N

N

Angular parametrization of rectangular paraunitary
matrices

Didier Pinchon, Pierre Siohan

» To cite this version:

Didier Pinchon, Pierre Siohan. Angular parametrization of rectangular paraunitary matrices. 2016.
hal-01289570

HAL Id: hal-01289570
https://hal.science/hal-01289570

Preprint submitted on 17 Mar 2016

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-01289570
https://hal.archives-ouvertes.fr

Angular parametrization of rectangular paraunitary matrices

Didier Pinchon and Pierre Siohan

March 17, 2016

Contents
1 Introduction
2 Paraunitary matrices

2.1 Definitions and examples . . . . . . . ..
2.2 Real algebraic sets . . . . . . ..
2.3 McMillan valuation and degree . . . . . . . .. ..

3 Givens sets
3.1 Definition of a Givens set . . . . . . . . .
3.2 Connected GIvens SetS . . . . . . . . . o e
3.3 Dimension of a Givens set . . . . . . . ..
3.4 McMillan valuation and degree of a Givens set . . . . . . . . ... ... ... ...,
3.5 Algebraic Givens sets . . . . . . . . . L
3.6 Some representations of SO(N) as a Givens set . . . . . . ... ... ... ... ...

4 Main theorems
4.1 SVD and order reduction in (’)g&nz\, ............................
4.2 Technical lemmas . . . . . . . . s
4.3 The Givens sets Unf Nm,d - -« « « « « o v v e
4.4 The case M = N . . . . e
4.5 The case N > 2M . . . . . e
4.6 Thecase M < N < 2M . . . . . .

5 Conclusion

6 Acknowledgements

References

A Counterexamples for Theorem 1 and Lemma 2 in [1]

B Generic properties

C Proof of Theorem 4.9 (b)

Nomenclature

17
17
19
20
23
25
26

27

28

29

31

34

36

42



Abstract

In this preprint a new approach is proposed to find efficient angular parametrizations of
rectangular paraunitary matrices (PU). As for square PU matrices, the problem is stated as a
matrix factorization, the efficiency of which is ensured by the fact that the proposed representa-
tions are complete, non redundant and lead to a minimal number of delays. As in our previous
publication, dedicated to the case of square real coefficients PU matrices, our framework is
based on an ensemblist approach. The angular parametrization sets, named Givens sets, are
analyzed according to three different possibilities related to the matrix size. Thus, for a N x M
PU matrix, different properties of Givens sets are established corresponding to the cases where
N=M,N >2M and M < N < 2M.

Keywords: Cosine-Sine Decomposition (CSD),Paraunitary matrix, polynomial matrix, QR matrix
decomposition, singular value decomposition (SVD), SO(N) group.

1 Introduction

Paraunitary matrices play an essential role in the design and implementation of filter bank and
wavelet based systems either for source coding or transmission purposes. Indeed such devices are
actively investigated for subband coding [2], multicarrier modulation [3, 4], channel error correction
[5] and spatial multiplexing in wireless communications [6]. Therefore it is of paramount importance
to get a deep knowledge of the fundamental properties of paraunitary matrices (PU). Whatever
the application at hand, a key problem is to get an efficient factorization of the PU matrices
associated to the polyphase matrix of a given multirate system. First of all, it is important to
distinguish the case of square PU matrices, i.e. the ones associated to critically sampled systems,
from the case of rectangular PU matrices, i.e. associated to oversampled systems. In the signal
processing community, the factorization of PU matrices has been initially studied to build perfect
reconstruction critically decimated filter banks, see e.g. [7] to get a general overview. In [8], it
is shown that the order one factorization (OOF), initially described in [9], leads to a complete
parametrization. Furthermore, Gao et al. [8] have introduced a new method, namely the Cosine-
Sine Decomposition (CSD), thus reducing around half the number of parameters. The CSD is both
complete and minimal, i.e. it uses the smallest possible number of delays, but it involves redundant
parameters. The post-filtering based method by Gan and Ma [10] permits an improvement with
respect to [8], reducing the necessary number of parameters to represent a given unitary square
matrix.

In [3], the authors summarize all these results presenting the number of angular parameters used
to represent square PU matrices containing either real or complex coefficients. In the case of real
coefficients square N x N PU matrix of polynomial degree m we get the following figures for the
number of angular parameters.

e For the OOF structure (rewritten from [3, equation (47)])

N(N -1
pr = (m o+ ) =,
e For the CSD, one gets (equivalent to equation (54) in [3])

N2 | N(N-1) . .
= { me- + —5— if N is even, (1.2)

m# +w if N is odd;



e Finally, for the post-filtered based method [10], the number of rotations when parameters
e, 1 < k < m have the same value r with 1 <7 < L%J is equal to
N(N —1)

ps =mr(N —r)+ — (1.3)

This is formula (59) in [3], in a simplified form.

Up to now, most often the factorization of rectangular paraunitary matrices has been considered as
a direct extension with respect to the factorization of square ones. Thus, for oversampled M-band
filter banks characterized by rectangular N x M PU matrices with N > M, the authors in [11]
consider that such a rectangular matrix can be embedded in a larger N x N matrix. More recently,
in a similar way, looking now at the dual case, i.e. an oversampled transmultiplexer, Rahimi and
Champagne [3] also propose to adapt the OOF, CSD and prefiltered based method to the case
of rectangular matrices. Contrary to [11], [3], in [12] our study directly handles the factorization
of rectangular PU matrices as being a specific case. Furthermore, we did not only focus on a
given matrix or factorization method but, using an ensemblist approach, we explore the whole
sets of possible factorizations of the PU matrices associated to Discrete Fourier Transform (DFT)
oversampled filter banks of given length.

In this preprint, in the same line of idea, our aim is to characterize the whole sets of real rectangular
PU matrices leading to complete, minimal and non redundant factorizations. As in [8], [10], our
decomposition is based on products of rotation and delay matrices but, in our case, those are non-
square matrices and associated to matrices sets. Denoting by Uys v m a these sets, we call Givens
sets, m being their degree and d the total number of delays, we establish a criterion to find out to
which Ups N, set a given real PU matrix belongs. Knowing the polyphase matrix coefficients, we
can get such a result using, in addition to the classical McMillan degree, the McMillan valuation
parameter. For N = M, Gan and Ma have already found complete, minimal and non redundant
factorizations, we therefore arrive at the same number of rotations in the case of square matrices
but, using our approach, no post processing is required. In addition, using the concept of dimension
of a Givens set we provide a rigorous proof of the non-redundancy of the proposed parametrization.
To summarize our analysis in terms of Givens sets leads to following results

e When N = M, the Givens sets are disjoint and their minimality can be directly deduced from
the determinants of their constituent matrices;

e When N > 2M, all paraunitary matrices with polynomial degree less than m are members
of an unique Givens set;

e When M < N < 2M, maximal Givens sets for inclusion intersect and they can nevertheless
be characterized using their McMillan valuation and degree.

Our preprint is organized as follows. Section 2 contains the basic elements related to paraunitary
matrices, real algebraic sets and introduces the notions of McMillan valuation and degree of a
rectangular polynomial matrix. Section 3 introduces Givens sets, some of their basic properties
and provides several representations of the SO(NN) group of matrices as Givens sets. In Section 4,
using the Singular Value Decomposition (SVD) for rectangular matrices, our main theorems give
a description of the set of paraunitary matrices with bounded polynomial degree as an union of
maximal Givens sets for inclusion, for different ranges of values of N with respect to M. Finally,
we end in Section 5 with a conclusion stating our achievements together with open problems issued
from our work.



2 Paraunitary matrices

2.1 Definitions and examples

In the rest of this paper the row and column indexes of matrices will be denoted starting with the
index 0 and matrices appear in bold characters while sets of matrices are written with standard
characters.

Given two positive integers M and N with 1 < M < N, a matrix A(X) with N rows and M
columns for which elements are polynomial in X with real coefficients is said to be paraunitary if

A/ X)TAX) =1y, (2.1)

where ()7 is the transposition operator and I,y is the identity matrix of size M. Note that the X
variable corresponds to a delay element and is denoted 2! in the signal processing literature.

It is straightforward to verify that the product AB of a N x M paraunitary matrix A by a M x M
paraunitary matrix B is a N x M paraunitary matrix.

Definition 2.1. . Let s : [0,1,...,M — 1] — [0,1,...,N — 1] be an injective mapping and € €
{—~1,13M @ map from [0,1,...,M — 1] to {—1,1}. We denote by E[s,c] the constant N x M
orthogonal matriz such that E[s,¢lyc) . = €(c), 0 <c < M —1 and El[s, €. = 0 otherwise. Such
matriz is said to be an elementary paraunitary matrix.

As an example, for M =4, N =5, s and ¢ defined by
s(0)

3, s(1) =2, s(2) =1, s(3) =4,
€

e(0) =¢(2) =1, ¢(1) =¢(3) = -1,
we get
0 0 0 O
0O 0 1 O
E[s,e] = 0 -1 0 O
1 0 0 O
0 0 0 -1

In the following £y denotes the function such that go(c) =1, 0 < ¢ < M — 1 and E[s, &g will be
denoted by E[s].

We note s¢[0,1,...,M — 1] — [0,1,..., N — 1] the mapping such that so(c) =¢, 0 <c < M —1,
and the matrix E[s¢] is also denoted Iy p;.

For N > 2 and ¢,5,0 < 4,5 < N; i # j and 0 € R, the square N x N orthogonal matrix R; ;(f)
defined by [R;;(0)]ii = [Ri;(0)];,; = cos0, [R;;(0)];; = —[Ri;(0)]i; = sinb, [Ri;(0)],, =1, r#
i, r # j and [R; ;(0)],. = 0 otherwise, is called an elementary rotation matriz, or a Givens matriz,
of indexes 1, j.

As an example, for N =5,i =0,j = 2, we get

cosf 0 —sinf 0 O

0 1 0 0 0

Ry»(0) = sinf 0 cosf 0O O
0 0 0 10

0 0 0 0 1



For N > 2 and 0 < r < N the paraunitary diagonal square matrix Z, of dimension N, such that
(Z,|rr = X and [Z, ], = 1 if k # r is called the shift matriz on row r, since it indeed introduces
a shift in time, i.e. a delay, when being implemented in practice.

For I c {0,1,...,N =1}, Z; = [[,¢;Z, and Z,, ,, with 0 < r; < 73 stands for Z; with
1= {7“1,...,7“2}.

The set of all orthogonal N x N matrices, which is a group, is denoted by O(N), and its subgroup
of orthogonal matrices with determinant 1 is denoted by SO(N). SO(N) may be identified to the
set of direct rotations in RY [13].

When N is given, if I C {0,..., N — 1} is a set of indexes, the subset of matrices A in SO(N) such
that Ac. =1, c€{0,...,N — 1} \ I will be denoted by SO(I). SO(I) is the subgroup of SO(N)
of rotations acting only on coordinates in I. When I = {iy,ig,...,ix} for 2 < K < N, SO(I) is
also denoted by SO(i1, g, ...,ix) instead of SO({i1,i2,...,ix}).

Let m be a nonnegative integer. The set of M x N matrices A(X), the coefficients of which are
real polynomial in X of degree less or equal to m, is a real vector space denoted by .MS\T%V

Any matrix A(X) € Mg\?%\, may be written

X) = i AL XF, (2.2)
k=0

where Ay, 0 < k < m are constant N x M matrices.
The maximum value of m for which A,, is not null is called the order or the polynomial degree of
A(X) to distinguish it from its McMillan degree that will be defined below.

For 0 <r < N,0 <c< M, 0<k<m,let us define the matrix E, . by [E,cilrc = X% and 0
otherwise.
In this way, A(X) given by (2.2) may be written

N—-1M-1

m
Z arck r,ck» (23)

k=0 r=0 ¢=0

>_A

where a, .1, = [Ag]r are called the coefficients of A(X).

So the M N (m+ 1) matrices E,n o,k form a basis of M(mz\, which is called its canonical basis and the
linear application v from ./\/( N to RMN(m+1) guch that Y(Ey k) = ep withn =kMN +rM +c,
where ¢€,,0 < n < MN(m + 1) is the canonical basis of RMN(m+1) " ig an isomorphism of vector

spaces.

We denote by ol 3\, the subset of all paraunitary matrices in ./\/lgw)N

Given a N x M matrix A(X) with 1 < M < N, Iy nvA(X) denotes the N x (M — 1) matrix

obtained by suppressing the last column in A(X) and for A(X) € (95\43\,, omA(X) is the matrix
X"A(1/X).
Operators II and o, readily extend to sets of matrices.

2.2 Real algebraic sets

For the definitions and main properties of algebraic sets, we refer to online notes of Andreas
Gathmann [14].



A subset A of MS\?E\, is a real algebraic set of ./\/lg\zn)N if there exists a finite family of polynomials,
Pi(z), Py(x),...,P(z) in Rlz] with & = {Zep, 0<r < N—-10<c<M—1,0<k<m}
such that A € A if and only if the coefficients of A, a1, 0 <7 < N —1,0 < c < M — 1, satisfy
Pi(a) = Py(a) =---= PF(a) =0.

Remark that the finite family Pj(x), Py(z),..., P)(z) may be replaced by the unique polynomial

Yol PA(x).

The set of all algebraic subsets of a real algebraic set A is closed by finite union and intersection.
Thus it can be considered as the set of closed subsets of A for a topology which is called the Zariski
topology. A may also be endowed by the induced topology of the usual topology on RMN(m+1)
which will be called the Fuclidean topology on A.

The Zariski topology on A is coarser than the Euclidean topology on A meaning that an Euclidean
closed set in A is not necessarily a Zariski closed set, that is a real algebraic subset of A.

If E C A, the closure of E for the Euclidean topology, is denoted by E and its closure for the
Zariski topology, i.e. the smallest real algebraic set containing E, is denoted by EZ4. So E C E?
and in general the inclusion is strict.

)

The set O](\Zn v is a real algebraic set because the paraunitary relation (2.1) is equivalent to a set of
polynomial equations on the coefficients of A € MS\ZLEV

A real algebraic set A is said to be reducible if it can be written as A = A; U As where A; and A,
are real algebraic sets strictly included in A. Otherwise A is said to be irreducible. It can be proved
([14, Proposition 2.15]) that a real algebraic set A can be written in an unique way as a finite union
of irreducible real algebraic sets, called the irreducible components of A, A;, 1 <i < K, satisfying

A ¢ Ajifi#j.
The following property shows an important peculiarity of the Zarisky topology : if A is an irreducible

algebraic real set, then any non-empty subset U of A is dense in A for the Zarisky topology, i.e.
=7
U” = A

2.3 McMillan valuation and degree

Given a polynomial p(X) = >, <, pnX" in variable X with real coefficients, the degree of p, denoted
by deg(p), is defined by deg(p) = —oo if p = 0 and, if p # 0, is the maximum value of n such that
pn # 0. The valuation of p, denoted by val(p), is defined by val(p) = 400 if p =0 and , if p # 0, is
the minimum value of n such that p, # 0.

For given positive integers M < N and a non negative integer m, let us consider a matrix A €
MGy

For I c {0,1,...,N —1} and J C {0,1,...,M — 1} with Card(/) = Card(J) = n, we denote
by Aj j the n x n matrix of elements of A with row indexes in I and column indexes in J. The
determinant Det(A; ;) is the minor of A relative to subsets I and J. Any minor Det(Ay ;) is a
polynomial in X with coefficients that can be expressed as polynomials in the coefficients of A.

Definition 2.2. The number
val(A) = min {val(det(A; ;)), Card(l) = M, J={0,...,M —1}}, (2.4)
is called the McMillan valuation of A and the number

deg(A) = max {deg(det(Ay y)), Card(l) =M, J={0,...,M —1}}, (2.5)



is called the McMillan degree of A.

For 0 <v <d <mM, let us define now the subsets Ays N v.a and Byr,Nm,v,d of (’)5\%\[ by :

A Nmod={A€ o}’;f}v, v < val(A) < deg(A) < d}, (2.6)
BrNmawd={A € oﬁ;’j}v, val(A) = v, deg(A) = d}. (2.7)

In a context where M, N and m are fixed, Apr,Nm,v,a and Bar,nm,v,a Will be simply denoted by

Av,d and Bv,d-
It is quite evident that {B, 4, 0 < v < d} is a partition of (’)5\7;3\[, and that

Ava = J{Bya, v<' <d <d}. (2.8)

Lemma 2.3. For given M and N such that 1 <M <N, m>1, and 0 <d <mM, Agq # 0.

Proof— We may write d = am +bwith 0 <a < Mand 0 <b<m-—1. Ifa =M thenb=20
because d < mM. Let us consider now the N x N matrix A(X) defined by [A(X)].. = X™ for
0<c<a-1, [AX)]aa = X" [A(X)]ce =1fora+1<c< M —1 and 0 elsewhere. It is quite
straightforward that A(X) € (9](\%\, and that val(A) = deg(A) = am + b =d. O

The structure of (9](\7/73\, is studied in detail in the next paragraph and it will be shown, using Givens
sets, that

(a) For given M and N such that 1 <M < N, m >1,and 0 < d < mM, Ag q is irreducible,

(b) When M = N, (’)](\Tg\, = ng\g Agq is the decomposition of (’)g&n%\, in irreducible disjoint
algebraic components,

(¢) When N > 2M, (’)5\%\[ is an irreducible algebraic set.

The case where M < N < 2M is not still completely understood, unless the following conjecture
is true.

Conjecture 2.4. The following properties are verified :
(a) For M < N, m > 1, let v and d such that 0 < v < d < mM, if B,q # (0 then A, 4 is an

wrreducible algebraic set and BU,dZ = Aya,

(b) For M < N <2M, m > 1, (’)](\Tg\, = U?:%(N_M) Ag—m(N-1),d 18 the decomposition of (’)](\Tg\,
i irreducible algebraic components.

3 Givens sets

3.1 Definition of a Givens set

Angles are considered in this paper as real numbers modulo 27, that is members of T = R/27Z, the
one-dimensional torus. Endowed with the quotient topololy, T is a compact space. T", for n > 1,
is a compact real C'*° manifold of dimension n ([15, 5.3]).



Notations 3.1. Let N > 2.

Fori,j,0 <i,j <N —1;i# j, we denote by R; ; the set R; j = {R;;(0), 0 € T}. R;; is called a
rotation set.

Foro<r<N-1,Z.,1c{0,1,....N—=1} or0<r1 <ro <N -1, Z., Zr and Z,, ,, denote
the one element sets {Z,}, {Z1} or {Z,, ,,}, respectively, and they are called shift sets.

Let M and N be two integers with N > 2, s an injective function from [0,1,...,M — 1] to
[0,1,...,N —1] and ¢ € {—1,1}M. E[s,¢] denotes the set that contains the unique elementary
N x M paraunitary matriz E[s,e] and is called an elementary set.

If A and B designate two sets of matrices with compatible dimensions, we denote by AB the set of
matriz products AB when A € A and B € B.

The following definition is fundamental.

Definition 3.2. Let M and N be two integers with N > 2 and 1 < M < N. A Givens set
with parameters M, N is a set G of N X M paraunitary matrices such that there exists a sequence
¢=T1,Ts,...Ty,, Es,c]] where

e Foreachk, 1 <k <nr, T} is a N x N rotation set R;; or a shift set Z, with0 <r < N —1,
e FEl[s,e]| is an elementary set,

such that G that may be written as the product G = Th\'Ty ... T, E[s,€].
¢ is called a parametric representation of G or simply a representation of G and will be denoted by

(b:G:TlTQ...TnTE[S,E]. (31)

When G is represented by two representations ¢1 and ¢2, ¢1 and ¢o are said to be equivalent
representations of G.

In most cases there exist several different parametric representations for a Givens set. A simple
example is given, for M = N = 3, by the set SO(3) of rotations of R® with determinant 1 that
can be represented by SO(3) = Ry 1Rp2Ro1 or SO(3) = Rp2Ro1R12. Many other examples for
N = M and the set SO(N) will be given later in 3.6.

If there exist ng sets of rotations in the sequence [T;, 1 < i < nyp] of a representation ¢ of a Givens
set G, let i1 < iy < --- < iy, denote their indexes in this sequence. If 6;, 1 <1 < np are ng given
real numbers, then we can choose the rotation of angle ¢; in the set of rotations 7;, for 1 <1 < ng.
Thus, we get an application from T" to G, which is also called the parametric representation of
G and also denoted by ¢.

The matrix ¢(§) € G, 0 = (61,...,0,,) is denoted by G4(#) or more briefly G(¢) when the
parametric representation ¢ is fixed in a given context.

3.2 Connected Givens sets

For a given value of N > 2, let us consider a set of rotation sets G = {R;;, (i,j) € I where
I ={(,7), 0<i,j < N—1, i # j} and the following relation R on the set of row indexes
{0,1,...,N —1}: for rRry if ri = 1o or if there exists a sequence of rotation sets in G, R;, j,, | =
1,...,L—1such that ry € {i1,j1}, 72 € {ir,jr}and forany I, 1 <1< L—1,{i, i }n{i141, 5141} # 0.
Obviously, R is an equivalence relation.



Definition 3.3. G is said to be connected if there is only one equivalence class for the corresponding
relation R. A Given set G =TT, ... Tk E[s,¢] is said to be connected if the set of rotation sets in
the sequence T4, ..., Tk is connected.

For a given value of N > 3 and a given row index ¢ , let us define by A[i] the diagonal N x N
matrix with -1 on row ¢ and 1 elsewhere on the diagonal.

Lemma 3.4. Let 2 < M < N with N > 3. Let G =T1T>...T,,E[s,¢] be a connected Givens set
of N x M matrices. Then for any r1,r9 € {0,1,...,N — 1}, r1 # 19,

T1T2...TnKA[T‘1] :T1T2...TnKA[T’2]. (32)

Proof— As G is connected there exists a sequence of rotation sets in {T%,T5,...,Tx}, R;, j,, | =
1,...,L—1such that ry € {i1,j1}, 72 € {ir,jr}andforany I, 1 <1< L—1,{i, 5 }0{ijs1, 5101} # 0.
Let us denote by a; the row index such that {i1,ji1} = {r1,a1}, and by a; the row index such that
{i, iy 0 {ie1, die1} = {ai}, 2 <1 < L —2. It follows that {ir,jr} = {ar,,r2}. Now let k1 be the
index such that Ry, o, = Tj,. For ky < k < K, we get TpAlr1] = A[ri]T), because one of these
cases is verified

e T} is a set Z, that commutes as a diagonal matrix with A[rq],
e T}, is a rotation set R;; with i # r; and j # 71 for which any matrix commutes with Afrq],

e T} is a rotation set R;; with i = rq (or j = ry which is equivalent because R;; = RM). In
this case, applying the relation

-1 0 -1 0 . cosf —sind
moy [ 0]=[ 7 0w womo [0 9]
we can see that again TpA[r1] = Alr1]Ty.
Then we use the relation
-1 0 1 0
moy [ 0] =mon 1 0] »

to get Ry, 4, Alr1] = Ry, o Ala1]. Using now relations Alai|T), = TpAlaq] for ky < k < K, we
obtain the relation
T1T2 .o TKA[Tl] = T1T2 . e TKA[al]. (35)

Using the same arguments, we prove that Afa;] may be replaced by Ala], | =2,...,L —2in (3.5)
and finally by Alrs], which proves the lemma. O

Theorem 3.5. Let 2 < M < N and G = T'T, ... Tk E|s,¢| be a connected Givens set of N x M
matrices. Then G =TT, ... Tk E[s,€q].

Proof— The matrix E[s,e] may be written as
Els,c] = DE|[s,¢g), (3.6)

where D is a N x N diagonal matrix with element e(r(c)) on row r(c),0 < ¢ < M —1 and elements
equal to —1 or +1 on the other rows (that exist because M < N), in such a way that the number



of -1 is even. So there exists a sequence of couple of row indices (rg;,79;+1), 0 < i < L — 1 with
2L < N such that D be written as

D = 1:[ A[Tgi]A[T2i+1]. (37)

Using lemma 3.4, we get, for 0 <i < L —1

T1T2 e TKA[’I“QZ] == T1T2 e TKA[T‘QiJrl], (38)
because G is connected and
L—-1
G = T1T2 PN TK H A[T2i+1]2E[S, 60] == T1T2 PN TKE[S, 80]. (39)
=0
U

3.3 Dimension of a Givens set

Theorem and Definition 3.6. (a) For a Givens set G with a parametric representation ¢ con-
taining ngr rotations, the rank of the Jacobian matrix of its parametric representation ¢g
reaches its maximum value, denoted dimy(G), except on an open dense set in T"? of Lebesgue
null measure.

(b) The number dimy(G) is the same for all representations of G and their common value is
called the dimension of G and is denoted by dim(G).

Proof— (a) Let us consider ¢ a parametric representation of a Givens set G = T'Ts... Ty Inm
from T"% to G with np rotation sets. The coefficients of G(6), 8 = (01,62, ...,6,,), are polynomial
functions of cos8; and sinf;, 1 <1 < ngp.

Denoting by R;, j, the l-th rotation set in G, the Jacobian matrix element % is obtained by
replacing R;, j, in G by D;, j, = {Dy, ;,(0;), 6; € T} where D, j,(0;) is defined by (C 10).

So the elements of the Jacobian matrix J (), are also polynomials in cos§; and sin;, 1 <1 < ng.
If the maximum rank of the Jacobian is equal to d = dimg, then all minors of J(#) of order r,r > d
are identically null while there exists a minor m(€) of order d of the Jacobian matrix and a value
of 8™ with m(90™) # 0.

Because any minor of J(6)) is a polynomial function of the elements of J(6)), and thus a polynomial
function of cos§; and sin6;, 1 <1 < npg, m(#) is a continuous function of §. Therefore the set V,
of all # such that m(f) # 0 is an open set. In another hand, applying Theorem B.1, m(6) is non
null except on a set of § with null measure, which implies that V,,, is dense in T"%.

We deduce that the subset Uy € T™® of ¢ such that there exists a non null minor of order d of the
Jacobian matrix is also an open dense set, because the number of minors of order d is finite.

As G = ¢(T"®), ¢(Uy) is a dense open set in G for the Euclidean topology.

(b) Let ¢; and ¢2 be two representations of a Givens set G C ./\/( N $1(Uy,) and ¢2(Uy,), a
constructed in (a), are open dense sets in G. Let V' be their intersection. A € V is also a dense

open set in G. So there exists W, open set in ./\/(MN, such that V = W NG. There exists 61 € T™,
where nq is the number of rotation sets in ¢, such that ¢1(01) = A with an open neighborhood
Uy of 1 in T™ such that the rank of ¢ is equal to dimy, in U;.
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From the Constant Rank Theorem ([15, Theorem 11.1]), there exists a neigbourhood of A = ¢;(61)
in G and a C*°-diffeormorphism v; from an open set V; C G to an open set in R4™¢1 such that
P1(A) =0 € RImsy

In the same way, there exists a C'*°-diffeormorphism from an open neighbourhood V5 of A, Vo C G
to an open set in R9™Mey guch that Pe(A)=0¢ Rdime,

%4 = V1N V3 is an open neighborhood of A in G, and ¥ (V') and 12(V') are open sets in RY™s1 and
RY™ez | respectively, C-diffeomorphic to V, thus between themselves, and so dimg, = dimg,.

O
A value of 6 for which the rank of the Jacobian matrix is equal to dim(G) is called a reqular value
of ¢ and ¢(0) a regular point of G for ¢. Otherwise 6 is said to be a singular value of ¢ and ¢(0) a
singular point of G for ¢.

If the dimension of G with representation ¢ is equal to ng then, for any point 6 of TR where
the rank of the Jacobian matrix is exactly equal to ng, there exists a neighborhood U of 8 where
the rank is still equal to nr and the restriction of ¢ to U is injective being more precisely a
diffeomorphism of U onto ¢(U). ¢ is said to be a locally injective representation of G.

Let us remark that the set of regular points of a Givens set is dependent of the parametric repre-
sentation because two of its representations have generally different singular points.

Example 3.7. For M = N = 3, SO(3) can be represented in two ways, up to a permutation of
indexes applied simultaneously to rows and columns, by

¢1 : SO(3)ZR071R0,2R0,1. (3.10)
¢2 : SO(3)ZR072R0,1R1,2. (3.11)

Table 3.7 gives the singular values and the singular points for each of these two representations.

Singular values Singular points
(251 Oy =0o0rfy=m {A,A S 50(3), [A]272 = il}
b2 0y = £m/2 {A, A€ S0@),[Al1o==+1}

Table 1: Singular points for two Givens representations of SO(3) (3 is the angle of the second
rotation).

3.4 McMillan valuation and degree of a Givens set

Definition 3.8. For a Givens set G the marimum max{deg(A), A € G}, denoted deg(G), is
called the McMillan degree of G and the minimum min{val(A), A € G}, denoted val(G), is called
the McMillan valuation of G.

When M = N, the McMillan degree and the McMillan valuation of G are both equal to the number
d of shifts sets in any representation of G’ because Det(G(6)) = X for any § € T"2. When M < N,
deg(Det(G(0)1,7) = deg(G) except on a set of null Lebesgue measure and val(Det(G(6)7,7) = val(G)
except on a set of null Lebesgue measure as shown in Appendix B.
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Theorem 3.9. Let M, N be positive integers with M < N and let G be a Givens set G =
TWTy ... Ty In v that can be written

G =RiZRoZp, ... R Z1, RmsrIN (3.12)

where R, 1 < k < m + 1 are products of rotation sets and I, 1 < k < m are subsets of
{0,..., N—1} such that 1 < Card(Iy) < N. The number of shifts in the sequence of transformations
of G, d=>"7", Card(I}) verifies m <d <m(N —1).

Then

(a) For every matriz A € G and for every I C {0,...,N —1}, J C {0,...,M — 1} such that
n = Card(/) = Card(J) < M

max(0,d — m(N —n)) < val(Det(Ay,s)) < deg(Det(Ar y)) < d. (3.13)

(b) G C Ag_m(N—n),a and for a.e. 0 € TR, G(0) € Bg_py(N-),d-

Proof.— The proof of deg(Det(A(r,7)) < d is done by recurrence following the sequence of trans-
formations of G from right to left. The matrices R,,1Inn are constant matrices and thus if
B € Ry 41In,m, Det(By,y) = 0 or deg(Det(By 7)) = 0. Now suppose that G; = 11141 ... Tpp Inr N,
[ > 1 verifies deg(Det(By,7)) < d for every B € G for every I and J where d’ is the number of
shift sets in the sequence 1}, Tj1,...,T},,. Tj—1 is either a rotation or a shift set.

Let I = {ig,...,in—1} with ig <i3 <--- <y and J = {jo, ..., Jn—1} With j1 < jo < -+ < jn.
Suppose that T;_; is a shift set Z, and let C = Z,B. If r ¢ I, C1; = By ; and Det(Cy ) =
Det(As ). f r €I, r =ig, 0 <k <nand Cr ;= Z;B where Zj, is a n x n shift matrix. Thus
Det(C[,J) = Det(ALJ) +1

If T)_; is a rotation set R; j, i # j, let C = R, ;(0)B.

e if i & I and j & i, then C;j= By jand Det(C[,J) = Det(A[,J).

e ificlandj€ I, theni=igj=14,0<kl<n, k+#1[and Cry = Ry (0)Br, where
Ry.;(0) is a n x n rotation matrix. Therefore Det(C7, ;) = Det(By ;)

eificlandj¢I,i=14,, 0<r <nand Crj=cosdBj;—sindB’p ; where B’ is obtained
from B by permuting the rows of indices i and j and I = {ig, ..., 51,7, bty -+ bn_1}-

By linearity of the determinant with respect to a row of fixed index, we deduced that
Det(Cy,y) = cos@ Det(By ) — siné Det(B’; 7). As Det(B’r s) is equal, up to a sign, to
a determinant of a submatrix of B of size n, its degree is less or equal to d’, and the same is
true for Det(C7 ).

So any matrix C € Tj_1T; ... T, Iy n satisfies deg(Det(Cr,5)) < d’ where d’ is the number of shift
sets in the sequence 7;_1,7}, ..., T}, which proves the recurrence argument.

From (3.12) we deduce that G C (9](\71])\/1 and that the set {0,,A, A € G}, denoted 0,,G is also a
Givens set that may be written

O'mG = Rlz[fRQZ[g .o RmZIfan-l—llN,Ma (314)

where If = {0,1,...,N —1} \ I;, 1 < i < m. The number of shift sets in 0,,G is equal to
mN — d. We deduce, using the first part of the proof, that for any I C {0,1,...,N — 1}, any
Jc{0,1,...,M — 1} with Card(I) = Card(J), and any cA € 0,,G

deg(Det([omAlr,7)) < mN —d. (3.15)

12



Now using [A(1/X)]|;,g = Ars(1/X) and Det(X™Ar ;(1/X)) = X™Det(Ar ;(1/X)), we get
deg(Det([ommAlr,7)) = mn — val(Det(Ar,5)). So mn — val(Det(Ar s)) < nN — d, which proves
val(Det(Ay j)) > d —m(N —n) and thus (a).

The proof of (b) follows from the definitions of deg(G) and val(G). Because the coefficients of
G(0), 6 € T" are polynomials in cos#;,sin6;, 1 < i < np, each coefficient of Det(Gy, ;(#)) has
the same property, for any I and J such that Card(I) = Card(J) = M. Thus deg(G(0)) = deg(G)
for a.e. 8 € T™R is a consequence of Theorem B.1, (b). The same argument holds to prove that

val(G(0)) = val(Q) for a.e. § € T"R. O

3.5 Algebraic Givens sets

Theorem 3.10. Let G =TTy ... T, ImN € OJ(\ZLEV be a Givens set with parametric representation
¢ such as defined in (3.2) and A the smallest real algebraic set that contains G, i.e. its Zariski
closure. Then A is irreducible.

Proof.— Let us denote by ¢g(0), 8 = (01,...,0,,), the parametric representation of G where ng is
the number of rotation sets in the sequence 17,75, ..., T},

Let us now suppose that A = A; U Ay where A; and Ay are real algebraic sets with A; C A and
As C A.

There exists 0y € T™R such that © = ¢g(0y) € Ay \ Ag, which is an open set for the ordinary
topology on A. If not, G would be included in Ay and A would not be the Zariski closure of G.
Let V be an open neighborhood of  in Ay \ As. The intersection V' N G is an open neighborhood
of 2 in G. As ¢¢ is continuous from T"% onto G, U(p) = ¢5' (V) is an open set that contains 6p.
Now let Pa, € Rla], a = (a1,a2,...,arN@m+1)) be a polynomial such that A; = Zer(Py, ), the set

of real zeroes of P4, in (’)g&ng\, C RMN(m+1) We get Py, (¢c(#)) = 0 for any 0 € U(6y).

As the coordinates ¢g(0);, 1 < i < MN(m + 1) are polynomials in cosf;,sinf; 1 < 1 < ng,
Q(0) = Pa,(¢c(0)) too. From Theorem B.1 and because Q(f) = 0 on U(fy), Q(0) is identically
null. That proves G C Ay, which is a contradiction, and thus A is irreducible. O

Corollary 3.11. If a Givens set G C O](\Z[ng\, is a real algebraic set, then G is irreducible.

Remark 3.12. As shown in Proposition A.1 there exist Givens sets that are not algebraic sets.

3.6 Some representations of SO(N) as a Givens set

Let us recall that SO(N) denotes the set of all N x N orthogonal real matrices with determinant
1.

Notations 3.13. For N >2 and 0 < a < b < N, A, denotes the matriz set

b—1 b
Aa..b:H H R; ;. (3.16)

i=a j=i+1

while for 0 < a < N, A, o = In by convention. For N >2 and 0 <a<b<c<d<N, By pec.d
denotes the matriz set

bod
Bo.be.da= H H R; ;. (3.17)

i=a j=c
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Remark. Matrices in a set B, p.q correspond to CSD blocks in [8].

Using the commutation relation R; ;jRy; = Ry R;; if {i,j} N {k,l} = 0, it is straightforward to
prove that

d b
Bo.be.d= H H R; ;. (3.18)

j=ci=a
Theorem 3.15 gives several representations of SO(INV) as a Givens set that result from variations of

the QR algorithm and will be used in the rest of this paper. An elementary lemma will be used
below that allows to define the notion of extraction of a rotation from a set of orthogonal matrices.

Lemma 3.14. ([16, algorithm 5.1.8, page 240]) Given two real numbers a and b, there exists an
angle 0 and a nonnegative real number c such that

cosf —sinf c| |a

sinf cosf 0| |b ]|
Let us consider now a set A of orthogonal N x N matrices such that there exist two row indexes 4
and j with the property that for any column index ¢, A; . = 0 for any A € A if and only if A;. =0

for any A € A, and there exists a column index k such that Aik + A?,k # 0 for any A € A. From
Lemma 3.14 we deduce that for any A € A there exists an angle 6 and an orthogonal N x N matrix
B such that R; j(#)B = A with B, = 0. So the set A may be written A = R; ;B where B, =0
for any B € B.

This operation is called the rotation extraction from the set A with the same non null elements on
row of indexes ¢ and j. It is quite evident that B is again a set of orthogonal matrices.

Theorem 3.15. For N > 3, SO(N) has the following representations as a Givens set.

(¢)

N-2 N-1
SO(N) = H Rij = Ao.N-1. (3.19)
=0 j=i+1

(b)

N—-2 i+1
son) =1 II Ri-1s (3.20)

i=0 j=N—1(—1)

(¢) For1 <M < N,
SO(N) = Ao.m—1Bo.m-1,m.N-1An. N-1. (3.21)

(d) FOTOSM1<M2<N—1,
SO(N) = Ao.m—1Bo.vy—1,Ms. N—1 Bty Mo—1,Ma.. N—1 AN, N1 (3.22)

= Ao.m—1Bo.vy—1,my..Ma—1Bo. vy —1,M. N~ 1AM, . N—-1- 3.23)

Proof— (a) For a real N x N matrix A, the QR algorithm ([16, from page 252]) first introduces,
from left to right, rotation matrices between rows of indices 0 and j for j varying from 1 to N — 1
to cancel the values in column 0 and rows j for 1 < j < N — 1. Then rotations are chosen between
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rows 1 and j,1 < j < N to cancel the elements in column 1 and rows j = 2,..., N — 1 and so on
until i = N — 2 and j = N — 1 to cancel the element at row N — 1 and column N — 2.
The result is an expression

N-2 N-1
A=]] [] rsT (3.24)
i=0 j=it+1

where T is an upper triangular matrix. In this process we may choose the rotations to ensure that
T;; >0for 0 <i<N—2. If Abelongsto SO(N), T too and from orthogonality of its column
vectors we deduce that T is a diagonal matrix. Because the column vectors are unitary vectors, it
comes that T';; =1, 0 <7 < N —2 and Ty_; y—1 = £1. Finally, because the determinant of T is
equal to 1 and is the product of diagonal elements, we get T'ny_1 n—1 = 1.

We deduce from this algorithm the classical result (3.19) (see [17, 18]).

(b) To cancel the elements A, j,j < i, we can proceed with a different order to get the expression
(3.22) by introducing from left to right rotations to cancel elements in the lower triangular part of
the matrix. In this method, rotations have always consecutive row indexes and are also extracted
from matrices with the same non null elements on the row indexes.

(c) Another way to cancel the lower triangular part of the matrix is to introduce the rotations of
1. Ag.p—1 to cancel elements at places S1 = {(4,j), 1 <i< M -1, 0<j <i},
2. Bo.m—1,m..N—1 to cancel elements at places Sp = {(4,j), M <i<N—-1,0<j <M —1},
3. Apr.n—1 to cancel elements at places S5 = {(i,j), M +1<i< N-—-1, M <j <i}.

This proves identity (3.21).

(d) The identity (3.22) is obtained by cancelling the elements A; ;, j < ¢ by introducing from left
to right the rotations of

1. Ag.am,—1 to cancel elements at places S = {(4,j), 1 <i < My —1, 0 <j <},

2. Bo..My—1,M,..N—1 to cancel elements at places Sy = {(4,7), M2 <i < N—-1,0<j < M; -1},
3. By . .Ma—1,M,..N—1 to cancel elements at places S = {(7,7), Mo <i < N—1, M; < j < N—1},
4. App,. N—1 to cancel elements at places Sy = {(i,75), Mo +1<i< N —1, My <j<i}.

It is easy to see that each rotation R;; in this procedure is introduced from matrices with rows of
indices ¢ and j with null elements at the same places, as sketched in the left part of Figure 1.

The proof of identity (3.23) follows the same method by cancelling the elements A;;, j < i by
introducing from left to right the rotations of

1. Ao -1 to cancel elements at places S1 = {(4,), 1 <i < M; —1, 1 <j < i},
2. Bo..My—1,M,..Ms—1 to cancel elements at places Sy = {(4, ), My <1i < My—1, 0 < j < M;—1},
3. Bo.m—1,M,..N—1 to cancel elements at places S3 = {(i,j), My <i <N —1, 0 < j < M; —1},

4. App..N—1 to cancel elements at places Sy = {(7,7), M1 <i< N —1, My <j<i}.
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0 M;—1 My—1 N-1 0 M, -1 My—1 N-1
St
S

S1

2

M, —1 S3 M —1 S3
54 S4

= (2]« =

My—1 My—1

Figure 1: The sets S;,1 < i <4 at left for relation (3.22), at right for (3.23).

This method is illustrated in the right part of Figure 1. O

Relation (3.21) may be strengthened by showing that Ao ar—1, Bo.m—1,m.N—1 and Ay y—1 are
globally commuting sets.

Theorem 3.16. Let M, N such that 2 < M < N.

(a) Fora with0<a <M —1,
Bo.vi—1,m.N-1Raa11 = Raar1Bo.v—1,M..N-1- (3.25)

(b) The following set commutation relations are verified

Ap.n-1A0.m-1 = Ao.m-1Am.N-1, (3.26)
Bo.v—1,m.N-1A0. -1 = Ao.m-1Bo.mv—1,m.N-1, (3.27)
Bo.v-1,m.N-1AMm.N-1 = Am.N-1Bo.m-1,M.N-1- (3.28)
Proof— As
M—-1N-1
Bo.y-1mn-1= | TI Ris> (3.29)
i=0 j=M

and because R, .11 commute with each rotation set in H;V;J\}[ R;j for i # a and i # a + 1, it is
sufficient to show that

N-1 N-1 N-1 N-1
H R, ; H Rot15 Raar1 = Raat1 H R, ; H Rty (3.30)
Jj=M =M j=M j=M
Now, we may write,
-1 -1 N-1
II Res T Resri =[] (RajRasry), (3.31)
=M j=M =M
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and then, for every j,M < j < N —1,
Ra,jRa—l—l,jRa,a-i-l = Ra,a—i—lRa,jRa—f—l,ja (332)

because this set equality amounts to use two factorizations of SO(3) as acting on rows a,a + 1, j.
Using (3.32) for j decreasing from N — 1 to M in the right member of (3.31) proves (3.30) and thus
part (a) of Theorem 3.16.

Relation (3.26) is evident because any rotation in Ay p/—1 and any rotation in Aps ny—1 have
no common indexes. Relation (3.28) may be easily deduced from relation (3.27) by applying a
permutation of indexes simultaneously on rows and columns.

To prove (3.27) remark that Ay pr—1 is SO(M) acting on rows {0,1,..., M — 1} and thus, thanks
to relation (3.20), may be written

M—-2 i+1

Ao.m-1 = H H Ro-1,- (3.33)

1=0 a=M—-1(-1)

Then, applying (a) for each of the rotation set in the right member of (3.33) from left to right,
proves (3.27).
]

4 Main theorems

4.1 SVD and order reduction in (’)5&”3\[

The singular value decomposition (SVD) of a square matrix (cf. for example [16, 2.4, page 76],
such as used in [8], may be formulated as follows for a rectangular matrix.

Theorem 4.1. (SVD decomposition) Let M, N be integers such that M < N and A a N x M real
matriz with rank p. The singular value decomposition of A is given by

A=UxVT, (4.1)
where
¥ is a p X p diagonal matriz with strictly positive diagonal elements (the singular values),
U is a N x p orthogonal matriz,
V is a M x p orthogonal matrix.
SoUTU =VTV =1..

The order reduction method in [8] may then be extended in a straightforward manner to the case
of a rectangular paraunitary matrix.

Theorem 4.2. Let M < N and A(X) € 05‘73\, There exist m + 1 orthogonal matrices Wy, 0 <
kE<m, with Wi € SON)1<k<mand Wy e O(N), andrg, 0 <rp < N, 1 <k <m such that

AX)=WnZ, N-1Wn1Zy, , N-1..-Wi1Zy NAWoln . (4.2)

When M < N, W may be also chosen in SO(N).
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Proof— A matrix A(X) € O](\Z[ng\, with order m can be expressed as

where A;,0 < k < m are constant N x M matrices. From the relation AT (1/X)A(X) it results
that

AT Ay =0y, (4.4)

where 0j; is the null M x M matrix.
This equation implies that pg 4+ p, < N where py and p,, are the ranks of Ay and A,,, respectively
The SVD of Ay and A, are, following Theorem 4.1,

Ay = Uo%oV§, (4.5)
A, = Uz, VL,

Plugging (4.5) and (4.6) in (4.4) gives
ViuZn UL UGS VE =0y (4.7)

Multiplying each member of this equality by E;l V%ﬂI at left and by Vo3 Lat right gives U%U 0=
0p,,.,p0» Which means that column vectors of Uy are orthogonal to column vectors of U,,.

As in [8], we can construct a N x (N — pg — pp,) orthogonal matrix @ with column vectors of Uy
and U,, to construct a N x N orthogonal matrix W,

Wi =[UoQy Unl (4.8)

When M < N, N — py — pm > 0 and @, may be chosen to ensure that det(W,,) = 1, ie.
W, € SO(N). If M = N and pg + pm, = N, there is no matrix @ but, when det(W,,) = —1, we
may change the first diagonal element of 3¢ and the first column vector of Up by their opposites
to ensure that W, € SO(N).

Now Aj and A, may be written

VY

Ay =W,
’ [ ON—po, 01

— ON*pmyM

The end of the proof is strictly the same as in [8]. From (4.3) we get

m—1
_ SoV{ 1 k ON—ppm M m
AX) = W, +SY wlaxk A x (4.10)
OprO,M 1 Emvm
= WnZ, nN1A(X), (4.11)

where the order of A(X ) is equal to m — 1 and pg < 1, < N — pp,. This order reduction method
can be repeated until we get a constant IV x M orthogonal matrix that may be written as Wol y a
with Wy € O(N) when M = N and W € SO(N) when M < N.

O
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4.2 Technical lemmas
Lemma 4.3. (Lemma 2 in [1]) For any I C {0,...,N — 1} with Card(I) =1 < N,
SO(N)Z;SO(N) = SO(N)Zy.;-1SO(N). (4.12)

Proof— Let I = {iy,i2,...,4;} be a set of distinct positive integers in {0,..., N — 1} and s be any
permutation of {0,..., N —1} such that s({0,...,l—1}) = I and such that the permutation matrix
P of size n defined by [Ps]i,s(i) =1 and 0 elsewhere has a determinant equal to 1.
Of course, with P, = { P},

SO(N) = SO(N)P, = PYSO(N),

and then
SO(N)Z;SO(N) = SO(N)Z;SO(N) = SO(N)P,Z;PTSO(N).

Since PSZIPST = Zgy.1—1, the result follows. O

Lemma 4.4. (Lemma 3 in [1])
Forly <N —1 etly < N —1, the following set equality holds

SO(N)Zo.1,-150(N) Zo.1,-15O(N) = SO(N) Zo..1,-150(N) Zo..1,-1SO(N). (4.13)
Proof.— We may suppose without restriction that lp < [;. Using (3.22)
SO(N) = Ao.1,-1Bo.1s—1,11..N-1Bly..1,—1,1,..N—141, N1 (4.14)
with My =l and My = [y, we get

SO(N)Zo.1,-1SO(N)Zo.1,-1SO(N)
= SO(N)Zy.1,-14A0.1,-1Bo.1s-1,1,..N-1Biy.t, -1, . N~ 141, N~1Z0.1,-1SO(N),
= SO(N)Zy.1, B1.45,1+1.0Z1.1,SO(N), (4.15)

because Ay ;,—1 commutes with Zy ;1 and By, ;,—1,,. N—14;,..N—1 commutes with Zy ;,_1.
Now Zo.;,—1 = Zo..15—1%1,..1,—1 and because Z;, ;,—1 commutes with Bg j,—1,;,. .nv—1, we get

SO(N)Zo.1,-1Bo..15-1,1,..N-120.15-15O(N) = SO(N)Zy.1,-1Bo.15-1,,..N-1Z0.1,-1SO(N)
C SO(N)Zo.1,-1Bo.15-1,,..N-120.1,-1SO(N).

and thus

SO(N)ZOHZI_1SO(N)ZQ__12_1SO(N) C SO(N)ZO.h_lSO(N)ZQ__ll_1SO(N), (4.16)

After replacing X by 1/X in (4.15) and multiplying by X?, we get
X*SO(N)Zy}, _1SO(N)Zy 3, 1SO(N) € X*SO(N)Zy},_1SO(N)Zy 3 _1SO(N),  (4.17)

and because

X*SO(N)Zy s, _1SO(N)Z; )}, _1SO(N) = SO(N)Z1,.N-15O(N)Z, n-1SO(N)
SO(N)Zy..n—1,-1SO(N)Zo. n—1,-15
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using Lemma 4.3, and in the same way

X?SO(N)Zy}, SO(N)Zy 3 _1SO(N) = SO(N)Zy,.n-1SO(N)Z;, .n-1SO(N)
= SO(N)Zo.n-1,-150(N)Zy..n—1, 1,

we get from (4.12)
SO(N)ZOHn_ll_1SO(N)ZQ__n_12_1 C SO(N)ZO__n_lQ_lsO(N)ZO__n_ll_1SO(N). (4.18)

Replacing n — [y by Iy and n — I3 by [; in (4.18), which is allowed because n — 1 < n — I3, if follows
that

SO(N)Zy.1,-1SO(N)Zy 1,-1SO(N) C SO(N)Zy 1,-15SO(N)Zy.1,—1SO(N). (4.19)
The lemma is proved from (4.15) and (4.19).
U
Lemma 4.5. (Lemma 4 in [1]) Forly <N —1,la <N —1andly > 12 +1,
SO(N)Zy.1,-1SO(N)Zy.1,-15SO(N) C SO(N)Zy.1,-2SO(N) Z.1, SO(N). (4.20)

Proof— The proof uses the same argument as in the previous lemma. From equality (4.15), as
20..1,—1 = Zo..1,—221,—1 and observing that Z;, _; commutes with By ;,—1,,.n—1, We get

SO(N)Zo.1,-1Bo..15-1,1,..N-120..15,—15SO(N)
= SO(N)Zo.i,—2Bo.1,-11.N-1Z1,-1Z0.1,-15O(N), (4.21)

and therefore

SO(N)Zy.1,-1SO(N)Zy.1,-1SO(N) < SO(N)Zy 1,—2SO(N)Z;,-1Z..1,-1SO(N).
Because, from Lemma 4.3,

SO(N)Zoy..1,~2SO(N) Zy,~1Zp.1,-1SO(N) = SO(N) Zo.1,~2SO(N) Zy.1,SO(N), (4.22)
this achieves the proof. O

4.3 The Givens sets U N md

Definition 4.6. Let M and N be two positive integers such that 1 < M < N and N > 2 when
M =1. Form > 1 and dym < d < m(N — 1) let us define k and l by d = (I — 1)m + k with
1 <k <m, that is

k=[d-1) mod m|+1, Il =[(d-1) quo m|+ 1. (4.23)

The set Unr,N,m,q s defined for m > 1 by

Uni Nom.a = SO(N) [Zo.1-1SO(N)* [Zo.1-2SO(N)™ % Iy . (4.24)
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Lemma 4.7. For given M,N,1 < M < N, N > 2 when M =1, m > 1 and a sequence of m
subsets I;,1 < i <m of {0,...,N — 1} with 1 < Card(l;) < N — 1, the following set inclusion is
satisfied

SO(N)Z,SO(N)Zy, ... SO(N)Z[MSO(N)IN7M C UM Nm,d (4.25)

where d =" | Card(;).

Proof— As Uni Nm.da = UN,N,m,aIN, M, it is sufficient to prove the lemma for N = M.

Using Lemma 4.3, for 1 < k < m, we may replace Zy, in (4.7) by Zy.r,—1 where 1, = Card(l);) and
then, without changing the set SO(N)Z;, SO(N)Zr,...SO(N)Z;, SO(N), we may assume that
rk, 1 < k < m is a increasing sequence thanks to Lemma 4.4. Of course, d = > ;* | ;. Let us
denote by U(ry,ra,...,7m) the set

U(Tl, T2,... ,T’m) = SO(N)ZO..”_1SO(N)ZO..T2_1SO(N) v ZO__rm_lSO(N). (426)

Now, for a such that r,, < a < rq, let n, be the number of 7, 1 < k < m equal to a. Of course
Ny, >0, ng >0, ng >0 for rp, < a<ryand ZZIZTm Ng = M, Zglzrm ang = d. When r1 —r,,, < 2,
let us consider the two steps following transformation :

1. Move the last factor Zj ;. 1 in the expression of U(ry,ra,...,7y) to the second place at left,
without changing this set thanks to Lemma 4.4, i.e. U(r1,72,...,7m) = U(r1,T"m,72, ... s Tm—1)-

2. Using Lemma 4.5, we get U (r1,Tmy -« s "m—1) CU(r1—=1,rm~+1, ... ;1) = U], 1h, ooy ))

where (r{,75,...,7],) is the reordering of (ry — 1,7, +1,...,7,_1) in an increasing sequence.
/

Let us denote again by (r1,79,...,7y,) the sequence (r}, 75, ..., 7).

The values of n,, and n, , for the new sequence are thus decreased by 1. So the transformation
may be iterated until n,, =0 or n,, = 0, in which case the value of ry — ry, is decreased by 1 or

2, while U(ry,...,ry) is increased for set inclusion.
This process may be continued until ry —r,, = 0 or r; — 7, = 1 and provides an increasing sequence
U(ri,...,rm) for set inclusion. The value of Y ;" r; is kept invariant, equal to d.

Ifri—rm =0 r, =r for 1 <i < m and denotes by [ their common value. We thus get
d=ml=m(l—1)+k with k =m.

If ri — rp, = 1, let us denote by [ the number r; and by k the number of r;’s equal to . So m — k
is the number of r; equal tol — 1l and d=kl+ (m —k)(l — 1) =m(l — 1)+ k with 1 <k <m.
Therefore in both cases U(ri,r2,...,7m) = Un,N.m.d- O

Lemma 4.8. Let M and N be two positive integers such that 1 < M < N and N > 2 when M = 1.
Form>1and d,m <d<m(N —1),

T, Nm,d = UM Nm,mN—d- (4.27)
Proof— From
X"™Ung,m,a(1/X)=SO(N) [X Zo.1-1(1/X)SO(N))* [X Zo.1—2(1/X)SON)™* Inn, (4.28)
and

XZy.1-1(1/X) = Zo.n-1Z0.0-1(1/X) = Z; N-1, (4.29)
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we get, using Lemma 4.3

X" Unt nma(1/X) = SO(N)[Zo.n-1-1SON)* [Zo.n1SO(N)™ % Iy, (4.30)
and then, using Lemma 4.4

X" UniNma(1/X) = SO(N)[Zo.n-1SON)"" [Zo N-1-1SON)* Inn.  (4.31)

Therefore opUni Nm,d = Uni,Nm, o Where d' = (m —k)(N —1+1)+ k(N —1) =mN —m(l—1)—k.
Asd=m(l—1)+k, we get d = mN — d and this proves (4.8). O

The sets of matrices defined by (4.6) may be expressed as Givens sets as shown in the following
theorem.

Theorem 4.9. Let M and N be two positive integers such that 1 < M < N and N > 2 when
M=1,m>1,dm<d<m(N —1) and k,l defined by equation (4.23). Then

(a) The set Ups N .m,a has the following representation as a Givens set:

uM,N,m,d (4.32)

k m—k
= (Bo.i—1,1.N-120.1-1)" (Bo.i-2,-1.N-1Z0..1—2) Bo.vi—1,m.N-1Ao.v—1IN M-

(b) If d satisfies m < d < mM, then the dimension of (4.32) is equal to

M(M — 1)

FOM,Nym,d) = KN = 1)+ (m = k)1 = D)(N = 1+ 1) + M(N = M) + ——

. (4.33)

and the representation of U N.m,d given by (4.32) is thus locally injective.

Proof— From equation (4.23) it follows that 1 <[ < M.
Using (3.21) and (3.27), we get

SO(N)Zp.1-1SO(N) = Bo.1-1,.N-140.1-141.N-120.1-150(N) = Bo._i1-1,..N-120.1-15O(V),
because A; y_1 and Ag ;_1 commute with Zy ;_1. In a similar way
SO(N)Zy.1—2SO(N) = By.i-21-1.N-1Z0.1-2SO(N). (4.34)
Furthermore
SO(N)In . = Bo.yvi—1,m.N-1A0.m—1Avm. N—1In v = Bo.vi—1,m.N—1A0. -1 v (4.35)
This achieves the proof of (a).
Because of its length, a detailed proof of (b) has been moved in Appendix C. U

Denoting by Uns n,m the set of N x M paraunitary matrices that belong to a set given by (4.25),
it results from Lemma 4.7 that

m(N—1)
UMi,Nm = U UNi,Nm,d- (4.36)

d=m

Depending on the values of M, N and m, this expression can be simplified as proved in the following
Theorems 4.13, 4.14 and 4.10.
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4.4 The case M =N

Theorem 4.10. [1]/ Let N > 2. Form >1 and m < d < m(N — 1), let us define k and | defined
by (4.23). Then

(a) Form <d < (N —1)m
UnNma = (Boa1in-1Z0.0-1)" (Bo.i—21-1.8-1Z0.1-2)™ " Ao.n-1, (4.37)
and this angular parametrization is locally injective with dimension f(N, N, m,d).

(b) Thus

m(N—1)
UNNm = U UN.Nm.d- (4.38)

d=m

The m(N — 2) 4+ 1 sets Un N m,a form a partition of Un nm and are the real algebraic com-
ponents of the algebraic decomposition of Un n,m as well as its connected components.

Proof— A proof is given in [1] using the lemmas of 4.2. The real algebraic property and the partition
property of the Ups N m,q result from the fact that

uN,N,m,d = {A, Ae UN7N7m, Val(A) = deg(A) = d} . (4.39)

A detailed proof of dim(Un nmq) = f(IN, N, m,d), which is not given in [1], is given in Appendix
C where only M < N is used, not M < N. O

Remark 4.11. Ford=rm, 1 <r < N —1, we get f(N,N,m,rm) =mr(N —r)+ w, which
is the number us of angular parameters for this particular case given by formula (1.8).

It is now possible to prove the following result that completes Lemma 2.3

Theorem 4.12. For given M and N such that 1 <M < N, m>1, and 0 <d <m(N —1), Agq
is an irreducible algebraic Givens set.

Proof— For N = M, the result is already known from Theorem 4.10.

For M < N, because the proof uses matrices of sizes N x M and M x M, we will denote by Ay n.4.q
the set Ay 4 relative to parameters M, N,m and by Aps 44 the set Agq relative to parameters
M, M, m.

Let A € Ay N q,4- For everyset J C {0,1,...,N—1} with Card(J) = M and I = {0,1,..., M —1},
we get Det(Ayr) = ayX® where at least one o is not null. So there exists a N x N permutation
matrix IT such that B = ITA satisfies Det(B7 1) = fo X ¢ with By # 0. Now introducing the subsets
J=1{k1,...,M -1}, M <k<N —1, Det(By, ;) = B. X%

For kK = M, there exists an angle 6; € T such that

cos Oy —SiDHM} [ Bo } _ [ WM}

sinfy; cosfy Bum 0
with yar > 0, v3; = 82 + 82. Let By = Ro m(0a)B. The row of index 0 of By is given by

[BM]O,j = COS HMBOJ' - SiDHMBMJ', 0 < ] < M — 1,
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the row of index M is given by
[BM]M,j = SiDHMBOJ —+ cos HMBMJ’, 0<j3<M-—-1,
while the others rows of Bj; are equal to those of B. It follows that

Det([BM]L[) = Cos HMDet(B[J) — sinHMDet(BJkJ) =YM,
Det([BM]JMJ) = sin HMDet(B[J) -+ cos HMDet(BJk,[) =0.

In the same way, for successive k£ from M + 1 to N — 1, angles 0ps41,...,60n, can be found such
that the matrix
C=Ryn_100Nn-1)...Rom(Or)B, (4.40)
satisfies
Det(CI,[) = "YNle, Yn—1 > 0 and Det(CJkJ) =0, M<EkE<N-1. (4.41)

For 0 < r < N—1, the row of C of index r is denoted by v,. Because Det(C7 ) # 0, v1,v2,...,vpm—1
are independent polynomials, while for M < k < N — 1, Det(C, 1) = 0 and vy, is thus a linear
combination of vy, vg,...,vp—1. From this we may express C' as C = KD where D = C and
K is a N x M constant matrix such that

o | Im 4.42
] o

where L is a constant (N — M) x M matrix.

Using the QR factorization ([16, Theorem 5.2.1]), there exists an orthogonal N x N matrix @ and
an upper triangular N x M matrix R with positive diagonal entries such that K = @ R. Now
defining E = R; 1D, we get C = Q E.

Because C' is a paraunitary matrix, because A, B and C' defined by (4.40) are paraunitary, we get
Iy = CT(1/X)C(X) = BT (1/X)QTQE(X) = E'(1/X)E(X), (4.43)

and so E is a M x M paraunitary matrix such that Det(E) = Det(R; ;)Det(D) = vX? with v > 0
and thus from (4.43), v = 1 and E is paraunitary and E € Ay as.4.4-

Now from Theorem 4.10, Aps ar,4,q4 is @ Givens set and E may be written, as any matrix of Uz prm,d,
using the representation (4.37).

To any M x M paraunitary matrix M, we may associate the N x M paraunitary matrix M such
that MI,I = M and ]\N/II7{07___N_1}\I = On_m,m where On_py s is the null (N — M) x M matrix.
Moreover if G is a Givens set of M x M paraunitary matrices, then G = {M, M € G} is a Givens
set of N x M paraunitary matrix because if G = 11Ty ... T, E[s, €] then

G=TT... Ty.E[s,¢, (4.44)
where the M x M matrices in 17,75, ... T}, sets are extended to similar matrices of size N x N,
shifts on rows 7 with 0 < r < M —1 or rotations with row indexes 7, j with 0 < i < j < M —1. E[s,¢€]

is also an elementary paraunitary matrix E|$, | where § from {0,1,...,M —1} to {0,1,..., N —1}
is defined by sc = s(c), 0 <c¢ < M — 1.

So we have proved that A may be written as a A = UD with U € SO(N) and Ay Ndd =
SO(N)Ap,ma,q is a Givens set. Because Ay n,qq is an algebraic set, it is an irreducible Givens

set from Theorem 3.10.
O
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4.5 The case N > 2M

Theorem 4.13. Let M > 1 and N > 2M. Then, for m > 1 and k, 1 defined by (4.23),
(a) Form <d<mM, Uy Nmd S UM Nm,d+1 >
(b) For m(N — M) <d<m(N —1) =1, Uy Nm,d 2 UM Nmd+1 >
(¢c) For mM <d <m(N — M), UnrNm,d = Ui, NmmM

(d)
Unnm = (Bo.m—1,m.N-120.m-1)" Bo.vi—1,m.N—140.m—1In, (4.45)
which is a locally injective Givens set with dimension (m + 1)M(N — M) + W

Proof—Form=1and M <d < N —2, from (4.23) we get k =1, | = d and
Uunia = SO(N)Zy.q-1SO(N)Inu, (4.46)
Uuniarr = SO(N)Zo.aSO(N)In - (4.47)

Using (3.23) with My = d and My = d + 1 gives

Uunidarr = SON)Zy.qAo.a-1Bo.d-1,d.4Bo.a-1,d+1. N—1Ad.N-1INMm- (4.48)

Because Ay 4—1 and By _g—1,4.q4 commute with Zy 4 and Ag ny—1Inm = In,u, it follows that
Uuntdrr = SO(N)Zy.qBo.a-1,d+1.N-1IN M- (4.49)

Now Zy.q = Zy..4—124, Zq commutes with By 4_1.4+1.~v—1 and ZgIn n = Inp. So

UuNtd1 = SO(N)Zo.a-1Bo.a-1,a+1.N-1InM- (4.50)

Using relation (3.21) with M = d gives

Uunia = SOWN)Zo .a-1A0.4-1Bo.d-1,4.N-14a.N-1INm (4.51)
= SO(N)Zo.da-1Bo.a-1,d.N-11nm- (4.52)

Because By 4—1,d+1.N-1 C Bo.d-1,d.N-1, We get Unr N1,d+1 C U N1,

Thus the sequence Uy n1,0, M < d < N —11is a decreasing sequence of d for set inclusion. Using
that o1l N,1,0 = Ui, N,1,N—a, it follows that the sequence Ups n1,4, 1 < d < N—M is an increasing
sequence for inclusion and therefore a constant sequence for M < d < N — M with value U n,1,01-

When m > 1 and mM < d < m(IN — 1), then there exists one and only one distinct factor
in the factorization of Uy n 1,4 and Unr N 1,d+1, Zo.i—1 for Unrn1,q and Zy ; for Unrn1,a+1 with
M<I<N-—1.

Using Lemma 4.5, these two factors can be moved to the right of the factorization and using the
previous result for m = 1, we deduce that the sequence Uns N, MM < d < m(N —1) is a
decreasing sequence for inclusion. Using the symmetry relation (4.27), it follows that the sequence
UniNm.d, m < d < m(N — M), is an increasing sequence for inclusion. This achieves the proof of
parts (a), (b) and (c) of the theorem but not for the strict inclusions in (a) and (b).

For m < d < m(N — 1), let us denote here by f;(d) and fx(d) the numbers defined by (4.23).
For d =1lm, 1 <1 < N — 1, we obtain fj(d) = [ and fx(d) = m, that gives f(M,N,m,lm) =
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ml(N = 1)+ M(N — M) + % where the function f is given by (4.33). So, as a function
of I, f(M,N,m,lm) is a second degree polynomial, which is a strictly increasing function for
1 <1< [4]. Now for a fixed value of [ and for 1 > k < m, we get from (4.23), fi(lm + k) =1+ 1
and fr(Im + k) = k. Thus, because f(M, N, m,d) is a linear function of k for a fixed value of [, we
deduce that f(M, N, m,d) is linear function of d in each integer interval [lm, (I+1)m], 1 <1 < N—1.
This implies that f(M, N, m,d) is a strictly increasing function for d, m < d < m%

As M < %, we obtain that the dimension of Uys N m,q is a strictly increasing function of d for
m < d < mM and thus the inclusions in (a) are strict inclusions.

Thanks to the symmetry relation (4.27), this implies that inclusion in (b) are strict inclusions.

From (a), (b) and (c), it results that Unr nm = Un,Nmmm and (d) is a direct consequence of
Theorem 4.9.

]
4.6 The case M < N <2M
Theorem 4.14. Let M > 2 and M < N < 2M. Then, form > 1 and k, | defined by (4.23),
(a) Form <d < (N —1)m, and k,l such that d = (I — 1)m + k,
UniNamd = Bo.i-11.8-1Z0.1-1)" (Bo.i—20-1.8-1%0.1-2)™
Ao.m-1Bo.vm-1,m.N-1IN M, (4.53)
and this angular parametrization is locally injective with dimension f(M, N, m,d).
(b) Form <d <m(N — M), Unt,Nm,d S U Nmd+1
(¢c) FormM <d<m(N —1) =1, Unr,Nm.d 2 UM, Nm,d+1 »
(d) Thus
mM
U Nm = U UM, Nm.d- (4.54)
d=m(N—M)

FEach of the m(2M — N) + 1 sets Un,Nm.q s not included in the union of the others.

Proof— (a) From Theorem 4.9, it comes that (a) is true for m < d < mM. Using the symmetry
relation (4.27), (a) is also true for m(N —M) < d < m(N —1). Because N < 2M, m(N —M) < mM
and thus (a) is true for every d, m < d < m(N —1).

(b) The set inclusion is proved as in Theorem 4.13 and the strict inclusion results from the fact
that f(M, N, m,d) is a strictly increasing function of d for m < d < m%

(c) Using symmetry relation (4.27), (c) is equivalent to (b).

(d) For d such that m(N — M) < d < mM, let Gg = Unr,Nm,d- From Theorem (3.9), we get
Ga C Ag—m(N—m),a- In (4.53), setting all angles to 0 gives G4(0) = (Zo.1-1)F (Zg. o)™k In g
Because | = [(d—1) quo m]+1, we get N—M <1< M and for [ =J ={0,...,M -1}, [G41,7 is
the M x M diagonal matrix for which the element of row 7 is X™ for 0 < r <1—2, X* forr =1—1,
and 1 for [ <7 < M — 1. Tts determinant is equal to X =)™+ = X9 Hence deg(Gy) = d.
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That val(Gg) = d — m(N — M) is proved by symmetry. As deg(G,,n—q(0) = m(N — M) —d,
val(om[Gryn—r)—-d(0)]) = mM — (mN —d) = d — m(N — M). Because 0,,Giun—a = Gq and
Om|Gm(N—m)—d(0)] € Gg, this proves that val(Ggq) = d — m(N — M).

Let us consider the partition of Ups n m formed by the subsets B, 4,0 < v < d < m(N — 1) defined
in subsection 2.3.

Let d,m(N — M) <d<mM and A € By_,(N—n1),d-

If d <mM,as val(B) <d —m(N — M) >d—m(N — M) for any d' > d and B € Ups N ,m,qa from
Theorem 3.9 (b), A & Uns N, for d' > d.

If d > m(N — M), as deg(B) < d’ < d for any d’ < d and B € Uy N m,¢ from Theorem 3.9 (b)
again, A & Z/[M,N,m,d’ for d' < d.

Therefore A € Unrnm \ Ud’;ﬁd Ui, Nm,ar = Uni Nm.d \ Ud/;éd Ui N, -

Ba_m(N—n),q 1s thus a dense subset of Un, v .4, elements of which do not belong to Ud,#d Uni,Nm,dr -
This achieves the proof of Theorem 4.14.

Remark 4.15. It does not result from Theorem 4.14 (d) that (4.54) is the decomposition of Unr,N,m
in irreducible algebraic sets because it is not proved that Unr Nm,q is irreducible.

Howewver, from Theorem 3.10, it follows that L{M’N7m7dz 1s irreducible.

If Conjecture 2.4 was true, then Bd,m(N,MLdZ = Ag_m(N-m),a and because Bq_p(N_pryqa C
Z

UniNmd C Ad—m(N—),ds UM Nmd = Ad—m(N—M),a and the decomposition of UnrNm would
be given by
mM
UmNm = U Ad—m(N-M)d- (4.55)
d=m(N—M)

More generally, we are led to the following conjecture

Conjecture 4.16. Let M, N such that M < N. For any v and d such that v < d, if B, q # ) then
Ay.q 15 an irreducible Givens set.

5 Conclusion

An ensemblist approach has been presented to cover the different possibilities of getting new
parametrization descriptions of the rectangular N x M paraunitary matrices sets composed of
degree-m polynomials with real coefficients. The proposed parameterizations are complete, and for
given minimum number of shifts, d, involve a minimum number of independent angular parame-
ters. These new representations result from an in depth algebraic analysis of sets, named Givens
sets, composed of rotation and shift (i.e. delay) matrices. We have shown that the mathematical
properties of these Givens sets could be different according to the respective values of N and M.
For three cases, corresponding either to N = M, N > 2M and M < N < 2M, we have derived
key algebraic properties of the associated Givens sets, together with the expression of their dimen-
sion as a function of N, M, m and d. Our analysis shows that the study PU matrices has strong
connections with some algebraic geometry topics. However, if the investigation of the reducibility
properties of polynomial matrices could help us to characterize Givens sets, there are still two es-
sential conjectures to solve in order to completely characterize Givens sets for M < N < 2M when
being partitioned according to the McMillan degree and valuation of their representative matrices.
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A Counterexamples for Theorem 1 and Lemma 2 in [1]

Let us consider, in SO(4,R), the 6! = 720 Givens sets obtained as a product in any order of the
six rotation sets R 1, o2, Ro,3, Ro,1, Ro2, R1,2, and look for their property of being algebraic sets.
Those sets belong to two disjoint subsets

1. Those for which the two first rotations sets starting from left have a common index, and their
algebraic property is not modified when we apply a simultaneous permutation on rows and
columns. So we may assume that the two first rotation sets at left are Ry et Rp2. The
number of cases to study is then reduced to 4! = 24.

2. Those for which the two first rotation sets at left have no common indexes and this reduces
also the number of cases to study to 24, assuming that the two rotation sets starting from left
are Ro 1 et Ry 2. Observing that the transposition of a Givens set is also a Givens set because
Rg:j = R;; = R;; and preserves the algebraic property, we may suppress from this second
set those Givens sets for which the two rotation sets at right have a common index and thus
for which their transposed Givens set are already considered in the first subset. Then there
remains only 8 Givens sets in this subset.

For remaining Givens sets, we may then use
e the commutation rule between two rotation sets when their indexes are disjoints sets;

e the different expressions of SO(3,R) as a product of three rotations sets when the set of
indexes of three consecutive rotations sets has only three elements;

e a permutation of indexes followed by a transposition.

Then there remains 5 Givens sets to study

G1= Ro1 Ro2 Roj3 Ri2 R13 Ra3
G2 = Ro1 Ro2 R13 Ro3 Ri2 Ra3
G3 = Ro1 Ro2 R13 Ra3 Ros Rio
G4 = Ro1 Rop Ro3 Ri13 Ro3 Ri2
Gs = Ro1 Roj3 Roo Ri13 Ro3 Ri2

It is known by 3.19 that G; = SO(4,R) and because G;,i = 2,...,5 have also a dimension equal
to 6, we try to know if they are also equal to SO(4,R).

A numerical computation allows to have a first idea of the result. For i € 1,2,3,4, we choose
at random a point Gp(«) in G; where a = (ay,...,a5) and we try to know if there exists § =
(01,...,0¢) such that G2(f) = G1(a) by computing the minimum of the function

3 3
F(a) =min{) Y " |[G2(0) — G1(a)]r[*, 0 € R} (A1)

r=0 c=0

With a global optimization software (CFSQP, [19]), we compute F(«) for M random choices of «
and a fixed maximum number of random initial values for #. The optimization process is stopped
when the value of F(«) is less to a given threshold € > 0. In our tests, we first choose M = 10,
N = 2000, ¢ = 10713 and if we obtained F(a) < ¢, we then chose M = 100000. Numerical results
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allows us to believe that G3 = G4 = G5 = SO(4,R) but that the measure of SO(4,R) \ Gg is
strictly positive.

We can, after that experience, prove the following proposition.
Proposition A.1. Gj is strictly included in SO(4,R) and thus G is not a real algebraic set.
Proof— Indexes of angles being decreasing from left to right, with

G2(0) = Ro,1(0s) Ro2(05) R13(04) Ro3(63) Ri2(02) Ra3(61), (A.2)
we get, with notations ¢; = cos#;, s; =sinf;, 1 <7 <6

g2,0 = G2(0)2,0 = 355, g2,1 = G2(0)2,1 = 525,
930 = G2(0)30 = s3c4, 931 = G2(0)3,1 = c254.

From Schwarz’s inequality, it follows that
1 1
9200 + [g2:1] + lgs.ol +lgs1] < (s5+ 5 +ci+sD)7 (G +s3+s5+c5)7 =2 (A3)

A maximum equal to 2 is moreover reached for §; = T 2<i <5,

IN

On the other hand, let us consider the orthogonal matrix A = G1(a) with oy = 5, 1 <7 <6,
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As |Agpg| + |Ag 1| + |Aso| + Az 1] = 5%4/3 > 2, A does not belong to G2, and therefore also all the
points in a neighborhood of A in SO(4,R).

Let now A € G2 and V an open neighbouhood of A C Gg for the Euclidean topology. As
for any X € SO(A), there exists Y € SO(4) such that YA = X (namely Y = X. A7) |
SO(4) = Uyeso) YV and each YV is an open set in SO(4) and because SO(4) is compact, we
can extract a finite covering SO(4) = UjerY ierV = U;,n1Y ;Go2. If G5 were irreductible, then each
Y ,Gs, i € I too, and because SO(4) is irreductible, this would imply that Y ;Gy = SO(4) for all
i € I, Then Gy = Y;1SO(4) = SO(4), which is not true. Thus Gy is not an algebraic set.

U

It is because the conclusion of Lemma 2 is false that we obtained a wrong proof of Theorem 1,
which is also false, in the appendix of [1].

Indeed let us consider the Givens set
G = Ro3G2 = Ro3 Ry Ro2 Ri13 Roz R Ra3. (A.4)
Setting to 0 the angle of rotation Ry 3, we get that G is included in

G' = Ro3 Roa Ro2 Ri13 Ros Ri2 Ras. (A.5)

32



Let us now introduce the permutation on indexes o : (1,2,3,4) — (1,3,4,5) and let us apply this
permutation on both rows and columns of G’. The following Givens set G” is obtained

G” = Ro1 Ro2 Ros Ri2 Roz Ri3. (A.6)

So G7 =11, G’HZ: where I, is the permutation matrix of o. The product Ry Ra3 Ry 3 is the
set of all rotations acting on rows and columns with indexes 2,3,4, and can also be written as
R12 Ry 3 Ro 3 because Theorem 1 is true for n = 3. Therefore we get

G’ = R071 R072 Ro,g RLQ R173 R2,3 = SO(4,R) (A.?)

We deduce that G’ = IIZ SO(4,R) TI, = SO(4,R), and thus Ry 3Gs is such that dim(Ry3G2) =
dim(G2) = 6, but because G is strictly included in Ry 3G2 = SO(4,R) from the previous result,
we obtain a counterexample for Lemma 2.
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B Generic properties

The following theorem is well known and often used in the literature, but we could not find a
precise reference to a published book or paper. As its proof is an immediate consequence of
Tonelli’s theorem first published in 1909, we are still looking for a good old reference. For the sake
of completeness, a proof is given below.

Theorem B.1. (a) Letn > 1 and p(x), x € R™ a polynomial in n variables. Then p is identically
null or the set of its zeroes has a null measure in R™.

(b) Let p(61,...,0,) a polynomial in cosB;,sinf;, 1 < i < n with real coefficients. Then p is
identically null or the set of its zeroes has a null measure in R™.

Proof— The proof of (a) is a classical application of Tonelli’s theorem for Lebesgue measure on R"
and is done by recurrence on n. It is given here, adapting the elegant simple proof in [20], for the
sake of completeness.

Here \,, denotes the Lebesgue measure on R”. First remark that the set of zeroes of p is a measurable
set in R” for A\, because it is a closed set.

The result for n = 1 is true because a non null polynomial has only a finite number of real roots.

Let n > 1 and suppose that the result is true for n — 1. p(z),x = (x1,x2,...,z,) may be written
as a polynomial in Z = (9, ..., x,) for which coefficients are polynomials in x;:
) =3 pi(@)@, j = (oo ju), B =2 ...l (B.1)

As p is not identically null, there exists a multi-indice jo such that p;, is not identically null, and
thus has a finite number of zeros in z1: N1 = {x1, pj,(z1) = 0}.

Now, for every real z1 consider the polynomial ry, (2) = 3_; p; (1)@’ with n — 1 variables Z. As
the result is true pour n — 1 variables, two cases can occur

1. 74, is identically null, that is p;(x1) = 0 for every j and thus pj,(z1) = 0. Therefore Ny =
{z1, rz; =0} C N is finite and has measure 0.

2. For 1 € R\ Na, \p_1({Z, 72, (T) = p(z1,7) = 0}) = 0.

Using Tonelli theorem

An({z, p(2) =0}) = [ Aa({Z p(a1,7) = 0}) dry

)\nfl({f p(ml,:ﬁ) = 0}) dxq +/ 0 dxq

2 R\ N2

Il
i

(B.2)

For any 7, 1 < i < n, by excluding the set {(Qk—l— Vm, k€ Z} of measure 0 cos #; and sin #; may be
. So p(#y,...,60,) may be

-2,
expressed as rational functions of t; = tan % 5 1 cosb; = ——%, sin0; =
1

N(t17~~~7tn)
D(tlv"'vtn)
N(t1,...,t,) is not null too. Following (a), the set of zeroes of N has measure 0, and the same

property holds for the zeroes (61,...,0,) of p.

expressed as a rational function of t1,...,t,. If p is not 1dentlcally null, the polynomial

O
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Several applications of Theorem B.1 to Givens sets are used in the paper.

As in 3.2, let us consider a Givens set G = T1T5...T,,.Inn with ng rotation sets and ¢¢ its
parametric representation from R™? to G. Elements in G are polynomial functions of cos; and
sinf;, 1 <l <npg.

Denoting by R;, j, the [-th rotation set in G, the Jacobian matrix element % is obtained by
replacing R;, j, in G by D;, ;, = {D;,;(6;), 6 € R} where D;, ; (6;) is defined by (C.10). So
the elements of the Jacobian matrix J(6), § = (61,...,6,,), are also polynomial in cos#; and
sin;, 1 <1 < npg. If the dimension of G is equal to d, then all minors of J(6) of order r,r > d are
identically null while there exists a value of # for which a minor of order d is non null. Because any
minor of J(#)) is a polynomial function of the elements of J(#)), and thus a polynomial function
of cos#; and sinf;, 1 <1 < npg, applying Theorem B.1 this minor is non null except on a set of
with null measure.

For any matrix A € G and I C {0,...,N —1}, J C {0,...,M — 1} such that n = Card(I) =
Card(J) < M, the coefficients of elements of A ; defined in 2.3 are polynomials in cos; and
sinf;, 1 <1 < np and so are the coefficients of its determinant Det(Aj ).

deg(G) is the maximum degree in X of Det(Aj ) for Card(/) = Card(J) = M. So there exists
A € G, Iy, Jp with Card(Ip) = Card(Jy) = M, such that the coefficients of order d > deg(G) of
Det(Ay s), Card(/) = Card(J) = M, are indentically null, while the coefficient or order deg(G) of
Det(Arp,,7,) is non null. So, from Theorem B.1, the coefficient or order deg(G) of Det(¢c(0)1,,.1,)
is non null except on a set with null measure.

The same proof holds for the valuation of Det(Aj ), i.e. the maximum order of a non null of its
coefficients, and thus for val(G).
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C Proof of Theorem 4.9 (b)

The number of rotation sets in (4.32) being equal to f(M, N,m,d), where f is defined by (4.33),
the dimension of Uns, N m.q is less or equal to f(M, N, m,d).

The parametric representation associated to expression (4.32) may be denoted

k [1-1N-1 m—k [1-2 N—1
GO,¢,a,8) = H H H R; ;(04,5) Zo.1-1 H H H R; j(dvj) Zo.1—2
a=1 \i=0 j=I b=1 \i=0j—=I—1
M—1N-1 M—2 M—1
11 Ris(eiy) T] 11 Ris(Bis) Inm (C.1)
=0 j=M =0 j=itl
where
0 = {bh.;, 1<n<k, (i,5) € I}, (C.2)
(b - {¢n,i,j7 1 S n S m — ka (17]) S 12}7 (03)
a = {ayj, (i,5) € I3}, (C.4)
B = A{Bij, (i,5) € 14}, (C.5)
with
I = {i,j),0<i<l—-21-1<j<N-1}, (C.7)
L = {i,j),0<i<M-2i+1<j<M-1}.. (C.9)

We denote by 0 the value of (0, ¢, a, ) where all angles are set to 0 and we prove below that 0 is a
regular point, i.e. that the rank of the Jacobian matrix of G(6¢, o, 8) at 0 is equal to f(M, N, m,d).

The derivative of R; ;(#) with respect to 6 is the N x N matrix D; ;(6) defined by

[D; ;(0)]i; = [D;,j(0)];; = —sin@
[D; ;(0)];: = —[D;;(0)];,; = cos (C.10)
Oelsewhere.

So for § = 0, we get the N x N matrix D; ;(0), simply denoted by D; ;, such that [D; ;]; ; = —1,
[D; ;]j; = 1 and 0 elsewhere.

Using the fact that R;;(0) = Iy, it is thus straightforward to see that the partial derivative of
G(0,¢,a,5) at 0 with respect to any angle in a rotation with rows indexes ¢ and j, ¢ < j, has
the form A1 D; ; Aol Ny, where Ay and Ay are diagonal N x N matrices for which the diagonal
elements are power of X. If [A4]., = X%, [Ag)., = X, ap,b, > 0, 0 < 7 < N — 1, then
the partial derivative is equal to Ej; a;+6; — Eija;+b; when i,j < M — 1 and Ej; 4, +p, when
0<i<M-1, M<j<N-1.

Let us consider a couple of rows indices (i,j) € [ Ulb UIsU Iy ={(i,7), 0<i< M -1, i+1<
j < N —1}, and let us denote by &, ; the linear subspace of M x N matrices generated by matrices
E;;r 0<k <m and matrices E; ;1, 1 <j < M —1, 0 <k < m. For any rotation with rows
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indexes equal to i, j, the partial derivative of G(6, ¢, a, B) at 0 for the corresponding angle variable
belongs to & ;.

As the different subspaces &; ; are disjoint, the rank of the Jacobian matrix is equal to the sum
of the rank of partial derivatives in each subspace &; ;. In particular, the Jacobian is equal to the
total number of rotation sets if and only if it is the case in each (i, j) for rotations with row indexes
i and j.

Depending on the values of parameters M, N,m and d,m < d < mM, several cases must be
considered.

Case 1: d = mM (Figure 2)

0 M-1 M N-1 j
0
I
M-1

Figure 2: Rotations indexes for d = mM.

From equation (4.23), it follows that [ = M, k=M, Ib =0 , I = I3 and I; N I4.

As there is only one rotation set R;; for (i,j) € I4 corresponding to angular variable f; ; and
because

0G
0Bi

the rank of the generated subspace is well 1.

(0) = DijZo.m-1Inn = Ejim — Eijm 70, (C.11)

For (i,j) € I, there are m + 1 rotation sets with row indexes corresponding to variables 6, ; ;,1 <
n <m and «; ;.
For rotation R; (), aj =1, by =1 and therefore

50,0 = Eiio (C.12)

For n,1 <n < m, we check that a; =1, b; = X"+l and therefore

oG
D 0)=FEjim—n+1- (C.13)

The partial derivatives in (C.11) and (C.12) are linearly independent and so the rank of the Jacobian

matrix at 0 is equal to the number of rotations sets, i.e. (m +1)M(N — M) + w

Case 2: m > 1 and m(M — 1) <d < mM (Figure 3)
From (4.23), we get { = M and 1 <k <m, and I} = I3.
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0 M-1 M N-1

0
I,
2
M-1

Figure 3: Rotations indexes for m(M — 1) <d < mM.

For (i,7) € Is\ I, ie. 0<i< M —3, i+1<j <M —2 there is only one rotation set R;; with

angle 3; ; and
0G

0Bi

For (i,j) € 1\ I, ie. (i,j) = (M —1,5), M < j < N —1, there are k + 1 rotation sets Ry;—1,; for
variables apr—1; and 6,5, 1 <n < k.
For variable apr—1,5, D1 = Zlganlzg_L_ﬁ_Q, apy—1 = X"* and b; =1. So

oG
aOéM,Lj

(0) = Ejim = Eijm # 0, (C.14)

(0) = Ejnm—10- (C.15)

For variable 6, ; ;, D1 = Zg_f]\}[_l and Dy = Zlg_f]\’}[tllng_ﬁ_Q, so ap_q = Xkt aj=1,by_1=

and b; = 1. It follows that, for 1 <n <k,
0G
% (0) = Ejarri i (C.16)
00p M—1,5

It follows that the partial k + 1 derivatives (C.15) and (C.16) are linearly independent.

For (i,5) € I N1y, ie. (i,5) = (4, M —1), 0 <i < M —2, there are m — k + 1 rotation sets R; pr—1
for variables ¢y, ; pr—1, 1 <n <m—Fk and (3; py—1. For variable §; p—1, D1 = Zg..MAZo_j\/I[C_Q and

Dy = Iy, and thus

0G
OBiv—1 (0) =En-vik = Eiv-1,m, (C.17)
o, M —
and for variable ¢y, i nr—1, D1 = Z, a_1 Z{ 3o and Dy = Zg' 3=+ Tt follows that
0G
Obn i M1 (0) = Enr—1im—n+1 = Ei -1 k4n—1- (C.18)
n,1, -

For (i,j) € NIy, ie. 0<i <M —2, M <j <N —1, there are m + 1 rotation sets R;; for
variables «; j, Op i, 1 < n < k and ¢, 5, 1 < n < m —k. Computing for each rotation, the
matrices D1 and D5 give the results

G

30&1‘7]‘

(0)=E;j;o, (C.19)
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for1 <n <k,
oG

89 ] (O) = Ej,im’L*ThLla (020)
n727]
and for 1 <n <m—k,
oG
a¢ ] (0) = Ej,i,mfkfnJrl- (C.Ql)
n7Z7]

Case 3: m > 1and d=1Im, 1 <1< M (Figure 4)

0 -2 -1 M—-1 M N-1 Jj
0
-2
-1
[
M—-1

Figure 4: Rotations indexes for d =1Im, 1 <[ < M.

In this case k = m and Iy = 0.
For (i,7) € 4\ I1,if 0<i<1—-2,i+1<j<[—1, there is only rotation with angle f; ; and

oG
27]
orifl<i<M—2 i+1<j<M—1,
G
95, -(0) = Ejio0— Eijp, (C.23)
27]

For (i,j) € I3\ I1,ie. 1 <i <M —1, M <j < N —1, there is only one rotation for angle o; ; and

=F.,o. .24
aam (0) 75,0 (C )

For (i,j) e 1 N1y ie 0<i<l—1,1<j<M —1, there are m + 1 rotations sets with rotations
of row indexes i and j for variables «; ; and 6,,; ;, 1 < n < m and we get

oG
e (0) =Ejio— Eijm, (C.25)
27]
and, for 1 <n <m,
oG
0. -(0) = Ejim—n+1— Eijn1. (C.26)
n7Z7]
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For (i,j) e [ N3, ie. 0<i<l—1, M <j < N —1, there are m + 1 rotations sets with rotations
of row indexes 4 and j for variables «; ; and 6, ; ;, 1 < n < m and we get

oG
Do -(0) = Ej; 0, (C.27)
27]
and, for 1 <n <m,
0G
0. -(0) = Ejim—n+1- (C.28)
n727.]

Case 4: m > 1 and m < d < m(M — 1), d not multiple of m (Figure 5)

0 -2 -1 M-1 M N-1 j
0 |
-2
-1
i
M—1

Figure 5: Rotations indexes for m < d < m(M — 1), d # Im.

In this case k < m and [ < M. As shown in Figure 5, there are eight subcases to consider.
There is only one rotation with indexes ¢ and j:

e For (i,j) e [y with0<i<l—2 i+1<j<l—1,

0G
0B; ;

(0) = Ejim — Eijm, (C.29)

e For (i,j) €[y with i <i<M—2 i+1<j<M—1,

0G
9B,

(0) = Ejio0 — Eijo, (C.30)

e For (i,j) e 5\ I1,ie. I<i<M—1, M<j<N-1,

0)=F;;o. 31
9o (© = Eiio (€31)

For (i,j) € (IaNIy) \I1,1e 0<i<l—2, j=1—1, there are m — k + 1 rotations with indexes i
and [ — 1 with rotation angles 3; ;1 and ¢, ;;—1, 1 <n < m — k such that

oG
0Bi1-1

O0)=FE;_1ir—Eij—1m; (C.32)
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and for 1 <n <m—k,
oG

——(0) = Ei_1im-—n+1 — Bi-1k+n-1- (C.33)
aan,i,l—l

For (i,7) € (IsNIy)\ Iz, ie. i=1—1, M < j < N —1, there are k + 1 rotations with indexes [ — 1
and j with rotation angles a;_; ; and 6,,;_1;, 1 <n <k such that

0G
aal 1 (O) = EjJ—LOa (C34)
- 7.7
and for 1 <n <k,
oG
W(O) =FEj; 1 k—nt1- (C.35)
n,t—1,3

For (i,7) € (IyNI1)\ Iz, ie. i=1—1,1<j <M —1, there are k + 1 rotations with indexes [ — 1
and j with rotation angles 8,1 ; and 6,,;_1 j, 1 <n < k such that

0G
2, -(0) = Ej1—10 — Ei—1jk (C.36)
—LJ
and for 1 <n <k,
0G
00,11 (0) = Ej ;-1 k—nt1- — Ero1jn1 (C.37)
n,t—1,3

For (i,j) e [ NIaNIy,ie. 0<i<[l—21<j<M-—1, there are m + 1 rotations with indexes i
and j with rotation angles f; j, 0, 1 <n <k and ¢ =n,i,5, 1 <n <m — k such that

0G
95,0 = Eiio— Eijm, (C.38)
Z7j
for 1 <n <k,
0G
0. -(0) = Ejim—n+1— Ejjn1, (C.39)
n,e,J
and for 1 <n <m —k,
oG
Do -(0) = Ejim—k-—nt+1 — Bijkin-1. (C.40)
mn,e,7

For (i,j) e 1 NIaNIs,ie. 0<i<1—2M <j <N —1, there are m + 1 rotations with indexes i
and j with rotation angles «; j, 05,5, 1 <n <k and ¢ =n,4,7, 1 <n < m — k such that

Baa(; (0)=E;j;o, (C.41)
for 1 <n <k,
8?; (0) = Bjim nin, (C.42)
and for 1 <n <m—k,
a:z:i’j (0) =FEjim—k—nt1-- (C.43)

In all those eight subcases, the partial derivatives are linearly independent.

This achieves the proof of part (b) of Theorem 4.9.
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Nomenclature

E closure of E for the Euclidean topology, page 6

EZ  closure of E for the Zariski topology, page 6

Ali]  diagonal N x N matrix with -1 on row i and 1 elsewhere on the diagonal, page 9
dim(G) dimension of the Givens set G, page 10

Ops  the null M x M matrix, page 18

Els,e| Elementary paraunitary matrix, page 4

E[s] equals E[s,¢eq], page 4

E, . canonical basis for MS\Z%\P page 5

Iy v equals Efsgl, page 4

R, ;(6) elementary N x N rotation matrix or Givens matrix, page 4
Zy, Zy, r, shift matrices, page 5

Z, shift N x N matrix, page 5

deg(A) McMillan degree of a polynomial M x N matrix, page 7
deg(G) McMillan degree of the Givens set G, page 11

deg(p) degree of a polynomial p(X), page 6

(’)](\Tg\, subset of paraunitary matrices in ME\T)N, page 5

¢:G=TTs...T,, E[s,e] parametric representation of a Givens set, page 8

ITys N projection operator from OJ(\ZLEV to (91(\711 N bage 5

ME\CZ)N M x N polynomial matrices with polynomial degree less or equal to m, page 5

Om the symmetry operator in O](\Z[rg\,, page 5

val(A) McMillan valuation of a polynomial M x N matrix, page 6
val(G) McMillan valuation of the Givens set G, page 11

val(p) valuation of a polynomial p(X), page 6

£0 go(c) =1, 0<c< M —1, page 4

Aq.p  product of rotation sets, page 13

AN Nm,d> BM,Nm,v,d subsets of (’)5\23\,, page 7

B, b,c.q another product of rotation sets, page 13
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E[s,e] elementary set, page 8

O(N) group of rotations in RY, page 5

R; ;  rotation set, page 8

S0 so(c) =¢, 0 <c< M —1, page 4

SO(I), SO(iy,i9,...,ix) subgroups of SO(N) acting on a subset of rows, page 5
SO(N) group of direct rotations in RY, page 5

Zy, L1, Zy, r, shift sets, page 8

Uni,N,m,a Particular Givens set, page 20

Unr,Nm.a is defined by equation (4.24), page 20

Uni,Nm Union of Ung Nma, m < d <m(N — 1), page 22
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