y>{[ﬂ?< e
) 0+ 22 PRE ) ) )
=D wn(Y)R(Yi, i)+ (2.10)

heH

+ Z wp (Y { (V) = (Y))* +20 Tﬂi (Y)}

heH

= 3 )+ X an){ ) - 00

heH heH

o Olog[wn (Y)]

+ 222 E ) - .

In deriving the above equation it was used that ), .,, w,(Y) = 1 and hence

8wh(Y) 310g wh(Y)
oy, = 2 (V)T =0

heH heH
To control the second sum at the right hand side of (2.10) we make use

of the following equation

oglw :—F(Kﬂ) Oog T (o) Tq €X Y'ug)
log[wy (Y)] 2507 + log(ms) lg{g;{ g p[ 5507 ]} (2.11)
Therefore
S wn () 2 ) — )
heH
- 22 o) I ) ),

Substituting in the above equation (see (1.11))

or(Y;, fuf')

— — h\2V:

17



we obtain

h 0Y;
€A (2.12)
2
602Y > wa(YV)[hi = 1P[h — hil,
heH
where B
hi=Y_ wy(Y)h
heH
Next noticing that
(1—hi)? = (1= h)*+ (hi — hi)* +2(1 — hy)(hi — hy),
we have
Y2 wn (V) (hi = 1)(hi = he) = Y2 (1 = )2 > wi(V)(hi — hi)
heH heH
Y2th h—h)(ﬁi—hz‘+2—2}_li)
heH
hi + hi
heH
<2)  wp(V)[m(Y) - af (V))?

Combining this equation with (2.9)—(2.12), we finish the proof. W

Lemma 2.3. Suppose {qn <1, h € H} is a nonnegative sequence such that
for allh > h

an < exp{ =y [Inll = |Bll] 1}, 5> 0.

Let

—1
Wi = mhan [Z WgQg]

gEH
and G be a subset in H. Then

def
HW,m) = > Wylog W < log [Z T + exp[R(v)]]
heH h<h

18



where
R(y) =log [ + };gﬂ.h] L;g thh] B [ + }%nh} (2.13)

Proof. Decompose H onto two subsets
Q={h>h}ug, P=H\Q

and denote for brevity

P = Zﬂh(ﬂu Q= Zﬂ'th~

heP heQ

By convexity of log(x) we obtain

Thh | P+Q)/P
H(W, ) = P+QZ P an/P

Thih | (P+Q)/Q
P+QZ Q an/Q

heQ (2.14)

pP P+Q Q P+Q P
§P+Qlog Iz +P+Qlog 0 +P+Qlog<zm>

heP

_l’_

[Z Thah log o tQ log(Q)}

P+Q heQ

Next, note that f(x) = xzlog(1/x) is an increasing function, when = €
(0,e71], and max,cpo1) f(2) = e~ '. Therefore, if

an < exp[—y([[All = |2]ly) — 1],

then
antog —- < exp[=5((11lh ~ 171 = 1] [y(lAll = [1) + 1],
and we get
ththog— < - Z?Th + - Zﬂhexp (IRl = [1Al1)]
heQ heg h>h

< [Y(IRll = llR]1) +1].
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We continue this equation with (2.6) as follows:

> mhan logf < - Zm + e zexp YRl = 1))

heQ © heg h>h (2.15)
<[y (IRl = 12llx) + 1] (1B = I1Al).

In order to bound from above the right-hand side at this equation, let
us index the elements in {h € H : h > h} denoting them as {hy, k > 0}, so
that ||hgs1]l1 > [|hk|l1 and hg = h. Then, denoting for brevity

Si = |[hilly = 1Al

we can rewrite the sum at the right hand side in (2.15) as follows:

> exp[=y(lIklly = 1200)] [y (I1bll = [1Rll) + 1] (1A F ] = [IR[])

h2h (2.16)

= Z exp[—"ySZ‘] [’ySZ‘ + 1] (Sit1 = Si)-

1>0

To bound from above the right hand side at this equation, let us check
that

2
SI;?l‘ngeXp —7Si] (Sig1 — S;) < - (2.17)

where mazx is computed over all nondecreasing sequences. Solving the equa-
tion
S ZGXP —78i|[Si+1 — Sil+ =0,
>0

we obtain with a simple algebra

exp[y(Sk — Sk-1)] — 1
. .

Sky1 — Sk =

Hence

_exp[—ySk_1] — exp[—7.S]
Sk) =
~
and summing up these equations, we arrive at (2.17). Next notice that for
any z > 0 we have (1+z) < zexp(x/z). With this inequality and (2.17) we
obtain for any z > 1

ZGXP (=S| [¥Si + 1] (Siz1 — i) < ZZGXP (1—=1/2)8i)(Si+1 — Si)

i>0 i>0

exp(—7Sk) (Sk+1 —

=Gy

20



It can be seen easily that the minimun of the right hand side at this equation
is attained at z = 2. So, we obtain

ZGXP (7S] [7Si + 1] (Siy1 — Si) <

>0

(2.18)

2|

With Equations (2.15)—(2.18) we get

1 8 1
Z mhap log — < ~he + o Z T (2.19)
heQ qh v heg

and similarly

2
Q= Z Than < SBe + Zﬂh- (2.20)

heQ heg

Therefore )
log(Q) < log [ + Z 7Th:| . (2.21)
’yBe heg

Next, denoting for brevity
Q

“pig
and using (2.19) and (2.21), we arrive at

X

H(W,7) < max {—xlog(m) — (1 —=z)log(l —x)

z€[0,1]
+(1—=x) log<z 7Th> + ZL’,O},

heP

(2.22)

where
def 1 1
p S 1og(Q) + = D mhgnlog —
Q = qn

Slog[,yze ‘1‘}%7711] + [};gﬂh%]_l[f&;rzﬂh} = R(v).

It is seen easily that the minimizer x* of the right-hand side at (2.22) is a
solution to the following equation

1—z*
] =1 _
0g — 0g<§ m) p

heP
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and thus

(et}

Therefore from (2.22) we get

H(W, ) smg(z wh) ~log(1 - 2*)

heP

* x*
—x [log T —l—log(Z 7Th> — p]
heP
:log<z 7Th> —log(1 —z*) =log [Z Th + exp(p)}
heP heP
<log [Z T + exp(p)] . N
h<h

Lemma 2.4. Let &; be i.i.d. N(0,1) and H be a set of ordered multipliers.
Then for any o € (0,1/4)

EI}?EE%{ Z(h2—2h aZh2}<

=1

Er}?e%?[( {Z(l — hz‘)Q&'Ui — Oz;(l _ hi>2,u,?} <

i=1

JE

where K is a generic constant.
Proof. It follows from Lemma 2 in [§].

Lemma 2.5. Let
he = max{h L [F(Y, M) = 7(Y)] < 28ed?[|0))% — |1BI2] + 2502}, (2.23)

where € € (0,1/(28)) and 7 (Y) = mingey, 7(Y, ). Then
\/1 25
VEL |2 < 20 % (2.24)
Be) 02 1 —2fe
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Proof. By the definition of 7(Y, i), see also (1.11) and (2.23), we get

i =max{h (L= B) - P + 02(1 — 286) |

+2021_ szz"‘UZZh? (51_1)

=1
<[I(1 - h) ul*+ (1~ 2&)!\’3\\2

n

+2021_ Mz€z+02zh2 (52_1)+2ﬁ0}

Let us fix some 7,7’ > 0. Then we can rewrite the above equation as follows:

b = 0%(1 =28~ AP 42030 s + 10—l
=1
+o22 (hf = 2h)(&] = 1) +yo? || ]|

< @+ - )'M||2+U (1—28e +7)|A|?

+2JZ (1= hy)?wi& — ' |(L = h) - p)?

—i—aQZ (h? — 2h:) (€2 = 1) — 4/ o?||h|? +2B(72}.

Therefore

he < b d_efmax{h o2(1 - 2Be — 7)||])2

n

i 2 31 = s+ 100 ) ul?]
=1
n

+minlo? S (6~ 20)(€ — 1)+ 0%l

1=1
<L+ = R)ul)? + (1= 28e + )| A

=1
n

o’ Z —29:)(€2 - 1) — 7'02||g||2] + 2502}.

i=1

+ max

|

n
2030 s /01— )l
gE’H|:
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Next, bounding max and min in this equation with the help of Lemma
2.4, we arrive at

- Ko2 -
(1 - 28e)0°E,||h||? — 7” — 70%E, ||| — Ko

N Ko?
SE, (1= h) - pl? + (1 - 286) 0B, |[h]* + ——

' 2y Ko* 2 2
+YE (1= h) - pl? + v —— + 9 °E,||h|* + 2807,

Maximizing the left-hand side in v € (0,1/4) and minimizing the right-hand
side in " € (0,1/4), we obtain with a simple algebra

o’ [\/(1 — 2Be)E,||he|)2 — (1 _K%JUT

2 2,86K02 9
[\/E”H (1— MHQ—FUQEHHhHQ%-U\F} 125 +(28+ K)o

Combining this equation with [|2]|2 < ||h¢||> we arrive at

V@ = 280E, 3P < o~ E(L = B) - ]2 + 0B, 4]

VT VK +/28+ K.

To control the expectation at the right-hand side in (2.25), we note that
for any given g € H the following inequality

n

n n n
PUCCHER) ST B ) O
=1 i=1 i=1

i=1
holds. Denoting for brevity
h) € =R -l + o2|n)?
p(h) = [[(L=h) - pl”+o~|[R],

we rewrite this equation as follows:

n

+2UZ 1= hi) & + 0 (b7 —2h) (67 — 1)

=1

+202 1_.91 Hz€z+02z _2gz 52_1)
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So, for any v > 0, we get with this equation and Lemma 2.4

E,.p(h) <p(g) + vEup(h)
+20E, max[ Z 1-h szz 21 (1 hi)QM?]
i=1 i=1
o Eugg[Z[ RN

=1 =1
Ko? A
<p(g) + - +7Eup(h).

Next, minimizing the right-hand side in g € H and v € (0,1/4), we obtain
Eup(h) <r*(p) + 20 [KEup(h)] " + Ko?

or, equivalently,
[[Bupi)]/? = VEo ) < () + Ko

This yields obviously

(Bl Ryl + o2107]} < fr74G) + 20 VE.

Finally, substituting this inequality in (2.25), we get (2.24). W

2.2 Proof of Theorem 1.3
By (2.11) we have by

1 > 1
log[wp,(Y)] :072577(3/, i) - WF(YZ A") + log my
F(Y, ) — (Y, i)
log{;ﬂgexp[ 2502 ]},

where h = arg minjey 7(Y, /lh) Therefore

> wn(YV)F(Y, gty = (Y, ") + 2807 > wp (Y )log Y

heH heH

—280? log{ Z Ty €Xp [ (Y, ,quB_UZ ] }

geEH

(2.26)
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We begin to control the right-hand side at (2.26) with the last term.
Ordering the elements in H, we obtain by (2.2)

os{ 3 ry e [ EL0) 7051

eH
> jOg{ Z;L B {_ (Y, ﬂg;ﬁ_(,g(y’ ﬂﬁ)] }
92>
_ log{%%wg oxp[- 1091 e W YP (227)
_ ; ;[gi - ili]] } > log{glwg exp [—; Zz:;[gi _ ;}i]] } > 0.

Our next step is to bound from above the second term at the right-hand
side of Equation (2.26). We note that for all A > h¢, where h€ is defined by
(2.23), R

[F(¥, i) = (V)] = 28e0®[[|0]]* — ||Al*] + 280,
Let

_ [ At - 7Y
qn = exp 2607
and R X

G={heH |hl: <[hllx <Al +1}.

By Condition (1.16) we have that for all h > h¢

202 BKqe(||hl1 — h -
an < exp| 2RI I ] — e [l ) - 1]

So, we obtain with Lemma 2.3, Jensen’s inequality, and (2.3)

Th

<E log{ 7y, + exp|R(Kqe }
wh(Y) iz hg};e h [ ( )}
LS
BK,

E, Z wp(Y) log
heH

<E, log{l + + exp[R(KOE)}}

E,|h|”
<logs 1+ “BK. + E, exp[R(Ke€)]

E,[|h]?

1/2 1/2
K. } —f—{EueXp[R(Koe)]} },

< 210g{1+ [
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where R(-) is defined by (2.13).
Note that similar to (2.27) it can be checked easily that

qn > eXp<;>, heg

and thus it follows immediately from the definition of G and (2.4)-(2.5) that

and hence

With this equation, bounding from above \/EMHiAzﬁHz with the help of
(2.24), we get from (2.26)—(2.28)

1 ()
V1 —=2pB¢\ 028K,

\/1+2 ¢ 1. C
1_25 \/>+ exp [2 21Og€:|}.

E, ) wp(V)F(Y, i") < B 7 (Y) + 4807 log{

heH (2.29)

To finish the proof of the theorem, it remains to minimize the right hand
side at this equation in e. Assuming € < 1/(3/), we obtain

1 ) | VIT 2P c 1 C
VT —20¢ 25}( 1—2ﬁe\ﬁ+ p[z QIOge]

A 2 [y | JTTI
02K, + V1 =28\ 028K, + 1—266 \/>

+ exp [C + —log C] (2.30)
2¢ 2 €
| rH(p)
QBK + 3V (1+28)K + 4p¢ 25Ko
+e g—F—lo ¢
P9 T8

Let
o /C
V@ = i, [ vy exp<2€)] '
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It is clear that W(0) is bounded from above. It is also easy to check with
e = 4C /log(z) that for any = > 2

4Cx x log(z) Cx
v < < .
(z) < log(z) * 2 ~ log(x)

So, combining (2.29) and (2.30) with Lemma 2.2, we complete the proof
of (1.17) since E,7*(Y) <rH(p). W
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