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Hyper-Algebras of Vector-Valued Modular Forms

Martin Westerholt-Raum'

Abstract: We define graded hyper-algebras of vector-valued Siegel modular forms, which allow us to study
tensor products of the latter. We also define vector-valued Hecke operators for Siegel modular forms at all
places of @, acting on these hyper-algebras. These definitions bridge the classical and representation
theoretic approach to Siegel modular forms. Combining both the product structure and the action of
Hecke operators, we prove in the case of elliptic modular forms that all cusp forms of sufficiently large
weight can be obtained from products involving only two fixed Eisenstein series. As a byproduct, we
obtain inclusions of cuspidal automorphic representations into the tensor product of global principal

series.

Siegel modular forms m Vector-valued Hecke operators m Automorphic representations
MSC Primary: 11F40 m MSC Secondary: 11F60, 11F70

RODUCTS of scalar-valued modular forms can be used to construct new ones, and in special
P situations they reveal deep arithmetic information. For example, Rankin showed in [Ran52]
that the Petersson scalar product of an elliptic cusp form f and the product EE; of two Eisen-
stein series, can be expressed in terms of special L-values attached to f. This very relation reap-
peared in [KZ84], where Kohnen and Zagier define a Q-structure on elliptic modular forms that is
different from the one originating in Fourier expansions. The product of scalar-valued modular
forms naturally leads to the definition of the graded algebra M(e) of modular forms.

Vector-valued modular forms in the elliptic case can be associated with any representation p of
the modular group SL,(Z). As opposed to scalar-valued ones, their product structure has mostly
been neglected. Instead, one considers graded modules M (e ® p) over M (). For example, Marks
and Mason proved in [MM10] that M(e ® p) is free over M () and that its rank relates directly to
the eigenvalues of p(—I®) for I?) the 2 x 2 identity matrix.

It is possible to define tensor products of vector-valued modular forms by means of the tensor
product of smooth functions from the Poincaré upper half plane H = {r € C : Jmt > 0} to the
representation spaces V(p) and V(p’) of p and p'.

®: C®°H—V(p)xCPMH-V() —C°H-V(ep)), (Fegr)— f)egh).

Tensor products of vector-valued modular forms have seldom been studied. In [WR14], we em-
ployed them to express elliptic cusp forms of any level as tensor products of at most two Eisen-
stein series. Tensor products can be conveniently subsumed under the concept of hyper-algebras.
Our description of tensor products of and differential operators on almost holomorphic Siegel
modular forms that we gave in [Kle+15], for example, employed the hyper-algebras to classify
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almost holomorphic Siegel modular forms. In this work, we further develop the theory of hyper-
algebras of modular forms.

Hyper-algebras mimic algebras but they have multivalued multiplication. In particular, they
are natural analogues of hyper-groups [Wal37]. Note that we suppress Wall’s assumption of di-
mensionality of hyper-groups, which does not hold for examples that we treat. Hyper-groups
arise naturally in the context of double cosets in group theory. The definition of a group G in-
cludes the product a- b € G of a, b € G. Given a sufficiently nice subgroup H—that is, if (G, H) is
a Gelfand pair—one can define commutative Hecke algebras, making thus sense of the product
of double cosets HaH - HbH. For instance, if G = GSp,(Q) and K = GSp,(2), then the Hecke
algebra with integral coefficients is free as a Z-module and has basis HcH, c € G. Every prod-
uct of double cosets can be written a sum Y. m. HcH, where 0 < m. € Z and m, # 0 for only
finitely many c. We rephrase this to arrive at a notion of multivalued multiplication of double
cosets. One can decompose HaH = Ucer,q) Hc and HbH = Ucer g,y He as a disjoint union of
left cosets with coset representatives L(H, a), L(H, b) < G. By definition of the multiplication in
Hecke algebras, the multiset {H(d, - dy) : d, € L(H, a),dy, € L(H, b)}} has a decomposition into
the disjoint union of {{Hd, : d. € L(H, ¢)}} where each L(H, c¢) occurs with multiplicity m, that
occurred before. A more detailed explanation can be found in [Kri90]. Summarizing, we obtain
a multiplication of double cosets that takes values in multisets of double cosets:

H\G/H x H\G/ H — Multiset(H\G/ H).

We thus obtain a commutative hyper-group in this way. Note that every group can be naturally
viewed a hyper-group. Vice versa, a hyper-group whose multiplication takes values in multisets
of size 1 is a group.

It is possible to extend the definition of hyper-groups to hyper-algebras. Addition is axioma-
tized as in the case of algebras. Multiplication takes values in the set of all subspaces and com-
patibility relations that mimic those for algebras are imposed on it. We give a precise definition
of hyper-algebras in Section 2. Given an algebra A we obtain a hyper-algebra by assigning to two
elements the module spanned by their product. In general, it is not possible to recover the alge-
bra form this, because the hyper-algebra product a- b associated with a,b € A and (ra)- (r'b) is
the same for all units r, 7’ in the base ring R.

Siegel modular forms are assigned to a weight o and a type p, which are representations of
GLg(C) and Sp g(Z), respectively. Given Siegel modular forms f and g of weights and types o f
pf, 0g, and pg, then their tensor product f ® g has weight o0 ® 0 and type pf ® pg. Even if
the weights and types of f and g are irreducible, their tensor products can be reducible. On the
other hand, to avoid redundancies, graded modules of Siegel modular forms are preferably build
from irreducible weights and types. As a consequence, tensor products do not yield an algebra
structure of such modules.

Since weights and types behave similarly with respect to the construction that we discuss now,
we focus on the former. To remedy the lack of algebra structures on the graded module of Siegel
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modular forms, we have previously suggested to attach to f and g the span

feg = span{po(fog): pecHom(os 00, 0)} « PME (o),
g
where o runs through a fixed set of representatives of isomorphism classes of irreducible weights,
and M@ (0) denotes the corresponding space of Siegel modular forms. In [Kle+15], we identified
the resulting structure as a hyper-algebra. It is a special case of hyper-algebras of Siegel modular
forms, defined in Section 2.1.

In [Kle+15], we also defined the concept of differential hyper-algebras to subsume the action
of covariant differential operators. In Section 2.4, we revisit this definition and reinterpret it in
terms of a Hecke operator T, at the infinite place of Q. Returning to the case of general weights
and types, we also study vector-valued Hecke operators T, at all places v of Q. If v = p is a prime,
then T, generalizes classical Hecke operators for Siegel modular forms. It extends the vector-
valued Hecke operators for elliptic modular forms that we have already defined in [WR14]. The
polynomial algebra T generated by formal elements T, acts by means of these Hecke operators
on the hyper-algebra of Siegel modular forms. Specifically, at the infinite place, the Hecke oper-
ator acts as a hyper-derivation. At the finite places, Hecke operators respect the hyper-product
structure. A precise description can be found in Section 2.6.

Section 3 contains a more detailed study of tensor products and the action of T on modular
forms is studied in more detail in the genus 1 case. Let SV (k) be the space of genus 1 cusp forms
of weight k and level 1. Write EY)(I) for the level 1 Eisenstein series of weight /.

Theorem I. Letl,1' > 4 be even integers and p a finite dimensional representation of SL,(Z) whose
kernel is a congruence subgroup. Then for every k= 1+ ', we have

SY(ke®p) c TTEYDTED()). 0.1)

Vector-valued Hecke operators defined in this paper can be related to adelic automorphic rep-
resentations. Covariant differential operators correspond to the action of an appropriate Lie al-
gebra on Harish-Chandra modules. Hecke operators at finite places arise directly from a repre-
sentation of a group over Q,,. We make these relations precise and determine some constituents
in the tensor product of principal series. Specifically, we consider automorphic representations
for PGL,. We let @(k —1,1) be the principal series that is unramified at the finite places and
has Harish-Chandra parameter k — 1 at infinity. Let @, (k — 1) be the discrete series with Harish-
Chandra parameter k — 1.

Theorem II. Given even integers 1,1’ = 4, then
o —o(l-1,DHeal -1,1)

for every cuspidal automorphic representation @ = @ (k —1) ® @f with k = 1+ 1" and @ a repre-
sentation of PSL, (Ay).
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In Section 1, we collect preliminaries on Siegel modular forms. In Section 2, we define hyper-
algebras of Siegel modular forms. In Sectoin 3, we show that products of certain Eisenstein series
yield cusp forms. In Section 4, we give an interpretation of our results in terms of adelic auto-
morphic representations.

1 Modular forms
§1.1 The classical setup. The Siegel upper half space {7 € Matg(C) : 'r = 7, Jm7 > 0} of genus g
is denoted by H®. It carries an action of the real symplectic group

Spg(R) = {y € Maty®) : 'yJ®y=J®}, J©®=( 9 17,

where I is the g x g identity matrix. This action is explicitly given by y7 = (at + b)(cT + d) !,
where we employ the block decomposition of y = (‘Cl Z). The subgroup I'®) = Sp ¢(2) of symplec-
tic transformation matrices with integral entries is called the Siegel modular group of genus g.

Generally, a complex representation o of GLg(C) is called a weight. For the purpose of this
paper, we restrict to representation that factor through GLg (C)/{+1 (8)}. A finite dimensional rep-
resentation p of Sp,(Z) is called a type. Throughout this note, we focus on types whose kernel is
a congruence subgroup that contains —I'®). The representation spaces of ¢ and p are denoted
by V(o) and V(p). A weight and a type together determine a slash action

(flopr)@ =olct+d) " o)~ fiyT)

on functions f:H® — V(o) ® V(p).

The space of genus g Siegel modular forms of weight o and type p is defined as the space of
holomorphic functions f : H® — V(o) ® V(p) such that flq,,y = f for all y € T and which
satisfy f(x+iy) = 0(1) as y — oo, if g = 1. We write

M®(oep)=E&(cep)eS®(cep)

for this space, the space of Eisenstein series, and the space of cusp forms, respectively.

§1.2 The symplectic group and its Lie algebra. We write G = PGSp,, for the Q-split algebraic
group of projective symplectic similitudes. Throughout we work with the model

PGSp,(Z) = {y € Matp(Z) : yJ'®y =s()J®, s(y) e 2} [ {s1® : se Z}.

Compact subgroups K.§ and K;,g) of G(R) and G(Q)) are Ug (R)/{+1®} and PGSp, (Z ,), where the
former is embedded into G(R) by ai+b — (Z ‘ab ). Weights correspond to complex representations
of K by means of the restriction along Ug (R)/{+1®)} — GLg(C)/{1®}.

We let R_ep(Kég)) be a fixed set of representatives of isomorphism classes of finite dimensional,
complex representations of K;§’. For all g, the representation det" : Ug(R) — C, k— det(k) with
k € Z, 2| gk yields an irreducible representation of Kéf) via the above isomorphism of Kégg) and
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U R)/{£1 (8}, In the context of spaces of modular forms, we will occasionally write k instead of
det® to match more closely the classical notation. For example,

M® (k ® p) = M® (det* ® p)

We denote the I-th symmetric power of the standard representation by sym'. The dual of a rep-
resentation is indicated by a superscript v: ¢V is the dual of ¢.

We let Rep (K. ;,g)) be a fixed set of representatives of isomorphism classes of finite dimensional,
complex representations of Kl(,g). To simplify notation, we let ﬁp([(f(g)) be the set of restricted
tensor products of the representations in R_ep(K ’(,g) ). That s, it consists of exterior tensor products
of representations of K,(gg ) which are trivial for all but finitely many p. There is a correspondence
between R_ep(Kf(g)) and finite dimensional, complex representations of '® with a congruence
subgroup and the matrix —I,¢ in their kernel.

Subsets of irreducible representations are denoted by

TrrRep(KE') cRep(K¥')  and TrrRep(K®) < Rep(K ).

§1.3 Covariant differential operators. We call a differential operator D covariant from |, , to
IU,'p if for all g € G(R) and all smooth functions f: H®& - V(o) ® V(p) , we have

D(fla,p g) = D(f)|o"yp g.

If D is covariant for the trivial type then it yields differential operator that is covariant for all types.

A theorem of Helgason [Hel62], allows us to classify order 1 differential operators. For each o
there is a lowering operator L = L, that is covariant from o to Lo = sym?¥ ¢ and a raising opera-
tor R = R, that is covariant form o to Ro = symza. We only fix normalization in the case g =1,
setting

L=-2iy?0;y and R=2id,+ky '.

In [Kle+15], we gave explicit expressions for all g. The normalization employed there, however,
does not coincide with the one we choose here.

Covariant differential operators allow us to define almost holomorphic Siegel modular forms.
Afunction f: H® — V(o) ® V(p) that vanishes under the (d + 1)-th tensor power of the lowering
operator, i.e. L% f = 0, that is invariant of weight o and type p, i.e. flopy=fforallye r'®, and
that satisfies f(r) = O(1) as y — oo, if g = 1, is called an almost holomorphic Siegel modular form
of weight o, type p, and depth d. The space of such functions is denoted by

[d]M(g)((f@p).

§1.4 Hecke operators. We extend the definition of vector-valued Hecke operators in [WR14]
for elliptic modular forms to Siegel modular forms. Many of the proofs in op. cit. apply to the
general case word by word. For this reason, we skip several arguments in this subsection.
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Hecke operators on representations. For a positive integer M, we let

Ay = {(g Z) € GSp,(Q) : tad=MI®, ab,de Mat, (2), d upper triagonal,
Vi <j : OSdiyj <dj,j» Vi:0< bi,j;< dj,j};

where GSp, is the group of symplectic similitude transformations. We have a right action of
Spg(Z) on Ay defined by (m,y) — my with y'my = my for some y' € Spg(2). This, in particular,
defines a cocycle I,,,(y) =y'; That is, we have I,,(y1y2) = I, (Y1) Imy, (y2).

To every type p we associated the type Ty p defined by

V(Tmp):=V(p)®C[Ay] and (Typ)(y) weem):=p(I,;' (y )W) ® ey (1.1)

The cocycle property of I,,(y) implies that it is a representation of Sp,(Z). Given a scalar prod-
uct (-, ), on V(p), we obtain one on V(T p) by

(v, wyp, it my=my;
<v®emy, w®emw) = .
0, otherwise.
Hecke operators on representations are compatible with homomorphisms between types and
with tensor products. Specifically, the following are homomorphism of Sp, (Z)-representations:

Tvd: Typp— Ty p', VR ey — (V) ®eyy; (1.2)
1— Ty1, c—c Y em; (1.3)
mely
(vew)®e,, ifm=m
(TmpP)®(Tmo) — T (p®0),  (VRep)@(Wey) — . (1.4)
0, otherwise;

where ¢ € Hom(p, p). If y: p — p” is a further homomorphism, then Tys (o) = (Tasw)o(Tar P).
For later reference, we denote the morphism in (1.4) by 7z, o'

Hecke operators on modular forms. For m = (g 2) € GSp g(IR) of similitude M, and for f: H —
V(0), we define

(fle m)(@) = a(d1VM)~" f((at + b)d ™).

Fixing a type p and a positive integer M, we define the vector-valued Hecke operator T, acting
on feM® (o ®p) by

(Tuf)@ =Y (flem@een,eME(aeTyp). (1.5)

meAy

The above homomorphism 7y, ' is compatible with Hecke operators. Specifically, we have

ﬂM,p,p’((TMf) ® (TMg)) = TM(f®g)
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2 Hyper-algebras

We start with the formal definition of hyper-groups, which is the blueprint to our Definition 2.2
of hyper-algebras. Given a set S, let Multiset(S) = {f : S — Zxo} be the set of all multisubsets
of S. Multisets are throughout denoted by double curly brackets {:--}}. The union of multisets
corresponds to the sum of functions S — Z>(. As a shorthand notation, for the binary operator
appearing in the next definition, we set a - {{b;}}; = Uy, a - b; and similarly {{a;}}; - b=Uy, a; - b.

Definition 2.1. A pair (G, -) of a set G and a binary operator - : G x G — Multiset(G) is called a
hyper-group if the following axioms are satisfied:

(i) (Finiteimage) For any a, b € G, the multiset a - b is finite.

(i) (Associativity) For any a, b,c € G, we have (a-b) - c=a-(b: c), thatis,

U h;C: U a;h.

h(—:a;b hEb;C

(iii) (Identity) There is an element e € G such that for every ae Gwehaveac€a-eand ace: a.

(iv) (Inverse) For every element a € G there is element a™' € Gsuch thate€ a-a ' and e €
-1
al-a.

Extending this notion to hyper-algebras is straightforward. However, the reader should be
warned that the word “hyper-algebra” is used in the context of algebraic groups [Sul78], too, and
these two notations should not be confused.

Given a commutative ring R (with identity), and an R-module M, we let SubModg (M) be the
set of all R-submodules of M. In analogy with the definition of multisets, we extend the binary
operator - in the following definition to submodulesby a- N=Upenya-band N:-b=Ugenya- b
for N € SubModg(M).

Definition 2.2. Let R be aring. A triple (A, +, -) with (A, +) an R-module and binary operator
-1 Ax A— SubModg(A)
is called a hyper-algebra (with identity) if
() (Linearity) Given a,b€ Aand r € R, we have (ra)-b=r(a-b)=a-(rb)
(ii) (Identity) Thereis ee€ Asuchthatwehavee-a=a-e=spangaforall ae A.
(iii) (Associativity) Given a,b,c€ A,wehavea-(b:-c)=(a-b):-c.

(iv) (Distributivity) for a,b,c€ A,wehavea-(b+c)<a-b+a-c.
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Concepts like commutativity, grading, and derivation extended to hyper-algebras. Fixing a
hyper-algebra A, we call it commutative if for all a, b € A, we have ab = ba. We say that itis graded
by a hyper-group G if A=@¢ Ag as an R-module and AgAg S Upegg An- A hyper-derivation d
on Ais an R-module endomorphism such that d(a-b) < (da)-b+a-(db).

Note that for a hyper-algebra A, we can define a (left) hyper-module M as an R-module with
binary operator - : Ax M — SubModpg (M) satisfying the analogue of the axioms in Definition 2.2.

§2.1 Hyper-algebras of modular forms. Recall the various sets of representations defined in
Section 1.2. The hyper-algebra of holomorphic Siegel modular forms as a vector space is

M® (e e)=PME(cep), o€ IrrRep(Kég)), pe IrrRep(Kf(g)) 2.1)
o.p

with product fg=f®gcM® (e ® ) defined as

span{ (Po@Pp)o(feg) o€ IrrRep(Ké{g))), po:0p®0g—0, 2.2)

pe IrrRep(Kf(g)), o pr®pg—p }

Note that both M(Kg)) and M(Kf(g)) are hyper-groups, and the hyper-algebra of Siegel
modular forms is graded by both. Our notation for submodules, for example M®( s ®p), has
obvious meaning.

We will also work with the hyper-algebras of almost holomorphic Siegel modular forms

LIME (ewe)= P “M® (0®p), o€ IrrRep(Kég)), pE IrrRep(Kf(g)) (2.3)
0<do,p

with product as in (2.2).

§2.2 Computing the hyper-algebra product in Sage. In the case of elliptic modular forms, all
irreducible weights are 1-dimensional. Types can, however, be arbitrary dimensional. We adopt
an example from [WR14], which illustrates how to compute products in M€ (  ® ¢ ) of modular
forms with nontrivial type. For convenience, we give Sage code [Sage]?, which the reader can
modify to perform his or her own computation—The code is not optimized for performance, but
for clarity.

We consider the representation ps, which we realize as a matrix representation by

1 0 0 0 1 0
ps(M=[0 0 1| pss)=[1 0 o0
-1 -1 -1 -1 -1 -1

The space of Eisenstein series of weight 12 and type p3 has dimension one. A basis element E1 p,
can be obtained from vector-valued Hecke operators that are discussed in Section 1.4. We let {
be a third root of unity. The image of T3 on the level 1 Eisenstein series of weight 12 is

2 computations make implicit use of the libraries [Flint; Pari] and possibly further ones that are less obvious from

the source code of Sage
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K.<zeta> = CyclotomicField(3)
R.<q3> = K[[]]

E12 = EisensteinForms(1,12).basis ()[0]
E12T3 = lambda n: vector (]

3xx 6 x E12.qgexp

3xx—6 x E12.qgexp

, 3%x—6 x E12.qgexp

, 3%x—6 *x E12.qexp

1)

Fourier expansions are computed in terms of q3 = e(z/3). The components of an Eisenstein

n//3+1).subs(g=q3x%9).add_bigoh(3%n)
3xn).subs(gq=q3)

3xn).subs(g=zetaxq3)
3%xn).subs(g=zeta*%2%q3)

e N e

series of type p3 can be found by applying a homomorphism from T3 1 to ps3, which can be com-
puted by the method that we describe below when decomposing ps3 3.

E12rho3 = lambda n: matrix(3, [ 1,-1/3,-1/3,-1/3
, -1/3,1,-1/3,-1/3
, -1/3,-1/3,1,-1/3
]) = E12T3(n)

To compute Eyz p, ® E12,p,, we have to decompose the 9-dimensional representation p3 ® p3,
by exhibiting the trivial representation in (p3 ® p3)" ® p for various representations p. For a sys-
tematic decomposition of p3 ® p3, one could apply the MeatAxe algorithm [HEOO05]. We start by
defining the representation matrices of the trivial representation 1, ps, and p3 ® p3.
s_triv = t_triv = identity_matrix(QQ, 1)
s3 = matrix(QQ, 3, [0,1,0, 1,0,0, -1,-1,-1])
t3 = matrix(QQ, 3, [1,0,0, 0,0,1, -1,-1,-1])
s33 = s3.tensor_product(s3)
t33 = t3.tensor_product(t3)

We compute homomorphisms between representations by employing the isomorphism of vec-
tor spaces Hom(p, p’) = (p" ® p’)(1). Representation matrices of the dual representation p" are
given by the transpose inverses of those of p. We can immediately compute homomorphisms
from p3p3 to 1 and ps.

dual = lambda m: m.transpose ().inverse ()

hom = lambda sl ,tl,s2,t2: \
(dual(sl).tensor_product(s2)-1).right_kernel() \
.intersection ((dual(tl).tensor_product(t2)-1).right_kernel())

hom_triv = hom(s33,t33, s_triv,t_triv)
hom_rho3 = hom(s33,t33, s3,t3)

There is one copy of 1 and two copies of p3 in p3p3. We are facing the problem of decomposing
their complement. In our case, it turns out that it consists of two inequivalent one-dimensional
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representations with representation matrices
p((S)=(1), p((T):(() and p(z(S)=(1), p(z(T)=((2).

In Sage, we implement them by means of

K.<zeta> = CyclotomicField(3)

szeta = identity_matrix(K,1)
tzeta = matrix(K,1,[zeta])
szeta2 = identity_matrix(K,1)

tzeta2 = matrix(K,1,[zetaxx2])
First, we determine the kernel of the homomorphism that we have determined so far.

bm = reduce( lambda s,|: s.intersection(matrix([I]).right_kernel())
[ hom_triv. basis ()[0] ]
+ [b[ix::3] for b in hom_rho3.basis() for ix in range(3)]
, VectorSpace(QQ,9) ) \
.basis_matrix().transpose ()
srest = bm.solve_right(s33%bm)
trest = bm.solve_right(t33%bm)

’

Second, we observe that S acts trivially on that kernel, so that it suffices to decompose the ac-
tion of T into eigenspaces. In the present case they are defined over a third order cyclotomic
extension of the rationals. In fact, they are isomorphic to p; and p;2 given above.

hom_zeta = hom(s33,t33, szeta, tzeta)
hom_zeta2 = hom(s33,t33, szeta2,h tzeta2)

We construct matrices from the homomorphism spaces that we previously determined.

phi_zeta = matrix (hom_zeta. basis ()[0])

phi_zeta2 = matrix (hom_zeta2.basis ()[0])

phi_rho3_1 = matrix ([hom_rho3. basis ()[0][ix::3] for ix in range(3)])
phi_rho3_2 = matrix ([hom_rho3. basis ()[1][ix::3] for ix in range(3)])

Assembling the results that we have computed via Sage, we find that with respect to the given

-10-
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bases, we have homomorphisms

N|—

¢1:p30p3 — 1, (1 12113 1),

$¢ 1 p3® p3 — Py, (1 (+1 =¢ ¢(+1 ¢ -1 —-¢ -1 _(_1),
(/’(21.03®103—>p(z,(1 - (+1 - (-1 -1 (+1 -1 5),
1 0 -1 -1 -1 -2 0 1 -1

¢pg,11P3®P3_’P3, -1 0 1 -1 1 o -2 -1 -1},
-1 -2 -1 1 -1 0 0 -1 1

o 1 -1 -1 0 -3 1 3 0

(,bp&g :p3® p3 — pP3, 0 1 3 -1 0 1 -3 -1 0].

0 -3 -1 3 0 1 1 -1 0

Summarizing, we find that Ey, p, ® E12,p, is supported on 1, p;, p¢2, and p3. The corresponding
subspaces are spanned by elements whose Fourier coefficients are too large to display them all.
We confine ourselves to the trivial type:

564856947200 _ 1894333004462080000  _ 1261863434802833408000 2 3
1594323 84584326707 4 28194775569 q”+0(q”) € E12,0, ® E12,p, "M(24® 1).

Beyond this, we illustrate how to compute the remaining Fourier expansions with Sage. The
tensor square of E1 , with precision at least 7 is given by the following function Esq(n).

Esq = lambda n: vector(R,[cl*xc2 for cl in E12rho3(n)
for c2 in E12rho3(n)])

print phi_triv % Esq(3)
print phi_zeta % Esq(3)
print phi_zeta2 % Esq(3)
print (phi_rho3_1 % Esq(3), phi_rho3_2 x Esq(3))

§2.3 From weights to isomorphism classes of irreducible weights. We have defined weights as
complex, finite dimensional representations of Kég) without any further restriction. If we wished
to construct a graded algebra of modular forms whose grading includes all these weights, this
would not be possible. All representations of Kéf) together do not constitute a set, but rather they
are objects in a category Rep(Kég)). Given this fact, one might be inclined to pass from weights to
isomorphism classes of weights—the skeleton of Rep(Kég)). Alternatively, we can and will focus
on a fixed set @(Kg)) of representatives of isomorphism class. For every o € R_ep(Kc(,f,’)) the
space of modular forms M® (o) of weight o is a vector space.

Let us consider to what extend we can define a multiplication. Given f € M8 (o f) and g €
M (o0g)withoy,og€ E(Kég)), we find that

fg=fegeM®(orooy)

—-11-
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for their tensor product. Its weight, in general, is not in R_ep(Kég)). Denote by W the corre-
sponding representative. A priori, fg lies in C°°(I]-I](g) — V(o fag)). We have to obtain from it
an element in C°°([I-I](g) - V(W)). The most naive way is to choose an endomorphism ¢ in
Hom (o f0g W) and compose it with fg. The resulting function ¢ o fg depends on ¢. More
precisely, it depends on f and g up to automorphisms of o f0 4.

Except in the case g = 1, there seems to be no natural choice of endomorphisms for all tensor
41" in a natural way by realizing sym‘ and syml’

as a representation on polynomials of degree [ and !’ in g variables. But, for example if g = 2,
I+1'-2

products. For instance, sym’sym/ contains sym
there is no natural inclusion of sym into sym’ syml’ for [,1' = 2. The situation becomes even
more difficult for g = 3, because then irreducible representations can occur with multiplicities
greater than 1 in tensor products of irreducible representations.

Since there is no natural choice of a single homomorphism from o ro ¢ to  ro g, we retrieve to
taking the span over all of them. The product of f and g in this setting is defined as the space

span{¢o fg:peHom(oog, Trog)t < P ME(0).
oeRep(KE)

This product yields a hyper-algebra of modular forms whose weights run through all isomor-
phism classes of representations. Since at this point, we have already lost the algebra struc-
ture and arrived at hyper-algebras, there is no additional harm in considering only irreducible
weights. This motivates our definition in Subsection 2.1.

§2.4 Covariant differential operators on hyper-algebras. As in the case of tensor products the
image of lowering and raising operators has, in general, reducible weight. For example, in the
case g = 2 and if / = 2, the weight Rdet‘sym’ = det“sym2sym/ allows for a decomposition into
irreducible weights det*-2sym/=2, det*"'sym/, and det*sym/*2. It is therefore natural to define a
vector space valued action of covariant differential operators.

Let C[L, R] be the polynomial algebra in two formal variables L and R. Notation overlaps with
the one for lowering and raising operators, but it will be clear form the context to what we refer
when writing L f or R f. The action of L and R on [*/\M® (e ® e )is given by

Lf =span{poLy,f : UEIrrRep(Kég)), ¢p:0—Los} and
Rf =span{poRg, f : UEIrrRep(Kéf)), ¢:0—Roy}.

Viewing the differential operators L and R jointly as a vector-valued Hecke operator at the
infinite place acting on almost holomorphic Siegel modular forms, we set for f € [*IM® (e®e)

To=C[Te], Teof=Lf+RfcM®(ewe). (2.4)

One readily verifies by employing the defining formulas of lowering and raising operators in [Kle+15]
that T, acts as a hyper-derivation.

-12 -
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§2.5 Hecke actions on hyper-algebras. Based on the vector-valued Hecke operators that we
have introduced in Section 1.4, we get an additional hyper-module structure on (almost) holo-
morphic Siegel modular forms. Let

T¢=C[Tp : p prime] (2.5)

be the polynomial ring in infinitely many formal variables T,. As in the case of covariant differ-
ential operators, notation coincides with the one for actual Hecke operators, but this should not
lead to confusion. The action of T,, on "'M'® (¢ ® # ) is defined by

Ty f =span{¢oT, f : pelRep(K¥), ¢p: Tppr—p} < IME (e w o). (2.6)

This equips "'M® ( « ® ¢ ) with the structure of a T¢-hyper-module.

§2.6 The formal Hecke algebra. We combining both formal Hecke algebras into one
T=TeTa; =C[Teo, T : p prime]. 2.7)

Recall that T, < T acts on almost holomorphic Siegel modular forms by hyper-derivations, and
Tt acts by endomorphisms.
3 Essential surjectivity of tensor products of modular forms

The hyper-algebra structure and the action of the formal Hecke algebra make it rather easy to
formulate essential surjectivity for products of modular forms. The blueprint for such results are
the ones in [Kle+15; WR14]. The first of them, phrased in the language that we have developed
reads as follows. For all k=8, all [, k — [ = 4, and all congruence representations p, we have

MU (ke e)=EV(k® o)+ THEV D TEV (k- 1). (3.1)

In the language we have developed, it is straightforward to ask for analogues.
§3.1 A conjecture in the case of genus 2. We start with a conjecture, that we will not prove in

this paper. There is experimental evidence in [Raul0] that

MP(ke1)=SK?(kel)+ Y SK®(1e1)-SK®(k-1le1), (3.2)
4<l<k-4

where SK denotes the space of (holomorphic) Saito-Kurokawa lifts. In light of this and of For-
mula (3.1) an extension to all p seems possible. Could it be that for sufficiently large k, [, and
k — I, and for any congruence type p of genus 2 Siegel modular forms, we have

M@ (k®p)=SK? (ke p) + TiSK? (1o 1)@ T¢SK? (k- 1o 1) 2 (3.3)

Note that we have restricted to scalar weights in the above. To cover vector valued weights, we
have to first study the effect of covariant differential operators on tensor products. This will be
executed, in case of g = 1, in the next subsection.

—-13-
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§3.2 Hecke operators at all places in genus 1. Making use of not only Hecke operators at the
finite places, but of the full formal Hecke algebra T, one can strengthen surjectivity results as the
onein (3.1).

Theorem 3.1. Let l,1 > 4 be even integers, and p a congruence type. Then for every even k =1+ 1’
we have

SV (ke p) c Teo(TEV D TEV (1)). (3.4)

Proof. To ease notation, we suppress the superscript (1) for Eisenstein series throughout this
proof. Without loss of generality, we can assume that [ < I’. In complete analogy with [WR14], we
note that the right hand side of (3.4) is a Ti-module. It therefore suffices to show the following:
Any newform f for the congruence subgroup I'g(N) vanishes, if for t = (I+1' — k)/2 € Z>, the
(holomorphic) modular form f¢, is orthogonal to the almost holomorphic modular form

Ind(Ej1,,)® RI(E,,,LD“OO).

Notation is adopted from [WR14]: We let 1p| be the square of Kronecker character ep, for a nega-
tive fundamental discriminant D. Note hat 1 p) is a trivial non-primitive Dirichlet character. The
modular form f is the twist of f by ep. Further, we define Eisenstein series

Ejq1, @)= Y o111, (M q"
n=1

— S
Fitioioos = yerc,gs:L2 @ o) & ELo) ¥ k.1, ®P1

The induction of modular forms for I'g (V) to vector-valued modular forms for SL,(Z) is denoted
by Ind. The induction of a Dirichlet character y from I'g(N) a Dirichlet character y of modulus N
is denoted by p.

We establish the described vanishing condition by relating the Petersson scalar product to spe-
cial L-values, as in [IK05; KZ84; WR14]. Combining regularization and unfolding as is described
in detail in [WR14], we find that

<Indf;3D’ Ind(Elr]llDl) ® Rt(El’r]llD\roovs)>

dxdy
= . . [
_frm\Hmn(f Ej 1, (7) - ergov) ® ey Ry ) k! (3.5)

where 7 is the projection adjoint to the inclusion

L—pipi® (o1 ® onipE) ® PNip, 1= ) ey ®(ey®ep)@ey.
Y:To(IDD\SL,(2)
¥'":To(IDIN)\SLy (Z)

Evaluating the integral, employing analytic continuation, and then inserting s = 0, we obtain a
product of special values of Dirichlet series.

—-14 -



Hyper-Algebras of Vector-Valued Modular Forms M. Westerholt-Raum

A direct verification shows that lims_q R/, y* = (l’)Tt y~!, where (a)L =a(a+1)---(a+n-1)isthe
upper factorial. The above scalar product (3.5) therefore equals

0o oo p
(l/)l(z c(fep; me(niy) Ul—l,]l‘m(n)e(nl'y) y—t+s zi/k)
n=0 J0 y o

[k-1-1 & o;(n)c(fe,; n)

)3

(4ﬂ)k—1—t =6 nk—l—t+s s=0

= (l’)l(

By the extension of Rankin’s result [Ran52] in [WR14], we find that it does converge absolutely, if
[ > I’ or allows for a suitable analytic continuation of [ = ['. It can be expressed in terms of special
L-values as follows.

L(fep, k=1=1)L(fep, x Lip, k—1—1)
LLpLipL, k-1-2t-1) '

The denominator equals L(1p|, I'—1)) by the relation k = 2¢+[+1". The first factor in the numer-
ator is a special value of an Euler product, since t = (k—1—1")/2 < ’EC —2andthusk-1-t> %‘ +1.
In order to inspect the second factor in the numerator, note that [+ ¢ < %, since we have assumed
thatl<!'.Ifl+t< § thenk—-t-1=> % +1, so that L(f,, k— t — 1) is the special value of a conver-
gent Euler product. Otherwise, we infer that the central value L(fe,, IEC) vanishes for all negative
fundamental discriminants D. Using Waldspurger’s and Kohnen-Zagiers results [KZ84; Wal81],
we can argue as in [WR14] to finish the proof. n

Theorem 3.1 does not cover the case of small weights k. The next statement clarifies that k <
[+ I’ cannoth appear on the right hand side of (3.4).

Proposition 3.2. Suppose that k < I, + I, for positive even Iy, 1, = 4 and positive even k. Then any
weight k cusp form f is orthogonal with respect to the Petersson scalar product toR" g1 -R% g, for
g1 and g» modular forms of weight [ and I, and t1, t, € Zg such thatk =11 + 2t + I, + 21,.

Proof. The almost holomorphic modular form R” g; -R g, has depth ; + 1. That is, it allows for
a decomposition
i+t

R'gi-R?g =) R'nh
=0

for holomorphic modular forms &, of weight k —2t. Since d > t; + £», each term in this sum is
orthogonal to f by Shimura’s orthogonality relations [Shi87]—also confer [PSS15]. n

4 Adelic automorphic representations

Automorphic representation theory in most modern settings focuses on adelic representations.
That is, one investigates the right regular representation of G(A) on L?(G(Q)\G(A)). It is an im-
portant aspect of the theory that one can split any automorphic representation into a restricted

—-15-
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tensor product of local components. The local theory is over p-adic fields and the theory over
the infinite places.

In the classical theory of modular forms these two aspects of automorphic representation the-
ory are reflected by Hecke operators and covariant differential operators. To support our claim
that hyper-algebras of modular forms together with the action of T are mitigating between the
classical language and the representation theoretic one, we show how to pass from classical mod-
ular forms to the attached local representations and how some of their aspects can be interpreted
in terms of hyper-algebras. In particular, we rephrase our result in Section 3 in terms of tensor
products of automorphic representations.

§4.1 Harish-Chandra modules. It is formally correct to work with the group PGSp g([R) in this
subsection. However, as is common, we will instead work with Sp, (R), for which all aspects that
we discuss here are the same. Further, we adopt notation from [WR15] to shorten this exposition.

Given any almost holomorphic Siegel modular form f, we can associate to it an irreducible
Harish-Chandra module. Recall that a Harish-Chandra module is an admissible (g, K)-module. A
(g,K)-module is a representation of K = Kéf) that is simultaneously a g-module with g = sp,, and
for which these two structures are compatible. A detailed definition can be found in Section 3.3.1
of [Wal88]. A (g,K)-module M is called admissible if it is a unitarizable K-representation and if
Homg (o, M) is finite dimensional for every finite dimensional K-representation o.

Starting with f, we produce a function A, (f) on G—A, stands for adelization at the infinite
place, which here is isomorphic to R:

Aco()(&) = (g, 8)GT¥).

It takes values in V(0) ® V(p), and when contracting with V(g)", we obtain a space of functions
that take values in V(p) and which is a K-module isomorphic to ¢V ® V(p). We denote the con-
traction by Ao (f) - V(0)V, and the (g, K)-module generated by it will be denoted by

Axo(f) = (@K (Ao (f) - V(0)Y).

Let £ c g be the Lie algebra of K. It was established in [WR15] that application of covariant
differential operators and the action of the £-complement m < g commute with passing back and
forth between modular forms and K-types in Harish-Chandra modules. Concretely, we estab-
lished commutativity of the following diagram, featuring the hyper-derivations L and R:

fi Ao Aso(f) fi Ao Aso(f)
Aoo AOO _
Rf m* Ax(f) Lf m~ Ax(f)

—-16-
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The product of vector valued modular forms then contains information about the tensor prod-
uct of Harish-Chandra modules. And thus it yields a lower bound on smooth functions in the
tensor product of G(R)-representations. Given a Harish-Chandra module we can obtain from it
arepresentation of Sp, (R). In our case, we denote this representation by G(R) Aso.

Corollary 4.1. Given two almost holomorphic Siegel modular forms f and g, we have the follow-
ing inclusion of (g,K)-modules:

Aco(Too f 8 Too8) S Aco(f) ® Aco(g)-

By passing back to representations of Sp (R), we find that

GR)Ax(Too f 8 Too &) € GR)Ax(f) ® G(R)Ax ().

Proof. This follows from the commutative diagrams above, except that we have to verify that
the hyper-product T f ® Too g yields an admissible (g, K)-module. This becomes clear when
inspecting the action of the center of £. ]

§4.2 The finite places. As opposed to the infinite place it is important to insist on the group
G = PGSp, when treating the finite places. Recall that as a maximal compact group over Q,, we
choose Klgg) = PGSpg(Zp). Also recall that any type in this paper is a congruence type, which
means that it gives rise to a representation over Ay.

To approximate at p, we need the relation G(Q,) = G(@)K;g). Consider a vector-valued almost
holomorphic Siegel modular form f of type p = ®'p,,. Given gk € G(Q,) we set

Ap(N)(gk) = p, (k) (fly, 8)GI®).

As a first remark note that f is constant on kerp, Kl(;g). The contraction of A, (f) with V(p p)V
will be denoted by Kp (f). Itis a space of functions on G(Q) taking values in V(o) ® V(®;)¢p,ppr).
(8) . . .
Asa Kpg -module it has isomorphism type p; ®(V(o)e® V(®;;¢p/pp’))'
The commutative diagram corresponding to the one in Subsection 4.1 is

Ap
Fi Ay()
T,{ IAp
Ap
Tpf ApAp(f)

where A, is the vector space with basis consisting of determinant p matrices in K,(,g). In analogy
with the infinite case, we write G(Q p)Kp (f) for the representation over Q, that corresponds to f.
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Corollary 4.2. Given Siegel modular forms f and g, we have the following inclusion of G(Qp) -rep-
resentations:

GQpAHT,feTyg) < G@QpAL() ® G@QpA,(E).

§4.3 Global tensor products. We now transfer the statements of Corollary 4.1 and 4.2 to the
global setting.

Theorem 4.3. Given almost holomorphic Siegel modular forms f and g, with automorphic rep-
resentations ®(f) and @(g) associated with them. Suppose that for a newform h we have

Ind(h)eTfeTg.

Then the associated automorphic representation @(h) is contained in the tensor product of those
associated with f and g:

o(h) — ao(f) ® d(g).

Proof. Using strong approximation, we obtain a map from holomorphic Siegel modular forms f
to functions

A(f) =Ax(f) ® (QAp(/)
p

on G(A), which generate an automorphic representation @(f) = @oo(f) ® ®;,(Dp( f) associated
with f. Note that the Harish-Chandra module attached to a representation of G(R) consists of
the subspace of smooth vectors. In particular, it is a subspace of V(@ (f)). The commutative
diagrams in Subsection 4.1 and 4.2 show that Ao (T f) € V(@eo) and Ap (Tp f)c V(op). n

As a consequence of Theorem 4.3, we can reinterpret (3.1) and (3.4) in terms of tensor products
of global representations. This provides a proof of Theorem II.
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