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Abstract

We investigate the influence of an electric field on trapped modes aris-
ing in a two-dimensional curved quantum waveguide €2 i.e. bound states
of the corresponding Laplace operator —Agq. Here the curvature of the
guide is supposed to satisfy some assumptions of analyticity, and decays as
O(|s|7¢),e > 0 at infinity. We show that under conditions on the electric field
F, H(F) := —Agq + F.x has resonances near the discrete eigenvalues of —Agq.

1 Introduction

This paper is a continuation and extension of earlier work [2]. Let us recall the
problem; for more details we refer to [2, 8]. The object of our interest is the Stark

operator
H(F)=-Aq+F -x, FER? x = (1,y) € (1.1)

on L*(©2) where Q is a curved strip in R? of constant width d > 0 defined around a
smooth curve I'. The operator —Agq is defined in a standard way by means of DBC
on the boundary of Q, 092 [13].
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We assume that €2 is not straight, let s € R — ~(s) be the signed curvature of
[. In [2] it is supposed that v € C3(R) and d||7||« < 1. Here we consider a more
general situation namely we assume that

(h1) v € C*(R) and there exist ag, 79 > 0 s.t. v has an analytic extension in
Ouro ={2 €C, |argz| <ag}U{z €C, |7 —argz| <ap}N{|Rez| >ro}.
Moreover « satisfies d||Revy||s < 1.

(h2) There exists € > 3 s.t. v(z) = O(|z|7°) as |Rez| — oc.

Then € is asymptotically straight. We choose the lower boundary of {2 near s = —oo
as the reference curve. Introduce orthogonal coordinates (s,u) €  := R x (0, d),
related to (x,y) € Q via the relations [6],

x(s,u) = /Os cos(a(t))dt —usin(a(s)), y(s,u) = /Os sin(a(t))dt +u cos(a(s)) (1.2)

+oo

where a(s) = / OO (1) dt. Set ap = / (1) dt.

Since we have supposed d||v||.o < 1, the operator —Agq is unitarily equivalent to
H=Hy+Vy,Hy=Ts + T, (1.3)

in the space L?(Q), with DBC on 95 [6], where
T, := —0,90s, Ty :=—02, g(s,u) = (1+uy(s)) 2 (1.4)

and

7(s) uy”(s) 5 uPy(s)?
A1+ uy(9)? " 2(1+ur(s)? A1+ uy(s)"
With our assumptions, the potential V{ is bounded and then H = Hy + 1} is a
self-adjoint operator with domain [7, 12],

(1.5)

Vo(s,u) = —

D(H) = D(Hy) = Hp(2) NH*(Q). (1.6)

Here and hereinafter we use standard notation for Sobolev space. Moreover the
essential spectrum of this operator, o.ss(H) = [Ag, +00), where {)g, A1, ....} are the
transverse modes of the system i.e. the eigenvalues of the operator —92 on L?(0,d)
with DBC on the boundary {0, d} [4].

Denote the exterior field as F = F(cos(n), sin(n)). With respect to the new coordi-
nates, the field interaction is then

W(F)(s,u) =F -x= F/OS cos (n — a(t)) dt + Fusin (n — a(s)) . (1.7)
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Here we study a field regime which was not considered so far i.e. the intensity
of the field is the free parameter in 0 < F' < 1 and the direction 7 is fixed satisfying

T T
In| < B and |n — ap| > 5 (1.8)

As discussed in the Section 2, this implies that W (F')(s,u) — —oo as s — £oo. Thus
the non trapping region for a given negative energy F contains both a neighbourhood
of s = —o0 and s = o0.

We denote by Ho(F) = Ts, + T, + W(F) and H(F) = Ho(F) + Vo. Then a
straightforward extension of the Theorem 2.1 of [2] shows that for F' > 0, the Stark
operator H(F') is essentially self-adjoint and o(H (F')) = R.

We are interested in the study of the influence of the electric field on the discrete
spectrum of H. We want to show that the eigenvalues of H give rise to resonances
for the Stark operator H(F),F > 0. The resonances of H(F') are understood in
the standard way [1, 10, 13]. Evidently if H has no discrete eigenvalue below \g
then this result proves that H(F) has neither resonance or embedded eigenvalue in
{z € C,Rez < A¢}. For a discussion about eigenvalues of H we refer the reader to [4].

To study this problem we need an additional assumption,
(h3) Im~y(z) > 0 for z € Oy -

Remark 1.1. i) In fact it is only necessary to suppose that the product ulm~y(z) > 0
for z € Ouyry- So the case Imy(z) < 0 is reducing to the present one by taking the
other boundary as reference curve.
it) We can easily check that v(s) =
assumptions.

o 12> 2 for suitable o > 0 satisfies our

The study of the Stark effect was considered by several authors, see e.g. [3, 9]
for a discussion concerning the case of Shrodinger operators on R™ and [2, 5] for
operators defined on curved strips. In particular in [2], under assumptions on the
curvature above mentioned and if || < 5 and |p—ag| < 7, it is proved the existence
of Stark resonances having an width exponentially small w.r.t. F’ as F' tends to zero.
In this paper we would like to extend this result under weaker assumptions on 7 i.e.
hypotheses (h1-3) and in the field regime (1.8).

More precisely we will show the following.

Theorem 1.2. Suppose (h1-3). Let Ey be an discrete eigenvalue of H of finite mul-
tiplicity n € N. There exist Fy > 0 and a dense subset A of L*(Q) such that for
0<F<F

i) z€C,Imz>0— Ry(z) = ((H(F)—2)""¢,0), p € A



has an meromorphic extension in a complex neighbourhood vg, of Ey, through the
cut due to the presence of the continuous spectrum of H(F').

ii) Uyea{poles of R, (2)} Nvg, contains n poles Zy(F'), ...Z,_1(F) converging to E
when ' — 0.

iii) For 0 < k <mn—1 there exist two constants 0 < ¢y, ¢y such that for 0 < F < Fy,

ImZ,| < cre™ 7.

In this paper we only give elements we need to extend the strategy of [2] to the
situation we now consider. In particular Theorem 1.2 iii) is covered by [2, Section
6], so we omit the proof here.

The plan of this work is as follows. In section 2 we introduce a local modification
of the operator H(F') we need to perform the meromorphic continuation of the
resolvent of H(F'). Some elements of the the complex distortion theory are given in
the Section 3. In section 4 we define the extension of the resolvent of H(F'), this
allows to define the resonances of H(F'). The existence of resonances is proved in
the Section 6. The section 7 is devoted to some concluding remarks.

2 The reference operator

To prove the theorem 1.2 we use the distortion theory such that it can be found in
2, 3]. The first step is to consider a local modification of the operator Hy(F') called
the reference operator. It is defined as follow. Note that

if s <0, W(F,s,u) =F(scos(n) +usin(n) + A_) + R_(F,s), (2.9)

s

where R_(F,s) = F(/ (cos(n — a(t)) — cos(n))dt + u(sin(n — a(s)) — sin(n))).

—00

if s >0, W(F,s,u) = F(scos(n — ap) +usin(n — ag) + Ay) + Ry(F,s) (2.10)

where R, (F,s) = F(/Oo(cos(n—ao)—cos('r]—a(t))dt—l—u(sin(n—a(s))—sin(n—ao))).

The constants A_, A, are

A= / (cos(n) — cos(n — a(t))dt, Ay = /Ooo(cos(n —a(t)) — cos(n — ag)dt.

— 00

In view of (h2) and

1 1
Mj), as s — —o0; as) = ap+ O<\s\?>’ as s — 00, (2.11)

a(s) = O(



A_, A, are well defined. Moreover we have,

F

|S|€,2

R_(F,s), R (F,s)=0( ), as s — +oo. (2.12)

Set R_(F,s) =0 for s >0 and R, (F,s)=0 for s < 0.
Hence it is quite natural to consider a modified interaction defined as,

W(F)(s,u) = F(scos(n) + usin(n) + A_) for s <0

and
W(F)(s,u) = F(scos(n — ag) + usin(n — ag) + A;) for s > 0.

In particular we get

W(F) — W(F) = R(F) := Ry (F) + R_(F) = O(

5] 5) as s — Foo. (2.13)
S5~

Notice also that
F

‘8‘571

), R'(F) = O(%)as s — +o0. (2.14)

R(F) = O(
Let Hy(F) be the reference operator in L2(Q),
Ho(F) := Hy+ W(F).

Hy(F) differs from Hy(F') by an additional bounded operator, then it is essentially
self-adjoint and o(Hy(F)) = R.

3 Complex distortion

In this section, we give necessary elements for the complex distortion theory [1, 3, 10]
we need to define the family of distorted operators { Ho(F'), F' < Fy}, for some Fy > 0
and complex values of §. We denote by g = Im#f.

Let £ € R, E < 0 be the reference energy and 0 < §E < 1 min{1, |E|}. Denote
E_ =FE—JF and E; = F 4+ 6E. We choose a real function ¢ € C*(R) such that:

1 ift<F,
o(t) = { 0 ift>F, (3.15)

and satisfying ||¢™]|« = O((55)").
For 6 € R, we introduce the distortion on €, sg(s,u) := (s + 6 f(s),u) where

N if s <0,
/ (5):{ ey g(s) ;fz;o (3.16)

" Fcos(n—ao)

bt



where ®_(s) = ¢(F cos(n)s) and @, (s) = ¢(F cos(n — ag)s). Set (s) = d_(s) +
D (s).

k k—1
So for k2 1, [0W]o < ()", 11Vl < fizr-

In view of the definition (3.16), for small F', sy is an translation along the longi-
tudinal axis in neighbourood of s = +o00 since

1 1 E
=——f < d = fi > —
/() F cos(n) o= Fcosn and f(s) F cos(n — ap) ore = cos(n — ap)
(3.17)
Assume |0] < 6E. Let Uy be the operator defined on L?(Q) by
Upth(s,u) = (1+ 0f") 29 (s9(s, 1)) . (3.18)
The operators Uy are unitary and generate the family,
Hy(F) = UpH(F)U;"' = Hog(F) + Voo (3.19)
where
Hoo(F) :=Tso + T, + Wo(F), (3.20)
with ) )
Too=—(1+0f)"20,(1+0f) "go0s(1 +0f)2, (3.21)

go = (L+uyp) 2,79 =059, Wy(F) = W(F) osg and Vg := Vo sg.
We also have
Top = —0s(1 + 0f) 29905 + So, (3.22)

where - » ,
5 o2 f" 0 p 0
So= 290 O g 6F gy 6] (3.23)
4 (140f)  2(14+0f)2 2 (1+6f)3
For small F'the analytic extension of the family {Hy(F'),0 € R,|0] < 6E} to a
complex disk [0] < 6 for some 6y > 0 depends strongly on the analytic property of
the dilated curvature 7y. But clearly (h1) and the definition (3.18) of sy imply that

if 0 < F < Fy with Fp is small enough, s € R, 6 — v,(s) is analytic in |0]| < ay.

Then the same arguments as in the proof of [2, Proposition (3.1)] lead to

Proposition 3.3. Suppose (h1-2). There exist Fy > 0 and 0 < Sy < min{déFE, ao}
such that for all 0 < F < Fy, {Ha(F);|0| < Bo} is a self-adjoint analytic family of
operators.

It should be noted that all the critical values 5y and Fj that appear in this article
are independent from each other.



In a similar way let Hog(F) = Hog + Wy(F), where Wy(F) = Wy(F) o sg. Since

Ry(F) = Wy(F) — Wy(F) = R(F) + i fR'(F) + O(Flﬁ';‘f2

), (3.24)

then from (2.13) and (2.14) and (h1), the multipliers Wy(F) — Wy(F) and V; 4 have
an analytic extension as bounded operators in |3| < y. Hence we get

Corollary 3.4. For all 0 < F < Fy the family of operators {Hyg(F);|0] < Bo} is a
self-adjoint analytic family of operators.

For some technical points of the Section 6 below, we need to introduce an another
family of operators on L?(Q2), let § € R, |0| < §E and

HO,G - UG(TS + Tu)UQ_l - TS,G + Tua (325)

Note that Hypg # Hog(F = 0). Indeed the distortion is supported in {|s| > ¢/F}
for some ¢ > 0, thus at least formally Hyg(F = 0) = H,.

Under our assumptions (h1l) and (h2). Following arguments of [2, Proposition (3.1)]
evoqued above, it easy to see that there exist Fy > 0 and 0 < Sy < min{dF, ap}
such that for all 0 < F' < Fy, {Ho ;10| < Bo}, D(Hog) = D(Hy) is also a self-adjoint
analytic family of operators.

In fact the main property of Hyg we use in the Section 6 below is

Proposition 3.5. Suppose (h1-3) hold. Then there exists 0 < [y and 0 < Fy
such that for 0 < F < Fy, {Hop; 0] < fo < min{dE,ap}} is a family of sectorial
operators with a sector contained in

S={z€C,-2c¢f <arg(z — A\ + () <0},
for some strictly positive constant c. Here ¢ is an error term with Re(,Im{ > 0 and
¢l =O(BF?).

Proof. We may suppose 6 = i5,0 < 3 < y. Note first that for 5 small enough then
62f2

|s°

Yo(s) = (s +iBf(s)) = v(s) +iBf'(s) + O(

), (3.26)

By using (3.22) we have for ¢ € D(Hy), ||¢| =1,

((Hop = X)) = (Go0sp, 0utp) + (Sop,0) + ((Tu — Ao)p, ) (3.27)
where Gy = (14 0f")2gs. Consider q := (Gpsp, dsp) — ((Ty — Xo), ¢). By using
(h2), we have for F' and (8 small,

ReG, ' = ((1 + uRevg)® — (ulmvg)?) (1 — B2 %) — 48 f'ulmrys(1 + Reyy)
> (14 uRess)2(1 — O(5) + O(F*F) > e, (3.28)



for some constant ¢; > 0 and then Req > ¢1||0s¢||. In the other hand,
Gy = 2(8f'((1+ uReys)” — (ulmyp)?) + ulmyg(1 + Reye) (1 — 57f?)). (3.29)

Since f > 0 and by (h3), Imvy, > 0 then for 8 and F small ImG," > 0, hence
Img < 0. In the other hand in view of (3.26), it is straightforward to check that for
F and g small enough there exist co > 0 such that |Img| < 28¢;||0s¢]|. Then by
(3.28),

q€ {z€C,—2ch < arg(z — \) <0} (3.30)

for some stricly positive constant ¢. But we know that (Spp,p) = O(SF?), then
(3.27) together with (3.30) conclude the proof of the Proposition 3.26. O

Remark 3.6. The main point in the proof of the Propositions 3.5 and 4.7 below, is
the fact that Im~yy > 0 which is insured by (h3). In view of (3.26), then a necessary
condition to satisfy this condition for 5 small is given by

f(s)y' = 0.

This means that the curvature has to satisfy v < 0 in a neighbourhood of s = —oo
and v > 0 in a neighbourhood of s = oo.

Roughly speaking this last inequality is a geometrical non trapping estimate, in the
spirit of those given in [3] for the case of electric perturbations.

4 Spectral estimates

The main result in this section is the following. Let 6 = if. f* = ® — 1 where ®
defined above in the Section 2, clearly f* < f’. Set yy = 1+ 6f* and

E
vy = {z €C, Imug(E_+ X —2) < 5%} , (4.31)

In the sequel we denote by 14¢ the complement set of vy. Let p(Hg(F')) be the
resolvent set of Hy(F'). Consider first § = i then

Proposition 4.7. Let E < 0 be an reference energy. Suppose (h1-3). Then there
exists 0 < By < min{dFE,ap} and Fy > 0 such that for 0 < 5 < By, and 0 < F' < Fy,

(i) vo C p(Hoo(F))
(ii) For z € vy, ||(Hog(F) — 2)7|| < dist ™ (z, ).
Proof. Note that in view of (3.21), we have

poLsomo = T1(0) +i15(0) + po (Tsope)
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where T1(0) = —0,Re{uz(1 + 0f")2gy}0s and T5(0) = —O,Im{p2(1 + 0f")"2ge}0s.
T1(0), T5(0) are symmetric operators, let us check that under our assumptions 75(6)
is actually negative.

It then sufficient to show that ¢’ := ImuZ(1 —iBf")%(1 + u¥)* < 0. We have

¢ =26 (f* = 1) (1= B°ff*) (1 + uReyp)* — v’Imp?))
— 2ulmyy (1 + uRevp) ((1 — B2(fH)*) (L — B2(f')?) + 467 F* 1)

By using (3.26) together with (hl), for F' and g sufficiently small we have
(1= 82 ((1 +u(Revp)® — u’Imyy®)) > 0

and
(1= B2 = B (fH)) +468°F2f > 0.
We know that f* < f’, therefore, in view of (h3) we get our claim.
In the other hand we have

Tmye2 <W9(F) - E,) - (1 e fﬁQ) Wy (F) + 26/ (ReWQ(F) . E,)
= =8 (1= (R0 +201 - @) (W(F) - E)).

To estimate the r.h.s. of this expression, we note that from the definition of W (F),
if s € supp(l — @), W(F) — E_ > JE + O(F). Accordingly for F' and /8 small,

. O
Tmye2 (WG(F) . E,) < -3 (4.32)
Thus we get
8 B ) o [
Tmyug (HO,G(F) - Z) po = Impg(Tpp0) + T2(0) + Imypyy T, + Imypsg <W9(F) - E,) +
2 OF 2
Impg(E- — z) < Impp(Ts0100) — 67 + Impg(E- + Ao — 2)

and since
Tmyig(Ts ppt9) = O(B*F), (4.33)

then for z € vy, for F' and 8 small enough
~ oE 9
Impug (HO,Q(F) — z) o < _BT + Impg(E- + Xg — 2) <O.

Thus the proof of the proposition follows (see [3] or [7] for more details). O

By standard arguments the Proposition 4.7 holds for 0 < |0| < (5,0 < Im# and
0< F < Fy.



5 Meromorphic continuation of the resolvent

Under conditions of the Proposition 4.7. Set V = Vi g+ Wp(F) — Wp(F). Introduce
the following operator, let 6 € C, |0| < By, 0 < F' < Fy, z € vy and

Ko(F, 2) = Va(Hoo(F) — 2)7%. (5.34)
Then

Proposition 5.8. Suppose (h1-3). Then there exists 0 < 0 < Sy < min{dFE, ag}
and Fy > 0 such that for 0 < |0] < Bo,Imd = 5 >0, and 0 < F < Fy,

(i) z € vy — Ky(F,z) is an analytic compact operator valued function.
(ii) For z € vy, Imz > 0 large enough, | Ky(F, z)| < 1.

Proof. Let us first show that under these conditions, Ky(F,z),0 = i3,Imz > 0 are
compact operators, this allows to prove the Proposition 5.8 i). We know from (3.24)
and (h1-2) that Vy = O(‘SFL_l) as s — xoo. Denote by I, the identity operator on
the space H. Let hy = —0* ® Tr2(0,0) + 2@y @ Ty, Then the decay property of Vj
imply that the operator Vy(hg — 2)~! is compact for Rez < )\ (see e.g. [2] or [8])
We have . 3
Hoo(F) — ho = 0s(1 — Gy)0s + Sp + Wy(F) (5.35)

where Gy, Sy are given respectively by (3.27), (3.23) and Wy(F) is defined in the
Section 3. Hence,

KQ(F, Z) = ‘/g(ho - Z)_l + ‘/g(ho - Z)_l (WQ(F) +a9(1 - Gg)as + Sg) (_FIOﬂ(F) —(Z)_lj
5.36

o(F)—z)~1 is compact.

= (1+ [s[*)2, then

Let first show that the operator Iy := Vj(ho— 2) "' Wy(F)(Hog
This follows from the Herbst’s argument [8]. Indeed let I(s) :

Wo(F) -

I = Vyl(hg — 2)7* (Hoo(F) —2) '+

Va(ho — 2) 7M1, hol(ho — 2)~ (Hoo(F) —2)"t. (5.37)

Where [A, B] denotes the commutator of the operators A and B. The operator

Vol(ho — 2z)~1 is compact since Vy(s,u)l(s) = O(H%) as s = oo and € > 3. This

holds true for the first operator of the r.h.s. of (5.37) since W‘)l( J(Hyo(F)—2)"tis a
bounded operator. In the other hand by the closed graph theorem, [I, ho|(ho — 2)~*
is a bounded operator. So it follows that the second operator of of the r.h.s. of
(5.37) and then I is also compact.
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Set I, = Vg(ho—z)*lﬁs(l—Gg)@s(ljlo,g—z)*l. Let us show 88(1—G9)85(]:1079(F) —
2)71, Imz > 0 is a bounded operators. In view of the Corollary 3.4, we are left to

show that 0,(1 — Gg)d,(Ho(F) — z)~! is bounded. We have
Ds(1—Gg)ds(Ho(F)—2) "1 = 0,(1—G)ds(Ho—2) " 405(1—Gg)ds(Ho—2z) "W (F) (Ho(F)—2) L.

By the closed graph theorem 0,(1 — Gg)d,(Hy — z)~! is bounded. Now the second
term of the r.h.s. of this equality can be written as

0s(1 — Gg)Ol(Hy — 2) ' ——2(Hy(F) — 2) '+
05(1 — Gg)d,(Hy — 2) "\ [Ho, I|(Hy — 2) ' ——2(Ho(F) — 2)7. (5.38)

Notice that under (h2) then (1 — Gy)l as well as (1 — Gy)l' are bounded functions.
Hence following the same arguments as above we are done. Evidently I3 = Vy(hg —
z)*ng(ﬁOﬂ — z)~! is also a compact operator. This proves our claim.

In the other hand the Proposition 4.7 implies ii). O

We now prove the first part of the Theorem 1.2.
Let 0 < FF < Fyand E < 0. For 0 < |0] < By, Imé > 0 by the Proposition 4.7, the
Lemma 5.8 and the Fredholm alternative theorem, the operator Iy + Ky(F, z2)
is invertible for all z € vy \ R where R is a discrete set. In the bounded operator
sense, we have

(Ho(F) — 2)™" = (Hoy(F) — 2) " (L2 + Ko(F, 2)) " (5.39)

This implies that vy \ R C p(Hy(F)).

Choose By so small that there exists a dense subset of analytic vectors associated
to the transformation Uy in |6] < By (see [2, Remark (3.3)]). We denote this set by
A. Then standards arguments of the distortion theory, and (5.39) imply that for all
peA

Ro(2) = (H(F) — 2) "¢, ¢),Imz > 0 (5.40)

has an meromophic extension in vy given by

Roy(2) = (Hop(F) — 2) 7 (Ip2() + Ko(F, Z))71<P97800’)

We define the resonances of the operator Hy(F') as the poles of R,,. They are locally
f-independent and in view of (5.39) they are the discrete eigenvalues of the operator
Hy(F). O
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6 Resonances

We want to prove the following result, let § = i3, 0 < 8 < [y, By as in the
Proposition 5.8 and the proof of the Theorem 1.2 i). Then

Proposition 6.9. Let Ey is a negative eigenvalue of H with multiplicity n. There
exists Fy > 0 such that for 0 < F < Fy,Hy(F) has exactly n eigenvalues denoted by
20y eeey L1, Satisfying }mm}) |Z; — Eo| = 0.

—

The Proposition 6.9 implying the Theorem 1.2 ii).

Proof. Following [2, Section 5], to prove the Proposition 6.9 we only have to prove
that under (h1-3), for £ < 0,0 =i3,0 < 5 < 5. Then

| Ko(F,2) — K(2)|| = 0as F — 0 (6.41)

uniformly in z € K, where K is a compact subset of vy () p(Hp). By a continuity
argument it is sufficient to prove that for some z; € . We have

Ko(F, 20) — K (20) =(Vog = Vo) (Ho — 20) ™" + (Wo(F) — Wy(F))(Hoo(F) — 20) "'+
Voo((Hop(F) — 20) ™ — (Ho — ) "). (6.42)

From (6.42), the proof needs several steps. First we consider the two first term of
the r.h.s. of (6.42). In view of (6.42) and (3.19), we can see that

Vo = Volloo < C(Ilve = Ylloo + 176 = 7 lloc + 170 =7 llc)

for some constant C' > 0. Hence we can estimate each term of the r.h.s. of this last
inequality by using Taylor expansions w.r.t. 6 (see e.g. (3.26). Then we find

176 = Yloos 176 — ¥ lloos 17 — ¥ lloo = O(BF=)

and then |[|[(Voy — Vo)(Ho — 20)'[| = 0 as F' — 0. The Proposition 4.7 and (3.24)
imply that ||(Wy(F) — Wy(F))(Hoe(F) — 20) || — 0 as F — 0. Hence we are left
to show that this is true for the third term of the r.h.s of (6.42) i.e.

5H(ZQ) = ‘/079((1?079(F) — ZQ)_l — (HO — Zo)_l).
Let Hyp be the operator introduced in the Section 3. We use the estimate

16 H (z0)]| < [IVo,e((Hop — 20) " = (Hoe(F) — 20) )|+
Voo ((Hop — 20)~" — Ho — 20) )| := 01H (20) + 62H (z0) (6.43)

First we consider

61 H (20) = Vog(Hog — 20) " Wo(F)(Hog(F) — 2) .
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Following arguments of the proof of the Proposition (5.8) we have

Wo(F) , -
51 H (z0) =Voal(Hiog — 20) VA 1y (1) — 20)4

Woy(F)

Vool(Hop — 20) ", 1] ]

(Hoo(F) — 2)7 . (6.44)

Clearly ||w|| — 0 as ' — 0. In the other hand we know that Vj g, Vel are
bounded uniformly w.r.t. F. In view of the Propositions 3.5 and 4.7, this also holds
for the resolvents (Hog — 2) " and (Hyg(F) — 2)~!. Let us show that this is again
true for [(Hop — 20) ', 1] then this will imply that |6, H (z)|| — 0 as F' — 0.

We have,

[(Hoﬁ — ZQ)_l, l] = —(Hoﬁ — Zo)_l((Ggl,), + 2[’G985)(H079 — Zo)_l.

and ReGy > 0,ImGy < 0. It is then sufficient to show that ||(R6G9)1/285(H079 —
2) 7Y and ||(=ImGy)/20,(Hpy — 2)~Y|| are uniformly bounded w.r.t. F for F
small. Recall that Hyg = —0;G90s + T, + Sp. Then our last claim follows from the
arguments evoked above and that for ¢ € L*(Q), |l¢| = 1,

I(ReG)"*0,(Hop — 20) "]l < Re((Hop — 20) "', ¢0))
—Re((Hop — 20) ", (So + 20)(Hop — 20) ")

and

1(—ImGy)"/0,(Hop — 20) " ol| = —Im((Hop — 20) 0, ¢))
+Im((Hop — 20) "', (So + 20)(Hoo — 20) ).

Evidently this imply that there exists a constant ¢’ > 0 s.t.
1(ReGo)' /28, (Hog—z20) " ||, [|(=TmG) 205 Ho—20) | < [|(Hop—20) " 1 +¢ [l (Hoo—20) ">
Now consider

0o H (2) = Vo o(Hpp — 20) (T, — Ts9)(Ho — z) .

For F and 8 small, Ty — Ty 9 = 0,GOs + Sp with G = (y9 — 7)G1 + i6f' G2 where
G1, Gy are uniformly bounded functions w.r.t. F' (see e.g. (1.4) and (3.22).
Moreover we know from (3.26) that vy — v = O(BF*71), and Sy = O(BF?) then
Voo (Hop — 20) " (0s(v0 = 7)G10s+Sp) (Ho — 20) || < (6.45)
CB(F||(Hoo — 20) " 10sG30s (Ho — 20) ||+
F2[[(Hop — 20) I (Ho — 20) )
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for some constant C' > 0. Where Gj3 is uniformly bounded w.r.t. F. So this term
vanishes as F' — 0.
To study the second term, we use a different strategy. We have

Voo(Hop — 20) 0 f'Go0s(Hy — 29) " = (6.46)
Voo(Ho — 20) "' (Ho — 20)(Hop — 20) ' 05 f'Go0s(Hp — 29) "

We know that the operator Vog(Hy — 2)~! is a compact operator (see e.g. the
proof of the Lemma 5.8) then to prove that the operator in the Lh.s. of (6.46)
converges in the norm sense to Opr2q) as F' — 0, it is sufficient to show that
(Ho — 20)(Ho — z0) 105 f'G205(Hy — 29) " converges strongly to Op(2(q)) as F' — 0.

Recall that C = {¢ = ¢la,® € CF(R?); ¢lsa= 0} is a core of Hy, thus for
z € p(Hy), C' = (Hy — 2)C is dense in L*(Q). Set 1 = (Hy — z0)p, ¢ € C.

Since the field f is choosed s.t. f’ has support contained in |s| > ¢//F for some
¢ > 0 then }Jmo 105 f'G20sp]| = 0. By using standard arguments of the perturbation
ﬁ

theory and the proposition 3.5, for F' small, the operator (Hy — 29)(Hop — 20) " has
a norm which is uniformly bounded w.r.t F'. This proves our claim on C’.

In the other hand O, f'G90,( Hy—2) ! is bounded operator with a norm uniformly
bounded w.r.t. F', for F' small. Then the strong convergence follows. O

7 Concluding remarks

In this last section we would like to give some remarks about the field regime related
to this problem. Let us mention that the first result was given by P. Exner in [5],
for n = 5 and ag = 0. But P. Exner did not consider the question of existence of
resonances.
This issue was addressed by us in [2]. In this paper we have considered the conditions
In| < % and |n—ag| < §. Roughly speaking this corresponds to the classical picture
of the Stark effect for one dimensional Schrodinger operators with local potential i.e.
the field interaction W(F) — —oo as s — —oo and W (F') — oo as s — oo. For any
negative reference energy the non trapping region coinciding with a neighbourhood
of s = —oo. In this case we prove an analog of the Theorem 1.2.
Evidently the regime [n| > 7 and |n—ag| > § is a symmetric to the above mentioned
case.

Suppose now that |n| > 7 and |p — o] < 5. Then from (2.9) and (2.10),
clearly W(F) — oo as s — +oo i.e. it is a confining potential. By using standard
arguments (see e.g. [13]) it easy to see that H(F') has a compact resolvent and then

only discrete spectrum.
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Indeed consider the following operator in L?(Q). Let F > 0,
hMF)=Ts+ T, +w(F).

where w(F') = F cos(n)s if s <0 and w(F') = F cos(n — ag)s if s > 0. Then by (h1)
and (h2), there exists a strictly positive constant ¢ such that in the form sense we
have

hF) > h(F):=(—cd?> +w(F)) L, + 1, ® —9.. (7.47)

But the operator —9? + w(F') has a compact resolvent [13]. Let {p,,n > 0} the
eigen-projectors corresponding to the transverse modes {\,,n > 0}. Since

(ha(F) +1)7" = @nz1(—c0; + w(F) + A+ 1)) @ pa

Then (hi(F) + 1)~! is a compact operator as a norm limit of compact operators.
Hence hy(F) satisfies the Rellich criterion [13] and in view of (7.47) it is also true for
h(F) so (h(F)+1)""is compact. Since H(F)—h(F) is bounded then (H(F)+1)"!
is also a compact operator.
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