\

Renewal Theorey with index zero
Kenneth S. Alexander, Quentin Berger

» To cite this version:

‘ Kenneth S. Alexander, Quentin Berger. Renewal Theorey with index zero. 2016. hal-01291344v1

HAL Id: hal-01291344
https://hal.science/hal-01291344v1

Preprint submitted on 21 Mar 2016 (v1), last revised 10 Nov 2016 (v2)

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-01291344v1
https://hal.archives-ouvertes.fr

RENEWAL THEORY WITH INDEX ZERO
KENNETH S. ALEXANDER AND QUENTIN BERGER

ABSTRACT. We study renewals 7 with index 0: the inter-arrival distribution is P(7, = n) =
@o(n)n=1, with ¢(-) slowly varying. We obtain a strong renewal theorem, that is

n—r oo

Pner) " P(r =n)/P(n >n)>.

If instead we only assume regular variation of P(n € 7) and slow variation of U, :=
> h_o P(k € 7), we obtain a similar equivalence but with P(7; = n) replaced by its average
over a short interval. We give an application to the local asymptotics of the distribution
of the first intersection of two independent renewals. Along the way we prove a local limit
theorem and a local (upward) large deviation theorem, giving the asymptotics of P (1, = n)
when n is at least the typical length of 7. We further derive downward moderate and large
deviations estimates, that is, the asymptotics of P(7; < n) when n is much smaller than
the typical length of 7.

1. INTRODUCTION

It is classical to study renewal processes 7 = {0 = 79,71, 7o, ...}, and in particular the
relation between the renewal mass function P(n € 7) and the inter-arrival distribution
P(r; = n). We assume the inter-arrival distribution P(7; = n) is regularly varying: there
exists a positive slowly varying function ¢(-) and « > 0 such that

(1.1) P(r =n) = p(n)n 0+

In particular the process is aperiodic. The one case that has not received much attention
(under the general assumption (1.1)) is @ = 0, in which 7, has no moments and is not in
the domain of attraction of a stable law, and that is our focus here. Tauberian theorems
are of less use here than in other cases, so our methods are primarily probabilistic. An
example with o = 0 is the return times of symmetric simple random walk (SSRW) on Z2,
7 ={n, Sy, = 0}, for which P(r; = n) "< 7/n(logn)?, from [18, Thm. 4].

The limiting distributions of 7,, and related quantities in the o = 0 case have been studied
in [8], [16], [19], [21] or [22]. An important theorem (Theorem 4.1 in [8]) states that, if we
denote r(n) := P(m > n), then provided that r(n) is slowly varying we have that for any
y >0

(1.2) P(nr(r,) <y) —»1—¢? as n — 400.

However, the references mentioned above do not give renewal results nor local limit or large
deviations estimates in the a = 0 case.

1.1. Renewal theorems. The assumption (1.1) is very natural: beyond the dimension-2
case, it includes the case 7 = {n, S, = 0}, where (S, ),>0 is SSRW on Z? for any d. One has

n—oo

a=1/2 and ¢(n) "= (47) "1/ for d = 1 (see e.g. [13, Ch. II1}); and a = £ — 1, ¢(n) " ey
for d > 3 (see [11, Thm. 4]). Equation (1.1) also includes the case 7 = {n,S,, = 0} where
1
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(Sn)n>0 is an aperiodic random walk in the domain of attraction of a symmetric stable law,
see [20, Thm. 8.

The asymptotics of the renewal function P(n € 7) for @ > 0 have been widely studied
in the literature, including [9], [12], [14], [23]. We recall briefly the results, under assump-
tion (1.1).

First, when 7 is transient and (1.1) holds, we have

P(rn =n)

P(r = +00)?
This is a consequence of Theorem 1 in [4], and is also proven in [15, App. A.5] with elementary
methods.

If 7 is recurrent, then

(1.3) P(ner) "<

e if E[r1] < +00, then the classical Renewal Theorem (see e.g. [2]) gives that

(1.4) JLIEOP(R €T)= B ;
o if « =11in (1.1), and E[ry] = 400, Erickson [12, Eq. (2.4)] proved that
1
1.5 Pner) "% ——
( ) <n T> E [Tl A\ n] 7

e if o € (0,1) in (1.1), Doney [9, Thm. B| proved that

e asin(ra) (1)
m

(1.6) Pner o(n)t.

The condition (1.1) is not best possible for the validity of these strong renewal theorems
with infinite mean. Assume simply that P(r, > n) "<° a~lp(n)n=® with a € (0,1] (and
E[r] = 400 if @« = 1), so that 7; is in the domain of attraction of a stable law with index a.
Garsia and Lamperti [14] showed that (1.6) holds whenever « € (3,1), and Erickson proved
(1.5) in the case @ = 1. When a € (0,1], some additional conditions on the distribution
of 71 are necessary for (1.6) to be valid, and sufficient ones were given in [6], [7], [9], [23].
It is only recently that a complete necessary and sufficient condition for the strong renewal
theorem (1.6) was proven in simultaneous papers by Caravenna [3] and Doney [10].

Throughout the paper, ¢, ¢y, ... are constants depending only on the distribution of ;.
Also, we treat certain large quantities at times as if they were integers, simply to avoid
the clutter of integer-part notation; in all cases these can be treated as if the integer-part
notation were in use.

Our first result is a local limit and local large deviation theorem, proved in Section 2, in
the case of a recurrent 7. Define r,, := r(n) := P(m; > n), which in the o = 0 case is slowly
varying and satisfies (see [5, Proposition 1.5.9al)

(1.7) o(n) =o(r,) asn — oo.
In particular we have p(n) — 0.

Theorem 1.1. If 7 is recurrent and (1.1) holds with a = 0, then uniformly for k such that
kp(n) — 0, we have

(1.8) P(r, =n) " kP(m = n)(1 — )"
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Further, there exists a constant ¢y > 0 such that for n sufficiently large and all 1 < k <n,
(1.9) P(r, =n) < c1kP(m, = n)(1 —r,)k.

Note that, as soon as k > r 1, we have P(1, < n) < (1 —r,)* — 0, and n is therefore
much smaller than the typical size of 75, By (1.7), k > r;! is consistent with the hypothesis
k < 1/¢(n). Equation (1.8) therefore includes n up to a size much larger than the typical size
of 73, which is not true for o« > 0 (simply because of the local limit theorem). Heuristically,
(1.8) says that even for much smaller-than-usual n, when 7, = n it is because there was a
single gap of length very close to n, among the first & gaps 7; — 7;_1; this is unique to o = 0.

Our strong renewal theorem is an easy consequence of Theorem 1.1, as follows. Let 6,
satisfy r,! < 6, < p(n)~t. We write P(n € 7) = >} P(7x = n), and decompose it
according to whether k is smaller or larger than 6,,. Thanks to (1.8), by our choice of 6,, we
have

Y Plro=n) ") kP(r=n)(1—r)" "X r"P(n =n).

k<6, k<0n

For the rest of the sum, we use (1.9) together with 6, > r 1, to get that, for n > ng
Z P(rn=n) <¢ Z EP(ri =n)(1 —7,)" =o(1)r?P(r1 =n) asn — +oo.

k>0, k>0

We therefore obtain the following.

Theorem 1.2. If 7 is recurrent and (1.1) holds with o = 0, we have
P(rn =n)

m GS’I'L—>+OO.

(1.10) Pner)~

If we combine (1.3) and Theorem 1.2, we obtain the following statement: if (1.1) holds
with a« > 0, and P(7; > n) is slowly varying (that is, either 7 is transient, or 7 is recurrent
with a = 0), then (1.10) holds.

The heuristic behind (1.10) may be seen by restating it as P(1; =n | n € 7) ~ P(1; > n)%.
This says that given n € 7, in order to have 71 = n (i.e. no renewals between 0 and n), the
trajectory mainly needs to “escape” without renewals at each end, and these two escapes
are approximately independent, each with probability near P(7; > n). This independence
in the recurrent case is unique to a = 0, since in that case the only renewals that typically
occur given n € 7 are very close to 0 and n.

1.2. Large and moderate deviations. Theorem 1.1 may be viewed as both a local limit
theorem and a local large deviation theorem for the case o = 0, covering upward deviations
(in the sense that n is much larger than the typical size of 7;) and downward deviations that
are not too great. As a complement we now consider estimates for downward deviations of
the form P (7, < n) for n much smaller than the typical size of 74, that is kr,, — oo.

Let ¢* denote a slowly varying function conjugate to ¢, that is, such that = — x¢*(x)
is an asymptotic inverse of y — yp(y), see [5, §1.5.7] for more. For most common slowly
varying functions ¢ one has ¢* ~ 1/¢, but this is not true if ¢ is “barely slowly varying,”
for example p(n) = n'/1°81°6" e will prove the following in Section 1.3.

Theorem 1.3. Suppose T is recurrent and (1.1) holds with a« = 0. Let n > k.
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(i) Given M > 0 there exists apr, with apy — 1 as M — 0, such that if n is large and
kp(n) < M, then

(1.11) an(1—r,)" <P(mp <n) < (1—r,)"
(i) If k,n — 400 with kp(n) — +oo and n/k — 400, then we have
(1.12) P(r, <n) :exp{—(l—l—o(l))k?“(%go* (%))}
(iti) For n = bk with b > 1, the limit —I1(b) = lim LlogP (7, < bk) ewists, and it is finite
n—oo
if b > min{j : P(r = j) > 0}. Moreover, it satisfies
I(b) ~ r(bp*(b)) asb— +oo.

This theorem extends the result (1.2) of Darling [8] to the case y — +00 as n — +o0. In
particular, (i) allows to recover (1.2) by taking k = y/r, (since {7 < n} = {r(m) > y/k}),
and moreover extends it to P(kr(7;) > y) ~ e ¥ as k — oo, uniformly for y < r,/p(n) (we
recall (1.7)).

1.3. Reverse renewal theorems. Though (1.1) is very natural, verifying that it holds is
often tedious, for example if 7 = {n, S,, = 0}, with (5,,),>0 an aperiodic random walk in the
domain of attraction of a symmetric stable distribution, see [18]. But in that case, a local
limit theorem (see [17, § 50]) easily gives the asymptotic behavior of P(S, = 0) = P(n € 7).
Therefore, one would like to get a general result to infer from P(n € 7) something about
the behavior of P(7; = n). We call such a result a reverse renewal theorem. An additional
application of such theorems is given in Section 1.4.

In general, it is not true that regular variation of P(n € 7) implies regular variation of
P(m = n), an example being given in Section 4.3. But the average of the values P(7; = n)
over a relatively short interval may be better behaved. In fact we can obtain a reverse
renewal theorem corresponding to (1.3) and Theorem 1.2 in the a = 0 case, as follows.

Define

n o 1
= P =E = P =——if
U= YPen).  Un=Blrl =P en) (= prg 0 <),

and note that

(1.13) if U, is slowly varying, then U, "<° P(r >n)"'.
This is trivial if 7 is transient: |7| is then a geometric random variable, and U, converges to
E[|7|]] = P(11 = +00)™!'. In the recurrent case, we refer to Theorem 8.7.3 in [5]; the proof

uses standard properties of convolution of Laplace transforms. Note that in the following we
do not assume (1.1).

Theorem 1.4. Assume that P(n € 1) is reqularly varying and U, is slowly varying. Then
there exist €, — 0 such that

1 n o0
(1.14) p > Pn=k "T P(r>n)Pner).
(1—en)n<k<n

If also P(1 = n) is regularly varying, then
(1.15) P(r, =n) " P(r, > n)*P(n €71).
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This theorem applies in the recurrent case when P(n € 7) is regularly varying with index
—1, and in the case of a transient renewal 7. When 7 is transient, we are able to prove the
following stronger statement.

Theorem 1.5. If P(n € 1) is regularly varying and T is transient, then

P(rp=n) "< P(r, =c0)*P(ner).

This theorem was proved in [11] in the case where 79,7, - are the return times to the
origin of a transient aperiodic random walk, but we prove it here in general.

Section 4.1 is devoted to the proof of Theorem 1.5, and Section 4.2 to the proof of The-
orem 1.4 (where only the recurrent case has to be considered, with Theorem 1.5 proved.)
Finally, in Section 4.3, we give an example where P(7; = n) is not regularly varying but
P(n € 1) is, and U, is slowly varying. This shows that (1.15) cannot hold in the general
case of a recurrent renewal, and our Theorem 1.4 is in that sense optimal.

In general, Theorem 1.4 reduces the problem of proving (1.15) to showing that P(r = k)
is approximately constant over the interval ((1 — €,)n, n).

1.4. Application of reverse renewal theorems: the intersection of two independent
renewals. Let 7 and o be independent renewal processes with inter-arrival distributions
satisfying

(1.16) P(rp=n)= So(n)n*(lJra) ’ P(o, =n) = (ﬁ(n)nf(Ha)

for some o, @ > 0 and slowly varying functions ¢(-), ¢(-). We assume o < a.
We denote the intersection p := 7 M o, which is a renewal process with renewal mass
function and renewal function

P(nep)=PnerP(neo), Us,=)» Pkep).
k=0

These are regularly varying, and their asymptotic behavior is thus known from the results
for o, 7 in Section 1.1. In [1] our reverse renewal theorems, 1.4 and 1.5, are applied to help
establish the following. If p is transient (i.e. U < 0o) then

n—oo

P(pi=n) """ (U-)*P(n € 7)P(n € o).

If p is recurrent and either (i) o, € (0,1) with a +a =1, or (ii) @ = 0,a > 1, then U} is
slowly varying, and
n—00 Y (n)

(1.17) P(py =n) "7 (U)*P(n € 7)P(n € o) -

for some (asymptotically known) slowly varying ¢*. In [1], general 0 < o < @ are covered,
and without Theorems 1.4 and 1.5 here, the cases (i) and (ii) would have to be excluded.
The key step to get from (1.14) for p to (1.17) is to show that, due to the regularity (1.16)
in o and 7, P(p; = k) is approximately constant over short intervals, so that the left side of
(1.14) (for p) is asymptotic to P(p; = n).
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2. PROOF OF THEOREM 1.1
We first prove (1.8), and turn to (1.9) as a second step. We introduce some notations: let

Gz’ =T — Ti—1 and Mk = Imax Gz .
1<i<k

We also let @Y”’, - @l(gm) be i.i.d. with distribution P(ry € - | ;3 < m).

2.1. Proof of the local limit and local large deviation result (1.8). The proof is
divided into three steps, in which we control several contributions to P (7, = n).
e Step 1. Contribution of the case of only one jump larger than (1 — €)n, all the other
ones being (necessarily) smaller than n/2. This gives the right order in Theorem 1.1
when k < ¢(n)™!;
e Step 2. Contribution of the case when all jumps are smaller than n/2: it is negligible,
so there must be one jump larger than n/2 (and there can be only one such jump);
e Step 3. Contribution of the case when there is one jump larger than n/2, but smaller
than (1 — €)n. This is also negligible.

n—o0

Step 1: We show that, for any fixed € > 0, and provided that kp(n) — 0,
(2.1) P(nC =n, M, > (1 — e)n) = (1+0()kP(ry, =n)(1 —r,)*, asn — oco.

We have
en k—1 N
(2.2) P(Tk =n, M, > (1 — e)n) = k(1 —r,)k! Z P ( Gz(n) = m) P(r =n—m).

This gives the upper bound

P (= My > (1—n) <k(1—r)" ) max_ P(r =)
(1—e)n<j<n

(2.3) < (1+20)k(1 —7,)*P(r = n),

provided that n is large enough.
In the other direction, (2.2) gives

(1—e)n<j<n

k—1
P(nC =n, M, > (1 — e)n) > k(1 —r,)'P (Z CAJZ(H) < en) min  P(m =j).
i=1

n—oo

Then, using that E[C/jgn)] = (1—=r,) D" p(x) "~ np(n), we have that for n large enough

k—1 R ~(n) .
P <ZG§"> §en> zl—E[Gl ) ZI—M.
=1

en €
Therefore, since k¢(n) — 0, we end up with
(2.4) P (7 =n, My > (1= €)n) = (1= 2)k(1 = 7,)"P(ry = n).

provided that n is large enough.
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Step 2: We want to show that the main contribution to P(7; = n) comes when M, > n/2.
We prove that there exists a constant ¢ > 0 such that, if k(n) is small enough,

(2.5) P (7, =n, M), <n/2) < CQk?Q(,O(TL) P(n=n)(1- Tn)k,
which is negligible compared to (2.1) when kp(n) — 0. It is sufficient to show that, if kp(n)

is small enough,

k
(2:6) P (Z G =n; G" <n/2foralli < k) < cok?p(n) P(7y = n)

i=1

To prove this, we rely on the following lemma.

Lemma 2.1. Suppose (1.1) holds with o = 0. There exist constants c3,cq > 0 such that for
n large, for all1 <m <n and k > 0,

(2.7) P <i (A}’Em) > n/2> < (M)Jn < (C4k<p(n)>2?n.

- n
=1

Proof The second inequality is a consequence of the fact that me(m) is asymptotically
increasing, so we prove the first inequality.
For any A > 0 we have

k
~ )1 K

(2.8) P(Y G 2 n/2) <ep |47

i=1
There exists a constant c5 such that for any j > 1
(2.9) E [(G‘W)J] <m! ' E[n |1 <m] < cesmip(m).
Hence, for any A > 0, we have

B[4 ] <1+ csp(m) (e~ 1).

Now, let us define A\ by

mA n
—1) = —
C5S0(m) (6 ) kma
so that
E [ekégm)}k < 6n/ﬂ’b
and

—n/2m n/2m
2 — (1 n < [ cskmp(m) .
csmkp(m) - n

Therefore, (2.8) yields

k n/2m n
(2.10) P(Z@(m) > n/2) < (W) /2 n/m < (cg,e?k;mso(m))m_
1=1

n n
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To control the probability on the left in (2.6), we decompose it according to the value of
the largest G(-"). Let us denote my := 27*n and J; = (mgy1, ms]. We have

(ZG(" ) < n/2 forall i < k;)

k
— Z kP(CA}gn):m,agn)SmforallQﬁiSk,Zégn):n—m>
=2

n/k<m<n/2

k—1 k
> Zk(ti’:) P (6 )P (3260 <o)

1<s<logy k meJs =2

<2k Y Y o plm) (Z Gm = m)

1<s<log, k meJs

(2.11) <2k > plmsi) p (ZG(’”S —)

1<s<log,

where in the last inequality we used that there exists c¢g such that for sufficiently large m;
and all m € J;, o(m) < cg p(msy1). Since n/k > np(n) — oo, all values m; in (2.11) are
sufficiently large in this sense, when n is large.

Since ¢ is slowly varying, given a < 1 we have ¢(an)/¢(n) < 1/a for n large. With (2.11)
and Lemma 2.1 this shows that

23+1 ﬁ
(ZG =n; G(" <n/2 for all i < l{;) < 206/’{;2 2(57(51(7”(64 kgp(n))

s>1

< 8cg i T Z 4° <c4 kcp(n))

s>1

2571

(2.12) < cok?*p(n)P(m =n),

where we used in the last inequality that kyp(n) is small. Hence, (2.6) is proven, and so is

(2.5).

Step 3: We show that the main contribution to P (7, = n) comes when not only M, > n/2,
but when M, > (1 — €)n: we prove that for n large enough,

(2.13) P(Tk —n,n/2 < My < (1— e)n) < ngQO(n)P(Tl —n) (1 — )"

Indeed, we have that

k-1
P(Tk:n, n/2<Mk§(1—e)n> <k(l—-ry)" max P(r =j) (Z >en> )

n/2<j<n
i=1

Then, we use that max, s<j<, P(11 = j) < 3P(r = n) provided that n is large enough,

together with Markov’s inequality and the fact that E[G\™] < 2np(n) when n is large
enough. This yields (2.13).
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Combining (2.3)-(2.4) with (2.5) and (2.13), since € is arbitrary we get that, uniformly for
k such that ke(n) — 0, (1.8) holds. O

2.2. Proof of the uniform bound (1.9). To prove the uniform bound, we rely on Lemma
2.1, and we decompose the probability according to the value of Mj.
Let n > ng and define

ly =min{l:2°>n}, L, :=max{l: c3k2'p(2") < in},

where c3 is the constant from Lemma 2.1.
Then for some (large) ¢y, there exists a constant ¢; > 0 such that for all ¢y < ¢ < ¢, — 2,

2<i<k

< k(1 — rge)F ! megﬁf,z‘i} P(rp=m)P (Z @EQZ) € (n— 2, n])

(2.14) < erk(1 — rge)F- 1@ (Z G )

We now have 4 cases according to the value of /.

P(m, =n, M € (271,2]) <kP <G1 e (271,29, max G; < 2,7, = n)

Case 1. For ¢y V £, < ¢ < {, —2 we bound the last probability in (2.14) by 1, and
observe that provided /¢, is large enough, roe — r,, > %@(24), which leads to

Zn—Q YA k
_ LoVen, Oy —2 k ©(2°) Tot — T
P (= n, 200k < My <207%) <2erk(1—ra)" ) ol (1_1—71“”)

C=Lg\Ly, 1

ln—2 ‘

P(2°) o
<2erk(l—r)* > e kp(2")/4

=L\ Ly, 1 +1

— 2! p(n) ’

=2
(2.15) < 27 k(1 —ry)* p(n) i )efn/8032£
n

where we used that 2p(2%) is asymptotically increasing in £. We obtain easily that the last

sum remains bounded as n — oo. In the end, we have a constant cg > 0 such that for n > ny

(2.16) P (7, =n, 204 < My <2772) < cgk(1 — r,)"P (1 = n).

Case 2. To handle ¢ = ¢,, — 1, /,, we have analogously to (2.14), for n > ny

P(rp=nM,>2""7) <k(1-r,)"" max P(rn=m)

me(2¢n—2,2¢n]

(2.17) < cok(1 —7,)"P (11 = n).



10 K. ALEXANDER AND Q. BERGER

Case 3. We now deal with ¢y < ¢ < ¢, ;. We bound the last probability in (2.14) using
Lemma 2.1. We obtain, analogously to (2.15)

Ly 1N\,
’ 25) Cgszsp(zf) n/2t+1
P = ‘o < e"’k < — k;sp( ( )
(Tk n,2° < M <2 )_207k: Z (1 — roe) o1 .
(=Llp+1
ln ¢ 041
p(2) (L\m/2
< 2e7k(1 —1,)" Z 7 <—)
=lo+1 2 2
(2 Ty
< ekl =) T (3)
S Cllk’(]_ — 7"7l)kM
n
(2.18) = cik(1 —1,)*P(my = n).

Here the third inequality uses the fact that n/2*! > 1/4, and consequently the sum in the
second line of (2.18) is of the same order as the ¢ = ¢,, term.

Case 4. Finally to handle ¢ < ¢, we have, using Lemma 2.1 and writing mg := 2%

k
P(7 = n, My < 2°) < (1 =ry,)'P <Z G = ")

i=1

T camop(mo)k n/mo
< (1 _ ok mo . 3MoP\1o
<(1—=ry) (1—7’n) (mm{ . ,1}
n/mo
(2.19) < (1 — 1)k eizk (min {@ 1}) .

n

Considering separately the cases k < n/2c¢13 and n/2ci3 < k < n, we conclude that there is
some c14 > 0 such that for n large,

(2200 P(ro=n, My <2°) < (1= r,)fe " < eish(1 = 1) P(m1 = n).

Collecting (2.16),(2.17),(2.18) and (2.20) concludes the proof of (1.9). O

3. LARGE DEVIATIONS: PROOF OF THEOREM 1.3
Recall that G; = 7, —7;_1, and @gm), @gm), ... are i.i.d. with distribution P(m; € - | 14 < m).

Proof of (i). The second inequality is trivial, so we prove the first. Suppose kp(n) < M.
Given 0 < € < 1,

1
Ten —Tn ~ p(n)log— asn — +oo,
€

so for large n,

k
~ n— I'n 1
(3.1) P (max GZ(-") < en) = (1 e 7T ) > exp (—chp(n) log —) > M,
€

i<k 1—r,
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On the other hand, since E[@gm)] " me(m), given € > 0 we have for n large enough
k
. 1 .
(3.2) 3 <Z G < n) >1- —kE (GY")) >1 - 2ekip(n) > 1 — 2eM.
n
i=1
If M <1/3, we apply (3.2) with ¢ = 1:

(3.3) P(r, <n) > (1—r,)"P <Z G\ < n> > (1—7r)*(1 —2M).

If M > 1/3, we take e = 1/4M, and combining (3.1) with (3.2), we obtain for n large enough

k 2M
—~ ~ 1 1
. k (n) < (en) < o . k
P(r, <n)>(1-r,)"P (I?S%XGZ < en) P <§_1 G < n) > 5 (4M) (1—r,)".

Proof of (ii). Define, for any A > 0,
v(A)=1-E (e*’\n) ,

so —log(1 — v(+)) is non-decreasing and strictly concave. Moreover, it is standard to obtain
that

1 1 1
(3.4) v(A) ~r (X) —0, and (A~ N (X) — 400 as A N\ 0.
We may view (1.12) as a combination of an upper and a lower bound, which we now prove.
Upper bound in (1.12). Define
FalA) == —nA — klog(1 — v(A);

note the notation suppresses the dependence on k. We will use the standard exponential

bound

(3.5) P(r, <n)=P (e >e™) <M1 —v(\) =M forall A>0.
Now, we define A\, > 0 by f/()\,) =0, or equivalently,
V'(An) _n

1—v(\,) Kk’

so that f, achieves its (positive) supremum at \,. Then A, — 0, since n/k — +o0.
Therefore, thanks to (3.4), we get that

(3.6)

N nosoco n—o0 1 1
3.7 - A\,) T — — ),
(37) L 00 " e (5
which is equivalent to
1 nsee n
3.8 e It <_)

Then, (3.4) gives that v(\,) "~ 7(1/\,) > @(1/)\,), which with (3.7) shows that n), <
kv(A,). In the end, we get

n

(3.9) FaA) = (1 4+ o)) kv(\) "2 kr <Ain) el o (?p* (%)) .
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With (3.5) this lets us conclude

(3.10) P(r, < n) < exp [—(1 +o(1))kr (%go* (%))] .

Lower bound in (1.12) As is standard, we will obtain a corresponding lower bound using
a tilted distribution. Let € > 0, and let \,, satisfy (analogously to (3.6))

V) _n
(3.11) 71—V<Xn)_(1 )

Then, let 15, E, Var denote the probability, expectation and variance with respect to the
tilted distribution of the i.i.d. sequence (G, G, ...) given by

E (e_X”Tl 1{7’16'})

f)<G1 © ) B E(e*xnn)

We estimate

E(ef’j\lnTk) E (67)\7”% 1{Tk€((1*26)”7n)}>
e—(l—QE)HXn E(e_X"Tk>

P(r, <n) >

(3.12) > exp ((1 — 2€)n\, + klog(l — V(Xn)))ﬁ(m € (1 —2¢)n,n)).
Note that (3.8) translates here as

1 n o0
=" (-9 (7).

A k k
so that v(X\,) " r(1/X,) "X v(\,). As in (3.9), we get that
(3.13) P(ry <n)>exp|—(1+4+o0(1)kr <%<p* (%))} X f’(rk € ((1—2¢e)n,n)),

and it only remains to show that the last probability converges to 1 as n — +oc0.
It is standard that

~ V' (M) n
3.14 E(G)= 2" -9
(3.14) (@) = o = 0=
so we only need to show that Var (Gy) = o(n?/k). In fact, we have
~ 1 - N 1 1 1 n
3.15 E|(G 2l = ——— ] ] G_An] TLTLOO e~ <~—) n?\-’oo — (1 —¢ -,
@15 BLG] =153 el a (3) " 509

where the last equivalence is a slight variant of (3.7). Since kp(n) — oo, by a similar variant
of (3.8) we have

1 1 n
— =— | ~(1—¢€)=- < np(n),
o () ~ - 0f < et
and therefore X;l = o(n). With (3.15) this shows that indeed Var (G;) = o(n?/k).

Proof of (iii). The existence of I(b) is standard, and its asymptotics as b — oo simply
follow from (ii).
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4. REVERSE RENEWAL THEOREMS

4.1. Transient case, proof of Theorem 1.5. Denote p,, := P(r; = +00) > 0. We fix
e > 0, and A large enough so P(7; > A) € [P, P + €], and hence P(A < 73 < 400) < €.
We then define the events

A1 ={rn (0,4 =0} and Ay={rNnn—An)=>0}
We claim that if n is large enough,

(1 - JP(r < 4) < P(Afln € )
(4.1) (1—e)P(rp <A) <P(AneT)
(1-eP(n <A <PANAneT) < (1+e)P(r < A)>.

<
<

Indeed, we can write

P(r = i)P(r, = J)

A A
(4.2) PATNAslner) =)

i=1 j

P(ner)

Since P(n € 7) is regularly varying, for large n, the last ratio is close to 1 uniformly in
i,7 < A, and the third line in (4.1) follows. The first two lines are proved similarly.
It follows from (4.1) that

PAINAner)=1-P(Ajlner)—-P(A5lne 1)+ P(ATNAfn € 1)
<1-2P(n <A)+P(r < A)?+3e
< P(r > A)? + 3¢
(4.3) < (Poo + €)% + 3e.

Therefore for large n,
(4.4) P(r=n) <PA,A,ner)< ((pote)’+3)Pner).
Similarly to (4.3), P(A; N Azln € 7) > p% — 3e and hence
(4.5) P(A, Ay,ne€7)> (p2 —3¢)P(neT).
To turn this into a lower bound on P(7; = n), we show that conditionally on {A;, As,n €

T}, it is very likely that 71 = n. More precisely, we claim that there exists ¢1¢ such that, for
n large,

(4.6) P(r #n, A1, As,n € 1) <cipeP(n e ).
With (4.5), this shows that
(4.7) P(ri=n)=P(n =n,4,As,n €7) > (p2 — 3¢ — ci5¢) P(n € 7).

Since € is arbitrary, (4.4) and (4.7) complete the proof of Theorem 1.5.
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To prove (4.6), we write
n/2
P(r #n, A, Aner)< Y P(n=iPn—icr)
i=At1
n—A-1 n—i
(4.8) - Z Z (n=9)P(n=j)Pn—i—jer).
i=n/2+1j=A+1
For the first sum in (4.8), since P(n € 7) is regularly varying, there is a constant ¢;7 such
that, provided that n is large, P(n —i € 7) < ¢17P(n € 1) for every ¢ < n/2. Hence
n/2
(4.9) Z Pin=i)Pn—ie7)<c;Pnen)P(A<n <+x0) <cireP(ner).
i=A+1
For the second sum in (4.8), we use that P(ry =) < P(i € 7) < ¢17P(n € 1) for n large
enough, since ¢ € (n/2,n). Therefore,
n—A-1 n—i

Z Z (m=i)P(n=j)Pn—i—jenr)

1=n/2+1j=A+1
(4.10) <cP(nenP(A<n < +o0)x Y Plker)< TeP(ner),
Poo
and the proof of (4.6) is complete.

4.2. Recurrent case, proof of Theorem 1.4. We assume now that 7 is recurrent, so that
U, grows to infinity as a slowly varying function. We can rewrite (1.14) as

(4.11) P € (1 —e)mn]) =10y —7n ~ r2enP(ner).

Note that r, is slowly varying by (1.13), so if ¢, — 0 slowly enough then r, , ~ r,. We
prove separately an upper and lower bound for the probability on the left in (4.11). The
upper bound is provided by the following lemma, which will also be useful in the proof of
the lower bound.

Lemma 4.1. Assume that P(n € 7) is regqularly varying and U, is slowly varying. Suppose

€, € (0,1) satisfies 7¢,n "~ 1y. Then
(4.12) P(ri € (1 —€u)n,n]) = rg—en — 1 < (L+0(1)) 12 e,nP(n € 7).

Proof The idea is to obtain a lower bound on e,nP(n € 7) ~ U, — U_c,)n, the mean
number of renewals in ((1 — €,)n, n|, by considering trajectories in which the first “big” gap
has size in ((1 — €,)n,n], and lands in the interval ((1 —€,)n, (1 + d,)n], see (4.15).

Since {ry} is slowly varying, we can choose such 9, = o(e,,) with 7, "% Define
(4.13) I,o=min{i >1:7,—7_1 >6,n}, and L, =71, —7, .,

the index and length of the first “big” gap. Let NV, be the number of renewals in ((1 —
en)n, (1 + 20n)n], and let T,, be the location of the first renewal in the smaller interval
((1 = €,)n, (14 6,)n], when one exists, otherwise T,, = co. Then

E[N, | T, =t] > Us,, forallte ((1—e,)n,(1+d,)n],
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SO

(4.14) E|N, | Tu € (1= &)n, (1+ 8u)n]| = U,

By independence, we therefore get that

(4.15) P(Tn e ((1—en)n, (1+ 5n)n]> > P (r,1 < 6,0) P (L, € (1 €,)n,n]) .
We claim that

(4.16) P(r, 1 <dn)—1 asn— oo,

so that

(4.17) P<Tn e ((1—en)n, (14 5n)n]) > (1— o(1)P(r € (1= e)n.n] | 71 > 6,m) .
Together with (4.14), this shows that

T—enn_rn 7”—Enn_rn
(4.18) Ugt2s,n = Utienn = B(Na) > (1=0(1)) =220, = (1=o(1)) 25—

where we used (1.13). Since P(k € 7) is regularly varying and 6,, < €,, we also have
(4.19) Uirasn — Ut—eayn "~ (e +20,)nP(n € 7) "X e,nP(n € 7).
Together with (4.18), this completes the proof of the lemma.

We now prove (4.16). Notice that

(420) E [Tl]-{ngénn}} = Z (Tj - T5nn) < Z ] e 5nnrn-
0<j<dnn 0<j<dnn

Therefore we can choose D,, — oo satisfying D, E[111{; <s,n}] = 0(0,n7,). Then,
Dn n—o0

(4.21) P ([n < —> =1 — (1 —1g,,)Pn/m "2 1.
T'n

Also, for all j > 1, E[ry, 1 | I, = j] = (j — DE[n | 1 < J,n], so that

(4.22) E [m_l

D, D, _
I, < 7’—] < r—(l — T5,n) g [Tll{ﬁggnn}] = o(d,n).

With (4.21), it shows that

(423) P (7’[”_1 S 5nn) Z P <T]n_1 S 5n7’L

D, D,
Ing—)P(Ing—)—)l as n — +o0.

T T

O
For the rest of the section, we let 0, I,,, L,, be as in the proof of Lemma 4.1.
We now complete the proof of Theorem 1.4 by proving that the upper bound in Lemma 4.1

is sharp, essentially by showing that the lower bound (4.17) is sharp. More precisely, denoting
Jy, the numbers of renewals in ((1 — €, + 20,)n, n|, we claim that

(4.24) P(J, > 1) < (1 + (1)) 4=t — T

n
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Since E[J,, | J, > 1] < U,,,, < U,, together with (1.13) this yields
Tl—ep)n — Tn

Analogously to (4.19) we have U,, — U1—c,+25,)n " e,nP(n € 7) since , = o(e,), and this
gives (4.12) with the inequality reversed. We are therefore left with proving (4.24).

First, we deal with the main contribution to the event {.J,, > 1}:
P(Jn > 1, 77,1 < 0pn, 17, € ((1 — €, + dp)n, n]) < P(Tjn,l < opn, L, € (1 —€,)n, n])

< Tl—ep)n —Tn

Tspn
(4.25) < (1+o(1))r,e,nP(ner),

where we used Lemma 4.1 and rs,,, ~ 7, for the last inequality.

Then we need to show that other ways of achieving J, > 1 have a negligible probability.
We claim that

(4.26) P(J,>1,7,.1< 27, <(1—¢6+0d0)n) =o(l)r,e,nP(n € 7)),

(4.27) P (Jn >1,6,n < 71,1 < 5,77, € (1 — €, + 0p)n, n]) =o(l)rpe,nP(ner),
and
(4.28) P (r,-1>2) =o(1)r,e,nP(n € 7).

In (4.26) the big gap ends early (relative to (4.25)), in (4.27) it starts late, and in (4.28) it
starts very late. All together, (4.25)—(4.28) prove (4.24).

Proof of (4.26). Let us fix n > 1 and let
Q1= (n—2e,n, (1 —€, +6,)n], Q= (n—2%,n,n—2""e,n] for ¢ > 2,

and let ¢, = min{q : 2%, > 1}. For any fixed j < n/2 the position of 77, 1, we decompose
according to the interval ), containing 7y, :

qn
P (o> Ly, (L= eqt0)n [ 7,0 = ) = S P (> 1,7, €Qy | 71,01 = J)

q=1
qn
(4.29) < ZP(ﬁ €EQy—7|m>0n) mgla%qP(h N (m — (e, — 26,)n, m]| > 1).

q=1
Here the big gap corresponds to [j,n — m].
First, we control the last probability in (4.29). Note that for any given interval (a,b] C
(0, 00|, conditioning on the location of the first renewal (if any) in (a, b], we get for any h > 1

(430) P(|T N (a, b” Z 1)Uh S Ub+h — Ua .

For any ¢ > 2 and m € n — @, we have m € (297 ¢,n, 2%¢,n], and in particular m > 2¢,n.
Therefore, applying (4.30) with h = d,n, there exists a constant ¢;g such that

Um+5n n Umfenn
Uénn

4.31) P(lmrn(m— (e, —20,)n,m|| > 1) < < cigrnennP (2%,n € 7).
(
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For the last inequality we used regular variation of P(k € 7), and (1.13).

For ¢ =1 and m € n — Q,, we have m € ((e, — 0,)n, 2¢,). Hence, applying again (4.30)
with h = J,n, we get
(4.32)

U€ n_U n n—oo
P (|70 (m — (e, — 26,)n,m]| > 1) < P (|7 N (3,1, 2e,n]| > 1) < Lot Zoun n2

— 0,
U5nn
n—0o0 n—oo

where we used that U, 45,00 ~ U, ~ Us,, for the last convergence, which is uniform in
men— Q.
We now control P(ry € Q, —j | m > d,n). For 1 < ¢q < g, — 3, we have 2%,n < n/4 so

n — 2%,n — j > n/4. Hence, using Lemma 4.1 (with an interval of length 27~ '¢,n, which

. . n—o0
satisfies the hypotheses since r, < ros-1., <7rep ~ 7)),

P(r € Q,—7) < (1+0(1))r229 e, /max Pz €7) < cior227 'e,nP(n € 7),
n/4<x<n

and therefore, there is some constant cog such that
(4.33) P(neQ,—j|m>0dm) <ecprn2te,nP(n ).
For g = ¢, — 2,q, — 1, g, we have

(4.34) P(r €Qy—j|m > o) < m—Tnnopeq
Tspn

and, similarly to (4.31), there is a constant ¢y such that, for m € n — @Q,,
(4.35) P(lrn(m—emn,m|| >1) <cyrpenP(ner).
Combining (4.31)—(4.35) with (4.29), we finally obtain
P(J, > 17, <(1—€,—d)n| 17,21 =j)

qn—3
(4.36) <corpenP(ner) (0(1) + 7, Z 217 te, nP(2%,n € 7')) )
q=2
Now there is a constant cg3 such that
qn—3 qn—3
Z 297, nP(2%,n € 7) < co3 Z Z Pz eT)<cos(U, —Ugn).
q=2 q=1 zEn—Qq

Therefore, since U, — U,,,, = o(U,) = o(r,; '), we get that
P(Jn >, <(1—€,—0p)n | 1,1 = j) =o(l)rpe,nP(ner),
uniformly for j < n/2, and (4.26) follows.
Proof of (4.27). For all j € (6,n,n/2], by Lemma 4.1 we have
P(r, € (1 —en+d)n,n] | 71,21 =7) =P(r1 € (1 — €, 4+ du)n — j,n —j] | 71 > 0un)
(4.37) <(1+4o0))rn(en —d)nP(n—jet) <curpe,nP(ner).
Therefore, we get that
P (T[n €E((l—e,—0p)n,n|| oun < 77,1 < g) <cyrpe,nP(ner),

n—o0

and since P (77,1 > d,n) — 0 (see (4.23)), (4.27) follows.
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Proof of (4.28). Since P(n € 7) is regularly varying and U, is slowly varying with
U, — o0, P(n € 7) must have index of regular variation —1. Hence by [5, Proposition
1.5.9a] we have nP(n € 7) < U,,. Therefore

(4.38) P(n) =r2nP(ner)
is a slowly varying function which by (1.13) satisfies
(4.39) P(n) K ry,

and (4.28) is equivalent to proving

(4.40) P(r,-1 >n/2) =0(1) €, @in) .

Note that if we knew (1.1) held, necessarily with a@ = 0, we could conclude from Theorem
1.2 that @(n) ~ ¢(n), so @ may be viewed as a surrogate for ¢ in the absence of (1.1).

Decomposing over the value of I,, — 1, we get, recalling (A}’Em) from Section 2,
(4.41)

~+o00 +00 k
P(r,1>n/2) =Y P(Li—1=k, 7 >n/2) = rsn(l-r5,)" P (Z Gl > n/2> .
k=1 k=1 =1

We now need an analogue of Lemma 2.1.

Lemma 4.2. Assume that P(n € 1) is reqularly varying with index —1 and U, is slowly
varying. There exist mg, cos > 0 such that for all mog < m <n and k > 1,

k —~ n_
qm) n < M o
(4.42) P (; G > 2) < ( - .

Proof The proof follows the same lines as that of Lemma 2.1. The only modification needed
is in (2.9): the computation of E[711; <m}| required knowledge on P(my = n). Therefore it
is sufficient to show that there exists some constant csg such that

(4.43) E[711{r,<m}] < cosmp(m) .

Indeed, thanks to Lemma 4.1, we get that there exist ¢, > 0 and a constant co7 such that,
for any ¢ > ¢
P(ri € (271,2") < eor(rye)®27'P(2° € 7) < e075(29) .

Therefore for any m > £y,

[logy(m)]

Elnlipcm) <294+ > 2P(ne(27,21)
(=lo+1
[logy (m)]
<20ty Yo 2329
=1

< 2 4 co Z P(z),

r=1

and (4.43) is proved. O
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Going back to (4.41), we can apply Lemma 4.2 with m = d,,n, and note that 2r, > rs , >
r,, for large n, to obtain
+oo
(4.44) P (77,1 > 1/2) < 310 (c2s0,3(0,m)) 2 Y e Rt/
k=1
The sum here is readily approximated by a gamma function, and an application of Stirling’s
formula then yields

— ¢1/2
k—1 511/ Tn 5nrn

“+o00 ~ 1/2571
Ze_krnk1/26"< €29 (Cgo(pwnn)) )

so that for large n,
(4.45)

~ 1/26, ~ 1/26, ~ 2
P(r,_1>n/2) < 29 <031 90(5"”)) < 53 (032M) <94, (M)

1/2 — n
5n/ Tn Tn Tn

Since @ is slowly varying, for n large enough we have 6,%(d,n) < @(n). Since we chose
dn = o(€y), we therefore obtain

- 2
(4.46) Pl >n/2) < e (wn)) :
T'n
which with (4.39) completes the proof of (4.40), hence also of (4.28), (4.24) and finally (4.11),
or equivalently (1.14).
Equation (1.15) is an immediate consequence of (1.14). O

4.3. Why not expect a stronger reverse renewal theorem? We give here an example
of a distribution for a recurrent renewal 7 where P(n € 1) is regularly varying (with index
of regular variation —1) but P(7; = n) is not. This shows that (1.15) is not true in general
under the assumptions used to obtain (1.14).

Let o be a recurrent renewal with inter-arrival distribution of form
(4.47) P(oy =n) = p(n)n"".
Now, let 71 be 207 or 1, with probability 1/2 each:

Pn=1)=3, P(n=2m)=3iPlcr=m), P(n=2m—-1)=0 form>1.
Note that 7, := P(r; > n) "<~ iP(01 > n). Then P(7; = n) is not regularly varying, but
we show that the gaps of length 1 have a smoothing effect, and make P(n € 1) regularly

varying. More precisely, we prove

n—oo @(N)
(4.48) P(ner) "< T

Proof of (4.48) We choose 6,,, \,, satisfying
rt <0, < pn)t and 1<\, <72,
and decompose P(n € 7) into three sums:

(4.49) Pner)= Z P(r,=n)+ Z P(r,=n)+ Z P(r.=n).

E<(Anprn)~! (Anrn)~1<k<6, k>0,
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We will show that the main contribution comes from the middle sum, see (4.55), the first
and last sum being negligible, see (4.56)-(4.57).

Middle sum. We introduce X the number of gaps of length 1 in the first k gaps of 7.
For (A7)~ < k < 6, note that \, < kA2r, < k and k < n, and write

Pl 1) = P(X,~ 4 € (kA kAt 7 1)
(4.50) + P(|Xk — g‘ > /{:)\n'r’}/Z; TR =n).

The last probability is small. Indeed, there is a constant c33 such that
k 2
P (X, — §| > k:)\nrrl/Q) < e~k for all k> 1;

conditioning on X we therefore get that

(4.51) P(| X, — %> kArl? s 1 =mn) < e~ AnmE qup sup P(o; =m).

o 1<j<k n—k n
<j<k nok<m<n

Here the sups are over all possible values of j = k— X} and m = (n— X})/2. Applying (1.9)
we see that for n large, for all m > (n — k)/2 > n/4 and j < k, we have

P(o; =m) < c34kP (01 = n).

Since e=3\nmk = o(1) e ¥ as n — oo, uniformly in middle-sum values of k, we get that
(4.52) P(|X,— %> kdri/?s 7 = n) = 0(1)]@‘6”"@ as n — 0o,

with the o(1) uniform over middle-sum values of k.
For the first probability on the right in (4.50), we use (1.8). Uniformly for j in the interval

E+ (—k)\nr,l/ 2 kAars ?) with j = n—k mod 2, and for middle-sum values of k (which satisfy
kp(n) "= 0 and k — +00), we have j ~ k/2 and k < n, so

P(o; =" ]; ”) = (1+o(1)k(1 - 27’(nk+j)/2)j7(p§j/22)

(453) — (1 + 0<1)) lefk:rn(lJro(l)) (P(TL)
n

Y

since P(oq > n) "X 2r,,. Therefore, since
1
P(Xk — g € (—k?)\nT:/Z,k‘)\n’r‘}/Q); Xy =n mod 2) — 5 asm — 00,

conditioning again on Xj we get that for middle-sum values of k,

9

(@51)  P(Xi— b € (kA kAal/?) ;7= n) = (14 o(1)) ketrotiow) A7)
with the o(1) uniform over middle-sum values of k.

Summing (4.52) and (4.54), we obtain straightforwardly that

@) Y Ph=m= Y (ot A _ gy o)) S0
)~ 1<k<0n, nrn)—1<k<0pn K "l

We are therefore left with showing that the two other sums in (4.49) are negligible.
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First sum. Using (1.9) and (4.47) and conditioning once more on Xy, we get that there
exists a constant css such that for n large enough, for any k < (\,7,)7 1,

P(r,=n) < sup sup P(o; =m) <css kM’
n

1<y < —k
<j<k L2 <m<L2L
WI iClI gives

(4.56) > Pm=n)< %# — 0<1)%0<n) _
E<(Anrn)—t nen

Last sum. Similarly to (4.52)-(4.54) but using (1.9) in place of (1.8), we obtain that
there exists csg such that for all 0, < k < n/2,

P(Tk = TL) < 036]{;6_]”’"(1"'0(1))@ < ke—krn/Z QO('I’I,)
< < -
the last inequality being valid for n large, since kr, — 4o00.

)

For k € (n/2,n], we use that
P(r,=n) < (1—ry)k < e /2,

Since 6, > r, ', we therefore obtain that

(4.57) S Pn=n< Y kekrn/zsogln) e 2 0(1)22) _
k>0, k>0,
This completes the proof of (4.48). O
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