N
N

N

HAL

open science

2000 Mathematics Subject Classification: Primary

62C99, sec-ondary 62C10, 62C20, 62J05
Yu. Golubev, Th. Zimolo

» To cite this version:

Yu. Golubev, Th. Zimolo. 2000 Mathematics Subject Classification: Primary 62C99, sec-ondary
62C10, 62C20, 62J05. Mathematical Methods of Statistics, 2016, 25 (1), pp.1-25. hal-01292382

HAL Id: hal-01292382
https://hal.science/hal-01292382
Submitted on 7 Apr 2016

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-01292382
https://hal.archives-ouvertes.fr

Tikhonov-Phillips Regularizations in Linear Models
with Blurred Design

Yu. Golubev* and Th. Zimolo!

Abstract

The paper deals with recovering an unknown vector 5 € RP based
on the observations Y = X5 + €€ and Z = X + o(, where X is an
unknown n X p - matrix with n > p, £ € RP is a standard white Gaussian
noise,  is a n X p - matrix with i.i.d. standard Gaussian entries, and
€,0 € RT are known noise levels. It is assumed that X has a large
condition number and p is large. Therefore, in order to estimate 3, the
simple Tikhonov-Phillips regularization (ridge regression) with a data-
driven regularization parameter is used. For this estimation method,
we study the effect of noise 0¢ on the quality of the recovering of X
using concentration inequalities for the prediction error.

Keywords: ridge regression, Tikhonov-Phillips method, data-driven
regularization, blurred design, prediction mean squared error, concen-
tration inequality.

2000 Mathematics Subject Classification: Primary 62C99; sec-
ondary 62C10, 62C20, 62J05.

1 Introduction and main results

This paper deals with recovering an unknown vector 5 € R? based on the
noisy observations

Y = Xp + €,

J_x (1)

=X +o0¢,

where X is an unknown n X p - matrix with n > p, £ € R" is a standard

white Gaussian noise, ¢ is a n X p - matrix with i.i.d. standard Gaussian

entries. For simplicity it is assumed that noise levels €, ¢ > 0 are known.
Despite a very simple probabilistic structure of this model, estimating 3

is a non-trivial statistical problem even in the simple case p = n = 1 (see
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[11]), but real difficulties arise when the condition number of X and p are
large. In this case, the maximum likelihood estimate of S has typically a
large risk and to avoid this drawback one has to make use of an available a
priori information about 8 and X. Recently some new methods of estimating
B in this situation have been proposed. These approaches rely on specific
statistical interpretations of (1) ranging from ”smooth” models for 3 [6],
[13], [15], [5] to "sparse” ones [12], [1], [2].

In this paper, we focus solely on commonly used in practice estimates
based on Tikhonov-Phillips regularization technique [17], often called ridge
regression in statistics. This method relies on the hypothesis that the Eu-
clidean norm of 5 is bounded and it is usually used when X is known pre-
cisely (o = 0). The standard ridge regression estimate of /5 is computed as
follows:

Fev. X) = argmin{ [V — XB| + a8 } = (XX +al) XY,

where here and below ||-|| is the Euclidean norm, I is the identity matrix, and
a € RT is the regularization parameter. We emphasize that despite the well-
known drawbacks of this regularization technique (see e.g. [7]), it remains
widely used in practice because of the very low numerical complexity.

In applications, the regularization parameter is usually data-driven and
very often [8] it is computed as a minimizer of the unbiased risk estimate of
the mean square prediction risk, i.e.

a(Y, X) = arg glgg{ [V = XB(Y, X)||” + 2620 [H*(X)] } 2)
where
HYX)=X(X"X+al)"1XxT.

Thus, we estimate 8 with the help of Bd‘(y’X )(Y, X). From a mathemat-
ical viewpoint, the most elegant and interesting fact about performance of
this method goes back to Kneip [14].

Theorem 1 For any x > 1

P{HXB‘S‘(Y’X)(Y,X) — X8| > /glzig Re(X, B) + ex} < exp(~K1%), (3)

where here and in what follows K stands for generic constants and

R(8,X) ¥E| x5V, X) — X8|
=l = EQOIXB|* + e[ (0T H ()]

1s the mean square prediction risk.



In order to understand why this theorem is really surprising, let us chose
« as a minimizer of the prediction error, i.e.

a(f, X) = argmin R*(5, X). (4)

Notice that «(8, X) depends on (3, so it is not a statistical estimate in the
ordinary sense and it cannot be used in practice. It can be interpreted solely
as an oracle regularization parameter. One can check with a rather simple
algebra that for sufficiently large x

P{HXBa(Xﬂ)(Y, X) = XB|| > \/RBX) (8, X) + ex} > exp(—K'z2), (5)

where K’ is a constant. So, comparing Equations (5) and (3), we see that the
booth prediction errors || X 34X (Y, X)— X 3 and || X 3>PX) (v, X) - X 3|
are close to \/minazo R*(,X) at the same parametric rate e. This is why
Equation (3) is often called oracle inequality.

We emphasize that if the risk of an estimate B(Y,X ) is measured by
18(Y, X) — 3|, then mathematical analysis of this risk becomes rather com-
plicated. For instance, to our knowledge nothing similar to Theorem 1 is
known about the distribution of [|3%Y-X) (Y, X) — 8| despite the fact that
BAY-X)(y, X) behaves reasonably good in numerous applications [8]. The
principal difficulties in obtaining good upper bounds for [|3*(Y,X) — 3|
are due to the data-driven choice of regularization parameters. During last
years, several new approaches to this fundamental statistical problem have
been proposed (see e.g. [3], [9]), but unfortunately, these methods need the
Singular Value Decomposition of X, thus resulting in hardly computable
statistical methods compared to (2).

The main goal in this paper is to study the case where the design matrix
X is blurred by a white Gaussian noise and to find out how this noise affects
the quality of recovering X 3. In order to estimate g in this situation, we
make use of the simple plug-in ridge regression estimate

A~

By, 2) = argmin{|[Y — Z8* + o8’} = (272 + D) 'ZTY (6)

combined with the data-driven regularization parameter

&Y, Z) = arg min { |V = Z5°(v, 2)|* + 2¢6(H(2)]},  (7)
a>ao

where a, > 0 is given, and H*(Z) = Z(Z"Z + ol)~1Z7.

In what follows, we are interested in the concentration properties of the
empirical analog of the prediction error ||Z5%(Y, Z) — Xf||.

The next theorem shows that when Z is given, this random variable is
concentrated in the vicinity of \/ ming>q, R*(8, Z), where

R*(8,2) YE,|25(Y, 2) — X8|I

=|lf - B (2))X8|* + e [H(2)TH® (7).
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Here and in what follows Ez and Pz stand for the expectation and prob-
ability measure generated by the observations {Y, Z} from (1) when Z is a
given matrix.

Theorem 2 For any A € RT and any a > ao
Ey exp{AHZBWvZ)(Y, Z) - Xﬁ”} < exp{)\\/RO‘(ﬁ, Z) + Kez)\Q}. (8)

This theorem permits to control the concentration of the empirical pre-
diction error of the data-driven ridge regression estimate via the concentra-
tion of R*(3,Z) for given a.. More precisely, it says that for any o > a,

12650 D) (v, 2) - XB|| < /BB, Z) + Kets,

where £, is a positive sub-Gaussian random variable and symbol 2 means
that this inequality is interpreted similar to (3).

Therefore, our next step is to study concentration of R*(S,Z). Unfor-
tunately, in spite of the apparent simplicity, this problem is rather difficult
from a mathematical viewpoint. Therefore, in this paper, we focus solely on
the second order approximation (with respect to o) of R*(5,Z). In other
words, we will focus on the random variable Eg‘(ﬁ , X, () defined by

R(B8,X +0¢) = R*(8,X,() + 0(c?), as o — 0. (9)

In order to make concentration inequalities simpler and more transpar-
ent, we will assume the following condition.

Condition 1 There exists a constant QQ > 1 such that for any o € RT
tr[H*(X)] < Qtr[H*(X)TH*(X)].

Roughly speaking, this condition means that eigenvalues A\ (X' X) of
X T X decrease rather rapidly with k. We emphasize that only in this case
Tikhonov’s regularization may have significant advantages with respect to
the maximum likelihood estimate.

We begin our study of R%(/, X, () with the simple case assuming that X
in (1) is a diagonal matrix. So, we have at out disposal the noisy observations

Y, = XiB; + €,

| (10)
ZZ:XZ+UCZa Z:17"'7])7

where (, £ are independent standard white Gaussian noises, and we estimate
£ € RP with the help of the ridge regression method.

Notice that this statistical model may be viewed as a simple probabilistic
model describing the famous blind deconvolution problem (see e.g. [4, 11]).



Theorem 3 Suppose X in (1) is a diagonal matriz and Condition 1 holds.
Then for any given a > a, and any A € RT

Eexp{)\ [Re(8, X, g)]+} Sexp{)\[<1 v K302>R“(ﬁ,X)} v

902 \? €
+ 222 x| < 131 | .
(6%

Let us briefly discuss this result. If we choose

(11)

a=a’(f,X)=arg rr>11n RY(B, X),

then we obtain from (11) the following inequality:

pox{3/[7 (3.%.01, } <en{a| (14 KW)R“" ]

O

242
+ 222 x| 2]}

Thus, we see that compared to (8) the noise in X results in

(12)

e strengthening of the oracle risk by the factor of 1 + KQo?/aw;

o shifting of the “mean” prediction error by

,uﬂnm}aa,

where &, is a positive sub-Gaussian random variable.

Remark 1. a, (see (7)) plays a rather important role when the design
is blurred. It follows from (12) that in order to guarantee the global con-

centration rate similar to (8), a, must be of order of €2 and o2 of order of

2.

In the general case, the concentration inequality for [Eﬁ(ﬁ , X, ¢ )] 4 has
a little bit more complicated form.

Theorem 4 Suppose Condition 1 holds. Then for any given a > «o and
any A € R

Eexp{)\ [R2(8,X, )]+
<o A (15 5L Y gy 4 PGy

X 2[3@4(5, X) + +M]}.

(67

where S(8,X) = | XT[I — H*(X))X5]|.
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Remark 2. It is easy to see that S%(3, X) can be bounded from above
as follows:

S, X) = a®| X T (ol + X X)TXB|* < o®||B)1%.

Remark 3. Equation (13) reveals the principal drawback of the naive
plug-in approach. This method works good solely when po? is small, more
precisely, when this value is of order of the oracle regularization parameter
(4). However, we emphasize here once again that important advantage of
this method is related to its low numerical complexity.

In order to improve the low concentration of the plug-in approach, we
have to incorporate into the estimate of (X' X)™! an a priori information
about X. This may be done in different ways. For instance, in [4] it is
assumed that

P
X =3 Vorerei
k=1
where

e b, € RT are unknown, but such that by > by > ... > bp;

o ¢ and ¢; are known orthonormal systems in R™ and RP respectively.

It is easy to check that this assumption reduces (1) to diagonal Model (10).
Notice also that this model is equivalent to very specific deconvolution prob-
lems (see [11]). For classical statistical linear models, where usually n > p,
the above hypothesis looks rather restrictive.

A less restrictive assumption would be to suppose

p
XTX = bporer (14)
k=1

where b, € RT are unknown and ¢}, is a known orthonormal system in RP.

2 Proofs

2.1 Proof of Theorem 2

The proof of the next simple auxiliary lemma can be found in [10].

Lemma 1 [) If for some U,u >0

2
U<u+ min {x——i-’yU}, then \/ﬁﬁﬁ—i—\x]max{zﬁ }
ve(0,F] L Y

| o

II) If for some U,u >0

i)

2
U <u+ min {x——i-’yu}, then \/ng/ﬂ—i-\x]max{l,
Ye(O,F] L Y

6



2.1.1 Proof of the theorem

Let {sk(Z) ERT op(Z) Rk =1,... ,p} be eigenvalues and eigenvec-
tors of Z' Z, i.e.,
7 Zow(Z) = sk(2)pr(2).

It is easy to check that
or(2) = ————=

are the orthonormal vectors in R™ and

7= s(2)ei(Z)pl(2) 22T = Z\/ Z)ei(Z
k=1

Therefore
HYZ)=(al+ 22" 22T = Z he(Z T(2),
where 2)
Sk
W (Z) = —B2
k;( ) Oé—{—Sk(Z)

Projecting the observations Y onto the linear space spanned by vectors
{vi(Z), k=1,...,p}, we arrive at estimating

_ def %
based on the observations
(Y, 05(2)) = (2) + €&, k=1,...,p. (15)

where ¢, are i.i.d. standard Gaussian random variables.
It is also easy to check that

df
Yi(Z) =

p

123y, 2) - XBI* =" [(2) — i (2)Yi(2))?,
k=1

123V, 2) = Y |? =3 [Va(Z) - h(2)Vi(2)]?,
k=1

Therefore, in view of (15), we have

125%(Y, 2) — XBII* = LIu(Z), h*(2)]
p p (16)

+ 263 [1 = (2R 2) (D)6 + & D (1 (2)]* () — 1]
k=1

k=1



and
P

126°(Y, 2) - Y|? =L[a(Z), h*(Z)] — 2 Y 0 (Z) + &> (&)

k=1 k=1

=

/4

+2e 3 [1 = h(2)] i 2)&, (17)

k=1
+ > {[h(2)]° - 20 (2)} (&) — 1],
k=1

where here and in what follows
P

Lip(2),h*(Z)] = ) [1 = hii(2) ) + 622 [hii(Z

k=1

In view of the definition of &(Y,Z) (see (7)), we have for any given
o> O

V4
123Dy, 2) — Y|+ 22> mp Py, 2) <|2B(v, 2) - Y |)?
k=1

p
+2¢>  h(2)
k=1

and using (17), we obtain the following equivalent form of this inequality:

/4

L[(2), W (2)] +2¢ 3 [1 = 2 (2)] i 2)¢

k=1

+ Y ([ 2)]? -2 (2)} ()% 1]
k=1

/4

< LIa(Z),h(Z)] +2¢ > [1 = h(2))* e 2)&

k=1
+ > {[h(2)]° - 2m8(2)} (&) - 1].
k=1

Let 7,7 € (0,3/16). Then we can rewrite this inequality as follows:
L[(2), 09 2)] < L[(2). 1 (2)]

+p1 () + L [A(2), BN ZD)] + pa(y) +L[(Z), 1 (2)] - (18)

+p3(Y) + Y LI(Z), h*(2)] + pa () + o' L[1(2), h*(Z)].

where
P

p
pi()=—2e) 1= 0D (2)¢ 1Y [1 - 1 (2)) 5 2),

k=1 k=1



p2(7) = — Y ([ (2))? - 2 P (2)} [(€0)? 1)

k=1
_ EQVi[hk(YZ)
Zl—ha 2)¢, —+' S L - w3 (2))° 1 (2),
o 2
and
i) =S {[h(2)])* = 2b8 (D)} ()2 = 1] =/ Y [g
k=1 el

By Lemma 10 we obtain for any integer m > 1

Ké2m
)

(B ()] " < =

I=1,...,4
Therefore with (18) we arrive at
{B[L[H(2). h2(2)]]" ) < L[a(2),h*(2)]

Kem o {B[L[a(2), b2 ()]}

_|_

Keé2m

+ ++'L{a(2),h*(Z)].

So, minimizing the right-hand side at this equation in v, € (0,3/16) and
using Lemma 1, we obtain that for any integer m

{B[\/Laz), a0 z)]]" }1/m<\/L )| + Key/m.  (19)

The similar technique is used in proving (see (16)) the following inequal-
ity:

[B2128°02(v, 2) - xp1"} ™" <{B2 ]\ JL[u(2) 050 22)]] ")
+ Key/m.

Finally, combining this equation with (19), we finish the proof. MW

1/m

2.2 Proof of Theorem 3
Let us first compute E?(ﬁ , X, (). We will make use of the following formula:

R, 2) = LIB. H*(2)) = Y_{[1 - HE(2)] X268} + € [Hp (2)°},

k=1



where

oy i
Hi(2) = o+ Zl%'
We obviously have
0 a _ 2172 a 222 0 a
a7 L8 HY(2) = {28 H (2) = 21 ~ HY(2)|XP8 | 57 H(2),
82 « 2 7 a 202 32 «
o7z O (D) ={28 HE(2) = 21 = HE(2)]XE5k 5 HE (2)
2 2\ | O ?
+ (2X} + 2¢ )[a—ZkH (Z)] :
and
0 o  2aZ; % o 2a(a — 323)
8z, k(%) = (a+ 222 az,fH’f (2) = (a+22)3

Therefore with the help of Taylor’s expansion we arrive at (see (9))

~ 2
R3(8,X.¢) = R*(8,X) + oA (8, X,0) + A3 (8, X,0),

where

p

0
k=1

, (20)
4y afenpen - 1m0 )
k=1

1 — Hy(X)] Xy,
o+ X?

)

and

2

0
G

2 TH(X) — [HY(X)]” -~ 2

a—l—X,%

CGRXRBE[1 — HE (X)]

(21)

M= I

=
Il
—

9—12H2(X)

p
2 21700 _ go
+ 8¢ ];Cka (X)[1 - Hy (X)) at X2

10



By (20) we have
2

P 1— HYX)]"X?
E[Af(8,X,0)]” :;{81{30{) -1 —Hﬂ(X)]X,%ﬂ,%}Z[ @ j(Xg)]g :
< S HP P HE P
i T (ot XD
+ Epj[l PO PR
! k kMk (04‘|‘X]%)2
6 P 2
<E€2kzl —{—mkax[l — H,?(X)]QX,%ﬁ,%WA_XW

p
x > [1— HY(X)PXip; < max{— 1811% }Ra(ﬁ,X)-
k=1

Since A{ (B, X, () is a zero mean Gaussian random variable, we obtain from
the above equation

E exp [A\/Ra(ﬁ,x) +o[AY(B, X, C)L]
< exp[)\\/m} Eexp{%mw{%ﬁ\ﬁ!!oo}&} (22)
< e\ ARG + 2 max{ < 1512

Next, (see (21))

o 250 o G
(83(8.%. ) <k Y {SHECO + [1 - HE O] XEA i
Therefore by Condition 1

Next we make use of the following simple algebraic fact:

o’ n azr 2 < 1
maX p— —.
>0 | (a+1x)3  (a+z)? 3v3 2
With this equation we get

2
SHA) | L HpOORE
oz—l—X,% oz—i—X,% k

; X2 2x2
< max{e—a HﬂHgo} mkax{ (a(j_;’g)Q * (OZO—ZF X%)g}
2 1 2
< max { N8I } na { art (aoliﬁ} - 5“1‘“{5 181 }

11

max
k




and we obtain by (23) and Lemma 11

E cxp [A\/gz [AS(8,X,¢)] +J < exp{A\/KQﬂ]Za(ﬂ, X)

o2 \? €
+C 2 max{ < 1512 .
(6

Finally, combining this equation and (22) with the help of Lemma 12,
we complete the proof. W

2.3 Proof of Theorem 4
First, notice (see (6)) that 5*(Y, Z) is a solution to

ZUY - ZB™(Y, Z)] = aB™(Y, Z). (24)
Since we are interested in Z BG(K Z), we denote for brevity

p(Y,2) = Z5*(Y, Z)

and we obtain from (24)

ZZT Y — p*(Y, 2)] = ap®(Y, 2),
or, equivalently,

(oY, Z) = H*(Z)Y, where H*(Z)= (ol + 22" *2Z7.

Thus, our problem is reduced to estimating up = X5 € R” based on the
noisy data

Y =p + €&,
Z=X+o(

with the help of the plug-in ridge regression estimates
a*(Y,Z)=H*2)Y, a> ao.

In order to compute E?(ﬁ, X, (), we will need the second order approx-
imation for H*(Z) which can be obtained with the help of the following
simple formulas:

H*Z)— HYX)=afal + XX ") —a(al + 22 ")
=(al+XX") Y (22" -XX")[I - H*(Z)]
=a '[I-H*X))(2Z" - XX")[I - H*(Z)).

12



and similarly

H*(Z)— HY(X) = a(al + XX ) ' —a(al + 2Z7)"!
=(al + XX ") (22" - XXT)[I - H*(Z)]
=a I - H*2))(22" - XX ")[I - H*(X)).

From the above equations we obtain

HYZ)=H*(X)+a "I - H*X)(2Z" - XX")[I - H*(Z))
=H*(X)+a I -HYX)|(2Z" - XX ")[I - H*(X)]

—a Y I-H*X)(2Z" - XX")[H*(Z) — H*(X)]
0.2
=G X, Q)+ I - H(X)JCCT T — HY(X)]

—a [ -H*X)|(2Z" - XX")[I - H*(Z)]
x (22" - XX")[I - H*(X)],
where

GH(X,Q) % HY(X) + = [1 - H(X)|((X)[[ - HY(X)]  (25)

is the first order approximation of H*(Z) and
C(X) = XCT+¢xT.

So, we arrive at the following second order approximation of H*(Z):

H(X,Q) =G(X,Q) + —[I = HYX)ICC [T = HY(X))] -
02
— [ = HY(X)CCO = HA(X)IC(X) T[T = H*(X)).

In order to simplify calculations, we will make use of the SVD of X. Let

M(X) € RT, ex(X) € RP, k =1,...,p be eigenvalues and eigenvectors of
XTX, ie.,
X Xen(X) = (X)ep(X), k=1,...,p.

Define the orthonormal vectors in R™

ar(x)y= 2
g VAR(X)

It is well-know and easy to check that

X =3 VAX)ep(X)eg (X),

p
=1

13



and so,

XXT =3 Mep(X)ep (X),
k:1p Ak (X) (27)
«@ _ k 6* * 1
Therefore, denoting,
e oy Ak(X) 28

we have

[—H*(X) =) [1—-h(X)ep(X)ei (X).
k=1

We are ready to obtain the spectral representation of G%(X, (). Let
GH(X, Q) = €] T (X)G (X, Qe (X).
Then we get from (25)
YO [} g «@ «@ =
G (X, Q) = hif(X)di + 5[1 —hH(X)][1 = 1§ (X)]E45(X),

where
2ij(X) = ef T (X)¢(X)ef (X).

The covariance function of this Gaussian random matrix is computed in the
following lemma.

Lemma 2
EZs(X)Zre (X) = [M(X) 4+ As(X)] (055 0kt + O Oks ) (29)

Proof. Let ¢ be a random matrix with i.i.d. entries and B be a non-random
matrix. Then

E(B(=B"
since
> BuEGkG; = Y Bubudk; = Bjs.
k.l k,l
Similarly

EC'B¢" =B", E(B¢" =1tx(B), E('B¢=Itr(B).

14



Next, noticing that

X =3 VAE) e (e (X),
=1
we get
Eij(X) =ef (X )[XCT +CXT] *(X) = VAi(X)e] (X)¢Tef(X)
\/ (e]
Therefore

EZ;(X)Zu(X) =E[VXi(X)e] (X)¢Tef(X) + 4/ Ai(X)er T (X)¢e; (X))
x [VA(X)ef (X)¢Tef (X) + VA (X)er T (X)¢er(X)]

Ai(X) Ak (X)e] (XOE[¢Te5(X)eg (X)¢T e (X)

(X (X)el (X)E(¢ e (X)ep (X)¢)e(X)

X (X) M (X)ef T (X)E(Cej(X)eg (X)¢T)ef (X)

+ /X (ON(X)er T (X)E[Ce; (X)ef (X)¢]e(X)

=4/ )\z(X))\k(X)ézk(S]l + v/ )\Z(X))\l(X)(S]k(szl
+ )\j (X))\k(X)(SZl(Sjk + 4/ )\j(X))\l(X)éik(sjl- |

In what follows we will need two concentration inequalities related to

=(X).

><

Lemma 3 Let D be a p X p-diagonal matriz and u € RP. Then for any

A>0
Eexp{|DE(X)ul } < exp{ A}/ E[DE(X)u]
42 max[m S [ull? + D2 VA )| } (30)

+2X2[DA(X)ull x |[Dull}.

Proof. For the Gaussian random vector v with components

p

15



one easily obtains (see (29))

p
Rij = Evivj :DiiDjj Z EE,k(X)E]l(X)ukul
k=1
P
=DiiDj; Z ) + Ak (X)](635 0kt + 046k ) urwy
k=1
P
=D50i; ) (X)) + Me(X)]ug + Dig Dy [Ni(X) + A (X)]uguy.
k=1
Thus

p p p p p
Ellvf> =Y R =) DEM(X) D ui +) Dy uirs(X
k=1 k=1 s=1 k=1 s=1

p
+2) DR A(X)ug
k=1

Next, we make use of the formula

p

vl = sk(R)E,

k=1

where &, are i.i.d. standard Gaussian random variables and sy (u) are eigen-
values of R, i.e.

Rop = sk(R)or, k=1,...,p.
Therefore by Lemma 11

Eexp{ o]} < exp{)\\/EHv\P + >\251(R)}. (31)

In order to bound from above s;(R), notice that for any ¢ € R

[Rel; =Dixi(X)ull*¢: + D3 @ZM(X u

+ DiiAi(X)u; Z Dyrurdr + Diiui Z Dy e (X ) g .
k=1 k=1

Hence, by the Cauchy-Shwarz inequality we obtain from the above equation

s1(R) = max ||R¢| < max{ A Zuk —|—D Z)\k }

l#lI<1

p 1 /2
+2[2Dzkuz} [zuzkw)uz]
k=1

k=1
and, so, (30) follows from this inequality and (31). W

16



Lemma 4 Let D be a p x p-diagonal matriz. Then for any A € RT

E exp{)\\/tr [DE(X)D?E(X)D] } < exp{)\\/E tr[ DE(X)D2Z(X) D]

(32)
+ K \*max D?Z-Djzj)\j (X) }
Z7]
Proof. Notice
tr[DE(X)D* Z DjDjEG(X
b (33)
—ZDﬁ”i +22D JQJH?J

j<i

It is easy to check with the help of (29) that
EZ;i(X)Z,5(X) = 4M(X)dij,  EZ5(X)Z5(X) = M(X) + Nj(X), i # j,
and when j < i and k <1

EZ,(X)20(X) = [M(X) + Ay (X)]681; = 0.

So, let &5, 4,7 = 1...,p be iid. standard Gaussian random variables.
Then we have ,
- P
ZD?Z H(X) =4) DEN(X)E, (34)
i=1
and
ZDQDJQJH?J ZD2D2 AJ(X)KZ‘QJ‘
Jj<i j<i
(35)
Y BN + X DDA (E,
Jj<i j<i

Hence by Lemma 11 we obtain

p 1/2 P 1/2
Eexp{)\[z DEN(X) ZQZ} } SGXP{)\[Z Di4i)‘i(X):|
i=1 i=1

+ A2 mfde?z)\z‘(X)},

sen{{ioinens] "} sl (S ]

1<t <1

+ A? max D3, Dj; \; (X)},
(2]
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Eexp{ [Z D?.D}\; gw]m} gexp{ [Z D?.D3\; T/Q

1<t 1<t

2 2 N2

)

Therefore, combining the above inequalities and (33)-(35) with the help
of Lemma 12, we arrive at (32). W

In the proof of Theorem 4 the following simple lemma plays an important
role.

Lemma 5 Suppose Condition 1 holds. Then for any given o € RT and any
uweR?
N KQpo? o
T « 2
+ —gHX [ = H(X)] ]|
where
Ll H) = (I — H)p|? + Etr(HHT),
Proof. Since L[, H] is a quadratic functional in H, we have (see (25))
EL|p, G*(X, ()] =L[p, H*(X)]

N "_E |17 = BX))C(XO = H(X))ul

2 2 (37)
+ —E tr{ [T — H(X)]¢(X) [T — HY(X)]

Cx)T[I - H“(X)]T}.

x [1—HX)]"

Let 1(X) be vector in R? with componets fix(X) = (p, €}(X)) and h(X)
be the diagonal matrix with the entries hj(X), k= 1,...,p defined by (28).
Then, with the help of Lemma 2, we obtain

E||[I - H*(X)]¢(X)[I = H*(X)]u||”
= 3T (X)[I = p*(X)|E{ET[I — h*(X)]*2} [T - h*(X)] E(X)

Ep: 1— he(X)]°E2(X) 4 2[1 — h¢(X)]* M (X)
=1
+)\Z(X)Zp:[1—h°‘ 2+zp: )\k(X)}



With the similar arguments and Condition 1 we arrive at
Etr{u — HO(X)JC(X) T = B (X)) = HY O] ¢(X) T = B(X)]" |
= w{[1 = R (X)E(E — h*(X)PZHT - h (X))}
fj 1 he(X [ 1= B2 (ON(X)

+>\Z-(X)Zp:[ 2+Zp:1—ha (X)}
k=1 k=1
< 4Qap Z[h?(X )?

Thus (36) follows from (37) and the above equations. W
The following lemma controls the concentration of L{u, G*(X, ().

Lemma 6 For any given o > 0 and A >0

Boxp{ /L[, Go(X, Q)] } < exp{)\ [(1 + K%pa2>L[M,H“(X)]

1/2
+ Z2XT (1 - 0] ()

N K)o {L[M,H“(X)] +el+axT [[—Ha(X)]MHz}}.

Proof. Notice that L[,u, G (X, C)] admits the following decomposition:

20 _ o2 o _
L[,U,,GO{(X, C)] :L[M?HQ(X)] + EA?(M?Xa ‘:‘) + EAQ (:U‘aX":‘), (39)

where

AS(, X,Z) =i [ = h(X)Z[1 — b (X))
+ e%r{ha(X)[I — XV - ha(X)]}

and
AS (1, X, E) = i [T = h*(X))E[ — h*(X)PET — h*(X)]
+62tr{[l — h(X)]E[ — h¥(X)*ET [T — h*(X)] ¢.

Recall that i € R? in the above equations has components fix, = (1, pr(X)).
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Notice that A{[z, X, =] is a Gaussian random variable with zero mean.
Therefore, we need solely to bound from above its variance. We have by
Lemma 2

{71~ h*(X)PE[L - (X))
= T[T = B (XOPE{EI - n (X))

Hence E[A{(u, X, E)]2 < KaL[p, H*(X)], and thus

Eexp{)\\/L [, H*(X)] + %U (A (1, X, E)L}

< exp{)q/L[,u,Ha(X)] + KZQAQL[/L,HO‘(X)] }

In order to control A§ (i, X, Z), we make use of Lemmas 3 and 4. With

(40)

D=[I-h"X)] and wu=[I—h*X)z,
we have
max| D3 (X)Jull* + D3 VA ull?| + 20 DA )ul] x | Du
< Balllz — (LAl + [T~ b (XA A,

20



and thus by (30)

Bexp{ A|I7 — h* (01200 - (X))}

< exp{)\\/EH[I — ho(X)E(X)I — ho (X))l (41)
A2 {Ball[1 - (Xl + 7 - hCOLA

Similarly, with the help of (32) we obtain

Eexp{)\\/tr{[l — (X E(X)[I — he(X)2ET (X)[I — ha(X)]}}

< Eexp{)\\/Etr{[I — h*(X)]E(X)[I — h*(X)PET[I — ho(X)]}

+ Ka)? }
(42)

Hence, combining (41) and (42) with the help of Lemma 12, we arrive

Eexp{)\\ [AS (1, X, E)} < exp{)\\/ EAS(p, X, E)

+ KN aLfu, HY(X)] + | XT[1 = H*(X)] > + o] }.

at

Finally, combining (36), (39), (40), and this inequality with the help of
Lemma 12, we complete the proof (38). W

2.3.1 Proof of the theorem

We make use of the following equation (see (26)):
B3 (8, X, ¢) = L, G°(X, ()]

— ' [I = HYX)]"[I = H*(X))C(X)¢ (X)) — H(X)]p

Thus, we obviously have

RO (8. X.¢) < Liu, G°(X,0)] + 2

202 B o
+ ylﬁ[[ —h (X)]2

/[_I\]
e
~
|
>
i
=
in
5
_‘
~
|
>
i
=
=



Since by (27)
p
tr[H*(X) " ¢(X =D B X)er ¢OIP,
k=1

and ej T¢(Xx), efTC (X), k # [, are independent Gaussian vectors, we obtain
by Condition 1 and Lemma 11

Eexp{)\\/tr[HO‘(X)TC(X)CT(X)]}
ex e 2}1/2%-)\2}
< p{x[pcz;wxn -

So, our final step is to control the last term at the right-hand side in (43),
but it was already done in (41). Therefore (see (44)) the additional terms at
the right-hand side in (43) do not affect the concentration of L{u, G*(X, ()]
obtained in Lemma 6. MW

(44)

3 Appendix

3.1 Ordered processes

Here we collected some auxiliary probabilistic facts used in deriving the
concentration inequality (8).

Let £(t,8), t € [0,T], s € [0, 5], be a separable random field and o2 (t, s)
[0, 7] x [0,S] = R" be a continuous function satisfying

Condition 2 For all 0 <ty <ty <T and s € [0, 5]

0 < 02(tg, 8) — 0%(t1,8) < 0(t2, S) — 0%(t1, 9);
and for all 0 < s1 < s9 < S and t € [0,T]

0 < o%(t,s9) — 02(t,51) < 0*(T, 59) — (T, 51).
The following lemma generalizes Lemma 1 in [9)].

Lemma 7 Suppose Condition 2 holds. Then for any A > 0
max f(t, S) B 5(0’0) } < 10g(2)
tG[O,TLSE[O,S] \/0'2(T7 S) — 0'2(0,0) CO
\/5)\ {(t2,s) — &(t1, ) }
Co \/0'2(t2,3)—0'2(t1,3)
V2, &) — &t s1) }
C \/O' tSQ —a(tsl)

_l’_

logE exp{)\

+ C, max log E exp{

(45)
0<t1<t2<T, 5€[0,5]

+ C, max log E exp{
0<s1<52<S, tE[O,T]

where Cy = (v/2 —1)/2.
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Proof. First, we construct on [0,7] a family of dyadic set G%, k =
0,1,.... The set G% consist of the single point tJ = 0. The set G%p contains
two points: t§ = t3 and #] defined by

o*(t1,8) — (11, 8) = o*(T, §) — o*(11, 5),

or, equivalently,
(T, S) +a%0,0
O'Q(t%,S):U( ) )+U ( ) )
2
Next, if the set Gk = {t& b ... ,t’;k_l} has been constructed, then G;‘H =

{t’g“,tlfﬂ, B ,t’;;;ll_l} is defined as follows:

k+1 _ 4k _
thtl =4k 1=0,1,...,

k+1

and the points ¢y, are computed as

a?(tF,S) + o?(tF |, 9)

2/ k+1
o (tQﬁ_l,S) = 5

Doing similarly, we construct also the family of the dyadic sets Gg, k=
0,1,...1in [0, S5].
The set G* € [0,T] x [0, S] is defined by

G* = Gk x G%,.

Integer k in this definition is called set level.
For a given set level k define the following function g*(t,s) : [0,7] x
[0,S] — G* by

(t,s) = {gf(t,s), g5 (t,s)} = i t— —v)}.
g"(t,s) = {gi(t.s),95(t,5)} arg{uw}eéglzggt,vsg{( u) + (s —v)}

In other words, this function relates (¢, s) from [0, 7] x [0, 5] and the nearest
point from G* with coordinates less than ¢ and s respectively.
Let us fix an integer N and let {t", sV} be an arbitrary point in G¥.
Then descending from the set GV to GN~!, we obtain
g(tNa SN) - 5(0? 0) :g(tNa SN) - g[g{Vil(tNa SN), géVil(tN’ SN)]
+ &gy N, 8N g5 Y, s™)) = €(0,0)

and continue the descend, we find a sequence of points such that {t¥, s*} €
G* such that

E(tN,sN) — £(0,0) =¢(¢N, M) — (N SN
+...—|—£(tk,sk) —f(tk_l,sk_l) (46)
+ ...+t sY) = €(0,0).
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Notice that since tF=1 < ¢#,  sF=1 < ¥ we have

k kY _ k=1 _k—1y _ g(tkﬂgk) — g(tkvskil)
S5, s7) = (7,7 = Vo2 (tF, sF) — o2 (tF, sF-T)
X \/JQ(tk,sk) — o2(tk, sk—1) (47)
f(tk, Sk—l) _ f(tk_l, Sk—l)
\/O’Q(tk, sk—l) _ O'Q(tk_l, sk—l)

+

X \/0-2(tk’ Skfl) _ 0-2(tk71’ Skfl)‘

From the construction of G* and Condition 2 we obtain the following
equations:

UQ(tka sk) - UQ(tk7 Skil) = 27k+1[0'2(T7 S) - 02(07 O)]a

48
o2(t*, 571 — o2 (P sF ) = 27 R 6 H(T, S) — 02(0,0)]. (48)
Next, combining Equations (45)-(48), we arrive at
g(tN’ S ) — 5(0’ 0)
Vo2(T, S) — a2(0,0)

N o k—1
< \/522716/2 Hlan g(t’ S) f[t,g2 (t,S)] 19
= s o - g ) W)

< ﬁiQ—m s £(t,s) — E[gh1(tL, 5), 5)] .
= k=1 (t,5)eGF \/02(,5’ s) — o2 [g]f_l(t, 5), 5]

In order to derive from this equation (45), we make use of the convexity
of exp(z), more precisely, the following inequality:

N

N
log Bexp{ Y (k) < Y- (k) log Bexp(@). (50)
k=1

k=1

that holds true for any random variables (; and any non-negative weights
w(k) such that 32 w(k) = 1. This equation follows immediately from

N N
Boxp{ 3w -log Bexp(@)] } < 3 (kB explgu-log Bexp(@)] = 1

k=1 k=1

Applying twice (50) to (49) and using that the cardinality of GF is 4%,
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we get

gt s™) — 5(070)}

210gEeXp{ \/0 75 02(0.0)

< logEexp{Z\/E)\ZQ—k/Q max £(t,s) —&[t, 92 t s)] }
_ (t,5)eGF \/ 2(t,s) — 02[t, g5 1(t, 5)]
N
+1ogEexp{2mZQ—k/z L&) —glgb ko) -
— (t,5)eGk _
k=1 (t 3) U gl t S
N
L 012100 ] 4k g(t 5)
= —k/2 k &(t,s)
Z log< 4 mza;erxp 2\/§S h) - 2 /
N = t2t'ss \/O' t, 5 —0 t

where

N — oo.

N
Sy=> 2782 = (1+0(1)) ! :
N kZ:l o

In view of separability of (¢, s), taking the limit as N — oo in Equation
(51), we finish the proof of (45). W

Lemma 8 Suppose ((t), t > 0 a separable random process and o2(t), t > 0
be a nondecreasing function such that lim;_ o, 02(t) = oo and for all A €
0, A]

Eexp{)\tre%nT(] (t)} < Kexp[Koo?(T)N?], (52)

where K, K, are some constants independent of T'. Then for all x > 0 and
z € (0,A)

P{zigg[g(t) — 202(t)] > x} < KC(q, Ko) exp {—ﬁ} (53)

where ¢ > 0 and C(q, K,) is a function of q and K., bounded from above
for all ¢ > 0.

Proof. Let {ty, k = 0,...} be a monotone positive sequence such that

limy,_y o t = 0.
With the help of the exponential Chebychev inequality and (52) we get
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for any A € (0,A)

P{zmax[((t) — z0° } ZP{ max [((t) — zo?(t)] > x}

t>0 tE[ty—1,t]

M

P{ztg[l(]zmi]{g — z02(tk_1)} > :c} (54)

T

1
00

Az
<K kz_l exp [—7 —Az0?(tp_1) + KO)\QJQ(tk)] .

Therefore choosing A = z/[K,(1 + ¢)] with ¢ > 0 we obtain by (54)

P{zmaxl(() - 200)] 2 0} < Kexp [—K STMEGTY )
220'2
—i-Kexp[ ]Ze [ 17:qu1)) JrK’o(l J(rtl;))Q]

Let us now define points ¢; as follows:
t1 = max{s : o?(s) < z_l}, tr = max{s : o?(s) < (1+ q)paQ(tk_l)},
where (14 ¢)~! < p < 1. Then it is clear that

_2) | Pl (1 -p)Pette) (1 -p(+aptt

1+¢q (1+q)? l+gq 1+¢q

Therefore (53) follows from (55) and the above inequality. W

We say that H is a set of ordered sequences hy € [0,1], k =1,... if for
any h,g € H either

hp < g, forall k=1,2,...;

or
hip > g, forall k=1,2,....

Lemma 9 Let &, k= 1,... be i.i.d. standard Gaussian random variables

and H, G be sets of ordered sequences. Then for any given z > 0 and all
x>0

P{maxmax [Zglh Eipi — th,uHQ} > x} < K exp(—Kozz), (56)

geG heH

where Ko, K are some generic constants.
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Proof. Consider the following Gaussian random field:
P
E(hg) = gihikipi, heH, geG.
i=1
Since £(h, g) is a Gaussian random variable, we have for any A\ € R™

20,2 _
EeXp{)\[{(hl,g) —§(h2,g)]} Zexp[)\ (h12 hz,g)}

[AQUQ(h,gz —91)]’

(57)

Eexp{A[£(h, g2) — &(h, g1)]} = exp 5

where ,
9) = higiui.
k=1

Notice that for any hq, ho € H such that he > hy

p
o*(ha, g) — a*(h1,9) th h L lgnmi
k=1

[hok — higl[hog + hixlgiud (58)

M= I14-

v

[hok — b g)[hok — h1klgip; = 02 (ha — b1, g)

i
I

and similarly for any g1, go € G such that go > ¢;

o?(h,g2) — 0*(h,g1) > 0*(h, g2 — g1). (59)

Therefore we can apply Lemma 7 because Condition 2 for o2(h,g) is
obviously fulfilled. So, by this lemma and Equations (57)-(59) we obtain
the following inequality:

£(0,g)

Eexp{)\
Whiged /o2 (1)

} < Kexp(Ko)\z),

which holds true for any A € R™. Here K, and K are some constants.
This equation is equivalent to

Eexp{)\ max 5 ",9)} < Kexp|K, N2 (h, D], x>0 (60)

and thus (56) follows from (60) and Lemma 8. W

27



Lemma 10 Suppose H is a set of ordered sequences and &, k = 1,... are
1.1.d. standard random variables. Then for any v > 0 and any x > 0

p{ e Lg (1= )~ | 2 2} < Kexp(-Korz) (o)

and for any v € (0,3/16) and any = > 0
P hi (€2 — 1) — ~||h||?| > = p < K exp(—Koyz); 62
{gg@[;gk k(& — 1) =7l } _m} < Kexp(—Koyz);  (62)

where Ko, K are generic constants.

Proof. The proof of (61) is similar to the one of (56). Notice that for the
following random field

§(hg) = grhe(1— &)
k=1
and for the following function
o*(h,g) =Y gihi-
k=1

the equations

ha, g) —5—(h179)] ()2
o2(hg — h1,9) < exp(A),

5—(h792) - 5—(hagl)
02(h592 - gl)

E exp [)\ &
(63)

E exp [)\ } < exp(\?)

hold true for all A > 0 and all he > hy, g2 > g1. In order to verify (63), we
make use of log(1 +z) > x — 22/2. So, we get

§—(h279)—§—(h179)} A -
log E A = hop — h
og exp[ Py U ;gk( ok — hik)

p
2 k=1 02(h2 - hlag)

The proof of (62) is more delicate since for the random field
E(hg) = grhie(§E — 1)
k=1

Equations (63) do not hold for all A > 0.
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To overcome this difficulty, notice that by the convexity of exp(x) we
have for any p € (0,1)

E exp{)\ hIEIE}IXg[fnL (h,9)] }
< uBexp{u'A max [€(h.g) 4 (H. g™} (64)

+ (1= WEexp{ (1 — )" Ags (H, ™)},

where ¢ is the maximal element in G.
The main idea in this inequality is that for the following random field

§(h7g) - §+(h7g) - §+(H7 gmax)

max

inequalities

g(hlag) _£(h2ag) ex 2
2(h1 — ha.g) ] = exp(X),

§(h, gl) — §_(h, 92)
V 0-2(ha g1 — 92)

hold for all A > 0. Therefore, we have
E -t < Kexp[K N p 202(H >
exp{Ap hgrgégeg&(h,g)} < Kexp[KoNp™2o0(H)], A>0, (65)

Eexp [)\

E exp [A ] < exp(A\?)

where

p
44/2
oX(H) =Y HE K= V2 < 14.
k=1 V21

Next, with the help of the inequality
—log(l —z) <z +8z% 2z €[0,3/4],
we obtain
P

log Bexp (1= 1) X6 (H, ™) } =~

k=1

1< 2NH, gmax 1672
=5 log [1 - . } < o2(H).
2 kzzl 1—p (1—p)? (&)

This inequality holds true if

2\
— <
1—p ™
Thus, choosing u = 1/2, we obtain from (64)-(66) that for all A €
[0,3/16]

e~ w

log E exp [)\ hIEIE}IXg &4 (h, g)] < 64)\*0?(H) + K.

Therefore (62) follows from Lemma 8. W
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3.2 Concentration inequalities for quadratic forms in Gaus-
sian random variables

The main idea in the proofs of Theorems 3 and 4 is based on simple facts
about distributions of quadratic forms in Gaussian random variables. They
are undoubtedly known and we provide their proofs here only for reader’s
convenience. We refer interested readers to [16] (Section 4), where more
precise results can be found.

Lemma 11 Let -
G =Y bexilar),
k=1

where X%(q) are i.i.d. standard x?-random variables with q degrees of free-
dom, by > 0 and qi > 1 are deterministic sequences. Then for any A >0

Eexp()\\/@) < exp(AVEG + 22 max br,). (67)

Proof. Denote for brevity

o0
B= be, M= bug. = EC2.
max by, 1; &k G

Inequality (67) may be proved with the help of the following simple
inequality

E exp(M/G) :I;flzirol /OOO exp(Ax — pz) exp(px)pe, (z) da

< I,flznol exp [rggg(ﬁ/\ - /w)] E exp (1) (68)

_[A2
= eXp{I;lZIBI [@ + log Eexp(ugb)] }

Since
1 o0
E exp(ug) = exp{—§ ; qi log(1 — 2bk#)},
we have
PRI
Eexp()\\/a) < ﬁg%{@ D) ;; qr log(1 — Qbk,u)} (69)
The above minimum is attained obviously at po, which is a solution to
N e
AN _ REAR 70
4/‘% ]; 1 —2p0by (70)
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Next notice that

t
—log(l—t) < ——
og(l—t) < 7—
and therefore ) )
HoOF
——log(1 — 2usbx) <
5 108(1 — 2p0by) < T 200
Thus, we have in view of (70)
2 o1& N pohiay A2
- = log(1 — 2hg o) < —_— =
e 2 ;q’“ o8l = 2tte) < g 2T oy~ 20 (Y

On the other hand, it follows from (70) that

A2 M
AN
4p? = 1 —=2Bu,

> (14 e 20N
fo= 1™ NB)| -

A A\2B  A\’B AM
< \/1 < NB+ WM
20 — 2 T tep = +

and combining this inequality with Equations (71) and (69), we complete
the proof. W

or, equivalently,

Hence

We will need also the following simple fact.

Lemma 12 Let {;, i = 1,2, be nonnegative random variables such that for

all A >0

o2\?
Eexp()\\/a) < exp ()\ E¢ + Z2 ) (72)
Then
(0'1 + 0'2)2)\2
Eexp(A/¢1 + CQ) < exp [A E(¢G+¢) + f] : (73)
If (4 and (o are independent, then
2, 2))2
+o35)A
Eexp(A/C1 + () < exp [A B(C+ () + %} (74)
Proof. Denote
A= [VG-VEG],,
where [z]4 = max(z,0). It follows immediately from (72) that
2)\2
Eexp(AA;) < exp(al2 ) (75)
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It is also clear that
G < (WEG + A2
and therefore

G+ G <E(G + &) + 2vVE(G + &) max{A1, Ag} + AT + A3
< [\/ E(C1+ () +1/A? + A%r.

Hence

VGt G < VEG + )+ AL A (76)
Next, by Holder’s inequality and (75),

Eexp{)\(Al + Ag)} <E'/P exp{p)\Al}El/q exp{q)\Ag}

< eXp{ _)\2 [pa%;— qa%] }7

where 1/p + 1/q = 1. Therefore, minimizing the right-hand side at this
equation in p, we complete the proof of (73) in view of (76). The proof of
(74) is straightforward. W
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