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Hydrodynamic boundary effects on thermophoresis of confined colloids

Alois Wiirger
Laboratoire Ondes et Matiére d’Aquitaine, Université de Bordeaux €& CNRS, 33405 Talence, France

We study hydrodynamic slowing-down of a particle moving in a temperature gradient perpendicu-
lar to a wall. At distances much smaller than the particle radius, h < a, lubrication approximation
leads to the reduced velocity u/uo = 3%(In%¢ — 2), where uo is the velocity in the bulk. With
Brenner’s result for confined diffusion, we find that the trapping efficiency, or effective Soret coef-
ficient, increases logarithmically as the particle gets very close to the wall. Our results provide a
quantitative explanation for the recently observed enhancement of thermophoretic trapping at short
distances. Our discussion of parallel and perpendicular thermophoresis in a capillary, reveals a good

agreement with experiments on charged polystyrene particles, and sheds some light on a controversy

concerning the size-dependence and the non-equilibrium nature of the Soret effect.

PACS numbers:

The motion of a colloid close to a solid boundary is
strongly influenced by hydrodynamic interactions. Thus
the like-charge attractions observed for confined colloidal
assemblies [1], were shown to arise from hydrodynamic
fluctuations [2]. Similarly, a driven particle close to a wall
induces a lateral flow field which favors cluster formation
[3—7]. More recently, the collision patterns observed for
self-propelling Janus particles [8], were related to hydro-
dynamic coupling to the wall [9, 10]. Quite generally, the
latter are relevant where surface forces and confined ge-
ometries are combined for sieving [11], trapping [12, 13],
and assembling colloidal beads [14].

A generic example is provided by a particle moving
towards a wall due to surface forces. If hydrodynamic
effects on Brownian motion are well understood in terms
of Brenner’s solution for confined diffusion [15], this is
not the case for the drift velocity u. Previous studies
on confined electrophoresis, diffusiophoresis, and pairs of
self-propelling spheres, indicate a slowing-down due to
hydrodynamic coupling [16-19]; yet so far there is no
satisfactory solution for the lubrication regime h < a.

Electric fields and chemical gradients are strongly al-
tered by the wall-solvent-particle permittivity or diffu-
sivity contrast; experimentally, this coupling is difficult
to separate from hydrodynamic interactions. A more fa-
vorable situation occurs for thermophoresis, where the
drift velocity is proportional to the temperature gra-
dient [20, 21]: Since the heat conductivity of silica or
polystyrene (PS) particles is not very different from that
of water, the thermal gradient is hardly affected by the
presence of the wall [7], and velocity changes can be un-
ambiguously attributed to hydrodynamic interactions.

Here we study the vertical motion of a particle that
is confined to the upper half-space z > 0, as illus-
trated in Fig. 1. We consider thermophoretic driving,
uw = DpVT, with mobility coefficient Dp; yet most of
the paper applies equally well to other mechanisms. In
the steady state, drift and diffusion currents cancel each
other, —uc — DVc¢ = 0, and the particle concentration
satisfies

u
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FIG. 1: Schematic view of a particle moving towards a confin-
ing wall at velocity u. a) The arrows along the particle surface
indicate the slip velocity vs induced by thermodynamic forces.
b) In the narrow slit of width H(r) = h + a — va? — r2, the
vertical particle motion and the outward slip velocity result
in an intricate radial flow profile v,..

where the gradient is along the vertical direction and ¢
is a function of h. At large distances h > a, there are
no boundary effects and Eq. (1) is readily integrated,
¢ = cope /% with the trapping length £y = Dg/ug [22].
As the particle approaches the wall, both drift and dif-
fusion are slowed down by hydrodynamic coupling. For
thermophoretic trapping, this is best expressed in terms
of the Soret coefficient St = Dy /D which is related to
(1) through u/D = SpVT.

The present work was partly motivated by the recent
observation that thermophoretic trapping at very short
distances is much stronger than in the bulk [23]. The
main objectives are to evaluate the drift velocity u in the
lubrication regime, and to discuss available Soret data
in view of hydrodynamic effects. Comparing our results
with six independent experiments, sheds some light on a
controversy whether or not the Soret coefficient can be
obtained from the equilibrium Gibbs energy [24].

Hydrodynamic boundary effects. Thermophoresis
arises from the thermal non-equlibrium properties of the
boundary layer close to the particle. The component
of the temperature gradient parallel to the particle sur-



face, induces an effective slip velocity vs oc V|| T" [21, 25].
Throughout this paper we neglect the thickness of the in-
teraction layer and thus treat v, as a boundary condition
for the velocity field in the surrounding fluid [25]. With
the notation of Fig. 1 one has v; = 3ug(r/a), where ug
is the thermophoretic velocity of a particle in the bulk,
and r the radial distance from the vertical axis.

As the particle approaches the boundary, the wall
squeezes the flow field and thus reduces the drift velocity
to the value u. At very short distances, as shown in Fig.
1b, the flow in the slit is well described by lubrication
approximation, with the radial velocity field

z  3z(H —2) r z(H — z)
vp(2) = vg <H — HQ) +3UET' (2)

The first term accounts for the slip velocity vs, and sat-
isfies the conditions v,|p = 0 at the solid boundary and
vy|g = vs at the particle surface H. Integrating over
z, one finds that its net flow vanishes. The second term
arises from the particle velocity u; one readily verifies
that the vertical volume flow 7wr2u within a radius r, is
cancelled by the radial flow through a cylinder of radius
r and height H, that is, the z-integral of 27rv,..

The relation between the particle velocity u and its
bulk value ug, is established by noting that there is no
force F' acting on the particle. From the radial compo-
nent of Stokes’ equation, 9,.P = nd?v,, we obtain the
pressure gradient 9,P = 6nvs/H? — 6nur/H? which,
upon integration, gives P(r). Since the diagonal com-
ponent of the viscous stress vanishes, o,, = 0, the force
is given by the surface integral along the wall,

F= /dSP(r, 2=0)=0. (3)

The second equality expresses the fact that there is no
mechanical or ‘thermophoretic’ force acting on the par-
ticle. In evaluating P and F, we use the width H =
h+a—+va? —r2, instead of the common approximation
H = h+1?/2a [26]. Thus we avoid the problem of how
to match the pressure to its bulk value [18].

The condition (3) provides a relation between u and
ug, and thus quantifies the hydrodynamic effects on the
drift velocity,

u h
- = 4
” a¢(h/a) (h < a), (4)
with
. (24 67+ 3h2)In Bt — 3(3 4 9k
¢(h):3 +h( A _ ) Ah AQ( _ ) (5)
2+ 9h + 6h2 — 6h(1 + h)2In 2HL

and the shorthand notation 2 = h/a. At very small
distances it simplifies to

¢ =—3(Inh+9/4); (6)
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FIG. 2: Reduced drift velocity u/uo and diffusion coefficient
D/Dy for a particle moving toward a wall, as a function of
the relative distance h = h/R. The curves at small h are
given by (4) and (8), those at large h by (7) and (9). The
dashed line is calculated from Brenner’s exact series for D/Dg
[15]. At all distances, the diffusion coefficient is more strongly
reduced than the drift velocity. The inset shows the same at
linear scale, thus highlighting the linear law D o h and the
logarithmic corrections for u at short distances

the full expression (5) is required in the experimentally
relevant range h > 0.01, which is set by the presence of
electric-double layer and dispersion forces [23].

Now we turn to the case where the distance exceeds
the particle size, h > a. Following Keh and Anderson
[16], we start from the velocity field in a bulk liquid and
evaluate the first reflection at the wall [26]. The resulting
correction to the particle velocity vanishes as h™=3,

U 1 ad

uoil S+ a)p (h > a). (7)
A slightly larger correction, with a prefactor g instead of
%, was found for the electrophoretic mobility [16]. The
difference of % arises from the deformation of the electric
field by the low-permittivity particle and by the conduct-
ing wall. In the case of thermophoresis, the correspond-
ing effect on the local temperature gradient is small, be-
cause of the relatively weak thermal conductivity con-
trast at the particle-solvent-wall interfaces [26]. A more
complex situation occurs if ion currents are relevant for
the slip velocity, e.g., through the Seebeck effect [22, 27]
or a permittivity change due to phase separation [28, 29].

Fig. 2 shows the reduced velocity u/ug as a function
of distance; it changes rather little for h > a, but drops
to zero as h — 0. For comparison we also plot the corre-
sponding expressions D/Dg for the diffusion coefficient.
At small distances, the lubrication approximation results
in the well-known linear variation with h,

D/Dy=h/a (h < a), (8)
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FIG. 3: Hydrodynamic effects on the effective Soret coeffi-
cient St/a. The solid lines show the results from lubrication
approximation (10) and the method of reflection from (11);
the dashed line gives the bulk value S%/a = 7.4 K~ ym™*
[26]. The experimental points are from Table I.

whereas to third order in the inverse distance, the reflec-
tion method results in

D 9 a

—1 T
Doi 8h+a

2(h+a)

(h>a). (9)

These limiting laws are compared with Brenner’s exact
series for the diffusion coefficient of a confined particle
[15], which is given by the dashed line. As a general rule,
hydrodynamic slowing down is significantly stronger for
diffusion, as a consequence of the long-range velocity field
accompanying Browian motion.

Thermophoretic trapping. In view of a recent Soret ex-
periment by Helden et al. [23], we discuss confined ther-
mophoresis, where the stationary distribution (1) defines
the Soret coeflicient St through u/D = SpVT. In a 1D
geometry with constant temperature gradient, one ob-
tains hydrodynamic effects as the ratio of the correction
factors for drift and diffusion. In lubrication approxima-
tion, this results in

St =Spo(h) (b <1), (10)

whereas in the opposite limit we have

Sp = 52 2O 1. (1)

9 1
=507 T2

In Fig. 3 we plot the Soret coefficient as a function of the
reduced distance h/a. As the particle gets closer to the
wall, trapping is enhanced by hydrodynamic interactions,
the Soret coefficient increases with respect to the bulk
value, and at h — 0 diverges logarithmically.

The bulk Soret coefficient.varies linearly with the par-
ticle radius, S% o a, due to the inverse variation of the
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FIG. 4: Size dependence of the Soret coefficient St. For the
data of five experiments on polystryene particles, the ratio of
St and the particle radius a is plotted as a function of a. The
data (+) are taken at room temperature, Duhr and Braun
[37]; (O) above 35 °C, Putnam et al. [34]; (A) at 25, 35, 45
°C, Braibanti et al. [35]; () Jiang et al. [36]; (O) at 28, 31,
35, 39, 44, 47 °C, Eslahian et al. [22]. The lines connect data
at constant temperature. Details are given in [26].

Stokes-Einstein coefficient Dy = kT /(67na) [30] and
the constant drift velocity wg [25]. In order to facilitate
the comparison of Soret data for particles of different
radius, we plot the ratio Sy/a. Our findings provide
a quantitative explanation for the data of Helden et al.
[23]: For polystyrene particles (a = 2.5um) very close to
a wall (h < 0.3um), these authors reported Sy = 140
K~! at room temperature; the reduced value St/a is
about eight times larger than those reported in previous
experiments on particles at large distances; see Fig. 3
and Table I. The quantitative agreement with the present
theory provides evidence that the enhanced trapping is
of hydrodynamic origin. This is corroborated by the sim-

TABLE I: Soret data for polystyrene particles in capillaries
with a perpendicular temperature gradient [22, 23, 35]. The
numbers St /a give the data shown in Fig. 5 [35], or their
extrapolation to T' = 25° [22]; that of Helden et al. is taken
from Fig. 4 of [23]. The values for the distance h correspond
to the range where data are taken [23] or, for weak trapping,
to Lo = Do/uo [22, 35]; the value for Ref. [35] indicates a
lower bound. For a more detailed analysis, see [26].

T —95° C Sr/a h h/a
(K~ 'pm™h) | (pm)

Helden et al. [23] 56 0.03 —0.3/0.012 — 0.12

Eslahian et al. [22] 7.4 2 9

Braibanti et al. [35] 6.5 > 50 > 200




L {IIJ i
L |_J|];| i
‘TE 10 C “‘/
3 £ ]
- g, = = — = = = — — ‘ ———————————————— =
S * e :
© L J
-

” o € Jiangetal .
F < Duhrand Braun T

1 — theory
Eoo E
L 1 1 1 1 1 III| 1 1 1 L III| 1 ]

0,01 0,1

aw

FIG. 5: Thermophoretic trapping parallel to the capillary. We
show St /a as a function of a/w. The data of Duhr and Braun
are taken in a capillary of width w = 10um [37], and those of
Jiang et al. in w = 2um [36]. The solid line is calculated from
(12) where hydrodynamic effects are accounted for by Oseen’s
model for the parallel diffusion coefficient. The dashed line
indicates the bulk value S%/a = 7.4 K~ um™?.

ilar temperature series observed at small [23] and large
distances [22, 35].

Since the linear size dependence of S is essential for
the above argument, we recall its theoretical foundation
and experimental confirmation. If the Stokes-Einstein co-
efficient needs no further discussion, a few words are in
order concerning ug. As first shown by von Smoluchowski
in his study of thin-boundary layer electrophoresis [31],
the equilibrium between surface forces and viscous stress
is independent of the particle radius, and so is the veloc-
ity ug. Later on, Derjaguin generalized this argument to
motion driven by composition and temperature gradients
[32]. The law ug =const. ceases to be valid for bound-
ary conditions with large Navier slip length [33] and for
particles smaller than the Debye length [21]; yet none of
these cases is relevant for the systems considered here.

Fig. 4 shows Sr/a as a function of a, measured for
PS particles in five experiments. In the setup of Refs.
[22, 34, 35] the temperature gradient is perpendicular
to the boundary as in Fig. 1; a parallel configuration
is used in [36, 37|, with the particles moving along the
capillary. The data of [22, 34-36] show the behavior
St/a = const. expected for large h, and even their abso-
lute values agree well with each other. A constant ratio
was also observed for surfacted microemulsion droplets
[38]. On the contrary, Duhr and Braun reported a linear
variation St/a «x a over two orders of magnitude [37].

Motion parallel to the capillary. In view of this discrep-
ancy we complete our discussion of hydrodynamic effects
by considering thermophoresis along the boundaries. The

degree of confinement, as given by the ratio of the par-
ticle radius a and the width w of the capillary, is small
in the setup of Refs. [36, 37]. Thus we treat the pertur-
bative range a < w only. In Oseen’s model for parallel
diffusion, confinement reduces the Stokes-Einstein coef-
ficient of a particle at vertical position z according to
Do/Dy =1+ 3%+ 22 [15]. The thermophoretic ve-
locity is hardly affected by the walls, in leading order we
have u/ug = 1; a more complex behavior occurs close to
the wall [39]. Taking the position average in the interval
[a,w — a], we find

(a < w). (12)

In Fig. 5 we plot the Soret data of Refs. [36, 37]
as a function of a/w, and compare with the theoretical
expression (12). If the four data points of Jiang et al.
[36] agree with theory, this is not the case for those of
Duhr and Braun: The Soret effect of the biggest parti-
cles (& =1 pm) is three times stronger, whereas that of
the smallest one (¢ = 22 nm) is by one order of magni-
tude too weak. This discrepancy can not be explained by
higher-order terms in (12) or by additional effects such
as thermoosmosis along the capillary.

Summarizing the preceding discussion, we find a quan-
titative agreement with the experiments of Refs. [22, 23,
34-36]: As illustrated in Figs. 3, 4 and 5, the Soret data
show the expected linear size dependence, agree on the
bulk value S%/a = 7.4 K~'pm™!, and confirm the hydro-
dynamic boundary effects obtained in this work. The dis-
crepancy of the data of Duhr and Braun [37] is probably
of some other, so far unknown origin [35]. This evidence
sheds some doubt on the model of Ref. [37], which was
coined to describe the size dependence St o a? and was
recently applied to DNA [40]. In this model, the Soret co-
efficient is given by a derivative of the particle’s Gibbs en-
ergy, St = (kgT)~'dG/dT, whereas the hydrodynamic
approach results in dissipative factors that cannot be de-
rived from equilibrium thermodynamics [24].

Conclusion. We have studied hydrodynamic effects on
colloidal particles approaching a wall. In the lubrication
regime, the analytical solution (5) shows the expected
logarithmic behavior at very small distance, but describes
also the experimentally relevant range h ~ %. Our the-
ory provides a quantitative explanation for the recently
observed enhancement of confined thermophoresis [23].
Comparison of available data partly elucidates a contro-
versy on the size dependence of thermophoresis, and con-
firms Derjaguin’s approach based on surface forces and
hydrodynamics.

Stimulating discussions with L. Helden are gratefully
acknowledged. This work was supported by Agence Na-
tionale de la Recherche through contract ANR-13-1S04-
0003.
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PACS numbers:

Here we study hydrodynamic effects on a colloidal par-
ticle moving towards a solid wall. The corresponding
current reads as

J = —uc— DV, (1)

where D the Stokes-Einstein coefficient and w is the drift
velocity. In the steady state J = 0, drift and diffusion
currents cancel each other, and the particle concentration
satisfies
u 1
Vine = D=7 (2)

We assume u > 0, such that the particle is trapped close
to the solid wall and the trapping length £ = D /u results
from Brownian motion vs. uniform drift.

The velocity field in the surrounding fluid satisfies
Stokes’ equation

nV?*v =VP (3)

and the incompressibility condition V-v = 0, with appro-
priate boundary conditions on the particle surface and on
the confining wall. The thermal forces induce an effective
slip on the particle

Vs = Vg sin 6, (4)

where 6 is the angle between the surface normal and the
applied gradient. The prefactor is related to the particle
velocity in a bulk fluid, vg = Zug. (Our sign conven-
tion relates an upward slip velocity, like in Fig. 1, to a
downward particle motion.)

If the trapping length is much larger than the particle
size, £ > a, boundary effects are of little relevance, and
the trapping length can be evaluated with the bulk ve-
locity and diffusion coefficient, 1/¢y = ug/Dy. Then the
probability distribution function is readily integrated,

c(h) = coe~ @M/ (B> a), (5)
where a + h is the vertical coordinate of the particle cen-
ter. At large distances, hydrodynamic effects are evalu-
ated with the method of reflections; they result in small
corrections to the trapping length, which are given in
powers of a/(a + h).

This paper deals mainly with particles close to the
boundary, h < a, where hydrodynamic effects are strong
and where the lubrication approximation is the appropri-
ate appraoch.

a) b)

FIG. 1: Schematic view of a particle moving towards a confin-
ing wall at velocity u. a) The arrows along the particle surface
indicate the slip velocity vs induced by thermodynamic forces.
b) In the narrow slit of width H(r) = h + a — v/a? — r2, the
vertical particle motion and the outward slip velocity result
in an intricate radial flow profile v;.

I. LUBRICATION APPROXIMATION

Stokes’ equation simplifies significantly in a narrow slit
with slowly varying boundary conditions on the confining
surfaces. Then the radial derivatives are much smaller
than those with respect to the vertical coordinate z, and
the vertical velocity component is small as compared to
the vertical one. In this case the radial component of (3)
reads

ndv, = 0, P. (6)

This simplified equation is valid for narrow slits and relies
on the small parameter h/a < 1.

In lubrication approximation we assume a parabolic
velocity profile, implying a constant pressure across the
slit, 9, P = 0. Then the radial velocity reads

3 r(z 3z2(H-=2) r z(H —z2)
UT_2an<H_ g >+3“H ER

The first term arises from the slip velocity (4) along the
particle surface, v; = %uo sin @ with sinf = r/a, and the
second one from the vertical motion of particle at the
reduced velocity u. One readily verifies the conditions
on the solid boundary, v,|.,—og = 0, and on the particle
surface, v, |,—p = vs. The width of the slit is

H=h+a— Va2 —r?



in the following we do not use the truncated series H;, =
h+1r?/2a.

The quadratic Poiseuille flow in parentheses assures
that there is no net flow due to the slip velocity. On the
other hand, the motion of the particle towards the wall at
velocity u, results in a finite outward flux which increases
with the radius r according to

H
27rr/ dzv, = mur’H, (8)
0
and thus is identical to the vertical incoming flux through
the disc of radius r.
The related pressure is obtained from Stokes’ equation

(6),
6ru
U7EN

0P = g2rlo _

2H?2q )

Inserting h(r) = hg + a — Va? — r? and integrating gives
the excess pressure in the slit

3 (h+a)H(InH —1) — (h®> +7? + 2ha) In H

g 110 H2q
h+a—2H1"
U |

T

P =

—3n (10)

where at the upper bound, the width of the cleft reads
H(a) = h + a. The pressure vanishes for r > a.

Now we calculate the force exerted by the velocity field
on the solid boundary. Since the normal component of

the viscous stress vanishes, o, the force is given by the
surface integral of the excess pressure,

R
F= 27r/ drrP. (11)
0

Notewhich gives

F R . . 1+ h
- " <1+gh+3h23h(1+h)21n%h>

h(1 + h)
)
. (12)

We have replaced hg with z and use the shorthand nota-

tion h = h/a. Note that the slip velocity vy is related to
the unconfined particle velocity vy = %uo. The reduced

velocity w is determined from the condition F' = 0, and
results in

6mna

3 9 A A A 1+
+§u0 (5 + 3h — (2+6h+3h2)ln iL

) (24 6h+ 3h2)In kL —
ﬁ:gh(lm)( )

ug 2+ 9h + 6h2 — 6

3+2

)

53 +2h
JriAL)an%

hy1
. . (13)
h(1

The plots in the main text suggest that this expression is
valid for h < 0.1. At much smaller distances, A < 0.01,
power-law corrections are negligible, and we find

u

L= 3k (mh + 9/4)

h<1).
” (h<1)

(14)

h/a = 0.01
h/a = 0.001

02 04 06 08 10
a

FIG. 2: Excess pressure P(r) in the slit as a function of the
reduced radial coordinate r/a for different slit widths h/a.

This latter expression result from a controlled approxi-
mation in terms of the small parameter h.

Reinserting the reduced velocity in (10) gives the ex-
cess pressure as a function of the unconfined particle ve-
locity up and the width of the slit. Fig. 2 shows P as
a function of the radius r, for different values of h/a, as
calculated from (10) and (13). At a radial distance of
roughly 2v/ha, the pressure changes sign. Close to the
center of the slit the downward motion of the particle
expels the liquid which is related to an excess pressure
P > 0, whereas in the outer region the outward slip ve-
locity necessitates a backflow which is accompanied by
P < 0. The corresponding change of the sign of the
radial derivative is illustrated by (9)

II. METHOD OF REFLECTIONS

For distances larger than the particle radius, hydro-
dynamic interactions with the wall are treated perturba-
tively in terms of the method of reflections. The velocity
field in the fluid is expanded in a series of fundamental
solutions of Stokes’ equation which are centered either at
the position of the particle or at that of an image parti-
cle. The coeflicients of the series are determined pertur-
batively in powers of a/h by successive reflections of the
velocity field at the particle surface and at the wall.

We start from the well-known velocity field of a freely
moving particle without confinemet [5]. Chosing cylindri-
cal coordinates and putting the origin at the solid surface,
the particle is at the vertical position zp = a + h and its
velocity field reads as

a® 3r(z — zp)e, + [3(z — zp)? — R?]e,
V(T,Z,ZP) :U/Oﬁ ( P) [21(%2 P) ] )
(15)

where R = /(zp — z)2 — r2 is the distance from the par-

ticle center. One easily verifies that v satisfies the slip
boundary condition at the particle surface, with the ef-
fective slip velocity vy = (1—nn)-v|,__, with the surface
normal n.




Usual no-slip boundary conditions require that both
vertical and radial velocity components vanish at the
wall. This condition is met by adding the velocity field
v of an image particle at z; = —zp, such that

(V+9)].o =0 (16)

With the notation of Ref. [2], the image flow reads after
one reflexion at the wall

v = qA3V(Tazsz)
cad r P5(&)
+Uop3R—? (R—Ipiz(f)el + §R—I Te2)
r P3(6)

4
+uoGs a (LP2(§)‘31 +¢&

— e |. (17
RY \ R; 2>()

Ry 3

The first term is similar (15), albeit centered at the po-
sition of the image particle, z; = —(a + h), the distance
from which reads Ry = /(z — z7)2 — r2. Since the field
v + Vv does not exactly satisfy the boundary condition on
the particle surface, this solution could be improved by
iterating reflexions at the particle and at the wall [2].

The remainder is given in terms of a multipole expan-
sion with respect to the image particle We have defined
the reduced vertical coordinate

o zZ—Zr
§= R
and the unit vectors
T T
e = R—Ier + e, e ={e, — R—Iez-

P, (&) are Legendre polynomials and P, = 0¢P, their
derivatives.

The coefficients ¢z, ps3, and ¢4 have been determined
in [2] from the boundary condition (16), and read in our
notation

a4
q3 = 5, ps3 5;

N h+a
s =6 pt (18)

Evaluating the Legendre polynomials and their deriva-
tives, one readily finds the radial and vertical components
of V. = v,e, + 10,e,,

3 2
. a (_15rz(z+2p)

33z + ZP)) . (19)

R R 2R?
@Z:uoa_z <15r23(z;|—zp) §r2_4z(§+z13) _1)7
R Rl ) R

(20)

which correspond to the result of Keh and Anderson [1].

The image flow field advects the particle and thus mod-

ifies its velocity. Evaluating v, at the position z = zp =
a + h and 7 = 0, we find the leading-order correction

_ R - 1 a’
U—UO+UZ|Z:ZP—’U.0 1—§m . (21)

The slightly different correction factor of Keh and Ander-
5

son, g instead of our %, arises since these authors consider
electrophoresis close to a perfectly conducting wall, and
take the resulting deformation of the electric field into
account. Similar effects would occur for thermophoresis
close to a wall with infinite thermal conductivity. Since
heat conduction of common materials such as PMMA
and glass, is not very different from that of water, we
discard the deformation of the temperature gradient due

to the conductivity contrast.

III. DEFORMATION OF THE TEMPERATURE
GRADIENT

In the absence of colloidal particles, the temperature
gradient VT is assumed to be constant, perpendicular or
parallel to the capillary. A more complex field T'(r) arises
in the vicinity of a colloidal particle. It satisfies Fourier’s
equation V2T = 0 and the usual boundary conditions at
the particles-solvent and wall-solvent interfaces [2].

The change of T'(r) in the vicinity of a spherical particle
and a planar wall is described by contrast factors If the

Ks — Kp Ks — K

Yy = ——— =
T+ Dk 4k 7

, 22
Kg + Kw ( )

which depend on the heat conductivities of the particle
Kp, the solvent k,, and the wall x,,.

For a constant temperature gradient the slip velocity
is v¥. (Note that v is not constant along the surface but
usually varies with the sine of the polar angle.) From
Ref. [2] we quote the modification of the slip velocity
due to the conductivity contrast. In the bulk (h — o0)
one has

3K
> =(1 0= = 0 23
Vs ( +O[1)’US QK,S + Hpvs ( )
Now we consider the additional change due to the pres-
ence of the solid boundary at distance h. To leading order
in the parameter

a
A:
a+h
one has
vy =vgo | 1— lﬂ)\?’ . (24)
s 41+ oy

A full derivation and higher-order corrections are found
in Ref. [2]. The term 1 + oy does not depend on the
distance h and thus is of little interest here.

A distant-dependent change of the driving field arises
from the remaining term, the prefactor of which reads
explicitly

1 ary 1 ks — Kp Rs — Ky
41+a; 12 ks

Ks 4 Ky
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TABLE I:. Perpendicular thermophoresis. Soret data for
polystyrene particles at room temperature. All experiments
are done in capillaries, with a perpendicular temperature gra-
dient [6, 8, 10]. Data from [8] are from Fig. 5 for 25° C; those
of [10] are extrapolated to T'= 25° C, that of Helden et al. is
taken from Fig. 4 of [6]. The values for the distance h corre-
spond to the range where data are taken [6] or to the mean
value of h, that is, the trapping length £y = Do/uo [10]; the
numbers given for [8] give a lower bound.

N\

s Duhr and Braun
{ Putnam et al.
Braibanti et al.
Jiang et al.
Eslahian et al.

s

0.01 0.1

a (um)

FIG. 3: Size dependence of the Soret coefficient St. For the
data of five experiments on polystryene particles, the ratio of
St and the particle radius a is plotted as a function of a. The
data (+) are taken at room temperature, Duhr and Braun
[11]; (O) above 35° C, Putnam et al. [7]; (A) at 25, 35, 45
°C, Braibanti et al. [8]; ({) Jiang et al. [9]; (O) at 28, 31,
35, 39, 44, 47 °C, Eslahian et al. [10]. The lines connect data
at constant temperature.

The thermal conductivities of most relevant materials do
not differ very much, and the distance-dependent contri-
bution to the slip velocity (24) is negligible. As an exam-
ple, for polystyrene beads in water close to a glass plate,
the above factor takes a value of about 0.016.

Similar arguments apply to electrophoresis, where the
change of the slip velocity (24) arises from the deforma-
tion of the applied electric by the permittivity contrast.
Thus one has for PS particles in water (g, < €5) the
factor oy = % Close to a conducting wall, Keh and An-
derson calculated the distance-dependent correction to
the slip velocity v, = v°(1 — %)\3) [1].

IV. SIZE DEPENDENCE OF THE SORET

COEFFICIENT

Here we complete the data given in the main text on
the size dependence of the Soret coefficient. For a particle
in a bulk liquid, far from the boundary, the well-known
variation of the Stokes-Einstein coefficient Dy o< a=! [3]
and the constant drift velocity ug =const. [4, 5], result
in a linear variation S$ o a.

Fig. 3 shows various Soret data for charged polystyrene
particles in weak electrolyte solutions [7—11]. In these
experiments the particles are at large distance from solid
boundaries. In order to highlight the size dependence of
the Soret coefficient, we plot the ratio Str/a. The data
of Putnam et al. [7], Braibanti et al. [8], Jiang et al.
[9], and Eslahian et al. [10] confirm S7/a = const. as

T —95° C S_T1 a Sr/a h h/a
(K™Y | (pum) (pm)
Helden 00V 95 | 56 [0.03—0.3]0.012 - 0.12
et al. [6]
1. 21 4 2
Eslahian 6 0-215 7 9
115 | 0.136 | 8.4 3 22
et al. [10]
0.85 | 0.090 | 9.5 4.5 50
| 165 [0253] 65
Braibanti |- o003 | 60 | > 50 > 200
et al. [§]
0.35 | 0.053 | 6.6

expected from theory, whereas those of Duhr and Braun
[11] suggest a linear variation. Note that the data of
Braibanti et al. [8] and Eslahian et al. [10] are taken at
different temperatures.

Table I gathers the data measured in a temperature
gradient perpendicular to a solid boundary [6-8, 10], and
Table IT those where the thermal gradient is parallel to
a capillary [9, 11]. Since the Soret coefficient varies sig-
nificantly with temperature, we report only data taken
at room temperature.Eslahian et al. [10], which cover the
range from 28 to 41° C, we have extrapolated the Soret
coefficient to room temperature. Regarding the data of
Putnam et al. [7], it is worth noting that the large value
of the smallest particle, can be related to its high sur-
face potential: Indeed, these authors have measured the
surface potential ¢ of each particle; when correcting the

TABLE II: Parallel thermophoresis. Soret data for
polystyrene particles at room temperature. Experiments are
done in capillaries, where the temperature gradient is parallel
to the boundaries [9, 11].

T —95° C St a Sr/a| w a/w
(K™ | (pm) (pm)

40 1 40 0.1

12 0.55 22 0.055

Duhr & Braun 2.3 0.25 9.2 10 0.025
[11] 0.55 0.10 6.5 0.010

0.13 0.05 2.6 0.005
0.2 0.022 0.9 0.0022

0.95 0.1 9.5 0.05

Jiang et al. 0.35 0.05 7.1 9 0.025
[9] 0.11 0.02 8.4 0.010
0.04 | 0.0125 | 6.5 0.006
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FIG. 4: Hydrodynamic boundary effects on the Soret coef-
ficient at small distances. The solid line gives the full result
obtained from lubrication approximation (25), and the dashed
line from the leading-order approximation (26).

Soret coeflicent for variations of (, they find, in Fig. 7 of
[7], a perfect agreement with Sp/a = const.

Except the measurements of Duhr and Braun, all data
support the theoretical prediction St/a = const. The
temperature series of Refs. [8, 10] confirm, moreover,
that this law holds true at all temperatures investigated.
Although surface charges and electolyte strength dif-
fer from one experiment to another, the absolute val-
ues agree rather well; the average of the nine values,
S%/a = 7.4 K~'um~! is used as the bulk value in the
main text.

V. HYDRODYNAMIC BOUNDARY EFFECTS

Here we discuss boundary effects on the Soret coef-
ficient in lubrication approximation, and the resulting
probability density function for a colloidal particle close
to a wall. As shown in the main text, the variation of
the Soret coefficient with respect to its bulk value is ex-
pressed by ¢ = Sp/S%, with

)

1

. (2+6h+3h%) In kL _ 334
p=3(1+h —h
2+ 9h + 6h2 — 6(1 + h)2In

AN

(25)

=

and h = h/a. At very short distances, we may neglect
corrections in powers of h, and thus have

¢=-3 (mﬂ%). (26)

Previous work pointed out the logarithmic law ¢ =
O(Inh), but did not evaluate the constants —3 and —2°
[13].

In Fig. 4 we compare (25) and (26). At very short
distances, h < 0.01, both agree well, whereas signifi-
cant differences occur for h > 0.01. The leading-order

5

expression (26) becomes negative at h &~ 0.1, which is
clearly unphysical, whereas the exact form is expected
to be larger than unity everwhere. We conclude that
the leading-order approximations, such as our Eq. (26),
cease to be valid at distances larger than 0.01.

Inc

0.0 0.2 0.4 0.6 0.8
h (pum)

FIG. 5: Logarithm of the probability density function (28)
as a function of the distance h, for different values of the
temperature gradient. Both physical and plot parameters are
chosen such that the three curves are easily compared with
those of Fig. 2b of Helden et al. [6].

On the other hand, the experimentally relevant range
for micron-size particles is h/a > 0.01. Indeed, smaller
values can hardly be achieved since at distances below
10 or 20 nanometers, electric-double layer and dispersion
forces overtake hydrodynamic effects. As a consequence,
leading-order expressions, such (26), do not allow a mean-
ingful comparison with experiment.

So far we have discussed corrections to the Soret co-
efficient S, which is proportional to the gradient of the
logarithm of the probability density function,

—Vine= SrVT, (27)

according to Eq. (1) of the main text. In Fig. 5 we plot
the integral of (27), that is,

—1Inc(h) = S2VT®(h), (28)

with ® = [dh¢. The three curves are calculated for
three different temperature gradients VI = 70, 140, 270
mK/um, which correspond to the experimental values of
Fig. 2 of Helden et al. [6], and cover the same range of h
as the measured data. Comparison with Fig. 2b of [6]
reveals a good overall agreement. The curve measured
for 270 mK/pm is close to a straight line, whereas those
at smaller temperature gradients are concave and rather
similar to our theoretical curves. The deviations, which
are strongest at very small distances h < 100 nm, could
possibly be related to van der Waals and electric-double
layer forces; at the smallest distances, however, these po-
tential forces are significantly larger than the hydrody-
namic drag.
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