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LANDAU DAMPING FOR THE LINEARIZED VLASOV POISSON
EQUATION IN A WEAKLY COLLISIONAL REGIME

ISABELLE TRISTANI

ABSTRACT. In this paper, we consider the linearized Vlasov-Poisson equation around an
homogeneous Maxwellian equilibrium in a weakly collisional regime: there is a parame-
ter ¢ in front of the collision operator which will tend to 0. Moreover, we study two cases
of collision operators, linear Boltzmann and Fokker-Planck. We prove a result of Landau
damping for those equations in Sobolev spaces uniformly with respect to the collision
parameter € as it goes to 0.
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1. INTRODUCTION

In this paper, we are interested in the phenomenon of Landau damping for a linear
Vlasov Poisson equation in a weakly collisional regime. The physical motivation for this
problem comes from plasma theory. Indeed, in kinetic theory, the Landau equation, which
can be derived from the Boltzmann one, allows to describe collisions in plasmas. However,
this description is only valid for large times. The Vlasov model, on the contrary, completely
neglects collisions in plasmas. Between these two models, is an intermediate one which is
a more realistic physical model and which can be written as follows:

(1.1) hf+v-Vof + F(t,x) - Vof =eQL(f, [)
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2 ISABELLE TRISTANI

where f = f(t,z,v) is the distribution function in phase space, the position z lies in the
torus of size 27 denoted T¢ := R?/(27Z)?, the velocity v in R?. Note that one can reduce
to the case where the size of the box is 27 by a rescaling argument. The operator Q)r, is
the Landau collision operator (that we do not describe precisely because we won’t deal
with this general model). The mean-field electrostatic force F(t,x) is given by

F(ta) = —VIV 5, (pf(t,x) _ /T pi(t.y) dy>

with pyg(t,x) := [pa f(t,2,v) dv. The potential W(x) describes the mean-field interaction
between particles, we consider here the case of Coulomb repulsive interactions (which
occur between electrons in plasmas) for which

(1.2) F=eyV,A'p; and /V[7(k) = e |k 72

where ey > 0 is the electron charge-to-mass ratio.

In classical plasma physics, the coefficient € equals (log A)/(27wA) where A is the plasma
parameter which is very large. It is thus coherent to study this type of model in the limit
e — 0. We expect the behaviour of solutions to (LLI]) to be complex and depend on the
considered scales of time. When ¢ > 0 is fixed, one can expect the hypocoercive effect
of collisions to be dominant over large time O(1/¢), which should induce an exponential
convergence towards the Maxwellian equilibrium. When ¢ = 0, Landau damping occurs
in time of order O(1). In this paper, we focus on Landau damping in the limit & — 0.

As pointed out by Villani in [27], the study of this problem is of great interest for several
reasons: as we mentioned above, from a physical viewpoint, the model is more realistic
than the pure Landau or Vlasov ones; it also permits quantification with respect to € of the
Landau damping; and finally, one could hope to bypass the obstacle of Gevrey regularity
that faces the non collision model thanks to regularizing effects induced by collisions. Let
us underline the fact that the last aspect is only significant in the nonlinear case that
we won’t explore in this paper. Our study, which is restricted to the linearized problem
with some linear collision operators, can thus be seen as the starting point of a long-range
program.

1.1. The model. As mentioned above, we only deal with collision operators denoted C(f)
which are linear. To simplify the problem, we also suppose that

(1.3) Ker(C) = Span(M)

where M is the Maxwellian distribution

(1.4) M(v) = (2m)~%2e~IV°/2,

We consider the model

(1.5) Of+v-Vof +F(t,x) - Vyuf =eC(f).

We write the solutions of (IL5]) as perturbations of the Maxwellian distribution M:
flt,x,v) = M(v) + h(t,z,v)

where h is a mean-zero perturbation if dede fin(z,v)dedv = dede M (v) dx dv, an
assumption that we will suppose to hold throughout the paper. Let us emphasize here that
we consider a linearization around the Maxwellian distribution M and not around some
homogeneous distribution or other as it is usually done for the Vlasov-Poisson equation. It
is explained by the fact that, under the assumption (IL3]), M is also the unique equilibrium
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of the collision operator C Satisfying fRd (v)dv = 1. Then h satisfies the following

equation (where we denote p(t, ) fRd (t,z,v) dv the perturbation density):
Oth+v-Vih+ F(t,z) -Vyh+ F(t,x) - VoM =eC(h)
(1.6) F(t,x) = —=VW %, p(t,x)

h(0,2,v) = hip(x,v).
where we have used that C(M) = 0.
In this paper, we only work on the linearized problem associated to (L6 which reads:
Oth+v-Vyh+ F(t,x) - V,M =eC(h)
(1.7) F(t,x) = =VW %, p(t,x)
R(0,z,v) = hip(x,v).

We end the description of the model we are concerned with by the definition of the collision
operators C that we shall consider. It can be a linear Boltzmann operator of type:

(1.8) Ch):==pM —h
or a Fokker-Planck operator defined through:
(1.9) C(h) := Ayh + divy(vh).

These are classical operators of statistical physics that allow to describe the interaction
between particles and a fixed background. Note that in the case of the collisional Vlasov
equation (without the term coming from the mean-field interaction between particles):

E?th—i—v . Vxh = EC(h)

for fixed € > 0, it is clear that the hypocoercive effect is dominant for large times. We can
for example apply the results of Dolbeault, Mouhot and Schmeiser [9] to obtain a result
of decay at infinity with a rate of type e~ for some A > 0 in some Hilbert space.

1.2. Main result and known results.

Main result and comments. In this paper, we focus on the limit ¢ — 0 and we intend to
obtain a result of Landau damping in the limit & — 0 uniformly with respect to & € [0, &¢]
for some €y > 0 for the equation (L7)). Before stating a theorem which provides a summary
of the main results that we obtain, we introduce the Sobolev spaces in which we are going
to develop our analysis.

We fix for the rest of the paper £ > d/2 and introduce the space L2H", n € N associated
to the following norm:

sy = 3 [ g s aeds
X

|a|<n

where we have used the notation (v) := (1 + |v|?)"/2. The dependency of L2H" with
respect to £ is not included in the notation since £ is definitely fixed.
Here is our main result:

Theorem 1.1. Consider a mean-zero distribution hy, € L2H? forn € N, n > 3. There
exist eg > 0, A\g > 0 such that for all € € [0,e¢], the density p = p(t,z) of the solution
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h = h(t,z,v) of (LX) satisfies the following estimate (the range of times for which the
following estimates hold is given below):
C
t,- < —

the solution h = h(t,z,v) satisfies itself
vee R [h(t,0,6) < Ce
and
c(€)
<t>"_2
where C(&) = C{€)"2 and C is a positive constant depending on lhinllL29n-  These
estimates are valid for all times t > 0 in the case of the model associated to the linear

Boltzmann collision operator ([L8)) and for t € [0,1/e] for the model with Fokker-Planck
collisions described by (LJ).

VkezZ\ {0}, VEER?, [h(t k&) <

Remark 1.2. For e =0, it is well-known that
VEERL VE>0, h(t,0,6) = hin(0,),
it is not anymore the case for ¢ > 0 due to the presence of the collision operator.

Let us underline that our study fits into a Sobolev framework. We do not work with
analytic or Gevrey regularity as in [22] or [I] in which more regularity is needed to handle
the nonlinear problem. However, the study of the linearized problem could have been
done in Sobolev regularity, this is what we are doing since we only deal with the linearized
problem. To do that, we take advantage of the paper by Faou and Rousset [14] which
consists in the analysis of Landau damping for the (nonlinear) Vlasov-HMF equation in
a Sobolev setting. For this equation, the nonlinear study do not require analytic (or
Gevrey regularity), indeed, due to the regularity of the interaction kernel, the control of
the nonlinear effect “plasma-echo” is made easier. Finally, let us mention that our result
can easily be adapted to an analytic framework. Also, for the nonlinear equation (L6]),
it would be particularly interesting to investigate if the gain of regularity induced by
collisions between particles could allow us to relax the hypothesis on the initial datum.

Another aspect that we point out is that, to the best of our knowledge, it is the first
paper in which such a problematic is investigated for the Vlasov-Poisson equation in a
weakly collisional regime (in the limit ¢ — 0). It should be relevant to compare this
kind of question with the one studied by Bedrossian, Masmoudi and Vicol [2] about the
two-dimensional Euler equation where the equivalent of € should be the inverse of the
Reynolds number. Concerning this kind of problematic of uniform analysis of large time
behaviour with respect to a small parameter, we can also mention the work of the author
with Mischler [21I] in which an analysis of large-time behaviour is developed for several
homogeneous Fokker-Planck equations uniformly with respect to a small parameter which
allows to go from a model to another.

Strategy of the proof. To deal with this problem, we use the classical strategy to analyse
Landau damping. We use method of characteristics and Fourier transform to obtain a
closed equation on p(t, k) for each k € Z?%. The presence of the collisional operator raises
additional difficulties. Indeed, in this equation, there is a term of the form

/0 K (t—s)p(s,k)ds
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which is typical. However, K. splits into two parts, one coming from the Vlasov-Poisson
term and the other coming from the collision term. In order to obtain our final result
uniformly with respect to €, we have to sharply estimate the Fourier transform in time of
K. and this is the main technical issue of this paper. We are then able to check that a
Penrose type criterion is satisfied uniformly with respect to € for € small enough. Taking
advantage of the analysis developed in [I4] in a Sobolev framework, we end up with an
estimate on ||p(,)||r2. We then go back to the kinetic distribution i and estimate each
mode of it separately thanks to the result obtained previously on p.

State of the art. The behaviour of solutions to the equation (7)) has been largely studied
for some fixed e.

If e = 0, we are in the framework of Mouhot and Villani [22], they prove Landau
damping (linear and nonlinear) in analytic or Gevrey regularity. We also mention the
work of Bedrossian, Masmoudi and Mouhot [I] in which a new simplified proof is given
in Gevrey regularity. Let us also specify that some earlier results were obtained in [5]
by Caglioti and Maffei and in [19] by Hwang and Veldzquez. We refer to the works of
Ryutov [25], Mouhot and Villani [22], Villani [28] for a detailed historical background on
Landau damping and references therein.

If ¢ > 0 is fixed, one can expect that the collisional term induces a hypocoercive ef-
fect. Some results have been obtained on linear and/or nonlinear frameworks for the
Vlasov-Poisson-Fokker-Planck equation. About existence results, we mention the papers
of Victory and O’Dwyer in two dimensions [26], Rein and Weckler [24] in three dimensions
for small data and Bouchut [3] in three dimensions. Concerning the long-time behaviour,
we point out the papers of Bouchut and Dolbeault [4], Carrillo, Soler and Vésquez [6], Dol-
beaut [§] and Hérau and Thomman [I§], in the latter, both Cauchy problem and long-time
behaviour have been studied.

As far as the case of the linear Boltzmann is concerned, the literature is more scarce
and we were not able to find any reference on it. However, let us emphasize the fact that
a large literature is devoted to the study of the Vlasov-Poisson-Boltzmann equation with
a general Boltzmann collision operator. On this topic, we call attention on the paper of
Dolbeault and Desvillettes [7] which deals with the large time behaviour of solutions. On
this matter, we also have to refer to a series of papers of Guo in which a robust energy
method is developed to treat the global stability of global Maxwellians in a perturbative
framework. There are many variants based on Guo’s works and its energy method which
allow to analyse the Cauchy problem and the large time behaviour of solutions. Let us
mention two papers of Guo on the Vlasov-Poisson-Boltzmann equation [16] I7] the first
one falls in a near-vacuum regime, the second one in a near Maxwellian setting. Let us give
other references which are concerned with the Cauchy problem in a perturbative setting
and/or the large time behaviour of solutions and the rates of convergence, among others,
we mention the papers of Duan and Strain [12], Duan, Yang and Zhao [13], Duan and
Liu [10], Xia, Xiong and Zhao [29]. From another viewpoint, an analysis of the spectrum
has been carried out in [20] by Li, Yang and Zhong. There is another phenomenon which
could occur when the initial datum of the equation approaches distinct global Maxwellians
at far fields, the solution to the Cauchy problem does not converge anymore to a constant
equilibrium state in large time but we do not enter into details in this regard and refer to
the recent paper of Duan and Liu [IT] and the references given therein.

1.3. Notations and tools. We here define some notations and state an elementary
lemma on Fourier transform that we will make good use in what follows.
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Fourier transform. For a function f = f(x), € T%, we define its Fourier transform as
follows:

~ 1 .
f(k :7/ fx)e ™kde, kezd
0= o |, 1@
Similarly, for a function f = f(v), v € R?, we define its Fourier transform by:
~ 1 .
f(€ :7/ fv)e ™ Edy, ¢eR%
© = G [, 1@

Let us notice that the Maxwellian distribution M defined in (4] satisfies M=M , an
equality that we will use all along the paper.

Finally, if f = f(x,v), (z,v) € T? x R%, we define its Fourier transform through the
following formula:

- 1 _
flk,&) = — / fla,v)e * = dudy, (k&) € Z¢ x R
(2m)" Jrd
We shall also use the Fourier transform in time, if f = f(¢), t € R, we denote
(1.10) flr) = / ftye ™ dt, TeC.
R

FElementary lemma. We here state a simple result which links Fourier transform and reg-
ularity of a function (one can check the proof in [I4] Lemma 2.1] in dimension 1).

Lemma 1.3. For any n € N, we have:

~

vkeZ!, VEeRY |f(k.&)| < Cln,0) (&) IfllLane
where C'(n,t) is a positive constant depending only on ¢ and n.

Notation. Finally, let us specify that we shall use the same notation C' for positive con-
stants that may change from line to line, when C' is a positive constant depending only
on fixed number.

1.4. Outline of the paper. In Section[2, we deal with the behaviour of solutions of (1)
with the linear Boltzmann operator (L8] as a collision operator. In Section B we handle
the problem with collisions given by a Fokker-Planck operator (9.

Acknowledgments. The author would like to thank Daniel Han-Kwan for enlightened
discussions, his help and his suggestions. The author is supported by the Fondation
Mathématique Jacques Hadamard.

2. LINEAR BOLTZMANN TYPE COLLISIONS
In this section, we deal with the following model:
Oth+v-Vih+ F(t,x) - VoM = (pM —h)
(2.1) F(t,x) = —=VW %, p(t, x)
h(0, z,v) = hip(z,v).

where we recall that p(t,z) = [ga h(t,x,v) dv. The main theorem reads:
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Theorem 2.1. Consider a mean-zero distribution hy, € L2H? for n € N, n > 3. There
exists €9 > 0 such that the solution h = h(t,z,v) of (I and its associated density
p = p(t,z) satisfy the following estimates:
C

(22) Ve € [0750]7 Vi > 0, Hp(t7 )HL% < W)
and

Ve>0,VEERL VE>0, [h(t,0,8)] <Ce e,
(2.3)

Ve e [0,e), Vk e Z\ {0}, VE€RE VE >0, |h(t,k &) <

where C(€) := C{€)"2 and C is a positive constant depending on [hinllL2 -

2.1. The Penrose criterion. Before going into the proof of Theorem 21| we start by
giving a lemma which allows us to apply a result from [I4]. To do that, we introduce the
following notations: for (t,k) € R x Z¢, we define for £ > 0,

Kg(t, k‘) =& e_at M(k‘t) ]ltZO
(2.4) KMt k) = —W (k) e~ M(kt) k> t 1,0

K.(t,k) := K2(t, k) + KX(t, k).

£

Lemma 2.2. There exists ¢g > 0 such that the kernel K. defined in (24]) satisfies the
following condition:

(H) Ik >0, Vee(0,e, ke%‘\f{@ nf 11— Ke(rm k)| 2w

where we recall that K(T, k) stands for the Fourier transform in time of K. defined
in (LIQ).

Proof of LemmalZZ. We start by giving an estimate on |1 — K} (7, k)|. We recall that since
all marginals of M are increasing/decreasing, one can check (see [28]) that the gaussian
distribution M satisfies the following form of Penrose stability criterion [23] (given in [22]
in this form):

VEkezZ4\ {0}, VweRst (M) (w)=0, W(k) <p.v. /R (M) (r) dr> <1

r—w

where My, denotes the marginals of M along k € Z%\ {0}:

My(r) = /kr/k|+kl M (w) dw.

Consequently, we know (see [22] and [I] for a complete proof) that there exists Ay > 0 and
ko > 0 such that

(2.5) VEeC, Re& < Ay, inf [L(k,§) — 1] > ko
kezd
where £ is defined through (£ is the complex conjugate of &)

L(k, &) =— /OOO M (kt) W (k) |k[2tdt, (K, &) € Z% x RY,
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note that this integral is well defined because it is absolutely convergent due to the decay
property of M = M. Then, one can check that if we denote 7 = X\ +i¢ with (A, () € R?,

Ki(rk) =L (k%)

and thus using (Z3]), we deduce that for any k € Z%\ {0},
(2.6) VreC, Imr <0, |Ki(r.k)—1]> o

Still using the notation 7 = A 4 i(, we also have

[K2(7, k)| =«

/ e T et M(kt) dt‘ <e / St et M (kt) dt.

0 0

We deduce for any k € Z%\ {0},

(2.7) VreC, Imr <0, |I?;0(7',k:)| Se/ M (kt)dt < % / M(t)dt < Ce.
0 0

Then, it remains to estimate the difference coming from K! — K}. We have:

|KX(7 k) — Ko (k)| =

/ - e U (KMt k) — KX (t, k) dt‘
0

:eo

/ e~ (1 — ety M\(k‘t)tdt‘
0

00 - o242
SC’&/ t2e 3 dt
0

where we used that 1 — ™%t < et for any ¢t > 0. Performing a change of variable in the
last integral, we get for any k € Z¢\ {0},

(2.8) VreC, Imr <0, |KXr k) — Ki(k,7) S%agCE.

We now go back to our full problem which consists in estimating the difference
11— Ko(r k)| with K. =K?+Kj+K! - Kj.

Gathering ([28), 7) and (Z3), we conclude that for any k € Z¢\ {0}, for any 7 € C,
Imr <0,

Ko (r,k) — 1] > |[K} (7, k) — 1] — |KL(r, k) — K} (k, )| — | KO(7, k)|
> Ko — CoE,

for some positive constant ¢y > 0 which only depends on a fixed number. We then choose
go > 0 such that kg — cgeg > 0. Denoting k := k¢ — cpeg, we obtain

Vee[0,e], inf inf |[K.(m,k)—1| >k,
e € [0, &] keﬁ\{mnﬁgo' (k) =1 = r

from which we conclude that (H) is fulfilled. O
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2.2. Proof of Theorem [2.1l We can now handle the proof of Theorem 2.1] we divide it
into two parts, the first one being devoted to the proof of estimate (Z.2)) and the second

one to ([23).
Proof of the estimate (22). The first thing that we have to notice is that, due to the
conservation properties of the operator —v -V h — F(t,z) -V, M +¢(p M — h), we know
that for all times, p(t,0) = (27)%? H;L(O, 0) = 0 since h;y, is a mean-zero distribution.

We then focus on the study of p(t, k) for k € Z?\ {0}. In the rest of the proof, we
consider € € [0,&0] where ¢q is given in Lemma Using the method of characteristics,
we have

t
h(t,x,v) = hip(x — vt,v) e " + ¢ / e p(s, 2 — v(t — s)) M(v)ds
0

t
- / e =) (VM - F)(s,z — v(t — s),v) ds
0
We then take the Fourier transform in both variables (x,v) of the previous equality:

/H(t, k&) =e / hin(z — vt, v) e~ FT70E dy dy
TdxR4

t . .
* (2;)d / / e p(s, = w(t — 8)) M(v) e d dv ds
0 JTdxRd

! ~ t —ell—s —ik-z—iv-€
o [ @A ot )0y s,
Performing change of variables, we obtain

h(t, k,€) = €7 hin (I, € + kt)
5 t e
+—/ / e=(=9) p(s, 2) M (v) e 2= EFRE=5) go dy ds
(2m)e Jo Jraxre (5, 2) M(v)

1 t . .
~ @ / / e == (VM - F)(s,m,v) e Fe 0 E+k=9) qo oy ds,
0 JTdxRd
from which we deduce

h(t, k&) = e hin(k, & + kt) + & / Lemeti=9) P(s. k) M(E+ k(t — s))ds
(2.9) . v N
— /0 e (€4 k(t — ) W (k) p(s, k) M (€ + k(t — s)) ds.

Taking £ = 0 in (2.9]), we obtain the closed equation on p(t, k):
t
Pt k) = e hyp(k, kt) + ¢ / e=(=%) 5(s, k) M (k(t — s)) ds
0
t
— / e (k(t — $)) W (k) p(s, k) M (k(t — s)) ds.
0
that we can sum up in
. ¢
p(t, k) =e " hyp(k, kt) + / K (t—s)p(s,k)ds
0

where we recall that K. is defined in (24]). We can notice here that we are almost
in the same framework as the one of [I4] Lemma 2.3] for ¢ € [0,e0]. Indeed, we have
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(:2M € L2H" for any n € N and from Lemma[2.2] we know that K. satisfies the following
condition:

H dk >0, Veel0,ep], inf inf [1-— K. k)| > k.
(1) Ocol,  inf i |1 Re(roh)

The only difference is that the proof in [I4] is done only for the case k = +1. But it is

uncomplicated to extend the result for |k| > 1. We then obtain that for any ~ > 0, for

any 17" > 0:

(2.10)

VEkeZN\{0},  sup (k)7 [p(t, k)| < sup (kt)T e [hin(k, kt)| < sup (kt)7 |hin (K, kt)].
te[0,7 te[0,7 te[0,7

Using Lemma [[.3] there holds,

(2’11) ’hm(k7 kt)’ < C(n) <kt>_n Hhm”L%Hﬁ

Combining (ZI0) and (ZIT]) with v = n, we obtain for any 7" > 0,

Ykez\ {0}, sup (k)" [p(t, k)| < C(n) [[hinl L2300
te[0,7

from which we deduce

Q

(n)

(212) Vke A \ {0}7 Vi >0, |ﬁ(t7 k)| < <k’t>n ||h2nHL%HZ},

this yields the final result ([Z2]). O
We now concentrate on the proof of estimate on the solution h = h(t, z,v).

Proof of the estimate ([23]). The first part concerns the moment of order 0 in x. Contrary
to the case of the linear Vlasov-Poisson equation, the latter is not preserved due to the
presence of the collision operator. Indeed, noticing that since h is mean-zero, we have:

B:h(t,0,€) = —e h(t,0,€)
we then deduce that for any fixed ¢ € R,
Ve 20, [A(t0,6)] = [hin(0.)] < O™ lhinll 2y

where the last estimate comes from Lemma
We now deal with the case k € Z¢\ {0} and consider ¢ € [0,&¢]. From &), we have

—~ t —_~
h(t, k& —kt) = e hyn(k, &) + / ee=9) 5(s, k) M(€ — ks)ds
0

- / L9 (& — ks) W (k) p(s, k) M (€ — ks) ds
:ﬂlﬂ+ﬁ
Since hi, € L2H?, we have from Lemma [[3] that
(2.13) VkeZi\ {0}, VEe R, [Ty <C &)™

To estimate T and T3, we use the estimate (ZI2) on p that we obtained previously
combined with the decay property of M = M which implies for example

M(¢ —ks) < C (€ —ks)>™
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Concerning T5, we thus have
t t
| < C / (hs)=" (€ — k)2 ds < C / (ks) ™™ ()2 (ks)"2 ds
0 0

where we have used the estimate (£ — ks)2™" < C (€)27" (ks)" 2, we deduce

bods
Lol < C(g* / :
o ([kls)?

Performing a change of variable, we obtain

1
[kl
We treat T3 in a similar way, noticing that |k| /W(k:) = O(1), and that we have

€ — ks| M( — ks) < O(€ — ks)* ™
We conclude this proof as for T5 and we obtain

(2.15) VikeZ\ {0}, VEe R, V>0, [Ty <C(€)* ™

Combining (213), 214) and 2.15]), we obtain

VkeZ\ {0}, VEE R, VE >0, [h(t k€ —kt)| <

(2.14) VkeZ'\ {0}, VEeR!, |D|<C— (&> <CE)*™

In particular, we have for any fixed & € R?,

; . C

where we have used that (€ + kt)27" < C(&)"2 (kt)2™" < C{(£)"~2 (t)2~™ and this con-
cludes the proof of ([2.3)). O

3. FOKKER-PLANCK TYPE COLLISIONS

In this section, we deal with the following model:
Oth+v-Vih+ F(t,x) - VoM = € (Ayh + divy,(vh))
(3.1) F(t,z) = =VW %, p(t, x)
h(0,z,v) = hip(x,v)
where we recall that p(t,x) = [ga h(t,z,v) dv. The main theorem reads:

Theorem 3.1. Consider a mean-zero distribution hy, € L2H? forn € N, n > 3. There
exists g > 0 such that the solution h = h(t,z,v) of BI) and its associated density
p = p(t,x) satisfy the following estimate:
C
(32) Ve e [0760]7 Vie [07 1/5]7 ||p(t7 )HL% < W
and
Ve>0,VEERL V>0, [h(t,0,8)] < Ce M,

(3.3) (¢

Gl

where A\, > 0 is the rate of decay for the homogeneous Fokker-Planck equation in L*({v)*)
(see Lemmal33) and C(€) := C (£)" 2 and C'is a positive constant depending on ||hin|| 234 -

Ve e[0,e0], Vk e Z4\ {0}, Ve eRY Vi€ [0,1/e], [h(t, k,€)| <
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3.1. The Penrose criterion. As in Section 2] we introduce a kernel K. which is going
to be useful in the proof of Theorem Bl For (t,k) € R x Z% and ¢ > 0, we define

o~~~

(3.4)  Kc(t, k) := —exp <—€/0 [xe(o) I dU) k- (xe(t) k) W(k) M (xe(t) k) To<i<iye

where we denoted for ¢ > 0,

1 —ect
Xe(t) == — teR.

We also introduce a kernel K to which we shall compare K.:
(3.5) Ko(t,k) := —W (k) |k[> M(kt) t 1;50.

The aim of the next part is to prove that K. satisfies a Penrose type criterion such as we
did in Section 2 Lemma

Lemma 3.2. There exists eg > 0 such that the kernel K. defined in B.4)-B.30) satisfies
the following condition:

H 3 inf inf |1 — K.(r,k)| >

(H) k>0, Yee[0,e), ke%}\{o}mﬁgo\ (k) =k
where we recall that K(T, k) stands for the Fourier transform in time of K. defined
in (LI0).
Proof of Lemmal3.2. First, we recall that we have proved in the proof of Lemma (see
estimate (Z6)) that for any k € Z%\ {0},

(3.6) VreC, Imr <0, |Ko(r,k)—1|> ko

for some kg > 0. o
We then estimate the difference K.— K splitting it into several parts. For any 7 = A+i(,
Im7 = ¢ <0, we have:

\K.(7, k) — Ko(7, k)|

<ep /000 X (t) M (kx:(t)) — t M (kt)] To<y<1/c exp <—€/0

[ee]
/
0

+€0/ t M (kt) ]lt21/5’€_it7‘dt =11+ I+ Is.
0

t
(o) [k do—) o de

t
exp <—€/ (o) |k[? da) — 1‘ t M (kt) Locy<r e €| dt
0

Concerning the term I;, we have since ( = Im71 <0,

1/e
n<c /0 e (t) M (ke (£)) — £ M(kt)]| St dt

1/e /e

<c / xe(t) — ) M(kt)dt + C / M (ke (t)) — M(kt)| xe(t) dt
0 0

=: 111 + I1o.

First, we perform a straightforward analysis of the function ¢ — t — y.(t) — £t2/2 to prove
that

t2
(3.7) VteRY, [Xe(t) —t] =t — x=(t) SEE
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We deduce that
Ce

1/e 1/e
L1 <Ce / t2 M (kt)dt < e / k|22 M (kt) dt
0 0

< ‘i—;/lk/aﬁ e 12t < Cs/oot2 e P20t < Ce
0 0

where we performed a change of variable. Concerning I15, we notice that

[M(kx:(8) = M (kD] = [MY2(kxe(8) = M2 (k)| (M2 (ke () + M2 (kt))

(3.8)

But, one can easily prove that x.(t) > et for any ¢ € [0,1/¢]. We thus have, denoting

MY (ke (t)) + M2 (kt) < C p(kt).
Also, the gradient of M'/? is bounded in R?, we deduce that for any ¢ € [0,1/¢],

(M (ke (6)) = M(kt)] < C [MY2 (ko (8)) = M2 (k)| u(it)
< COJk|(t — x=(1)) p(kt) < C e k[ ¢* pu(kt)
where the last inequality comes from (B.7]). This implies, since x.(t) < ¢ for any ¢ > 0:

/e |k|/e )
Iis <Ce / ]k\t?’ w(kt)dt < |i—|§/ Be(5) at
0 0
Ce /OO 3 —(
< = t"e
E[? Jo
Concerning I, we study the function ¢t — 1 — exp <—E fg 2(o) |k|? da> —e|k]2t3/3 to
obtain .
exp <—€/ (o) |k[? d0> - 1'
0

t t3
=1—exp <—€/ (o) |k? da) <elk 3
0
We deduce that for any k € Z%\ {0},

(3.9)

B

2
) dt < Ce.

N

Vit e[0,1/e],

(3.10) I, < Ce|k? / t4 M (kt) et dt < ’(I’;—‘i/ the 2 at < Ce,
0 0

where we have performed a change of variable to get the last inequality but one. Finally,
we control I3 using that 1;>,/. < et. We obtain by performing a change of variable,

o Ce [ 5 _p
(3.11) Iggca/o t2M(/<;t)dt§W/0 t2e /24t < Ce.
Gathering (3.8), (3.9), B10), (BI1)) yields
(3.12) K. (1, k) — Ko(1, k)| < coe,

for some constant ¢y > 0. We then combine ([B.0) with ([BI2]) to conclude that
VreC, Imr <0, |K.(r,k)—1]>ro—coe.

We choose gy > 0 such that kg — coeg > 0, set k := kg — cp&p and it follows that (H) is
satisfied. O



14 ISABELLE TRISTANI

3.2. The homogeneous Fokker-Planck equation. In this part, we recall some features
of solutions to the homogeneous Fokker-Planck equation

O f =¢e (Apf +divy(vf))
(319 {f(o,» - fo

that will be useful for the study of the evolution of ﬁ(t, 0,£),t > 0and £ € R? in the proof
of estimate ([B.3)).
We introduce L2(m) the weighted Lebesgue space associated to the norm

(3.14) g = [, P mi@) v, mio) = (o)

where we recall that ¢ has been fixed in Subsection [[.3] and satisfies ¢ > d/2.

The behaviour of solutions to the homogeneous Fokker-Planck equation has been largely
studied in several types of functional spaces thanks to Poincaré inequality or Log-Sobolev
inequality for example. In our case, we will make use of a result from Gualdani, Mischler
and Mouhot [I5] Theorem 3.1] which is stated in the following lemma, the main idea is
that they have enlarged the space in which the solutions to the equation decay as time

goes to infinity to various kind of weighted Lebesgue spaces and in particular to the space
L2(m) defined above.

Lemma 3.3. Consider fo = fo(v) € L2(m) such that [gq fo(v)dv =0. Then, there ewist
C > 1 and A\ > 0 such that the solution f = f(t,v) to the homogeneous Fokker-Planck

equation [BI3) satisfies
12z my < C e L foll 2 my-

3.3. Proof of Theorem [B.Il We now handle the proof of Theorem Bl and we split it
into two parts, we first look at the behaviour of the density p = p(t, z) before going back to
the solution h = h(t,z,v) itself. Let us underline the fact that in the proof of Theorem 2]
we are able to deal with the cases € = 0 and € > 0 in the same time, which is not the case
here. However, we do not write the proof for € = 0 since it is just a (simpler) adaptation
of the case ¢ > 0.

Proof of the estimate ([B2]). As in the proof of the estimate ([2:2]), we start by noticing that,
due to the conservation properties of the operator —v -V, h — F(t,z) - VoM + e (Ayh +
div, (vh)), we know that for all times, p(t,0) = (21)%/? @(O, 0) = 0 since h is mean-zero.

We then concentrate on the study of p(t,k) for k € Z4\ {0}. In this part, we only
consider ¢ € (0,g9] where ¢¢ is given in Lemma B2l and times ¢ satisfying 0 < ¢ < 1/e. We
first take the Fourier transform of the equation ([BI]). It provides us the following equality:

Oh — k- Veh + k- €W (k) plt,k) M(€) + €€ - Veh = ¢ [¢*h
where we have denoted h = ﬁ(t, k,€). We rewrite the latter equality as:
Oeh + (€€ — k) - Veh = —¢ [¢[*h — k- W (k) p(t, k) M (€)

in order to consider (£ — k) - V¢ as our “new” transport operator, the term —e |¢ \2?{ is
seen as an absorption term and —k - { W (k) p(t, k) M (&) as a source one. Then using the



LANDAU DAMPING FOR THE LINEARIZED VLASOV POISSON EQUATION 15

method of characteristics, we end up with the following formula:

h(t,k,€) —eXp< /‘ e xe(t —5)k ( ds> hin (k, e~ + xc(t) k)

(3.15) _/texp< /
0 s

W (k) p(s, k) M (e—dt—% Foxe(t —s) k:) ds.

e—elimo £+X€(t—0')k“ d0> k- (e_e(t_s)£+Xs(t—8) k‘)

Taking £ = 0 in the previous formula gives

A(t.k) = exp (—a / et — ) kP ds) i (ke (1) )

that we can sum up in: for any ¢t € [0,1/¢],

p(t, k) —exp< /|X€t—8 >hm k,x<(t) /K (t—s)p(s,k)ds

where we recall that K. is defined in (34]) and we have used that

Lo<i<1/e Lo<s<t = Lo<i<1/e Lo<t—s<1/e Ls>o0-

Then, using Lemma and proceeding as in the proof of estimate (2.2)), we obtain:
vhez\ {0}, sup (kt)"[p(t k)| < sup (kt)" [hin (kX (8) F) |

te(0,1/¢] t€[0,1/¢]
(kt)"
< sup ————||hinll29n-
o Tty 1Min e

But, we recall that x.(t) > e~ !t for any t € [0,1/¢]. Consequently
(3.16) VEeZ\{0},  sup (k)" [p(t, k)| < C(n)[lhinll 220y
te[0,1/¢]
this provides us the result (3.2]). O

We are now able to go back to the analysis of the behaviour of the solution h = h(t, x, v)
thanks to the previous study on the density p = p(¢, x).

Proof of the estimate (3.3). We first deal with the case K = 0 and consider € > 0. One
can notice that the moment of order 0 in x is not preserved due to the presence of the
collision operator as in the Proof of estimate (2.3]). Indeed, = Jrpa ( -) dz satisfies
the following homogeneous Fokker-Planck equation:

O¢(h) = € (Ay(h) + divy(v(h))) .

Note that since hy, € L2H?, we have (h;,) € L?(m) where L2(m) is defined through its
norm ([B.I4). Indeed, using Jensen inequality,

/Rd<hm>2mz(v) dv = /Rd < y hin(z,0) dx>2 m?(v) dv

<C 3 (z,v) (V) dz dv < C ||hinl|3 2940
R x T et
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Using Lemma B3] we have
VE>0, ()t )z om < C e i)l 22 m)

where we used that h;, is mean-zero. Consequently, using Cauchy-Schwarz inequality
combined with the fact that m=2 = (-}~ € L} (R%), we have

VEe R VE>0,

[(t,0,6)| = (k) (t,€)] =

< Yt 22 / m

< Ce [ hin)llL2(m) < Ce™

St v)m() m ™ (v) e dv

from which we readily conclude.
We now focus on the case k € Z¢\ {0}, consider € € (0,¢¢] and ¢ € [0,1/¢]. For sake of
simplicity, we introduce the notation

et

Yelt) = S = e xe(t), teER
Going back to the equality ([BI5)), we have:
Bt bt = o) = exp (== [ 1676~ v ds) B (18

_ / exp< / 157 — e(0)k[ d >k~(e“§—¢a(8)k)

W )p(s, k) M ( e —e(s)k) ds =: Jy + Ja.
The first term is easily treated using Lemma
(3.17) Vk e Z'\ {0}, VEE€RY, || < |hin (k,€)] < C ()™

As far as Jo is concerned, we use that |k W(k’) = O(1) combined with inequality (316
and the decay property of M = M which in particularly implies:

€76 — we(s)k| M (7€ = we(s)k) < O (€ — whe(s)k)*”
We then estimate for any t € [0,1/¢]:
t
T £C [ k) (e (o) ds.
0
Then, we use the following series of simple (in)equalities:
(€7 = Ye(8)k)* " = (14 [e%°¢ — :=(s)k[?)
= (1+ele = xe()kP) T < (141 - xe(S)k‘l2)(

= (€ = X(8)k)* 7" < OO M {xe()k)" 2 < CLE)* T (sk)"
where we used that x.(s) < s for any s > 0. Consequently,

o] < Cle)>m /0 (sk) 2 ds

2\ (2—n)/

2—n)/2
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and performing a change of variable, we obtain

(3.18) VheZ\ (0} VERL [T < C (P <COM
Combining (3I7) and (3I8]), we reach the following conclusion
VEeZ\ {0}, VEe R Vi € [0,1/e],  |h(t,k, e — etxo(t)k)| < <£>€_2-
In particular, we have
Vkezi\ {0}, VEeRE Vi e[0,1/e],
Btk €)] < c <ol ("2

(e +x=(0F)" 2~ (k)2 7 (e(OF)

where we have used that

(€€ + xe(R)* " < O (™)™ (x=(k)* .

We now take advantage of the fact that y.(¢) > e~ 1t for t € [0,1/¢] to get the inequality
(xe()k)?>™™ < C (kt)>™ < C (t)>~" and consequently,

ViezZd\ {0}, Ve e R, V€ [0,1/e], [h(t,k,€)| <

with C(€) := C{¢)"~2 and this concludes the proof of (3. O
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