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Some recent Finite Volume schemes to computeEuler equations using real gas EOSThierry Gallou�et, Jean-Marc H�erard, Nicolas Seguin1 Laboratoire d'Analyse Topologie et Probabilit�es - UMR 6632Centre de Math�ematique et InformatiqueUniversit�e de Provence39 rue Joliot Curie13453 MARSEILLE CEDEX 132 D�epartement M�ecanique des Fluides et Transferts Thermiques�Electricit�e de France - Recherche et D�eveloppement6 quai Watier78401 CHATOU CEDEXthierry.gallouet@cmi.univ-mrs.frherard@cmi.univ-mrs.frseguin@chi80bk.der.edf.frAbstractThis paper deals with the resolution by Finite Volume methods of Eu-ler equations in one space dimension, with real gas state laws (namelyperfect gas EOS, Tammann EOS and Van Der Waals EOS). All tests areof unsteady shock tube type, in order to examine a wide class of solutions,involving Sod shock tube, stationary shock wave, simple contact disconti-nuity, occurence of vacuum by double rarefaction wave, propagation of a1-rarefaction wave over \vacuum", ... Most of methods computed hereinare approximate Godunov solvers : VFRoe, VFFC, VFRoe ncv (�; u; p)and PVRS. The energy relaxation method with VFRoe ncv (�; u; p) andRusanov scheme have been investigated too. Qualitative results are pre-sented or commented for all test cases and numerical rates of convergenceon some test cases have been measured for �rst and second order (Runge-Kutta 2 with MUSCL reconstruction) approximations. Note that ratesare measured on solutions involving discontinuities, in order to estimatethe loss of accuracy due to these discontinuities.1



We discuss in this paper the suitability of some Finite Volume schemes tocompute Euler equations when dealing with real gas state laws, restricting tothe one dimensional framework. Some measured rates of convergence will bepresented when focusing on some Riemann problem test cases. This work isbased on [43].Almost all schemes investigated here are approximate Riemann solvers (moreexactly approximate Godunov solvers). One may note that comparison withsome well known schemes like Godunov scheme or Roe scheme are not pro-vided in this paper ; however, one may refer to [7], [27], [34], [35], [48] for thatpurpose. Approximate Riemann solvers presented herein may be derived usingthe general formalism of VFRoe ncv scheme. This only requires de�ning somesuitable variable which is not necessarily the conservative variable, but may bede�ned on the basis of the solution of the Riemann problem for instance. The�rst one is obviously VFRoe scheme introduced in [19],[34] and [35], where thecandidate is the conservative variable. In the second one, which is known asVFFC scheme, and was introduced in [21], [2] and [31], the privileged variableis the ux variable. The third one, which was introduced some years ago in [5]and with more details in [9], suggests to consider the t(�; u; p) variable in theEuler framework. Extensions of the latter scheme to the frame of shallow waterequations, or to some non conservative hyperbolic systems arising in the "tur-bulent" literature are described in [6], [7] and [8]. The fourth one, which appliesfor the t(�; u; p) variable when computing the Euler equations , was introducedby E. F. Toro in [44], [45] and [29], and is known as PVRS (Primitive VariableRiemann Solver). Note that the latter two rely on (u; p) components, whichcompletely determine the solution of the associated Riemann problem, in thesense that assuming no jump on these in the initial conditions results in "ghost"1-wave and 3-wave. Thus the latter two schemes, which are based on the useof u and p variables, are indeed quite di�erent from the other two, since theformer require no knowledge of the one dimensional Riemann problem solution.Two slightly di�erent schemes are also used for broader comparison. The�rst one is the Rusanov scheme ([39]), which is known to be rather "di�usive"but anyway enjoys rather pleasant properties, especially when one aims at com-puting multi dimensional ows on any kind of unstructured mesh. Recall thatfor Euler type systems, this scheme ensures the positivity of mass and species,provided that the "cell" CFL number is smaller than 1 ([20]). Even more, itrequires no entropy correction at sonic points in rarefaction waves, when re-stricting to "�rst" order formulation. The last scheme examined is the energyrelaxation method proposed by F. Coquel and B. Perthame in [13] (see also [28]and [27] for applications) applied to the frame of VFRoe scheme with t(�; u; p)variable. This one again seems appealing both for its simplicity and for itsability to get rid of entropy correction at sonic points in regular �elds.Both "�rst order" schemes and "second order" schemes (using RK2 timeintegration and MUSCL reconstruction with minmod limiter on primitive vari-ables) are examined. This includes three distinct EOS, namely :- perfect gas EOS- Van der Waals EOS 2



- Tammann EOSThough complex tabulated EOS are not discussed herein, all above mentionnedschemes enable computation of EOS such as those detailed in [37] or [30]. Nu-merous unsteady tests are performed, involving a wide variety of initial condi-tions, so that the solution may be either a 1-rarefaction wave with a 3- shockwave, a double shock wave or a double rarefaction wave. We give emphasis onsymetric double rarefaction (or shock) waves, since these allow investigation ofwall boundary conditions when the standard mirror technique is applied for.The particular experiment of a single isolated contact discontinuity is also de-scribed, since the behaviour highly depends on the nature of the state law (seealso [42] and [18] on that speci�c topic). Note also that for almost incompress-ible uids, the eigenvalue associated with the LD �eld is such that the localCFL number varies as M=(1+M ), where M stands for the local Mach number,as soon as the overall CFL number is set to 1. As a result, the accuracy of theprediction of the contact discontinuity is rather poor, which is rather annoyingsince the vapour quality only varies through this �eld. Eventually, we note thatthese test cases include the occurence of vacuum, and the propagation of a shockwave over a (almost) vacuum of gas. The standard stationnary shock is alsoreported. For completness, we also refer to [32] where Godunov scheme [23] isused to compute Van Der Waals EOS.Qualitative behaviour of schemes is discussed, and L1 error norm is plot-ted in some cases to provide quantitative comparison. Of course, restricting tosmooth solutions, "�rst order" schemes (respectively "second order" schemes)converges at the order 1 (resp. at the order 2), as exposed for instance in [4] and[33]. Here, solutions investigated here involve some points where the smooth-ness is only C0 (at the beginning and at the end of rarefaction waves) and evendiscontinuities (shocks or contact discontinuities). The quantitative study aimsat estimating the rate of convergence in such con�gurations. Several unsteadysolutions are presented:(i)- smooth solutions (C1),(ii)- pure contact discontinuities,(iii)- pure shock waves,(iv)- rarefaction waves connected with constant states (solutions are not C1),(v)- shock tube test cases which involve several waves.Both \�rst" and \second" order schemes are used on these test cases and as-sociated rates of convergence are measured, re�ning the mesh (with a constantCFL).1 Governing equations1.1 Euler equations under conservative formGoverning Euler equations are written in terms of the mean density �, the meanpressure p, the mean velocity u and the total energy E as follows:3



@W@t + @F (W )@x = 0 (1)setting :W = 0@ ��uE 1A , F (W ) = 0@ �u�u2 + pu(E + p) 1A and E = �(12u2 + ")If " denotes the internal energy, then some law is required to close the wholesystem: p = p(�; ") (2)such that the Jacobian matrix may be diagonalized in R for W 2 
, 
 the setof admissible states, so that ̂(p; �)p > 0, � > 0, where :�c2(p; �) = ̂(p; �)p =  @"@p j�!�1 p� � �@"@� jp!Herein, c stands for the speed of acoustic waves.The Jacobian matrix A(W ) = @F (W )@W may be written :A(W ) = 0@ 0 1 0K � u2 u(2� k) k(K �H)u H � ku2 u(1 + k) 1Asetting: H = E + p�k = 1� @p@" j�K = c2 + k(u2 �H)Eigenvalues of the Jacobian matrix A(W ) read :�1 = u� c; �2 = u; �3 = u+ cAssociated right eigenvectors are :r1(W ) = 0@ 1u� cH � uc 1A ; r2(W ) = 0@ 1uH � c2k 1A ; r3(W ) = 0@ 1u+ cH + uc 1ALeft eigenvectors of A(W ) are :l1(W ) = 12c2 0@ K + uc�ku� ck 1A ; l2(W ) = kc2 0@ H � u2u�1 1A ; l3(W ) = 12c2 0@ K � uc�ku+ ck 1A4



Recall that the 1-wave and the 3-wave are Genuinely Non Linear �elds andthat the 2-wave is Linearly Degenerated. In an alternative way, Euler equationsmay be written in a non conservative form, when restricting to smooth solutions.We only provide herein some useful computations of right and left eigenvec-tors based on non conservative forms of Euler equations.1.2 Non conservative form wrt (�; u; p)Let us set � = 1=�. Thus, Euler equations may written in terms of (�; u; p) as :@Y1@t +B1(Y1)@Y1@x = 0with Y1 = 0@ �up 1A and B1(Y1) = 0@ u �� 00 u �0 ̂p u 1AObviously, eigenvalues of B1(Y1) are still :�1 = u� c; �2 = u; �3 = u+ cRight eigenvectors of matrix B1(Y1) are :r1(Y1) = 0@ �c�̂p 1A ; r2(Y1) = 0@ 100 1A ; r3(Y1) = 0@ ��c�̂p 1ALeft eigenvectors of B1(Y1) are :l1(Y1) = 12c2 0@ 0c�� 1A ; l2(Y1) = 1c2 0@ 10�2 1A ; l3(Y1) = 12c2 0@ 0�c�� 1A1.3 Non conservative form wrt (�; u; p)In a similar way, we may rewrite Euler equations in terms of (�; u; p) :@Y2@t +B2(Y2)@Y2@x = 0with: Y2 = 0@ �up 1A et B2(Y2) = 0@ u � 00 u 1�0 ̂p u 1ARight eigenvectors of B2(Y2) are now :r1(Y2) = 0@ 1� c�c2 1A ; r2(Y2) = 0@ 100 1A ; r3(Y2) = 0@ 1c�c2 1A5



Meanwhile, left eigenvectors of matrix B2(Y2) read :l1(Y2) = 12c2 0@ 0��c1 1A ; l2(Y2) = 0@ 10� 1c2 1A ; l3(Y2) = 12c2 0@ 0�c1 1A1.4 Non conservative form wrt F (W )We may rewrite the above mentionned equations in terms of variable Y = F (W ).We multiply on the left by A(W ) system (1) :A(W )@W@t +A(W )@F (W )@x = 0Since A(W ) is the Jacobian matrix of ux F (W ), we get :A(W )@W@t = @F (W )@tHence: @F (W )@t + A(W )@F (W )@x = 0The associated matrix still is A(W ). Eigenstructure is detailed in 1.1. We nowdescribe the three equations of state used in our computations.1.5 Considering various EOS1.5.1 Perfect gas EOSThe closure law is : p = ( � 1)�"with:  = 1; 41.5.2 Tammann EOSThis law is sometimes used to describe the thermodynamics of the liquid phase(see [44]). It may be simply written as :p = (c � 1)�" � cpcwhere: c = 7; 15 pc = 3:108Actually, using some suitable change of variables enables to retrieve Euler equa-tions with perfect gas state law, assuming  = c. This is an interesting point,since some schemes bene�t from nice properties when restricting to perfect gasEOS (see for instance VFRoe with non conservative variable).6



1.5.3 Van Der Waals EOSVan Der Waals EOS is recalled below :(p + a�2 )(� � b) = RT" � "0 = cvT � a�c2 = �2a� + (p�2 + a)(1 + Rcv )=(� � b)where: b = 0; 001692 R = 461; 5a = 1684; 54 cv = 1401; 88"0 = 0This identi�es with perfect gas EOS while setting a = b = 0. This law enablesto exhibit some de�ciencies of schemes around the contact discontinuity in somecases. We refer to [32] which provides some approximation based on Godunovscheme, when focusing on this particular EOS. Initial conditions in shock-tubeexperiments are taken in this reference. Comparison with some other test casescan be found in [20], [5] and [9].2 Numerical schemes2.1 Framework2.1.1 Finite Volume schemesWe thus focus herein on some Finite Volume schemes (see for example [22] and[16]). Regular meshes are considered, whose size �x is such that: �x = xi+1=2�xi�1=2, i 2Z. Let us denote as usual �t the time step, where �t = tn+1 � tn,n 2 N.We denote W 2 Rn the exact solution of the non degenerate hyperbolic system :( @W@t + @F (W )@x = 0W (x; 0) = W0(x)with F (W ) in Rn.Let Wni be the approximate value of 1�x Z xi+1=2xi�1=2 W (x; tn)dx.Integrating over [xi�1=2;xi+1=2]� [tn; tn+1] provides:Wn+1i = Wni � �t�x ��ni+1=2 � �ni�1=2�where �ni+1=2 is the numerical ux through the interface fxi+1=2g � [tn; tn+1].The time step should comply with some CFL condition in order to guarantee noninteraction of numerical waves inside one particular cell, or some other stabilityrequirement. We restrict our presentation to the frame of three point schemes.7



Thus �ni+1=2 only depends on Wni and Wni+1, namely �ni+1=2 = �(Wni ;Wni+1).Whatever the scheme is, the following consistancy relation should hold :�(V; V ) = F (V )Hence, we present now approximate numerical uxes �(WL;WR) associatedwith the 1D Riemann problem :8>><>>: @W@t + @F (W )@x = 0W (x; 0) = � WL if x < 0WR if x > 0 (3)2.1.2 VFRoe schemesThese are approximate Godunov schemes where the approximate value at theinterface between two cells is computed as follows. Let us consider some changeof variable Y = Y (W ) in such a way thatW;Y (Y ) is inversible. The counterpartof above system for regular solutions is :@Y@t +B(Y )@Y@x = 0where B(Y ) = (W;Y (Y ))�1A(W (Y )) W;Y (Y ) (A(W ) stands for the jacobianmatrix of ux F (W )).Now, the numerical ux �(WL;WR) is obtained solving the linearized hyperbolicsystem : 8>><>>: @Y@t + B(Ŷ )@Y@x = 0Y (x; 0) = � YL = Y (WL) if x < 0YR = Y (WR) if x > 0 (4)where Ŷ agrees with condition: Ŷ (YL; YL) = YL.Once the exact solution Y �(x=t;YL; YR) of this approximate problem is ob-tained, the numerical ux is :�(WL;WR) = F (W (Y �(0;YL; YR)))Notation In the following we note ~ variables which are computed on the basisof Y (obviously, if � is one component of Y , the relation below holds: e� = �).Let us set elk, f�k and erk, k = 1; :::; n, left eigenvectors, eigenvalues and righteigenvectors of matrix B(Y ) respectively. If x=t 6= �k, k = 1; :::; n, then thesolution Y �(x=t;YL; YR) of linear problem is :Y � (x=t;YL; YR) = YL + Xx=t>f�k(t elk:(YR � YL)) erk= YR � Xx=t<f�k(t elk:(YR � YL)) erk8



Let us emphasize that all schemes involved by the VFRoe ncv formalism areapproximate Godunov schemes. Note that, contrary to the Godunov scheme,VFRoe ncv schemes cannot be interpreted as projection methods. Hence, notheoritical result exists to ensure a good behaviour of the algorithmwhen dealingwith simulations including states near vacuum (see [15]).2.1.3 Entropy correctionWhen one numerical eigenvalue associated with the 1-wave or the 3-wave van-ishes, an entropy correction is needed for above mentionned schemes. If a 1-rarefaction wave overlapping the interface is detected, the approximate value atthe interface is modi�ed as:Y �(0;YL; YR) = YL + Y12In a �rst approach ([5]), we may assume that overlapping occurs if :�1(WL) < 0and if in addition f�1 is close to 0.An alternative way consists in the proposal of A. Harten and J.M. Hymanin [24], thus checking whether :�1(WL) < 0 < �1(WR)This second approach has been applied herein.2.2 Basic VFRoe schemeThis scheme was �rst proposed in [19], [34] and [35]. It is based on the followingchoice Y (W ) = W and thus B(Y ) = A(W ). Recall that A(W ) is the Jacobianmatrix of F (W ) in the linearized Riemann problem.2.3 VFRoe with non conservative variable (�; u; p)We set now Y (W ) = t(�; u; p), where � = 1=�. This scheme was introduced in[5] (see also [9] and [7], [20], [8] for various applications).With help of left eigenvectors of B(Y ) detailed in 1.2 , and de�ning ~�1 and~�3 as : ~�1 = 12ec2 (ec�u� ��p)~�3 = � 12ec2 (ec�u+ ��p)where �(:) = (:)R � (:)L, intermediate states Y1 and Y2 read :Y1 = 0@ �L + ~�1�uL + ~�1ecpL � ~�1êp 1A and Y2 = 0@ �R � ~�3�uR + ~�3ecpR + ~�3êp 1A9



Now: Y2 = Y1 + (tel2:(YR � YL)) er2and last composants of er2 are null, hence u1 = u2 and p1 = p2. The approximatesolution is thus in agreement with the exact solution of the Riemann problem.Even more, if we assume that initial conditions agree with �u = 0 and �p = 0,the following holds Y1 = YL and Y2 = YR (see [9]). This results in the factthat for some particular EOS such as perfect gas EOS and Tammann EOS, cellaverages of velocity and pressure are perfectly preserved through the 2-wave,when focusing on single moving contact discontinuity and scheme VFRoe ncv(�; u; p) (see [8] and appendix A for a general expression of the EOS).Another property of this scheme is that single 1-shocks (respectively 3-shocks) are preserved in the sense that exact jump conditions and approximatejump conditions arising from linearised system are equivalent, when restrictingto perfect gas EOS. In other words, if we set � the speed of the shock wave and[�] the jump of � through this shock wave, then :��[W ] + [F (W )] = 0and : ��[Y ] + B(Y )[Y ] = 0are the same (see [9] for more details). However, note that this scheme does notful�ll the Roe condition (see [38]).Eventually, we note that strictly speaking, the value ê is completely deter-mined for given choice of Y . Details concerning the discrete preservation of thepositivity of density and pressure intermediate states can be found in [9].2.4 VFRoe with non conservative variable (�; u; p) -PVRS-We now set Y (W ) = t(�; u; p). This scheme actually identi�es with PVRS(Primitive Variable Riemann Solver) scheme proposed by E.F. Toro, in [45] or[29]. Coe�cients ~�1 and ~�3 are now :~�1 = 12ec2 (��ec�u+�p)~�3 = 12ec2 (�ec�u+�p)Hence : Y1 = 0@ �L + ~�1uL � ~�1 ec�pL + ~�1ec2 1A and Y2 = 0@ �R � ~�3uR � ~�3 ec�pR � ~�3ec2 1AOnce again, we check that :Y2 = Y1 + (tel2:(YR � YL)) er210



so that approximate intermediate states mimic the behaviour of the exact Go-dunov scheme. Moreover, for perfect gas EOS and Tamman EOS, cell averagesof Riemann invariants of the 2-wave are perfectly preserved. Above mentionnedremark concerning jump conditions no longer holds, even when restricting toperfect gas EOS.If we turn now to intermediate states of pressure, we note that PVRS schemecomputes: p1 = p2 = p(1� ̂(p; �)�u2~c )Thus the pressure intermediate states are strictly positive as soon as:�u~c < 2̂(p; �)This should be compared with continuous condition for vacuum occurence :�u < XL +XR (5)where : Xi = Z �i0 c(�; si)� d�where si denotes the speci�c entropy. Thus if we restrict to some symetricaldouble rarefaction wave with perfect gas EOS, we note that the upper bound of�u~c to avoid occurence of vacuum is 4�1 in the "continuous case" and 2 in the"discrete case" for PVRS scheme. Using the standard value  = 1:4 provides10 and 107 respectively.2.5 VFRoe scheme with ux variable -VFFC-This corresponds to the choice : Y (W ) = F (W ). This scheme VFFC was �rstintroduced in [21] (see also [2] and [31] for further details). The associated 1DRiemann problem is now :8><>: @F (W )@t +A(W )@F (W )@x = 0F (W (x; 0)) = � FL = F (WL) if x < 0FR = F (WR) if x > 0The interface numerical ux F � is computed with help of eigenstructure of theJacobian matrix A(W ), as occurs when focusing on basic VFRoe scheme.2.6 Rusanov schemeUnlike schemes presented above, Rusanov scheme do not solve an approximateRiemann problem at each interface (see [39]). Numerical ux of Rusanov schemeis : �(WL;WR) = F (WL) + F (WR)2 � 12�MAXi+1=2(WR �WL)11



with �MAXi+1=2 = max(juLj+ cL; juRj+ cR)The mean density remains positive as soon as the C.F.L. condition below holds(see [20] for more details) : maxj2Z(junj j+ cnj )�t � �xNote that a similar condition is exhibited in [43] for the Rusanov scheme witha MUSCL reconstruction with minmod slope limiter ([47]).2.7 Energy relaxation method applied to VFRoe with nonconservative variable (�; u; p)The energy relaxation method was introduced in [13], and used in [27] and[28]. We refer to these references for further details, and only provide herein analgorithmic version to compute the ux �, resolving the Riemann problem (3)for the Euler equations.This requires introducing two additional variables 1 and "2 to the conser-vative ones. Coe�cient 1 must ful�ll the following conditions to reach conver-gence of the energy relaxation method :1 > sup�;" �(�; ") where �(�; ") = 1 + p;"� (6)1 > sup�;" (�; ") where (�; ") = �pp;� + p;"� (7)where " = E � 12 (�u)2�2 and p is computed using the real EOS (2).Internal energy "2 is de�ned as follows :"2 = E� � 12 (�u)2�2 � p(1 � 1)�We may introduce : W1(�; u; p) = 0@ ��u12�u2 + p1�1 1Aand: F1(W1(�; u; p)) = 0@ �u�u2 + pu(12�u2 + 1 p1�1) 1AThe four governing equations are :8<: @W1@t + @F1(W1)@x = 0(�"2);t + (�u"2);x = 0 (8)12



with given initial condition :t(�; u; p; "2)(x; 0) = � t(�L; uL; pL; "2L) if x < 0t(�R; uR; pR; "2R) if x > 0 (9)Thanks to these, one may compute the VFRoe-ncv numerical ux pertainingto the latter system which is an hyperbolic system with three distinct eigenvalueswhich are those of the Euler system. The numerical ux with three componentsrelative to the mass, momentumand energy equations will eventually be de�nedas follows : �(WL;WR) = 0@ F �1;1F �1;2F �1;3 + (�u"2)� 1Anoting F �1 = t(F �1;1; F �1;2; F �1;3).Since we use the VFRoe ncv (�; u; p) scheme to solve the four equations system,we get : (�u"2)� = ��u�"2L if uLR > 0= ��u�"2R if uLR < 0Since "2 is de�ned for each Riemann problem resolution, this variable is notcontinuous in time (a jump occurs at each time step).3 Numerical resultsAll test cases have been computed for all schemes, but we do not present hereall results (see [43], pp.53-451). However, they are all discussed in the following,with some �gures to focus on problems in critical con�gurations. Let us notethat VFRoe ncv (�; u; p) scheme without entropy correction have been investi-gated too, in order to emphasize the inuence of the energy relaxation method.Following tests are performed using constant CFL number ; however, CFLnumber slightly increases at the beginning of the computation, from 0; 1 to 0; 4in t 2 [0;TMAX=4]. Initial conditions refer to di�erent 1D Riemann problems.The regular mesh contains one hundred nodes.We present results pertaining to perfect gas, focusing �rst on qualitativebehaviour and then on measurement of L1 error norm of four distinct solutions.After, some qualitative results are discussed, related to the Tammann EOS. Thecon�gurations of these test cases are similar to perfect gas EOS. At the end,two cases are presented with the Van Der Waals EOS, in order to emphasizesome numerical problems through the LD �eld.Remark 1 Unless otherwise speci�ed, the average of ̂ which is used in all testcases is the following: 0:5((̂)L + (̂)R). The main advantage of this proposalissuing from [5] is that the mean Jacobian matrix has real eigenvalues, providedthat initial states have. This is not necessarily true for some non convex EOSwhen applying for expected value, i.e. : ê = ̂(Y ). However, potential drawbacks13



of the former approach will be discussed when necessary. This remark obviouslyholds for Tammann EOS and Van der Waals EOS, but not for perfect gas statelaw.3.1 Perfect gas EOS - Qualitative behaviorCase 1.1 Perfect gas EOS - Sod shock tubeA 1-rarefaction wave travels to the left and a 3-shock moves to the right end.The contact discontinuity is right going. This case is usually examined butdoes not provide much information on schemes since discrepancies can hardlybe exhibited between all schemes involved herein. However, one can note that\�rst-order" Rusanov scheme is a little bit more di�usive than others schemes.Left State Right state�L = 1 �R = 0; 125uL = 0 uR = 0pL = 105 pR = 104TMAX = 6 msCase 1.2 Perfect gas EOS - Supersonic 1-rarefaction waveThe 1-rarefaction wave contains a sonic point. As a result, for VFRoe ncvschemes, a wrong shock wave may develop at the origin. This is corrected byintroducing an entropy correction at sonic point, when focusing on so called�rst order scheme. This is no longer compulsory when handling MUSCL typereconstruction, which is usually combined with RK2 time integration in order toavoid loss of stability. Note that VFFC scheme without entropy correction alsoprovides a non entropic shock at sonic point, but this appears to be very smallwhen compared with those arising with VFRoe ncv approach with "physical"variables. Moreover, since the energy relaxation method is applied with VFRoencv (�; u; p) without entropy correction, a small jump can be detected at thesonic point (which vanishes when the mesh is re�ned). Since �rst order Rusanovscheme is not based on a linearised Riemann solver, no problem appears at thesonic point. All second order schemes behave in the same way.Left State Right state�L = 1 �R = 0; 01uL = 0 uR = 0pL = 105 pR = 103TMAX = 5 ms14



Case 1.3 Perfect gas EOS - Double supersonic rarefaction waveThis case enables to predict the behaviour of the scheme close to wall boundaryconditions when applying the mirror technique. Two rarefaction waves arepresent in the solution when uR is positive. Due to symetrical initial conditions,the contact discontinuity is a ghost wave. We note that in this particular caseVFFC scheme no longer provides a convergent solution since it blows up aftera few time steps. Though intermediate states of VFRoe ncv scheme are nolonger admissible (see [9]) it however provides a convergent solution. As usual,Rusanov scheme is more di�usive than other schemes, but it provides rathergood results. Left State Right state�L = 1 �R = 1uL = �1200 uR = 1200pL = 105 pR = 105TMAX = 2 msCase 1.4 Perfect gas EOS - Double subsonic shock waveThis case is very similar to the previous one, but two shocks are now travellingto the left and to the right since uR is negative. It corresponds to an inviscidimpinging jet on a wall boundary. For supersonic double shock waves with veryhigh initial kinetic energy, small oscillations may occur close to shocks, evenwhen the CFL number is such that waves do not interact. A similar behaviouris observed when computing the case with help of Godunov scheme. Secondorder schemes create some oscillations, even in a subsonic con�guration, exceptfor Rusanov scheme. Left State Right state�L = 1 �R = 1uL = 300 uR = �300pL = 105 pR = 105TMAX = 5 msCase 1.5 Perfect gas EOS - Stationary 1-shock waveThis case is usually considered to evaluate the stability of the (expected) sta-tionary 1-shock wave, especially when the scheme does not comply with Roe'scondition. In all cases, no instability arises, and all schemes (except for theenergy relaxation method which inserts two points in the stationary shock wavepro�le and Rusanov scheme which smears the wave) actually perfectly preservethe steadyness, whatever the order is. 15



Left State Right state�L = 3=4 �R = 1uL = 4=3 uR = 1pL = 2=3 pR = 1TMAX = 100 sCase 1.6 Perfect gas EOS - Unsteady contact discontinuityThis case is interesting since it enables to check whether the Riemann invari-ants of the 2-wave are preserved from a discrete point of view. This essentiallydepends on the scheme and the EOS (see appendix A). All (�rst and second or-der) computed schemes preserve velocity and pressure exactly constant, whereasdensity jump at the contact dicontinuity is smeared. Note that Rusanov schemeis once again more di�usive than schemes based on a linearised Riemann solverand the energy relaxation method.Left State Right state�L = 1 �R = 0; 1uL = 100 uR = 100pL = 105 pR = 105TMAX = 20 msCase 1.7 Perfect gas EOS - Supersonic 1-rarefaction wave propagat-ing over "vacuum"This is one di�cult test case for all schemes based on approximate Riemannsolvers. Moreover, problems may appear due to the fact that computers have tohandle round o� errors. The analytical solution is close to a pure 1-rarefactionwave over vacuum, since the variations through the LD �eld and the 3-shock arenot signi�cant. Note that some variables are not de�ned in vacuum, namely ve-locity u or speci�c volume � . Indeed, for the �rst order framework, the energyrelaxation method applied to VFRoe ncv (�; u; p) without entropy correctionblows up after few time steps. However, VFRoe ncv (�; u; p) scheme with en-tropy correction provides good results, except in the vacuum area, where velocitypro�le becomes less accurate on coarse mesh. Other �rst order schemes (PVRS,VFFC and Rusanov) provide slightly better pro�les, even near vacuum. Thesecond order energy relaxation method and second order VFRoe ncv (�; u; p)scheme provide good results, though the problem on the velocity pro�le in thevacuum area remains unchanged. Other second order schemes perform well.Left State Right state�L = 1 �R = 10�7uL = 0 uR = 0pL = 105 pR = 10�2TMAX = 1 ms16



Case 1.8 Perfect gas EOS - Double rarefaction wave with vacuumThis one too is interesting, since the violation of condition ( � 1)(uR � uL) <2(cR+cL) results in a vacuum occurence on each side of the origin. Since this testcase provides a double supersonic rarefaction wave, VFFC scheme cannot handlethese initial conditions, whatever the order. The energy relaxation methodapplied to VFRoe ncv (�; u; p) scheme without entropy correction blows uptoo, restricting to the �rst order approximation. However, these two schemesperform well when handling MUSCL reconstruction with RK2 time integration.Moreover, �rst or second order PVRS, VFRoe and Rusanov schemes preservedensity and pressure positivity in this test case and provide good results too(recall that Rusanov scheme maintains positivity of the density under a standardCFL-like condition). Left State Right state�L = 1 �R = 1uL = �3000 uR = 3000pL = 105 pR = 105TMAX = 1 ms3.2 Perfect gas EOS - Quantitative behaviorWe compute here �ve test cases (unsteady contact discontinuity, double subsonicshock wave, double subsonic rarefaction wave, Sod shock tube, supersonic 1-rarefaction wave with 3-shock wave) with several meshes : 100, 300, 1000, 3000and 10000 nodes. Numerical rates of convergence of the L1 error are measuredand presented. Continuous lines refer to �rst order schemes, whereas dottedlines refer to second order schemes. All results have been obtained using aconstant CFL number maxi(juij+ ci)�t=h = 0:5. In order to provide a detailedanalysis of true convergence rate, we distinguish:(i)- smooth solutions (C1),(ii)- pure contact discontinuities,(iii)- pure shock waves,(iv)- rarefaction waves connected with constant states (solutions are not C1),(v)- shock tube test cases which involve several waves.When focusing on solutions in C1, three points schemes provide order ofconvergence close to 1 and �ve points schemes (with a MUSCL reconstruction)provide rates close to 2. The reader is refered for instance to the work describedin references [4] and [33]. In the �rst reference above, unsteady solutions aresimply given by u(x; t) = a0x+b0t+t0 , u(x; t)�2 c(x;t)�1 = c0, p(x; t) = (�(x; t)) , whichare basic solutions of Euler equations with perfect gas EOS in a one dimensionalframework, and indeed correspond to the inner part of a rarefaction wave. Thisenables to check that expected rate of convergence is achieved focusing either on�rst order or second order scheme. This classical result no longer holds when thesolution involves rarefaction waves (which are only C0) or discontinuities such as17



shock waves or contact discontinuities, which is the case in all the next studiedsolutions. Therefore, one may expect that the speed of convergence (when �xtends to 0 with constant CFL number) slows down. Measure of L1 error normis achieved for unknowns �, u and p since the latter two are not expected tovary through the contact discontinuity whatever the initial conditions are.Case 2.1 Perfect gas EOS - Unsteady contact discontinuityWe focus here on initial conditions from Case 1.6. Results presented herein havebeen obtained using VFRoe ncv (�; u; p). This test aims at measuring the rate ofconvergence when the solution involves a pure contact discontinuity. Pertainingto �rst order schemes, the rate is approximatively 1=2 and the addition of theMUSCL reconstruction with a RK2 method leads to a rate around 2=3 (seeresults of �gure 49).This preliminary result is important since it enables to explain the di�erencesbetween Cases 2:2� 2:3 (where no jump of density occurs through the contactdiscontinuity due to symmetry) and Cases 2:4�2:5 which correspond to classicalshock tube experiments.Case 2.2 Perfect gas EOS - Double subsonic shock waveThe initial conditions of this test case come from the Case 1.4. The contactdiscontinuity is a \ghost wave" (no variable jumps through this wave). Thisexplains why the rate of convergence of the �rst order schemes is slightly higherfor density than in the following Cases 2:4� 2:5. For all schemes, the rates ofconvergence for density variable are slightly higher with the �rst order approxi-mation than with the second order approximation, though the error of the �rstorder schemes is more important. It may be explained by the occurence of tinyoscillations on the intermediate state caused by the second order schemes. Here,all rates are close to 1, for both �rst and second order schemes.Case 2.3 Perfect gas EOS - Double subsonic rarefaction waveThis concerns Case 1.3, except for the fact that the initial velocity is set to :uL = �300. As a result, the double rarefaction wave is subsonic (hence, theVFFC scheme provides meaningful results). Though the solution of this test caseis continuous, connections between rarefaction waves and intermediate states arenot regular. Thus, rates of convergence equals to 1 for the \�rst" order schemesand equals to 2 for the \second" order schemes can hardly be expected. Abovementionned remark concerning the density through the contact discontinuityholds. Nonetheless, unlike in previous case, the rate of convergence for �, u andp with �rst order scheme is smaller than 1. This means that error located atthe beginning and at the end of the rarefaction wave a�ects much the globalerror, at least on these "coarse" meshes, which is in agreement with descriptionof local L1 error in [4]. The rates of convergence of second order schemes are18



with no doubt very close to 1 for all variables. Note that the error associatedwith the Rusanov scheme is close to the error of other schemes.We turn now to standard shock tube experiments which involve several waveswith true variations of all components. We may expect thus that both u; p willconverge with rate 1 when using so called second order scheme, and also thatdensity convergence rate will be close to 2=3.Case 2.4 Perfect gas EOS - Sod shock tubeInitial conditions of this test case are the same as the Case 1.1. We recall herethat local L1 error has been examined in detail in [4], which con�rmed thatgreat part of the error was located not only close to the contact discontinuityand the 3-shock, but also at the beginning and the end of the 1-rarefaction wave.Though Rusanov scheme is less accurate (in terms of error) than other schemes,its rate of convergence is the same. We can note that the rate of convergenceof velocity and pressure are the same and higher than the rate of convergencepertaining to density, owing to the contact discontinuity. As expected, thesecond order schemes converge faster (the slope is close to 1 for velocity andpressure, and a little bit higher than 2=3 for density).Case 2.5 Perfect gas EOS - Supersonic 1-rarefaction waveThis refers to the Case 1.2. Though the solution of this test case is composed bythe same set of waves, we can measure here the inuence of entropy correctionfor the �rst order schemes. The rates of convergence are the same as abovefor all schemes, except for the energy relaxation method. Indeed, the �rstorder approximation provides higher rates of convergence than in the Sod shocktube case. The true rate of convergence in L1 norm is hidden by the errorassociated with the sonic point due to the parametric entropy correction (whichis con�rmed by experiments with Godunov scheme on shallow water equations).To conclude, we emphasize that focusing on the Sod tube test, the lossof accuracy is mainly due to the contact discontinuity, since it has been seenthat rates of convergence for rarefaction waves or shock waves are greater thanrates of convergence provided for a contact discontinuity. Hence, not only themain numerical di�usion is located on contact discontinuities, and poor rates ofconvergence when dealing with discontinuous solutions are, again, merely dueto contact discontinuities.3.3 Tammann EOSAs mentionned in section 1.5.2, one may retrieve by a suitable change of variablesthe Euler equations with perfect gas EOS from the Euler equations with Tam-mann EOS. Hence, the vacuum with the Tamman EOS is � = 0 and p+ pc = 0and the condition for vacuum occurence (5) becomes :�u < 2c � 1(cL + cR)19



where c2 = c(p+ pc)� .However, this equivalence is only meaningful in the \continuous" framework.Indeed, it no longer holds from a discrete point of view (except for PVRS andVFRoe ncv (�; u; p)), and numerical results computed with the Tammann EOSare slightly di�erent of previous results, namely with the perfect gas state law.Case 3.1 Tammann EOS - Subsonic shock tubeThis case is somewhat di�erent from its counterpart with perfect gas EOS,and is based on initial conditions provided in [44]. However, the numericalapproximation behaves as its counterpart with perfect gas EOS : all schemesprovide good results, and Rusanov scheme is more di�usive than the others.Left State Right state�L = 1100 �R = 1000uL = 500 uR = 0pL = 5:109 pR = 105TMAX = 0:6msCase 3.2 Tammann EOS - Sonic rarefaction waveOnce again, initial conditions are those provided in reference above. Note thatthe energy relaxation method (with the �rst order approximation) completelysmears the non-entropic shock caused by VFRoe ncv (�; u; p). All VFRoe ncvschemes have the same behaviour, and the Rusanov scheme is still more di�u-sive (�rst order or second order). Figures provided by �rst order schemes arepresented (�gures 1-6). Left State Right state�L = 103 �R = 103uL = 2000 uR = 2000pL = 5:108 pR = 106TMAX = 8 msCase 3.3 Tammann EOS - Double subsonic rarefaction waveThis test case is the counterpart of the Case 1.3. Note that vacuum (ie � = 0,p + pc = 0) can occur within subsonic range, though it does not appear in thistest case. Except for �rst order Rusanov scheme, all schemes compute a glitch(or a spike) at the interface (where the contact discontinuity is located) on thedensity. 20



Left State Right state�L = 103 �R = 103uL = �300 uR = 300pL = 109 pR = 109TMAX = 0; 5 msCase 3.4 Tammann EOS - Double subsonic shock waveThe only di�erence between this test case and the case presented above is dueto the sign of initial velocities. As a result, in spite of rarefaction waves, thesolution is composed by two shock waves and a ghost contact discontinuity. Thesame behaviour on the density can be noted, namely a glitch at the interface(even with the �rst order Rusanov scheme).Left State Right state�L = 103 �R = 103uL = 300 uR = �300pL = 109 pR = 109TMAX = 0; 5 msCase 3.5 Tammann EOS - Stationary 1-shock waveA very slight di�erence may be seen when the average value of ̂ is chosen as0:5((̂)L+(̂)R) instead of ê = ̂(Y ) when focusing on VFRoe ncv with variable(�; u; p). The shock remains steady only if the the latter choice is consideredfrom a theoretical point of view, which is con�rmed by computation. However,other VFRoe ncv schemes provide as accurate results. First or second orderRusanov scheme is very di�usive, and the energy relaxation method introducesthree or two points in the shock pro�le, according to the order of approximation.Left State Right state�L = 2:10�10 �R = u�1RuL = 5:109 uR = 4cc+1pc + c�1c+15:109pL = pc pR = pL + uL � uRTMAX = 10�9 sCase 3.6 Tammann EOS - Unsteady contact discontinuityThe results provided by all schemes are similar to those provided with theperfect gas EOS (see Case 1.6). Pressure and velocity are exactly preserved (seeappendix A), and the jump of density is smeared by all schemes (in particularby the Rusanov scheme). 21



Left State Right state�L = 103 �R = 102uL = 103 uR = 103pL = 108 pR = 108TMAX = 2 msCase 3.7 Tammann EOS - Rarefaction wave propagating over vac-uumThis test computes a 1-rarefaction wave with a sonic point. The 2-contactdiscontinuity and the 3-shock wave are not of signi�cant importance, like inthe Case 1.7. We have used in the following last two cases : ê = ̂(Y ). Inthis case, only VFRoe ncv (�; u; p) with RK2-MUSCL integration and (�rst orsecond order) Rusanov scheme enable computation (see �gures 7-8). Note thatthe standard choice 0:5((̂)L + (̂)R) results in a blow up of the computation.Initial conditions make all other schemes blow up. These behaviours con�rmthe discrete di�erence between perfect gas EOS and Tammann EOS.Left State Right state�L = 103 �R = 10�9uL = 0 uR = 0pL = 108 pR + pc = 10�2TMAX = 0; 6 msCase 3.8 Tammann EOS - Vacuum occurenceThis test results like Case 1.8 in a vacuum occurence in the intermediate state.Recall that vacuum can appear though rarefaction waves are not supersonic.As above, VFRoe ncv (�; u; p) and Rusanov schemes enable computation. Notethat PVRS and VFRoe schemes also perform well in this test (see �gures 9-12).Left State Right state�L = 103 �R = 103uL = 1500 uR = 1500pL = 109 pR = 109TMAX = 0; 6 ms3.4 Van Der Waals EOSResults of both computations discussed below were achieved using the stan-dard de�nition for VFRoe ncv (�; u; p) and PVRS schemes of the mean of ̂ :0:5((̂)L + (̂)R) instead of : ê = ̂(Y ) when focusing on VFRoe ncv scheme.Di�erences between results for both choices could hardly be noticed for thefollowing. 22



Case 4.1 Van Der Waals EOS - Subsonic 1-rarefaction waveInitial conditions below are taken from the paper by Letellier and Forestier [32].The main advantage of this case is that it clearly exhibits the rather unpleasantbehaviour around the contact discontinuity. Though both the exact Godunovscheme and VFRoe scheme with (�; u; p) variables predict equal velocity andpressure of intermediate states on each side of the LD �eld, cell values of both uand p are not in equilibrium (this con�rms results of appendix A for the VFRoeschemes with ('; u; p) variable). Obviously this well-known drawback (see [32])tends to vanish when the mesh size decreases, or when time increases. Firstorder results are provided on �gures 13-18.Left State Right state�L = 333; 33 �R = 111; 11uL = 0 uR = 0pL = 37311358 pR = 21770768TMAX = 5 msCase 4.2 Van Der Waals EOS - Moving contact discontinuityInitial conditions are similar to those given in Case 1.6. Note that the Riemanninvariants u and p are not very well preserved around the contact discontinu-ity when using coarse meshes, and "�rst" order scheme (see appendix A formore details on VFRoe ncv schemes with ('; u; p) variable). The "second' orderversion of the scheme performs much better. Unlike sometimes heard, we em-phasize that the approximation is still convergent. Small oscillations apart fromthe LD scheme which were reported in [32] do not arise when using approximateGodunov schemes, which is still unexplained and rather amazing. Due to thevery small rate of convergence measured in the LD �eld (smaller than 2=3) , itis clear that this slows down the whole rate of convergence on both velocity andpressure variable, compared with what happens when focusing on perfect gasEOS. Hence, none among schemes presented here are able to preserve velocityand pressure constant on a given mesh (see �gures 19-24 for results performedby �rst order schemes). Left State Right state�L = 1 �R = 10uL = 100 uR = 100pL = 105 pR = 105TMAX = 6 ms23
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Figure 1: Case 3.2 : density (a) - p+ pc (b)24
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Figure 21: Case 4.2 : densit�e (a) - p+ pc (b)44
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Figure 22: Case 4.2 : vitesse (a) - ̂(p; �) (b)45
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Figure 23: Case 4.2 : densit�e (a) - p+ pc (b)46
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3.5 Actual rates of convergencePerfect gas EOS - Sod shock tube� Energy relaxation 1st order 2nd order� 0.654 0.791u 0.853 0.967p 0.812 0.988� Rusanov 1st order 2nd order� 0.651 0.780u 0.842 0.970p 0.823 0.989� VFFC 1st order 2nd order� 0.655 0.792u 0.855 0.968p 0.814 0.988� VFRoe 1st order 2nd order� 0.654 0.791u 0.853 0.967p 0.811 0.988� VFRoe ncv (�; u; p) 1st order 2nd order� 0.654 0.791u 0.853 0.967p 0.811 0.988� VFRoe ncv (�; u; p) 1st order 2nd order� 0.653 0.791u 0.853 0.967p 0.812 0.98848
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Figure 25: Relaxation d'�energie −8.00 −7.00 −6.00 −5.00 −4.00 −3.00 −2.00 −1.00
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Figure 26: Rusanov
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Figure 27: VFFC −8.00 −7.00 −6.00 −5.00 −4.00 −3.00 −2.00 −1.00
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Figure 28: VFRoe
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Figure 29: VFRoe ncv (�; u; p) −8.00 −7.00 −6.00 −5.00 −4.00 −3.00 −2.00 −1.00
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Figure 30: VFRoe ncv (�; u; p)49



Perfect gas EOS - Sonic rarefaction wave� Energy relaxation 1st order 2nd order� 0.890 0.810u 0.933 0.973p 0.927 0.995� Rusanov 1st order 2nd order� 0.684 0.827u 0.794 0.985p 0.821 0.999� VFFC 1st order 2nd order� 0.667 0.819u 0.808 0.977p 0.798 0.996� VFRoe 1st order 2nd order� 0.669 0.828u 0.791 0.975p 0.796 0.996� VFRoe ncv (�; u; p) 1st order 2nd order� 0.667 0.840u 0.805 0.977p 0.796 0.995� VFRoe ncv (�; u; p) 1st order 2nd order� 0.653 0.809u 0.822 0.973p 0.802 0.99550
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Figure 31: Relaxation d'�energie −8.00 −7.00 −6.00 −5.00 −4.00 −3.00 −2.00 −1.00
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Figure 32: Rusanov
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Figure 33: VFFC −8.00 −7.00 −6.00 −5.00 −4.00 −3.00 −2.00 −1.00
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Figure 34: VFRoe
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Figure 35: VFRoe ncv (�; u; p) −8.00 −7.00 −6.00 −5.00 −4.00 −3.00 −2.00 −1.00
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Figure 36: VFRoe ncv (�; u; p)51



Perfect gas EOS - Symmetrical double rarefaction wave� Energy relaxation 1st order 2nd order� 0.771 0.998u 0.785 0.999p 0.775 0.999� Rusanov 1st order 2nd order� 0.773 0.999u 0.787 1.000p 0.777 0.999� VFFC 1st order 2nd order� 0.768 0.998u 0.782 1.000p 0.772 0.999� VFRoe 1st order 2nd order� 0.771 0.998u 0.785 0.999p 0.775 0.999� VFRoe ncv (�; u; p) 1st order 2nd order� 0.771 0.998u 0.785 0.999p 0.775 0.999� VFRoe ncv (�; u; p) 1st order 2nd order� 0.771 0.998u 0.785 0.999p 0.775 0.99952



−8.00 −7.00 −6.00 −5.00 −4.00 −3.00 −2.00 −1.00
Log(h)

−8.00

−7.00

−6.00

−5.00

−4.00

−3.00

−2.00

−1.00

0.00

L
o

g
(L

1
−

E
rr

o
r)

Rho
u
p

Figure 37: Relaxation d'�energie −8.00 −7.00 −6.00 −5.00 −4.00 −3.00 −2.00 −1.00
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Figure 38: Rusanov
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Figure 39: VFFC −8.00 −7.00 −6.00 −5.00 −4.00 −3.00 −2.00 −1.00
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Figure 40: VFRoe
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Figure 41: VFRoe ncv (�; u; p) −8.00 −7.00 −6.00 −5.00 −4.00 −3.00 −2.00 −1.00
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Figure 42: VFRoe ncv (�; u; p)53



Perfect gas EOS - Symmetrical double shock wave� Energy relaxation 1st order 2nd order� 1.062 0.935u 1.157 1.156p 1.050 1.017� Rusanov 1st order 2nd order� 1.060 1.028u 1.056 1.115p 0.996 1.001� VFFC 1st order 2nd order� 1.060 0.905u 1.157 1.154p 1.049 1.019� VFRoe 1st order 2nd order� 1.063 0.927u 1.157 1.153p 1.050 1.019� VFRoe ncv (�; u; p) 1st order 2nd order� 1.063 0.929u 1.158 1.154p 1.050 1.019� VFRoe ncv (�; u; p) 1st order 2nd order� 1.062 0.947u 1.157 1.153p 1.050 1.01954
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Figure 43: Relaxation d'�energie −8.00 −7.00 −6.00 −5.00 −4.00 −3.00 −2.00 −1.00
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Figure 44: Rusanov
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Figure 45: VFFC −8.00 −7.00 −6.00 −5.00 −4.00 −3.00 −2.00 −1.00
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Figure 46: VFRoe
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Figure 47: VFRoe ncv (�; u; p) −8.00 −7.00 −6.00 −5.00 −4.00 −3.00 −2.00 −1.00
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Figure 48: VFRoe ncv (�; u; p)55



Perfect gas EOS - Unsteady contact discontinuity
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Figure 49: Case 2.1 : density4 ConclusionSeveral approximate Riemann solvers have been compared in this study. Someamong them are based on an approximate Godunov scheme, applying variouschanges of variables in order to compute approximate values of state at the inter-face. These make use of conservative variableW , ux variable F (W ) or variable(�; u; p) or (�; u; p). The latter enables to preserve unsteady contact discontinu-ites provided the EOS agrees with some conditions (perfect gas EOS, TammannEOS belong to the latter class). The practical or theorical behaviour of theseschemes when computing steady shock wave, steady contact discontinuity, orvacuum has been investigated. All schemes perform rather well in all experi-ments, except in vacuum occurence or propagation over vacuum. One drawbackof the VFFC scheme can be emphasized : when computing a double supersonicrarefaction wave (with or without vacuum occurence), this scheme blows upafter a few time steps. Concerning VFRoe ncv (�; u; p) and PVRS schemes,56



changing slightly the average state can increase their robustness and accuracy.The energy relaxation method applied with VFRoe ncv (�; u; p) scheme hasbeen computed too. The behaviour of this method is nearly the same as theoriginal VFRoe ncv (�; u; p) scheme. However, the energy relaxation methodmakes vanish non entropic shocks. The Rusanov scheme provides good resultstoo, though it is slightly less accurate than other schemes investigated, due toimportant numerical di�usion. But the Rusanov scheme converges as fast asother schemes (in terms of mesh size exponent in the error norm). Moreover,it is the most robust scheme computed here, in particular in test cases withvacuum.Moreover, a quantitative study has been presented. Solutions involving dis-continuities have been investigated for �rst and second order shemes. Classicalrates when restricting to smooth solutions are around 1 and 2 respectively.When the solution contains rarefaction waves or shock waves (without contactdiscontinuities), the rate becomes less than or equals to (for the second orderschemes) 1. Restricting to a simple unsteady contact discontinuity, �rst orderschemes provide a rate around 1=2 and second order schemes provide a ratearound 2=3.The framework of this paper has been restricted to the computation byFinite Volume schemes of a conservative and hyperbolic system, in one spacedimension. Let us recall some extensions of methods used here, in di�erentapplications.Of course, all schemes presented herein can be extended to 2D or 3D prob-lems (see [4]). Rusanov (see [48]), Godunov (see [48]), VFFC (see [2]) andVFRoe ncv (�; u; p) (see [9]) schemes have been applied to Euler equations withreal gas EOS, Shallow Water equations (see [7]) and compressible gas-solid twophase ows (see [11]), with structured or unstructured meshes. Since these sys-tems stay unchanged under frame rotation, a multidimensional framework mayrely on a one dimension method (see [22]).Some systems arising in CFD cannot be written under a conservative form,and thus, approximate jump relations must be proposed (see [14] and [10]).Some of the previous schemes have been extended to the non conservative for-malism : Godunov (see [17]), Roe (see [3], [25], [26], [41]), VFRoe ncv (see [6],[8], [48]) and VFRoe (see [34], [1]).Others non conservative systems are conditionnally hyperbolic, in particularfocusing two uid two phase ows (see [40]). Three main directions have beenproposed up to now in the literature. The �rst consists in splitting the jacobianmatrix in several matrices, which may be diagonalised in R (see [12]). Thesecond way consists in using the sign of the real part of eigenvalues to choosethe ux direction (see [36] and [2]). A third approach is based on a developmentin power series of eigenvalues and eigenvectors in terms of a small parameter(see [41], [46]). 57



A Numerical preservation of velocity and pres-sure through the contact discontinuity in Eu-ler equationsWe discuss in this appendix about schemes and state laws, in order to pre-serve velocity and pressure on the contact discontinuity, in a one dimensionframework. We focus on initial conditions of a Riemann problem, with constantvelocity and constant pressure. Schemes investigated here can be derived fromthe formalism of VFRoe ncv scheme, with variable :Y = t('; u; p)where ' = '(�; s) (s denotes the speci�c entropy) must be independant ofpressure p (for instance ' = �; �; :::).Restricting to regular solutions, Euler equations can be written related toY = t('; u; p) as follows : Y;t +A(Y )Y;x = 0where : A = 0@ u �';� 00 u ��10 ̂p u 1AAt each interface, we linearize the matrix A(Y ) to obtain a linear Riemannproblem, which may be easily solved. Initial conditions are de�ned by theaverage values in cells apart from the considered interface (i+1=2 for instance): 8>><>>: @Y@t + A(Ŷ )@Y@x = 0Y (x; 0) = � YL = Y (Wni ) if x < 0YR = Y (Wni+1) if x > 0 (10)with Ŷ such that Ŷ (Y; Y ) = Y .To compute the solution at the interface, we need to write the eigenstructure ofthe matrix A(Y). As usual, the eigenvalues are (c stands for the sound speed) :�1 = u� c; �2 = u; �3 = u+ cThe associated right eigenvectors are :r1(Y ) = 0@ �';��c�c2 1A ; r2(Y ) = 0@ 100 1A ; r3(Y ) = 0@ �';�c�c2 1ALeft eigenvectors of A(Y ) are :l1(Y ) = 12c2 0@ 0�c��1 1A ; l2(Y ) = 1c2 0@ 10�';� 1A ; l3(Y ) = 12c2 0@ 0c��1 1A58



In the following, we denote ~ variables computed on the basis of Y . The solutionof the linear problem (10), when x=t 6= �k, k = 1; 2; 3, is :Y � (x=t;YL; YR) = YL + Xx=t>f�k(t elk:(YR � YL)) erk= YR � Xx=t<f�k(t elk:(YR � YL)) erkSince the three eigenvalues of the linear system are distinct, two intermediatestates Y1 and Y2 may occur : Y1 = YL +f�1 er1Y2 = YR �f�3 er3with : f�1 = � 12~c�u+ 12~�~c2�pf�3 = 12~c�u+ 12~�~c2�pwhere �(:) = (:)R � (:)L. Note that the two intermediate states Y1 and Y2 donot depend on the choice of '.Recall that initial conditions investigated herein are unsteady contact disconti-nuity. Thus : �u = �p = 0 ) f�1 = f�3 = 0) Y1 = YL and Y2 = YRNote that these equalities are veri�ed at each interface of the mesh. Hence, if wedenote �i+1=2 the numerical density of the problem (10) at the interface i+1=2,u0 and p0 initial velocity and pressure, the Finite Volume scheme applied to themass conservation equation gives :�n+1i = �ni � �t�x((�u)i+1=2 � (�u)i�1=2)= �ni � �t�xu0(�i+1=2 � �i�1=2)Now, if we apply the Finite Volume scheme to the momentum conservationequation, it gives :(�u)n+1i = (�u)ni � �t�x((�u2 + p)i+1=2 � (�u2 + p)i�1=2)= (�u)ni � �t�x((�i+1=2u20 + p0)� (�i�1=2u20 + p0))= (�u)ni � �t�xu20(�i+1=2 � �i�1=2)= u0��ni � �t�xu0(�i+1=2 � �i�1=2)�= u0�n+1i 59



Thus, we have un+1i = u0, 8i 2Z.To study the discrete preservation of pressure, let us write the Finite Volumescheme applied to energy conservation equation :En+1i = Eni � �t�x((u(E + p))i+1=2 � (u(E + p))i�1=2)= Eni � �t�xu0(Ei+1=2 �Ei�1=2)Energy is de�ned by E = �" + 12�u2. Thus, we have :(�")n+1i = (�")ni � �t�xu0((�")i+1=2 � (�")i�1=2)Let us assume that the equation of state can be written under the form :�" = f(p) + b�+ c (11)where b and c are real constants, and f a inversible function (for instance perfectgas EOS, Tammann EOS, ...). If we introduce this equation of state in theprevious equation, it gives :(f(p) + b�+ c)n+1i = (f(p) + b� + c)ni��t�xu0((f(p) + b�+ c)i+1=2 � (f(p) + b�+ c)i�1=2)f(pn+1i ) + b�n+1i + c = f(p0) + b�ni + c��t�xu0((f(p0) � f(p0)) + b(�i+1=2 � �i�1=2) + (c � c))f(pn+1i ) = f(p0)Thus, pn+1i = p0.Hence, if a state law can be written under the form (11), then a VFRoe ncvscheme, whose variable is ('; u; p)-like, maintains velocity and pressure constant.Moreover, if the contact discontinuity is steady (ie u0 = 0), we can remarkthat the VFRoe ncv ('; u; p) scheme preserves pressure and velocity exactlyconstant, whatever the state law considered.References[1] C. Berthon, F. Coquel, J.M. H�erard and M. Uhlmann, An ap-proximate solution of the Riemann problem for a realizable second momentturbulent closure, to appear in Shock Waves.[2] M. Boucker, Mod�elisation num�erique multidimensionnelle d'�ecoulementsdiphasiques liquide-gaz en r�egimes transitoire et permanent : m�ethodes etapplications, PhD thesis, �Ecole Normale Sup�erieure de Cachan, France,December 1998. 60



[3] G. Brun, J.M. H�erard, D. Jeandel and M. Uhlmann, An approx-imate Roe-type Riemann solver for a class of realizable second order clo-sures, Int. J. of Comp. Fluid Dyn., 2000, vol. 13-3, pp. 233{249.[4] T. Buffard, Analyse de quelques m�ethodes de volumes �nis non structur�espour la r�esolution des �equations d'Euler, PhD thesis, Universit�e Paris VI,France, 1993.[5] T. Buffard, T. Gallou�et and J.M. H�erard, Sch�ema VFRoe en vari-ables caract�eristiques. Principe de base et applications aux gaz r�eels, EDF-DER Report HE-41/96/041/A, 1996. In French.[6] , A naive Godunov scheme to compute a non-conservative hyperbolicsystem, Int. Series Num. Math., 1998, vol. 129, pp. 129{138.[7] , A naive Godunov scheme to solve shallow-water equations, C. R.Acad. Sci. Paris, 1998, vol. I-326, pp. 885{890.[8] , An approximate Godunov scheme to compute turbulent real gas owmodels, AIAA paper 99-3349, 1999.[9] , A sequel to a rough Godunov scheme. Application to real gas ows,Computers and Fluids, 2000, vol. 29-7, pp. 813{847.[10] J.F. Colombeau, Multiplication of distributions, Springer Verlag, 1992.[11] L. Combe and J.M. H�erard, Principe du maximum pour un mod�ele di-phasique gaz-solide �a trois �equations, EDF-DER Report HE-41/96/045/A,1996. In French.[12] , Finite volume algorithm to compute dense compressible gas-solidows, AIAA journal, 1999, vol. 37, pp. 337{345.[13] F. Coquel and B. Perthame, Relaxation of energy and approximateRiemann solvers for general pressure laws in uid dynamics equations,SIAM J. Numer. Anal., 1998, vol. 35-6, pp. 2223{2249. In Memory of AmiHarten.[14] G. Dal Maso, P.G. Le Floch and F. Murat, De�nition and weakstability of non conservative products, J. Math. Pures Appl., 1995, vol. 74,pp. 483{548.[15] B. Einfeldt, C.D. Munz, P.L. Roe and B. Sj�ogreen, On Godunov-type methods near low densities, J. Comp. Phys., 1991, vol. 92-2, pp. 273{295.[16] R. Eymard, T. Gallou�et and R. Herbin, Finite Volume Methods, InHandbook of Numerical Analysis (Vol. VII), editors : P.G. Ciarlet and J.L.Lions, pp. 729{1020, North-Holland, pp. 729{1020, 2000.61
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