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ANALYTIC CURRENT-VORTEX SHEETS IN INCOMPRESSIBLE
MAGNETOHYDRODYNAMICS

OLIVIER PIERRE

June 26, 2017

ABsTRACT. In this paper, we address the problem of current-vortex sheets in ideal incompressible magnetohydro-
dynamics. More precisely, we prove a local-in-time existence and uniqueness result for analytic initial data using a
Cauchy-Kowalevskaya theorem.

1. INTRODUCTION

1.1. Motivation. In this article, we are interested in a free boundary problem arising in magnetohydrodynamics
(MHD), namely the current-vortex sheets problem. We consider a homogeneous plasma (the density in constant),
assumed to be perfectly conducting, inviscid and incompressible. The equations of ideal incompressible MHD thus

read:
Ou+V-(u@u—H®H)+Vqg=0,
OH -V x(uxH)=0, (1.1)
V-u=V-H=0,
where u € R? and H € R3 stand for the velocity and the magnetic field of the plasma respectively. The unknown ¢
defined by ¢ :=p+ @ is called the “total pressure”’, p being the physical pressure.

We are looking for a special class of (weak) solutions of (1.1): we want (u, H, q) to be smooth on either side of a
hypersurface I'(t) (¢ is the time-variable), and to give rise to a tangential discontinuity across I'(t). We shall assume
that the hypersurface I'(t) can be parametrized by I'(t) := {x3 = f(¢,2')}, where 2’ is the tangential variable living
in the 2—dimensional torus T? = R? / 72, and x3 denotes the normal variable. The unknown f is called the “front”
of the discontinuity later on. For all ¢ € [0,T], we shall consider the MHD system (1.1) in the time-dependent

domain
Q) :=QT ) UQ (t), where QF(t):={z3 = f(t,2)},
with appropriate boundary conditions on I'(¢) :
of=ur-N, HE-N=0, [¢J=0, Vte[0,T]. (1.2)

The notation [g] in (1.2) stands for the jump of g across T'(¢):

[l = a [y = @ lpgyy
and N is a normal vector to I'(t), chosen as follows:

N = (=01 f,—02f,1).

The boundary conditions (1.2) correspond to a tangential discontinuity: the velocity d; f of the front is given by
the normal component of u, the normal magnetic field H - N as well as the total pressure ¢ are continuous across
['(t), and H - N|py) = 0 on either side of I'(t). Such boundary conditions model a plasma which does not flow
through the hypersurface I'(¢), called current-vortex sheet (see Figure 1 below). We refer to [BT02| for other types
of tangential discontinuities in MHD.

For simplicity, we assume that the normal variable z3 belongs to (—1,1). Thus we shall assume that for all ¢ and
2’ we have —1 < f(t,2') < 1, and impose an additional condition on the “exterior” boundaries

Iy = {(a/,£1), 2’ € T?}.
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The system of current-vortex sheets eventually reads as follows:

ot 4+ (ut - V)ut — (H*-V)H* + Vgt =0, in Q*F(t), te][0,T],

OH* + (u*-V)H* — (H* - V)ut =0, inQ*(t), tel0,T],
V.ut(t) = V-H*(t) =0, inQ*@1), tel0,T], (1.3)

of =ut-N, H* N=0, [¢J=0, onl(t), tel0,T],

uy = Hf =0, on[0,T]xTx.
The superscript * in (1.3) denotes the unknown u, H and g restricted to QF(¢).

In order to solve problem (1.3), a common procedure will be to reduce this free boundary problem into the fixed
domains QF :=T? x (0,1) and Q= := T? x (—1,0), using a suitable change of variables (see Paragraph 1.3 below).
Consequently, the reference domain we shall consider is Q := T? x (—1,1). Besides, the (fixed) boundaries will be
noted as follows:

I':i=T?x{x3=0} and T4 :=T?x {x3==+1}. (1.4)

For other free boundary problems, other strategies can be used. For instance, in the water waves theory [Lan05,
Lan13] or for incompressible vortex sheets [SSBF81], the strategy followed by the authors was to reduce the problem
on the free surface only. This procedure has been adopted by Sun, Wang and Zhang [SWZ15] in their proof of local
existence and uniqueness of incompressible current-vortex sheets in the Sobolev regularity scale. Here, the method
we advocate is different, since we keep an “eulerian” approach considering the equations of (1.3) in the domains Q%
and Q~ (up to a diffeomorphism).

System (1.3) is also supplemented with initial data (uZ, Hi, fo) satisfying the constraints:

V-uf = V-HE =0, inQ*0),
(HX-N)|,_y = 0, onI(0),
vt Nj_g = v~ Ny, onT(0).

3
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FIGURE 1. Scheme of a current-vortex sheet.

1.2. Background. Current-vortex sheets in ideal incompressible MHD have been a well-known free boundary
problem since the 1950’s. It has been addressed for instance by Syrovatskir [Syr53], Axford [Axf62] or Chandrasekhar
[Cha61]. These references in particular deal with the linear stability of planar current-vortex sheets using the so-
called normal modes analysis. The linear stability criterion derived in these references reads as follows:

[l <2 (H P+ |H %), (1.52)
] x H [+ |[u] x HY|* <2|H* x H|*. (1.5b)
In (1.5), [-] denotes the jump across the planar sheet {z3 = 0}. Besides, if we assume that HT x H~ # 0 and

(] x H™|* +|[u] x HY|* < 2|H" x H™|?, (1.6)
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then (1.5a) follows from (1.6) with a strict inequality. However, if (1.5) is not satisfied, then it leads to the so-
called Kelvin-Helmholtz instabilites. For instance, we refer to [Cha61, Tra05], [CMST12, p.251-252] and references
therein for a more detailed discussion about this stability condition. The latter turns out to be a weak linear
stability condition, i.e. the wuniform Kreiss-Lopatinskii condition is not satisfied, leading to weakly nonlinear
surface waves [AH03]. Without the magnetic field, system (1.3) is reduced to the vortex sheets problem for the
Euler equations. The tangential discontinuity given by (1.2) in this case gives rise to the well-known Kelvin-
Helmholtz instabilities in hydrodynamics. This problem is well-posed only in the analytic scale. We refer for
example to [Cha61, SSBF81, Del91, Leb02] for more details. Nevertheless, when surface tension is involved, the
vortex sheets problem is well-posed in the Sobolev scale (see e.g. [AMOT]).
Under a more restrictive stability condition, namely

maX(Hu]XH"", [u]XH_’)<‘H+><H_‘, (1.7)

Coulombel, Morando, Secchi and Trebeschi proved in [CMST12] an a priori estimate without loss of derivatives for
the nonlinear problem (1.3), based on a symmetry argument introduced by Trakhinin [Tra05]. Their approach thus
gives some hope to state an existence and uniqueness result for system (1.3), without using a Nash-Moser iteration.

In that spirit, the aim of this article it to construct analytic solutions to (1.3) using a Cauchy-Kowalevskaya
theorem. In other words, we shall use a fixed-point argument in an appropriate scale of Banach spaces, adapting
the ideas of the proof given by Baouendi and Goulaouic [BG78]. In a future work, we plan to use the main result
of [CMST12] to exhibit solutions of fixed Sobolev reqularity to (1.3) via a compactness argument, by approximating
Sobolev data by analytic data.

Meanwhile, Sun et al. [SWZ15] have used a completely different approach to solve the incompressible current-
vortex sheets problem. The main idea of their proof is to reduce the whole problem on the free surface I'(¢) only, as is
common in water waves theory for instance [Lan13]. Then, using some elliptic arguments, they can reconstruct the
“whole” solution inside both domains Q% (¢). The advantage of their method is that they can prove a local-in-time
existence and uniqueness theorem in the whole domain of stability given by (1.6), solving some div-curl systems.
Therefore the arguments in [SWZ15] require the velocity to be divergence-free. On the opposite, the method we
advocate in this paper is based on a priori estimates only and could therefore apply to other hyperbolic systems.
For instance, as a future work, we might avoid using the Nash-Moser theorem used by Trakhinin [Tra09] and by
Chen and Wang [CWO08] to prove local-in-time existence and uniqueness of compressible current-vortex sheets.

1.3. Reformulation on a fixed domain, lifting of the front f. We begin by recalling Lemma 1 of [CMST12],
which shows how to lift the front f defined on [0,77] x I" into a function ¢ defined on [0,7] x £, in order to gain
half a derivative in the Sobolev regularity scale. The strategy is inspired from Lannes [Lan05].

Lemma 1.1. Let r € N such that r > 2. Then there exists a continuous linear map
fEHT2(T?) =1 € H'(Q)
such that, for all x' € T2, we have:
(', 0) = f(z'), (', +1)=0, d3(2',0)=0. (1.8)

Lemma 1.1 allows to define the map ¥ : (¢t,2) — (2, 23 + ¥ (¢, z)), where (¢, -) is given by the previous lemma
applied to the function f(t,-). According to [CMST12], if we impose a smallness condition on the front f(¢,-) in the
space H?(T?), then W(t,-) is a H3-diffeomorphism of Q. Indeed, the Jacobian 1+ ds1) of the change of variables
satisfies for example 1 + O3 > % We will let J denote the Jacobian of W, A the inverse of the Jacobian matrix of
¥ and a the comatrix JA :

1 0 0 J 0 0
Ji=1+03, A= U L0 and a=JA=| o0 J o). (1.9)
oy %y 1 o —ow 1
J J

Let us notice that the comatrix a satisfies the so-called Piola identities : the divergence of each column of a vanishes,
namely:

3
Vi€ {1,2,3}, > diay =0, (1.10)
i=1
where a;; are the coefficients of the matrix a. These identities will be useful later on, in order to simplify some
expressions.
We also define, for z in the fized domains QF, the following new unknowns:

vE(t, x) = ui(t, U(t,x)), Bi(t,x) = HE(t,0(t,2)), QF(t,x):= q=(t,U(t, x)).
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With these new unknowns, system (1.3) can be rewritten as follows:

v + (0F -Vt — (BE-V)BE + ATVQE =0, in [0,T] x QF,
0,B* + 0% .V)BE — (BX-V)vt =0, in[0,7] x QF,
(ATV) -vt = (ATV)-B* =0, in[0,T] x QF, (1.11)
of =vt-N, B* N=0, [Q] =0, on[0,T]xT,
vgt = BSi =0, on]0,7T] x4,
where we have set:
N = (=01, =00, 1), ot = (vli,vgt, ”iNj_W) , B* .= (Bf:,B;E, BiJN) . (1.12)

Here, the vector N is defined on the whole domain €2, and not only on the interface I'. From now on, the notation
[[] stands for the jump across the fixed interface I':

[Q] = Q+|F - Q7|F .
The total pressure QT in (1.11) can be implicitly expressed as a function of the unknowns (v*, BE, f), using the
“divergence-free” constraints on the velocity and the magnetic field. We can show that the couple (QT, Q™) has

to satisfy the following elliptic problem (obtained by applying the operator (AT V)- to the first equation of (1.11),
see [CMST12, p.266] for the full details):

— A;;0;(Ari0xQF) = F=, in [0,T] x QF,

[Q]=0, on[0,T]xT,
(L+[V'f?)[2Q] = G, on[0,T] xT, (1.13)
93Q* =0, on[0,T]xTIy,

where we have used Einstein’s summation convention for repeated indices 4, j, k € {1,2,3}. The source terms F +
are defined by:

FE = —0, Ay OpvF + Ay Op0F - Vo — 5% - VA, Ot — Ay 8y B - VBE + BY - VA, 9, BE, (1.14)
and the source term G in (1.13) is defined as follows:
Gi=—[20 - VO f+ 1 -V)V[f-v— (B -V)VFf-B] (1.15)
where “’” stands for the tangential parts:

V/ = (81,82>, ’Ul = (1}1,1)2), B/ = (Bl,Bg).

In order to solve system (1.13) (where ¢t € [0, 7] is fixed), the source terms F* and G need to satisfy the following
necessary compatibility condition (it suffices to integrate by parts the first equation of (1.13)):

Z/ JFEde = /gda:’. (1.16)
T Jo* r

Using definitions (1.14) and (1.15), together with the Piola identities (1.10), we can show after some algebra that
the compatibility condition (1.16) can be rewritten as follows:

Z/i J <8t((ATV) oF) + 7% v((ATV) - 0F) - B-v((ATVY) .Bi)) dx
- (1.17)
_ /F (0N = 0f) (9w N) — (B-N) (223 N)] a’"

We can easily see that the compatibility condition (1.17) is fulfilled as soon as both the velocity v and the magnetic
field BT are “divergence-free”, namely (ATV) - vt = (ATV).B* = 0, and if they satisfy the jump conditions
Of =vT-N=0v"-Nand BY-N = B~ - N = 0 on the fixed boundary I'. Thus, we will need to ensure these
nonlinear constraints for all time t € [0,T] in order to define the pressure (Q*, Q). To overcome this difficulty, we
stand out of the works of Coulombel et al. [CMST12] and Sun et al. [SWZ15], giving a new formulation of problem
(1.11) inspired by Trakhinin [Tra05, Tra09].
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1.4. A new formulation of the problem. Let us come back to the formulation (1.11) of the current-vortex
sheets problem written in fived domains, whose unknowns are (v, B*, f) (we omit the pressure QT since it can
be implicitly obtained in function of (v*, B¥, f) through the resolution of the Laplace problem (1.13)). We define
new unknowns (u®,b*, f)! as follows:

ut = avt = (Jof, Jui vt N) and  bF = aB* = (JBY,J B, BT - N), (1.18)

where we recall the definition (1.9) of the comatrix a. We can remark that the terms = and B= in (1.11) can be
easily rewritten in function of (u*,b®, f), since we have:
,ﬁi:ui—aﬂbeg Ei:ﬁ
J ’ J’
where es denotes the third vector of the canonical basis of R?. With these new unknowns, we will be able to rewrite
quite easily both jump conditions on I' and boundary conditions on I'1, as well as the “divergence-free” constraints
in system (1.11).

The “divergence-free” constraints. Using Piola identities (1.10), we get:
1 1
(ATV) . v* = jv-ui and (ATV).B* = jvz)i. (1.19)
Thus, we are reduced to the original divergence operator (which is a linear and constant-coefficients operator).

Therefore, the new unknowns u* and b* will have to be divergence-free for all time:
Vte[0,T], V-u(t) =V -b5t) =0 in QF (1.20a)

The jump conditions. We rewrite the jump conditions in (1.11) as follows:
Of =uf =u; and b =b; =0 on T. (1.20b)
In particular, we notice that both conditions on the jump of uz across I' and on the trace of bét on I' are linear.

The boundary conditions on I'y. Similarly, using (1.8), the boundary conditions on I'y in (1.11) can be
rewritten as linear conditions, namely:

ui =u;y =0 and b =b; =0 on T4 (1.20¢)

The equations satisfied by u and b*. Using definition (1.18), we can deduce the evolution equations satisfied
by vt and b* in the domains Q. Within this paragraph, we use Einstein’s summation convention for repeated
indices: we let ¢ denote a tangential index in {1,2}, and k any index in {1, 2, 3}.

Let us begin with the equations satisfied by the velocity u®, and let us omit the exponents * for the time being.
For i = 1,2, we have:

u - Vuz b- Vbz 8t¢ U; akJ o
Oy + - T - 83( - ) — (wup = bibe) S5 + J0,Q = 90 %Q = 0, (1.21a)
and for the normal component us:
u-Vug  b-Vbs O u; 0; 0 1+ 030 _
Oy + =2 — = az( - ) (e = bib) S5 = 0 0Q + o 9,Q = 0. (L.21D)
In the same way, the equations for the magnetic field b read:
. u - Vb; b Vul O b; oJ
Vi=12, gb + — - 83( ; ) (b = wibi) S5 = 0, (1.21c)
u - ng b- V’LL3 6,51/1 bz 81J -
Oiby + —— — ( . ) (bius — usbs) S5 = 0. (1.21d)

System (1.21) will be supplemented with an 1n1tlal datum (u(jf, ba—L) satisfying the constraints (1.20), together with
an initial front fj.

ILet us be careful, the notation u® no longer refers to the velocity in the original formulation (1.3).
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The Laplace problem satisfied by the pressure Q*. The elliptic problem associated with the pressure is the
same as (1.13); we just rewrite it in terms of the new unknowns u® and b*, and we use Piola identities (1.10) to
make the classical divergence operator appear. We thus have:

~V-(aATVQ*) = JFE, in[0,T] x OF,
[Q] =0, on[0,7]xT,
(L+|V'f1*) [0Q] = G, on[0,T]xT,
03QT =0, on[0,T] xTx.

The source terms J F* and G in (1.22), defined by (1.14), (1.15), can be expressed in function of u* and b* as
follows (we omit the exponents * for the sake of clarity):

(1.22)

! 20,059 JQB.J J (1.23a)
+ 323 (’U,z 83Uj — b 83bj) — TJQ(uZ 8juj — b; 8][)])

In (1.23a), we have used Einstein’s summation convention for repeated indices, where i, j stand for tangential indices
belonging to {1,2} and k, ¢ denote any indices belonging to {1,2,3}. Finally, the source term G reads:

G=—[2u -VOf+ W -VIV[-u =¥ -VIVF-V] (1.23b)

Using the constraints (1.20), we can easily show that the source terms J F* and G in (1.22) are compatible, as
stated below.

Lemma 1.2. Assume that (u™,b*, f) satisfy the constraints (1.20a), (1.20b), (1.20c) and are sufficiently smooth.
Then the compatibility condition (1.16) is fulfilled by the source terms J F* and G defined by (1.23).

From now on, we focus on system (1.21), (1.22), (1.23) together with the divergence-free constraints and the
boundary conditions (1.20). Given an initial datum (ugt, boi, fo), the purpose is to construct an analytic solution
(u®,b*, ) to this system, using a fixed-point method of Cauchy-Kowalevskaya type. The functional framework
will be defined in the next paragraph.

The main advantage of this formulation is the linearity of the constraints (1.20). Let us recall that we need these
constraints to be satisfied for all time, in order to solve the Laplace problem (1.22). It turns out that the ideas of
Baouendi and Goulaouic [BG78| seem to be appropriate to manage the constraints (1.20). Indeed, we will be able
to include them in the functional spaces defined below.

1.5. Scales of analytic Banach spaces. First of all, let us recall the basic properties of Sobolev spaces that we
shall use later on in order to define some analytic spaces. We refer for instance to [BGS07,Bre83,Eva9d8,Tri10,Zui02].

Periodic Sobolev spaces. Let us denote the 1—periodic torus by T := R/z. For s € R, , we define the d—dimensional
periodic Sobolev space by (see e.g. [Tril0]):

H*(T?) = {u € LQ(Td)‘ 3@+ ) fen(u)]® < +oo}, (1.24)
nezd
equipped with the norm || - || g7+ (re) defined by
el Fre ray =Y (L4 [nf*)* fen(u) . (1.25)
nezd

For n € Z?, the quantity c,(u) corresponds to the n'" Fourier coefficient of u. Therefore, we have a convenient
characterization of the spaces H®(T%) by means of the (discrete) Fourier transform. The Sobolev space H*(T%) is
a Hilbert space.

Sobolev spaces on a bounded domain of R3. Let us now consider €2, a bounded and smooth domain of R3. For all
r € N, the Sobolev space H"(Q) is defined by:

H™(Q):={ue L*(Q)|VaeN? |a| <r, 0% € L*(Q)}, (1.26)
equipped with the norm || - || g~ (o) defined by
lallfr oy = Y 10%ullZaq- (1.27)
la|<r

The space H"(?) is a Hilbert space.
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A particular case: the Sobolev space H"(T? x (0,1)). The equations of magnetohydrodynamics we study are set
on a domain of the form T? x (0,1), i.e. a horizontal strip {0 < z3 < 1}, with periodic boundary conditions with
respect to the tangential variable 2’ := (x1,22) € T2. Using Fubini’s theorem, we can write, for u € H"(T? x (0, 1)),

ullF-r2x 0,1)) = Z |0 UHLz(Wx(o ) = Z||33UHL2 (Hr—#(T2)) - (1.28)
|| <r

As a consequence, the space H"(T? x (0, 1)) also takes the form
H" (T ﬂ Hr k TZ))

From a computational point a view, the norm given by (1.28) turns out to be useful. Indeed, for k € {0,...,r}, we

shall compute the quantities H@;’,qu L2 (Hr—*(T2)) thanks to Fourier series in 2’ and integration with respect to zs.
3

We eventually give a useful tame estimate for composite functions, in a very particular case (see e.g. [Lanl3,
p-283)).

Proposition 1.3. Let r € N and Q be a smooth bounded domain of R%. We consider u € H" () such that:

Jdeg >0, Vzeq, calgl—l—u(m)gco.

Then the function = belongs to H"(Q) and satisfies the estimate:

1+

< Creo (14 lull e o)) (1.29)

o
1+u Hr ()

where Cy. o, > 0 depends only on r, ¢y and €.

The fact that we can estimate the inverse of a given function turns out the be useful when, for instance, we
perform a change of variables. More precisely, some computations of derivatives can make the Jacobian of this
change of variables appear, as well as its inverse.

Now that we have recalled the main properties of Sobolev spaces, we are able to construct some spaces of analytic
functions. Their definition relies on the spaces H"(2).

Analytic spaces on T? x (—=1,1). From now on, Q denotes the reference domain T? x (—1,1). The norm of the
Sobolev space H"(Q), for r € N, is simply noted as || - ||z~ We also consider a parameter py > 0, fixed once and
for all. The following definitions and properties of the functional spaces below are inspired from [Sed94].

Definition 1.4. Let (r,k) € N* and p € (0, pg]. We define the space B, by

T o0 p (%
Bﬁ = {uGH’“Jr (H>(T?) ‘Z "mlax |0 u||Hr<+oo},

20 asz<k
where o will always denote a multi-index of N* and || its length. We equip this space with the norm. || - ||% . given
by
lullp == > ~ max 0%l

n! jal=
n20 a3<k

Proposition 1.5. Given (r,k) € N2, the sequence (B];r)0<p§po is a scale of Banach spaces, in other words:

VO<p <p<py, BN,.DBl. with

o [

-1y <1
We refer to [Sed94] for the proof. In order to apply a Cauchy-Kowalevskaya theorem, we will need algebra and

differentiation properties in the spaces ij’,,. Both following propositions give such properties.

Proposition 1.6. Let r € N such that r > 2 and u,v € Bﬁ,r Then uv € Bf,fr and we have the following algebra

properties:

k k k
[uvlly, < Cllullg, [lvllg,. (1.30)

k
luvlly, < C Y lull) - llollp? (1.31)

=0
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where C' > 0 depends only on r.

Estimate (1.30) gives the algebra property of the spaces B’;,T, whereas inequality (1.31) will turn out to be more

convenient in what follows, because of the appearing Cauchy product. Once again, we refer to [Sed94] for the details
which can be directly adapted to the framework of Sobolev spaces we consider here. The next proposition, also
adapted from [Sed94], shows how the differentiation behaves in the scale (B, )o<p<pq-

Proposition 1.7. Let u € ij’r. Then for all p’ < p, u satisfies O1u, Dau € B];,’T with
1

_p/

[18jully . < lullf,, §=1,2. (1.32)

Besides, if k > 1, then dsu € Bl ! with

1
k-1
“83u|p’,7' < m|

k (1.33)

P

|u

We can also express the loss of derivative thanks to the index r. If r > 1, then for j =1,2,3, we have Oju € B"jﬂ_l
and the estimate

N05ulll 1 < lull} . (1.34)

To take all the normal derivatives d5° (with ag € N) into account, we now introduce a new scale of Banach
spaces. Their construction is based on the previous Banach spaces Bl’jm.

Definition 1.8. Letr € N, 0 > 0 (a small parameter to fiz later on) and p € (0, po]. We define the space B, » by
Byro = {uc H=@)| 3 o lulls, < +oo}.
k>0
We equip B, ;o with the norm || - ||, .o given by
[ullpr,o == Zak||u”];,r-
k>0

Sedenko [Sed94] applies a Cauchy-Kowalevskaya theorem in a similar scale of Banach spaces, for solving the Euler
equations for ideal incompressible nonhomogeneous and barotropic fluids, bounded by free surfaces. Applying the
Cauchy-Kowalevskaya theorem relies on the following properties for the scale (B, r o )o<p<po-

Theorem 1.9. Let r € N such that r > 2 and o € (0,1]. Then the sequence (B o)o<p<p, 5 a scale of Banach
spaces:

VO<p' <p<po, ByroDBpro with |I-lproe <I-lpro-
Moreover, if u € B, .., then for all p' < p, O;u € By r o (1 <i < 3) with

Co
10l o < 2= ulro (1.35)

where Cy := 0~ > 0. To finish with, the spaces B, ., are algebras, more precisely:
VU, € Bprar w0 € Bprg  and (1l < Crllullpro [0l (1.36)
where Cy. > 0 does not depend on p and o.

Remark 1.10. The spaces B, , turn out to be dense in H"(€2), which could be useful to handle initial data of
Sobolev regularity in a future work.

The introduction of such Banach spaces will allow us to construct analytic solutions to the equations of the
current-vortex sheets problem in ideal incompressible MHD, using a Cauchy-Kowalevskaya theorem. Such a problem
is represented by the coupled system of equations (1.21), (1.20). Consequently, we similarly define analytic spaces
on the sub-domains Q1 = T? x (0,1) and Q= = T? x (—1,0), respectively denoted as B, ,(27) and B, ,(27).

The norm on B, ,.5(Q27F) is denoted by || - ||}, , and so on.
For (u™,u™) € H"(2T) x H"(Q7), we will denote the norms as follows:
Hu+||r,+ = HUJF”HT(Q‘*')a lu™ [, = ||U7HHT(Q—),
=l = [l + [l - (1.37)

Furthermore, if (u™,u™) € B, (") x B, »(Q7), we will write:

+ £ — |-
w5 = llut 5o + 10 Moo (1.38)

pyTy0
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The algebra and differentiation properties previously established still hold in the Banach spaces Bf,fm(U) and
B, ,.-(U) introduced above, where U stands for the domains 2, Q% or Q™.

Analytic spaces on T’ ~ T2,

Definition 1.11. Let s € Ry and p € (0, po]. We define

50 P
Bya(T2) = {u € H¥(T) |l 1= 30 2 me 0%l < o0},
n>0

where o' is here a multi-index of N2. We recall that the norm on H*®(T?) is defined by (1.25).
With such scales of Banach spaces, we shall be able in Section 5 to construct analytic solutions to (1.21), (1.20).

A trace estimate. We end up with a trace estimate from the spaces B, ., (2F) towards BW,_%(’]TQ).

Proposition 1.12. Let p € (0,po], r € N* and o € (0,1]. Then for all u € B, ,(QT), the trace of u on T' ~ T?
satisfies the following properties:

L (T?)  and  ||ulr

u‘r S Bpﬂn_é

< Crllullyros (1.39)
where C,. > 0 depends only on r. Obviously, estimate (1.39) also holds if u € B, (7)) with || -

.o instead of

[N [

Proof. Let u € B, ,,("), n € N and o/ € N? such that |o/| = n. Writing ol (ulr) = (8alu)|p and using the
classical trace lemma [AF03], we have:

Haa (U|F)H T—E(Tz) <G Ha uHH7(Q+) <, maxH@ u||Hr(Q+),
33:0
where C). > 0 depends only on r. Consequently, we obtain for all N € N:
N / N
Z% max 10° (ule) -4 g2y < Cr Zp—, max 10%ull ey < Co llull).y o
n=0 n—0 o

hence estimate (1.39) taking the supremum in N.

1.6. Main theorem. The main theorem of this paper reads:

Theorem 1.13. There exist py € (0,1], oo € (0, %] and g1 > 0, such that for fized o € (0,00] and for all R > 0, we

have the following result: let (uZ,bE, fo) be some initial datum satisfying the initial constraints (2.2) (see Section 2
below) and the conditions:

uo y b(] € BPO 3,0 (Qi)ga fO € Bpo,%(’]rz)7

+
HUO’b ||p0,30 < R’ ||f0Hpo,z < M.

2

Then there exist a > 0, depending only on 11 and R, and a unique solution (u*,b*, Q*, f) to the system (1.21),
(1.20) such that for all p € (0, pg), we have:

u®, b5, QF € €/ ([0,alpo — ) s Byso(2F)),

feci(lo,alpo —p)); B, 3(T%) N CY([0,alpo — p)); B, z(T?)),

Vi€ [0,a(po—p)), Nut(t), b5 (8 ) pse < CoRy 1QF(H )50 < Clm, R),
1,5 < Com,

where Cy > 0 is a numerical constant and C(n1, R) > 0 depends only on R and n; besides, the pressure Q* can be
chosen to satisfy the following normalization condition:

YVt e [0,a(po — p) Z Qitxdzo.
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Strategy of the proof. We have reduced the current-vortex sheet problem (1.3) into the fixed domains QF and the
fixed interface I' using the lifting ¢ of the front f. Consequently, in Section 3 we will give analytic estimates of
the new unknown 1 with respect to the front f. Afterwards, in Section 4, we will deal with the total pressure Q*
which is one of the tricky parts of this article. Using the elliptic problem (1.22) satisfied by the pressure, we will
give analytic estimates on Q* depending on the unknowns u®, b* and f. Finally, we will use the version of [BG78]
to construct analytic solutions to system (1.21), (1.20). The idea relies on a fixed-point method, therefore we shall
give in the next section the functional framework and define a suitable mapping T whose any fixed point will
provide us with a solution to the current-vortex sheets problem. Eventually, Section 5 will be devoted to proving
the contraction of T on an appropriate complete metric space.

2. SKETCH OF PROOF

We suggest to follow the prove of Cauchy-Kowalevskaya theorem given by [BGT78] to construct a local-in-time
solution to (1.21), (1.20) in the Banach spaces defined in Paragraph 1.5. The idea is to include the constraints
(1.20) within those functional spaces. The tricky point is the presence of two derivatives of the lifting ¢ in (1.21),
which does not allow to directly apply the Cauchy-Kowalevskaya theorem stated in [BG78]. However, we will be
able to adapt the arguments of Baouendi and Goulaouic, introducing an appropriate map Y defined on a suitable
Banach space E,, where the parameter a > 0 will have to be fixed small enough. The inverse of this parameter
measures the speed with which the analyticity radius of the solution decreases. The argument consists in proving
that T will be a contraction map on a closed subset of E,, as soon as a is chosen small enough. Obviously, the fixed
point of T will turn out to be a solution of our problem.

Let (u(j)':7 b(jf, fo) be some initial datum such that

’U’E)t7 b(:)t € BP0,3,U(Qi)37 fO €B T2)7 (21)

PO ,% (
where py € (0,1] and o € (0, %] will be chosen small enough later on, and fixed once and for all (see Theorem 4.1
in Section 4 below). Likewise, we will explain in Section 4 why we have chosen the Sobolev parameters 3 and %

in (2.1). Moreover, this initial datum is assumed to satisfy the constraints (1.20a) and the boundary conditions
(1.20b), (1.20c), namely:

Vouf =v-bE =0, in QF

[uos] =0 and  biy =by; =0, on T, (2.2)
u§3 = b(j)[,?, =0, on I'..

Notations. Given a function u = u(t, z), we will denote the time-derivative of order one d;u (resp. of order two
O?u) by 1 (resp. ii). Taking (2.1) into account, the unknowns (u®,b*, f) clearly satisfy:

ut(t) = uf + /0 a(ty)dty, bE(t) = bE + /O b(ty) dt; s

t 31 .
ft) = fo + t fli=o +/0 /0 f(to) dty dty.

Actually, in order to define a contraction map Y, the “real” unknowns we shall consider later on are (4%, Bi, f)
This explains why we have introduced the notations (2.3).

We are now able to define a map Y, whose any fixed point will solve system (1.21), (1.20). Let (u™,b™, f)
be sufficiently smooth and satisfy the constraints (1.20a) and the boundary conditions (1.20b), (1.20c) on a time
interval [0, 7], namely:

V-ut(t) = V-bE(t) = 0, in  QF,
vt e [0,7], f(t) = uf(t) = uz(t) and b (t) = b3 (t) = 0, on T, (2.4)
ui(t) = bi(t) =0, on TI'y.
Then, we define a map:
T(at, bk, f) = (aft, b5, 4, (2.5)

following the ideas of [BG78|: the velocity u** and the magnetic field b** are defined “explicitly”. In other words,
in view of (1.21a) and (1.21b), we set for i = 1,2 (omitting the exponents *):
-

o= —u'vui + b- Vb, + a:;(LtiUi) + (UiUk - bzbk:) %)

i 7 7 N J 0;Q + 0;¢ 03Q, (2.6a)




ANALYTIC CURRENT-VORTEX SHEETS IN INCOMPRESSIBLE MHD 11

and for the normal component:

4 u-Nug  b-Vby _ Opu,N o 00Ky o L0
i = = o T = 0 (TR = (ww — bib) ST 4 00 0Q —

Let us notice that we can solve the Laplace problem (1.22) with source terms given by (1.23) because the constraints
(2.4) are satisfied. Thus, the pressure QT in (2.6) is well-defined. The initial condition for u** is the same as u®,
ie. utt|i—g = u(ﬂf.

Using definition (2.6), we shall be able to propagate the constraints associated with the velocity in (2.4), in order

to define the “new” front f* as a solution of the ODE fﬁ = ugi on I'.

8:0.  (2.6b)

Propagation of the jump of the normal velocity. Taking the trace of equation (2.6b) on I" (for both states +
and —) and using (2.4), (1.8), we get:

Okt = —2uF 0,0, f — uf ul 0;0;f + b bT 0,0,f + 0:f 0:QF — (1+|V'f]?) 0:Q*.
From the jump conditions in the Laplace problem (1.22), we can deduce:
d[uf] =G — (L+|V'f]?) [0:Q] = 0.
Therefore, the zero jump condition for the normal velocity is propagated by (2.6) because the initial data utj)_L,?) fulfill
(2.2). Consequently, we can define f* as follows:
fo=ukt =44 on T (2.7)
The initial condition for f* is the same as f, that is: ff[,—¢ = fo.

Propagation of the boundary conditions on I'L. Using the boundary conditions on I'y in (1.22) together
with (2.4), we easily deduce that:

atugi =0 on TIi.
Likewise, thanks to (2.2), we can see that the boundary conditions (1.20c) related to the velocity are propagated.

Propagation of the divergence-free constraint for the velocity. Applying the divergence operator to system

(2.6a), (2.6b), we obtain after some algebra:

1+ |V'y?
J

where we recall the expression (1.23a) of J F* in (2.8). Then, using definitions (1.9), we have:

(V- -ut) = V- (aATVQ*) + JF* =0,

thanks to the first equation of (1.22). Using (2.2) once again, we can conclude that the divergence-free constraint
on the velocity is propagated by (2.6) as well.

O (V-u'*) = 0;(J0:QF — 9,9 9:Q%) + (93( 9Q*F — o 3iQi) + JF*, (2.8)

Let us now focus on the magnetic field b**. As we did for the velocity, we define it “explicitly”:

o uw-Vby  b-Vug o Opby 0]
B = =T+ T 0 () = (bus — uibe) S (2.9h)

where we have willingly omitted the exponents *. The initial condition associated with b** is the same as b™, i.e.
biE| o = bE.

Propagation of the jump conditions on T'. Using (2.4), we easily obtain:
8tbgi =0 on F,
which shows that the boundary conditions (1.20b) associated with the magnetic field are propagated.

Propagation of the boundary conditions on I' .. In the same way, we can check that we have the following
equation on I'y:

ObEE = 0.
Therefore, the boundary conditions (1.20c) on the fixed boundaries I'1 are propagated.
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Propagation of the divergence-free constraint for the magnetic field. Let us finish with the divergence-free
constraint on b**. As we did for the velocity u**, we apply the divergence operator to system (2.9), and we get:

) — ) Uy Orb; — by, Opu; ) ) o aki{]
9 (V- b°) 5( 8bJ N ) +8((b uj, — u; by) J;?] o)
763(114@ k3; k kUS) 783((biU3*Uib3)ﬁ).

Taking advantage of the skewsymmetric terms on the right-hand side of (2.10), and using the divergence-free
constraints in (2.4), it follows:

(V- b*) = 0.
Thus, the divergence-free constraint on the magnetic field is propagated.

Let us sum up: we have defined a map Y : (a*,0%, f) — (af* 0%, f%) through (2.6), (2.7) and (2.9). Besides,
the algebraic constraints (2.4) are invariant under Y, as soon as these are initially required (which is the case, see
(2.2)). However, we did not give the functional framework in which we will seek the unknown (u®,b*, f).

From now on, the purpose is to define a suitable complete metric space on which the map T will be a contraction.
To do so, we follow the ideas of [BG78], and we will construct such a complete metric space using the Banach spaces
introduced in Paragraph 1.5.

In the following, the small parameters pg, oo > 0 are fixed and given by Theorem 4.1 below. The parameter
o € (0, 09] is also fixed once and for all. We introduce the Banach space E,(2), where a > 0 will have to be chosen
small enough later on:

E,(Q) = {w e (] <([0,alpo—p)); Bos.o() ‘ l@fll, o < +oo}, (2.11)
p€(0,p0)
where the norm H| . |Ha o 1s defined by:
: : It
= . — 1———. 2.12
l2ll, S [0t lp,3,0 (P0 — p) a0 —7) (2.12)

0<t<a(po—p)

Similarly, we define Banach spaces E,(Q%) and FE,(T?), whose definitions are analogous to (2.11): it suffices to
replace B, 3,() in (2.11) by B, 3,,(QF) and BP’%(']I‘Q) respectively. The norms will be denoted by ||| - |Ha o+ and

Ml -

Remark 2.1. The construction of E,(T?) is based on the space Bp,%(Tz) but not on B, z(T?). Although we

7

3
assume that the initial front f;, belongs to BP’%(']IQ) (see Theorem 1.13), the front f will be sought in Bpwg(']l‘g).
Indeed, the latter is defined by the transport equation Oy f = ’U,;th“ Clearly, since u* will belong to B,3.o (), we
will have f € B, (T?) thanks to the trace estimate (1.39). Actually, by mean of time integrations, we shall be able

5
2

to gain some regularity in space, hence the assumption fo € B, 1 (T?).

On the one hand, the advantage of the space E,(f2) is that it allows the norm ||w(t)|, 3,0 to “diverge” as a
time-integrable singularity for ¢ — a(pg — p), which is crucial in the proof of [BG78]. On the other hand, Baouendi
and Goulaouic give another vision of the way we can solve a Cauchy problem of the form:

dw
o = Fw), (2.13)
w(0) = wy.

Indeed, we usually look for a fixed point of the map:

we fem o+ [ F(u)ar]

which gives the proof of Cauchy-Kowalevskaya theorem by Nishida [Nis77] or Nirenberg [Nir72]. Baouendi and
Goulaouic reformulate the Cauchy problem (2.13) in order to look for a fixed point associated with the time-
derivative w. In other terms, they exhibit a fixed point of the map:

i [t P+ [Comar)]
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Now, we want to take the constraints (2.4) into account which have to be satisfied by the unknowns (u®, b*, f).
We incorporate these constraints within the definition of the functional spaces. More precisely, we set:
E, = {(ui,ai, F) € Ba(QF)? x Eo(F)? x B (T2) | (uF, 0%, f) satisfies (2.15) below } (2.14)
The constraints (2.15) readily follow from (2.4) :
V.-it = V.bE =0, in O,

f=uaf =43 and b = by =0, on T, (2.15)
uf = by =0, on Ty.

The goal is to show that T, defined by (2.5), is a contraction map on a suitable closed subset of E,. Previously,
we proved that the constraints (2.4) were propagated by Y. It remains to study the regularity of Y(i®,b%, f) as
soon as (uF, b, f) belongs to E,.

More precisely, in Paragraph 5.2 we will exhibit an invariant subset of E, under T, choosing a > 0 small enough.
Afterwards, in Paragraph 5.3 we will prove that Y is a contraction map when a > 0 is chosen small enough as well.

Within the next section, we focus on the lifting v of the front defined by Lemma 1.1, which allowed us to rewrite
the current-vortex sheet problem (1.3) into the fixed domains Q% and the fixed interface I'. We need to give analytic
estimates of the lifting ¢ (defined on the whole domain ) with respect to the front f (defined on the boundary
[~ T?).

3. LIFTING OF THE FRONT AND ANALYTIC ESTIMATES

3.1. Analytic estimate of the lifting ¢). For the time being, pg stands for any real number in the interval (0, 1],
but it will be required to be small enough later on.

We will show that the gain of half a derivative for ¢ with respect to f (see Lemma 1.1) persists within the
analytic norms || - ||, defined in Paragraph 1.5.

Proposition 3.1. Let p € (0,po], r > 2 be an integer and o € (0, %] Then we can choose the linear map

of Lemma 1.1 such that, if it is restricted to the space BP’P%(TQ), then it maps continuously BP!P%(']TQ) into
By.ro(Q). In other terms, for all f € B, ,_1(T?), we have ) € B, .. 5(Q) with the following estimate:

1
2
[Dllpro < Crllfllpr—1 (3.1)
where C. > 0 depends only on r. The choice of this linear map is independent of the parameters p, r and o.
Proof. We adapt the proof of Lemma 1 in [CMST12]. We begin by recalling the construction of ¢ from f.
Step 1. For g € prr_%(’]I‘Q), we define the function ®, by
D2 ws) = plzalD) g(a'), V(o/sz5) € 9, (3.2)
where the operator |D| corresponds to the Fourier multiplier by |k| (with k& € Z?) in the tangential variable 2’ € T2.
For the time being, we want the function ¢ to satisfy two conditions:
©(0)=1 and ¢ € H®(R).
The aim of this step is to bound from above ||®¢|[,.r.s by [|gll,—1- First of all, we are going to estimate the norms

H<I>g\|’;’,,, for all kK € N. In the following computations, Cy > 0 will denote any numerical constant, and C,. > 0 any

constant that depends only on r. Let us start estimating ||| (o). To do so, we use Fubini’s theorem:

||<I>g||§{,,-(9) = Z ”agq)g||2L§3((—1,1);HT—J'(’]I‘2))7
§=0

and we handle each term ||3]®,]2. (Hr—i(T2)) Separately.
3
» For j = 0: by definition of the operator |D|, we can write:

1@ (- 3) [ Frrcrzy = Y (L+ ) [@(@s|kDI ek (9)]?
keZ?

= leo(g)* + Y (1 + k)" [ (xs|)I* [ex(g) .
k0
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Integrating over z3 € (—1, 1), we get:

1
H%H%gg(mmz» = 2lco(9)* + D1+ [E*)" [ex(g)]? /1 o (2slk|)[Pdes
k0 -

2 2\r 2 I 2d5
= 2lco(9)” + ;o(lﬂkl )" lexn(9)] /lk le(s)] ]

< o (Ieo@)® + IlBaqy D1+ B2 few(o) ?)

k0

< Co (14 leliam ) 1912y

» For j € {1,...,r}, differentiating the function ®,, we have:
04®,4(x) = @9 (ws5|DI) (|DV g)(a").

Thus,
105D (-, ) | Frrsrzyy = D (L4 kP77 [0V (kDI K[> [ex(9)?
keZ?
= D (LR W (s k) R e (9)]?
k=0
<+ [EP) [ (ws] k)| [ex (9) I
k=0

Integrating over 3, we obtain:

) k| ) ds
105 ®gll72 (sriqrzyy < DL+ 1K) lex(g)]? o9 (s)?
25 ( ( k|
k£0 =k
, 1
< Co eV 72y (1 + K1) |ex(9)]
k#0
NE 2
< Co ||‘:0(j)HL2(]R)||g|I %)

Summing over j, we finally have:

190y < Co (141l my) 911, g

hence
1®gllmr) < Co (1+ el arm)) gl -3 (g2 (3.3)

Step 2. Now, let us focus on the norms ||®, Hpr, for all £ € N. We begin with the case k = 0, for which the
tangential derivatives 9%, with a@ = (a1, a2,0) = (¢/,0), commute with the operator p(x3|D|). We easily have:

o0 =S 2 0°®, ik d
19015, = 3 2 max 070, ) = D 2 max |9 e,
n>0 %:0 n>0 as=0

Therefore, we can apply estimate (3.3) to the function 9% ¢ (instead of g), and we get:

p" o
12613 < Co (1+ llelmrm) Z— max [0% g

Dor|=
n>0

< Co (14 ¢l @) gl ey (3.4)

H™™3(T2)
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k+1
pyr

|, [|EE = Zp max 0% Ry 110y
n20 a3<k+1

In order to estimate the norms ||®|| with £ > 0, we proceed by induction:

< g5, + Z max 10%®@g |7 (0)
n>k+1 n _k+1
p
= [|®g|I5, + Z i ||3k+1‘1>aa | (0 (3.5)
n>hr1 Vo|=n—
As previously, we estimate the norms ||8§8§+1f1>3a/g||L3203(Hr—j(11~2)), for all j € {0,...,r}:
o i A o
10555 s () | B my = D (14 [€17)7 7 [0l R0 (g [€]) 2 [£PUTFHD [y (0% g) 2
££0
<Y (A )7 PR 2mley )2 (27 ]€2])* Jeo(g) [ |09 ()]
££0

Integrating over x3, we have:
. - r—1i «@ a
103 @ gl1Z2 (e (rayy < Co @V V1) (1416272 [(PEHD 2n|a]) > (2r|62])*2 |ee(9) . (3.6)
££0
Then, we rewrite the sum in (3.6) as -, < s, T 2 05 |<jey| (if £ = 0, the general term of the series vanishes). Thus,

ST (102 0P 2meg] )20 (2n[€2]) 2 |co(g)]

[€1]<]€2]
< ST (A TE 26)M 2r]6])2 e (27|62])%2 |e(g)
[£1|<[£2]
< ST @+ P E @2ale])?er 2]l 2D (e (g2, (3.7)
[€1]<] 2]

Let us set v := (a1,a2 + k+ 1). Then we have |y'| = n, and inequality (3.7) gives:
Do (P P (2nl ) 2w 6])* (@) P < Y (A1) [eo@'g)]
[€1]<]£2] [€1]<|€2]

< 079l < max [0 0% gl

(3.8)
H" (TQ) |8'|= H (T"‘)

The case of the second sum 7, | is symmetric, and gives the same upper bound as (3.8). Back to (3.6), we
obtain:

J+k+1 (j+k+1) B8 112
103 Dyary ||L2 (Hr=3(T2)) = < Gy llp¥ ||L ‘Iﬁnax |0 9||HT_E(T2)

Summing over j, it follows that

||a§+l¢3a/g||H'f(Q) < Cy ||‘p(k+1)||HT(R ‘glr‘%x ||3’8 9||Hr7%(T2)~ (3.9)
Using (3.9) in estimate (3.5), we have:
I1@g 155" < I2gl5s + Colle™ Ve gl ey
By induction and using (3.4), we end up with the following estimate, holding for all k& > 0:
k
12115, < Co (14D 16 @) gl ey (3.10)

=0

Step 3. To conclude about the estimate of the norm ||®,]|, o, it remains to multiply (3.10) by ¢* and to sum
over k. To do so, the Sobolev norms of the functions ¢(?) must not increase “more” than geometrically. Thus, we
choose ¢ € H*(R) such that:

P&) =ml_y (), VEER.
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The function ¢ is given by the following formula:
1 .
= 8 S(E) dE =
o) =5 [ e pE)de

In particular, we have ¢(0) = 1 and ¢ € H>(R). Besides, we easily estimate the norms [¢\)| ;) using the
Fourier transform:

sin(x) .

1
|‘¢(J)||?{T(R) <C, /R(l + )T €2 G(6)2de < C, / (1+ &) ¥ de < C,. (3.11)
0
Estimate (3.10) finally reads:
1@gl15.r < Cr (k+1) llgllp ey

Now, let K € N and let us write ||®4| X, , the partial sum of order K of ||[®,]|,,,. Then, for o € (0, 1],

pio
K K
prs = 2 0 @l < Cr y (k+1) 0" g,y < Crllgl
pro = D ' prd
k=0 k=0
Taking the supremum over K, we conclude that ®, € B, , and

1®gllp.r0 < Crllgllp,r-

12

1.
pPTr— 3

(3.12)

1.
2
Conclusion. Given f € Bp,r_% (T?), we define the function ¥, =1 by:
Wy (o, w5) = (1 23) By(x) = (1 — a3) plasl D)) F(@'), V(o 25) € Q. (3.13)

The definition of 1) above can also be considered in the proof done by [CMST12], and does not change any result
about the lifting of the front f recalled by Lemma 1.1.

We remind that we wish to estimate [|¥|,rc by [[f]l,,—1. To do so, it suffices to use the algebra property of
the spaces B, ,,(f2) given by Theorem 1.9 and estimate (3.12) obtained in Step 3. Setting w(z3) :== 1 — 2%, we
have:

1sllpre < Crllwllpro[®sllpre < Crllwllpre 1Fllp—1-

To finish with, we can explicitly estimate ||w||,ro, since all the tangential derivatives of w vanish. For all £ > 0,
we get:
E 2 .
lwllh = 3 sl < D L 05wl @) < Co,
n=0 n=0
because all the derivatives of w of order larger than 3 vanish, and p can be directly bounded above by 1. As a
consequence, we have the estimate

[wllp,r.e < Co-

Thus, we can conclude that there exists a constant C). > 0, depending only on r, such that:

19sllpre < Cr ||f||p,r7%‘ (3.14)
O

3.2. Analytic estimate of the inverse of the Jacobian J. The change of unknown f ~— % required the
continuous estimate (3.1). With the new unknowns (u®,b*, f) defined by (1.18), the equations of (1.21) make the
inverse of the Jacobian J appear (recall that J = 1+ 031). To construct analytic solutions to this problem, we will
have to be able to estimate the analytic norm ||§|| pro- Lo do so, we will use the algebra property of the Banach
spaces B, ().

1

Proposition 3.2. Let p € (0,po], 7 > 2 be an integer and o € (0, 5]. There exists €1 = €1(r) > 0 depending only

on r, such that for all g € B, , »(Q) satisfying ||g||,.ro < €1, we have:
1 1
— € B,, (0 and — <, 3.15
€ Bpral®) I (3.15

where C. > 0 depends only on r.
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Proof. We start recalling the algebra property of the spaces B, ,(€2). There exists a constant C, > 0 depending
only on r, such that for all u,v € B, ; ,(£2), we have:

uv € Byro() and  uvlpre < Crllullprolvllpro-
We define &1 := (2C,)"" and consider g € B, ro(2) such that ||g[/,ro < €1. Then the series Zmzo(—l)mgm is
absolutely convergent in the Banach space B, , »(£2). Indeed,

DD oo < Mlpro + D CF gl

m>0 m>1

p,ro — ||1||P;TU —i_C_

Then, we estimate the norm of the constant function 1 in B, ,(€2) by a straightforward computation:
lp.r.0 < Co,
where Cy > 0 is a numerical constant. Eventually, we deduce that
D =Yg e < CF < oo,
m>0
where C]. > 0 depends only on 7. The completeness of the spaces B, () allows to write the identity

E 'HL m

m>0

Consequently, belongs to the space B, ,(£2), and satisfies the estimate:

1
1+g

<.

ii1+g P10

O

Using Proposition 3.1, we deduce a straightforward corollary about the analytic estimate of the inverse of the
Jacobian J.

Corollary 3.3. Let p € (0,po], 7 > 2 be an integer and o € (0,3]. Let also f € BP,H_%(TQ). There exists a
constant g = no(r) > 0 such that:

Flprey S0 = 5 €Bpro(@)  and H}] < M) (3.16)
where M (ng) > 0 depends only on ng. o
Proof. Using Proposition 3.1, there exists a constant @ > 0 such that:
1050l < 16lprsio < Cr lfllprey (3.17)
Let us set 1y := i—l, where €7 is given by Proposition 3.2. Assuming | f||,,+1 < 70 and using (3.17), we obtain

T
the estimate ||031|| .0 < €1. Therefore, applying Proposition 3.2 to the function g := 931, we achieve the proof of
Corollary 3.3.

O

4. ANALYTIC ESTIMATE OF THE TOTAL PRESSURE

In Paragraphs 1.3 and 1.4, we have seen that the total pressure (Q*, Q™) can be implicitly expressed as a function
of the velocity, the magnetic field and the front through the resolution of a coupled elliptic problem (we refer to
both equivalent systems (1.13) and (1.22)). Consequently, we will need to get analytic estimates for Q depending
on the analytic norms of (u®,b*, f). Within this section, we choose to work on the first version (1.13).

For the time being, we assume that F* and G in (1.13) are any source terms. We will study the specific case
where F* and G are given by (1.14) and (1.15) later on (or by (1.23) if we focus on the second version (1.22) using
the new unknowns (u®,b%, f)). We recall that t € [0,T] is a parameter in (1.13), so we can omit it in this section.

To begin with, we will admit the well-posedness of system (1.13) in the Sobolev regularity scale. More precisely,

- if the source terms F* and G satisfy the compatibility condition (1.16),

- if the front f satisfies the smallness condition || f H 11‘2) < €p, for a suitable numerical constant ¢y > 0,

- if the source terms F= and G belong to H!(Q%) and H?2 (T?2) respectively,
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then problem (1.13) is well-posed in H3(Q%) x H3(27). In other terms, there exists a unique solution (Q*, Q™)
to (1.13), with zero mean on 2, and belonging to H3(Q%) x H3(Q). Besides, it satisfies the following elliptic
regularity estimate:

1Q¥ N < Co (IF= ot + 1911 o))

where Cy > 0 is a constant depending only on €y. We do not detail the proof of the well-posedness of (1.13), a sketch
of proof is given in [CMST12|. The main idea relies on classical tools of elliptic analysis, such as the Lax-Milgram
theorem applied in the Hilbert space

H = {(u+,u_) € H'Y(QM) x H'(Q) ‘ [u] = 0 and Z/Qi ut dr = 0}.
+

(4.1)

Then, to get an estimate in H2(QF), we estimate the difference quotients of order 2 (see [Eva98]). Finally, we proceed
by induction to gain one more derivative, estimating the appearing commutators properly (see [CMST12, p.268]).

Furthermore, we admit that problem (1.13) is still well-posed in H>®(Q") x H>*(Q7). In other words, if the
coefficients Aj; and the source terms F * and G are from now on in H %°. then there exists a unique zero mean
solution (Q™, Q™) to problem (1.13) that belongs to H> (see [Eva98| for the general method). In the following, we
shall require more than the H> regularity, since we will take an analytic front f in the space B, z (T?). Therefore
the lifting ¢ will be in B, 4 »(£2) according to Proposition 3.1. Thus, the coefficients A;; will belong to B, 3 ,(€2).
The source terms F* and G will be taken respectively in the analytic spaces B, 1 ,(QF) and B 0.3 (T?). Working in
such spaces remains consistent with estimate (4.1). Intuitively, if the radius of analyticity p and the parameter o
go to zero, these spaces “degenerate” into the Sobolev spaces H3(f2) (for the coefficients A;;), H'(QF) and H?3(T?)
(for the source terms F* and G). The purpose of this section is to extend estimate (4.1) to the analytic spaces
mentioned above.

We sum up the main result of this section about the pressure estimate in the following theorem.

Theorem 4.1. There exist g > 0, py € (0,1] and og € (0, 3] such that, for all p € (0,po] and o € (0,00), if we
consider a front f € B, (T?) satisfying

7
2
1,3 < 0.

and analytic source terms F£ € B,1,,(Q%) and G € BP’%(']T2), then the unique solution (Q*,Q7) to (1.13) with
zero mean on § belongs to the space B, 3.5(27) x B, 3.5(27). Moreover, it satisfies the following estimate:

1Q* 150 < Clmo) (IF4 10 + 1G],.5) (42)

where C(ng) > 0 is a constant depending only on ng.
Remark 4.2. Within this section, we shall assume that the front f belongs to B, (T?), which could seem to

7

2
disagree with the definition of E,(T?) (see Remark 2.1). Actually, we shall need the coefficients A;; in (1.13) to
have the same regularity than the velocity and the magnetic field; in other words, we will want A;; to belong to
B, 3,-(€Q). Therefore we shall assume that f € B,z (T?) in virtue of Proposition 3.1. Nevertheless, this point will
turn out not to be as tricky as it seems and we will see in Section 5 how to estimate f in Bp’%(']I‘Q) as soon as

we assume that f € E,(T?) (we refer specifically to (5.5)). We do not claim that this analytic regularity on the
coefficients A;; is sharp, however it will be sufficient for our purpose.

We can also explain the assumption f € B, s (T?) looking at the source term G defined by (1.23b). The latter
contains two derivatives of the front f, but the analytic estimate (4.2) shows that we will need G to be estimated
in B, 3 (T?). Consequently, the front f should belong to B, %(’]IQ) and it seems quite difficult to get rid of this

assumption.

4.1. Estimate of the tangential derivatives. In the following, the notation f < g means that there exists a
numerical constant Cy > 0 (that does not depend on the functions f and g, neither on other parameters like p or
o), such that f < Cyg.

Within this paragraph, we focus on estimating Q= in the space BS’S(Qi). Thus, we wish to estimate the following
quantity:

40, P 't
Q155 =D =5 max 0% QFls,
>0 n: la'|=n

Using (4.1), we shall be able to estimate the tangential derivatives 0% Q¥ in H3(QF). Multi-indices o in N3
will be noted a := (o, a3), where o/ € N2. In the following, the notation o/ will always stand for a multi-index
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of N2, to refer to the tangential derivatives d; and d,. For all N € N, we will note ||Q||23iN the partial sum of

order N of the norm ||Q* 2? To estimate 3 QF in H3(QF), we shall commute problem (1.13) with 8. Thus,
estimate (4.1) will hold for % Q*, with new source terms F'* and G’. The latter contain commutators, composed
of derivatives of Q* and coefficients of the matrix A. To estimate these commutators in a suitable way, we will
have to take the flatness condition required on the front f in the space H % (T?2) into account. Therefore the norm

1] &3 2y will also be small according to Lemma 1.1. Consequently, if we write A = I3 — A, with

0 0 0

e 0 0 0
A= 4.3
o o | 43

J J J

then ||g || 52y Will also be a small quantity. It explains why during the commutators estimates below, we will have
to distinguish the cases where low derivatives of A appear, to take advantage of the flatness of the front f.

Now, let o’ € N2 such that |o/| = n € N. The case n = 0 is a straightforward application of estimate (4.1), which
gives:

1QF 5.+ < IF [l + 1G] S IFEIpT + 1612 (4.4)

H3(T2) ~
From now on, we assume that n > 1 and we set Q'F := 9% Q*. Let us commute problem (1.13) with 9% :
—A;;0;(Ari0,Q™%) = F'=,  in[0,T] x QF,
Q%] =0, on[0,T]xT,
1+ [V f))[0:Q] = G', on[0,T] xT,
05Q" =0, on[0,T]xT4.

(4.5)

The source term F'* is defined by
FE =Y FF 4 [30/ i Aji0; (AriOy) | QF.
Writing A = I3 — g, we can split F'* into four quantities as follows:
=0 FE 4 07 A;i0j(Akiok)|QF — [0 0 A0k - |QF — 2[0%; Aj:0;: - ] QF.

= F1+F27F372F4. (46)

The boundary source term G’ is given by
G' = 0"G — [[0*; (1 +|V'f*)9:] Q)
= Gl - G2. (47)

Let us be careful: the exterior bracket in (4.7) stands for the jump across I', whereas the interior bracket corresponds
to a commutator. Applying estimate (4.1) to the problem (4.5), we have:

Q% 5. S 17+ 10 5 (48)
Thus, the partial sum of order N of ||Qi|| + satisfies:
N o
+0,£,N < P 1+ L neo.
Q#1153 Z o s 15+ 32 0 ma 16119 (19)

Estimate of F'*.
The case of F is easy. Indeed, we have assumed that F* belongs to the space Bp,l,g(Qi). In particular, the
quantity Hfi”gf is finite, and we can write:

N N o,

p" p o
Z—"max |1 F1ll1,+ = Z— maX Ha FE

n=0 n=0

0,+
||]::|: p,1

(4.10)

Let us deal with the first commutator given by Fy := [5)“/ ; leiaj (.Z,ﬂak)]cgi Expanding the latter expression,

we have: ,

|
Iy = Z Bnan(gn (8 Aﬂa’y 0; A 0 0,QF + 07 Aﬂm AR 0°0 ]in) (4.11)
B/+ /+5/
|ﬂ7+7'|21
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Let us set Ty, := B’BIZJ-Z- 87/531&“- aé'ain and Ty := 8ﬁ/gji (WIEM aé'aiji. In order to estimate the terms
To1 and Tye in HY(QF), we first estimate the O—order derivative and then the 1—order derivatives in L2(Q%). In
the following, 0" denotes any m—order derivative, for all m > 1. All the following estimates are computed using
Hoélder’s inequality and Sobolev embeddings recalled below (U stands for any domain among €, Q% or Q7):

HY(U) — LP(U), V1<p<6,
H?*(U) — L>(U).
We start with the 0—order derivative:
[Torllo.x = 1107 A3 07 8; Aks 0 0Q* 0.2

SN0 All g2 107 All o 107 QF |5 (Hélder’s inequality in L™ x L* x L™).
In the norms, we will write H” to denote the space H"(2) (and only for the domain §2). Likewise, we get:
[ Tozllo,e < 1107 Allgz 107 All sz 0% QF 12,4, (Hélder’s inequality in L x L™ x L?).

Then, we compute the 1—order derivatives. We write Moy =Ty1 + T + T3, with:
Ty =07 04,07 0" Ay 0° 0'QF, Ty =07 A;;,07 024,07 0'QF, Tz =07 A,;,07 9" Ay, 0° 9°QF.

As done before, applying Holder’s inequality in L* x L* x L™ for T}y, in L>® x L? x L™ for Ti5 and in L™ x L* x L*
for T3, we get: B B

| T11llo,5 [Thallo.s, I Tusllox S 1107 Allg= 07 All g2 [0” Qs - (4.12)
The case of Ty is analogous. We write 0'Tyy = Tha + Ths + The, with:

4 =070 A, 07 A, 07 0QF, Tis =07 A;;07 0" Ay 00 0°QF, Tig = 0% A0 A 00 9°QF.
Using Holder’s inequality in L* x L™ x L* for T4, in L™ x L* x L* for Ti5 and in L™ x L>® x L? for T}, we also
show that the terms T4, Th5 and T satisfy the estimate (4.12). To sum up, we can write:
ITor + Tzl e S 107 Allz 107 Al 2 0” Q* 3,2 (4.13)
From now on, we can estimate the commutator Fs given by (4.11). Applying (4.13), we have:
/
IPollie S Y 75’ 3 0% Al g2 107 Al 2 [|0” QF s -

IB,+’Y,+6IZQI
18" 4+~"1>1

Summing over the length of multi-indices (recall that |o/| = n), we obtain:

a/! ’~ ’ ~ ’
IBalhe s 3 ( 2 W) max (6ﬁA|Hz||aWAHz||8éc2i||3,i>. (4.14)

L, &’
intiaFig=n \ §'4q/ 45'=a’ i
i1+1i22>1 |8 |=i1 I |=is
|7/ |=i2 & 1—i

|6"|=1i3 171=4s

Next, we use the following identity to simplify the second sum in (4.14):

o'l n!

BN g ligldg!

/@/+7/+§/:a/
18" |=i1, |y |=iz, |6 |=i3

Then, bounding from above the maximum of the products by the product of the maximums, we get:
’I’L' 1~ i 5 A~
1Bhes Y —m— max 07 Alwe max [0V Al max [07QF s
= apligiegt |B]=i [/ |=i2 [67|=1i3
i11+i2+iz=n
i1+ia>1

Now we have to use that i3 can not be larger than n — 1. So, we rewrite the previous sum using a summation over
the values of i1 + ia:

1 1
*IIlelli < Z Z e 107 A > o e 107" Al > T 1o
1=1 41 +12=1
Z > o me 07 Al max 07 Al g max 07 Q¥ s, (4.15)
L= 2! |v/|=i (n—1—0)! 5=

1=0 i1+ 12—z+1
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where the sum in (4.15) has been re-indexed over i. For the sake of clarity, we rewrite the sum ), ., using
only one index i1 € {0,...,i+ 1}:

n—1 i+1
’~ 1
— || F: < — max 8ﬂA —_ oA 4.16
Rl < ZZ 7m0 Al ey mas 07 Al (4.16)
1
X H<95 QF 3,

(n—1-—73)! |5/| n— X

We recall that we have to distinguish the cases where we can exhibit the norms HAH 2 because of their smallness.
So, in estimate (4.16), we deal with the case i = 0 for which we have the norm ||A| ;2, and the case i > 1 which
will give some analytic norms. The latter will be handled thereafter using the radius of analyticity p > 0 as a small
parameter. We rewrite the double sum in (4.16) as S;—¢ + S;>1. The term S;—¢ corresponds to the case i = 0, and
the term S;>1 to the case where we sum over 7 > 1.

» Treatment of S;,_g.

We directly have the following estimate:

Sizo = 2 Al mex 167 Al x 07 Q*la.x

1
(n—1)! 5=

S Al g2 || Al as < 0"

1
=) |5' (4.17)
» Treatment of S;>;.

Remark. If n = 1, the term S;>1 does not appear in the right-hand side of (4.16). Consequently, the case n =1
is completely treated using estimate (4.17). So, we can assume in the following that n > 2.
Re-indexing over i, we can write:

n—2 1+2

1 1
Si>1 = — 0P A —_ oA —_— o
2= 33 e 00 e gy a1 e oy
K3 11

Once more, we isolate the case i; € {0,i + 2}, which gives the norm ||A| 2. Thus we get:
n—2

1

Szt = 24l Z G+ 2)! 1= ||m Al (n—2=)! =na- ”86 Q" s+ (4.18)
+n22 i i1 max FErp—— o Allgre — \|85 Q*|s.+. (4.19)
S ol e= (i+2— i)l Ivimi2—i (n—2-1)! 15

We shall note S;;—0;+2 (resp. Si<i,<i+1) the right term of (4.18) (resp. (4.19)).
¢ Treatment of S;, —¢ 2.

Using both following trivial estimates

max ||37A|\H2<Ir?ax 107 Allgs and (i +2)!> (i 4 1), (4.20)
! vy

and re-indexing over i, we obtain:

n—1
1 1
S =0.i A — Al ———— " Q* . 4.21
=042 S || ||HQZ. max [0 Allwe g7 |y mex, 107 Q% s (4.21)
Eventually, estimate (4.21) is rewritten as follows:
~ 1 ’~ 1 /
Siv=0,i+2 S | All 2 Z ol e 107 Al s Tl X 10” QF |3+ (4.22)
=1 ! E%

i1 +io=n—1
This concludes the case of S;,—g ;2.
’ Treatment of Sl§i1§i+1'
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Re-indexing over iy, we have:

1

Si<iy<it1 = 0 Az ——————  max |97 A
s zglzo l1+1 ) 1= ” IIH2( +1—i)! yl=itl-i 197 Al
1
- - 86 +
STy T 107 Q%[5+
Using the same kind of inequalities given by (4.20), we deduce that
' s 1 S~ 1
Siciy<i S 10% Al gs ——— I Allgs ————— o Q*
1<1<+1szl,|gl‘a>§ | || 23 il e, [ | s R || Q= 3,2

1=0 41=0
Finally, rewrltmg the sum over i; with two indices i; and i5 such that i; + io = 7, we end up with:

1

1
Scnen £33 o e 107 Al o o 07 Al oy max[07 Q¥ s
1=0 i1 +ip=1
1 =~ 1 ’ ~ 1 "
: il T Al Al ’ 4.2
S s 107 Al gy a4 e 19 (123

i1+i2+iz=n—2
which concludes the estimate of S1<i, <it1-

Let us come back to estimate (4.16) of the commutator F». We use (4.17) together with (4.22) and (4.23) to get,
for /| =n>2:

n n—1
P p
o e Bl S oAl Al oy max 107 Qo (4.24)
= P ren PP 5 £
ol >, = max 107 Al s = max [|8° Q% |3+ (4.25)
i! yl= il |6"=iz ’
11 +io=n—1
P Cn PR Cr P &
+ p? — max o7 A — max ||07 A — max ||0 . 4.26
P Sy max 07 Al Sy max 07 Al Sy max 07 Q s (4:26)

11 +ia+iz=n—2
If n = 1, we recall that we have the simpler estimate:

n—1

p" < P +

O w1l o1 A Al Fgyy e 107 Q¥ s
which turns out to be the same as (4.24) In the sums appearing in (4. 25) and (4.26), we recognize “partial” Cauchy
products. Thus, summing over n € {1,..., N} and using the straightforward inequality || A|zs < || A||° ».3, We obtain:

n
0,4,N—1 0,N—1 0,4,N—1
Z 2 s |Rale S oA AN IQHIGEN "+ oA 1A Q¥ 3
- 0N2 ON QHQ:I:”O:I:NQ

Since the coefficients of A belong to the space B, 3,5(€2), we can bound from above the partial sums ||A|| by the

finite quantity HZHO . Eventually, the commutator F» satisfies the estimate:

Zgln}ﬁx 1Bale S oI 11 1@ 10 + (o1 A105) Q%105 (4.27)

This concludes the case of the first commutator F5.
Let us move on to the second commutator F3 given by (see (4. 6)):

F3 = [3a/ s 0 A0y 1 QF = Z

B’ +7
|8’ \>1

B" a "0, Ay 07 0:QF. (4.28)

We estimate F5 with the same tools used for Fy. First of all, considering the derivatives of order 0 and 1, we show
that

167 0; Ay; 0

L S 107 Ay 0

(4.29)
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It leads to the following estimate (n > 1):

"1 e 1
— max [|0% All gz ———— max o
8 2 g e 107 A e

1
] ‘max |1 5|1

Using similar inequalities as in (4.20), we can write

1 1 /)~ 1 /
o7 max [ F5]1,+ < Z — max [0 A s Tl [ 107 QF |3+
- Y |=2

I 1o/ | —
n: lo/|= i1+i2:nlz 18'|=i1
Summing over n € {1,..., N}, we end up with:
N o
> 27 max [Fyls N o (130)
n=1
Let us finish with the last commutator F; of F':
Fy:=[0%; A;u0;i - Q% = > ﬁ" a A 07 0 QF. (4.31)
B +y'=
18 \>1

In the same spirit as (4.29), we show that
|07 A + S 07 Al 07

This estimate is the same as (4.29). Consequently7 we also conclude that

an max | Fallix < (4.32)

This achieves the estimate of the source term F'*. Let us sum up below the final estimate satisfied by F'*,
combining (4.10), (4.27), (4.30) and (4.32):

>

OiN

7l
n!

mas |7 1750+ o 1A (14 1))

+ (p1154)" 1

Now, we shall proceed in the same way to estimate the boundary source term G’.

Estimate of G'.
We recall that G’ is defined by (4.7). The case of Gy is identical to the interior source term Fj. We obtain the
same type of estimate as (4.10), namely:

N n N n

14 _ 14 '
> e G o) —gglg&xnna Gl gy < 116113 (434)

n=0

o (4.33)

Now, we treat the commutator Ga. To do so, we use the continuity of the trace map from H2(Q¥) to H2(T?2)
(see (1.39)), in order to eliminate the jump across I'. Then, we also use Proposition 3.1 to make 1) appear in the
estimates:

1 £12 < o . +
Gl g3 my = [[[05 (1 1912025 S 1o s a+ owonvan) Q|
where we have adopted Einstein’s summation convention over the index h € {1,2}. We set

Gz = [0 (1 + 0hvone)0s] QF,

:|HH%(T2)

and we expand it to obtain:

Gy = Y, i ”5,, 8% 0 ' O 7' 9,Q7.
B/+’7/+5l:a
18" ++"1>1
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Using the algebra property of the space H?(Q%), we have

5/
Collyi S X i 107 6l 197 6 s 107 @ ..
BIJF’YIJF(S,ZQ
[8'+'1>1

The computatlons are exactly the same as previously for the commutator F» defined by (4.11). Here, 1 plays the
role of A whose tangential derivatives are estimated in H? instead of H? for A. Tt remains consistent, because the

definition of A only gives 1—order derivatives of 1. Thus the functions A and 1) are estimated in the same Sobolev
scale. We get the following estimate for Gy (analogous to (4.27)):

N n
||OiN (

p
> e 163y ol 101
We notice that the norm |1 = as well as || A|| g2 will be small quantities, because of the flatness of the front f in
H?3(T?2). Below, we sum up the final estimate of G', combining (4.34) together with (4.35):

N
2 max 16'],5 0 S 1915

n=1

Estimate of Q'*.
Let us come back to estimate (4.9). Using inequalities (4.33) and (4.36) holding for n > 1, and (4.4) holding for
n = 0, we deduce that:

0.) Q=10 (4.35)

0 NQEISEY + (pel0.) Q105 (4.36)

1IN < WP + 191, 4
+ o (4 1A 1A 5 + 1l s Hwn2,4) [
+ 0% (1155 1S 5 + 1154 101154
Conclusion.

Now we complete estimate (4.37) absorbing the analytic terms on the right-hand side. We consider f € B,, 1 (T?)
satisfying the following smallness condition:

o (4.37)

OiN

Hf||p7% < No, (438)

where the numerical constant 7y > 0 is given by Corollary 3.3. Decreasing 79 if necessary, we can assume that we
have the range £ < J < 2 and the interior regularity estimate (4.1) (see [CMST12, p.250, 271]). From now on,
Cy > 0 will denote any numerical constant that may depend on 79, but not on the parameters p and o. Using
assumption (4.38), we have the inequality ||J~!||z> < Co. Therefore the algebra property of H?() together with
Lemma 1.1 give:

14]| 22 < Co.
Then we estimate the analytic norms in the following way:
1AIDs = 117~ < NI7Vps0
< Co ||J71 lp3,0 [[¥]lp.a,0 (algebra property of B, 3,,(£2))
< Col||lJ7t .3, (Proposition 3.1)
< Cy. (Corollary 3.3 and assumption (4.38))

So, we have first:

p (L4 1Al 1D 5 + Il [16154) < Cop.

Then, we also get:

o (1155 141D 5 + 114 1134) < Co ™.

For instance, let us define

po = min{l,QéO} € (0,1], (4.39)



ANALYTIC CURRENT-VORTEX SHEETS IN INCOMPRESSIBLE MHD 25

so that for all p € (0, po], we eventually get:
0,4,N
IR*Ips™ S IF*IpT

(4.40)

Taking the supremum over N, we obtain Q* € Bp73(§2i) and the same estimate as above for the norm ||Qi||2:§:
We summarize the main result of this paragraph in the following theorem.

Theorem 4.3. There exists no > 0 and py € (0,1] such that, for all p € (0,po] and o € (0,3], if we consider a
front f € BPV%(’]IQ) satisfying

£,z < 10, (4.41)
and analytic source terms F* € B, +(QF) and G € B, (']TQ) then the unique solution (QT,Q™) to the elliptic

problem (1.13), with zero mean on Q, belongs to the space Bp’ (QF); furthermore, it satisfies the following estimate:

1Q*153 < ) (IF=10E +161,.3). (4.42)

where C(ng) > 0 is a constant depending only on ng.

Let us observe that we have already admitted that the elliptic problem (1.13) has a solution Q* in H>(QF).
Theorem 4.3 gives an additional information about the tangential derivatives of @* when the source terms and
the coefficients of the elliptic operator are in appropriate analytic spaces. The purpose of the next paragraph is to
handle all the remaining normal derivatives.

4.2. Estimate of the normal derivatives. Within this paragraph, we still consider analytic source terms
Fr € B,1,(0F) and G € BP,%(TQ), together with a front f € Bmg(TQ) satisfying (4.41). From now on, the
purpose is to show that the zero mean solution QF of problem (1.13) belongs to the space B, 3 ,(QF), for ¢ > 0
small enough. To do so, we first have to handle all the normal derivatives in order to show that for all & > 1,
we have Qi € Blfj’3 (QF). Eventually, to prove that Q* € Bp737U(Qi), it will remain to estimate the partial sums

Q=% |

We proceed by induction over k& > 0. Let us assume that for all j € {0,...,k}, we have QF € 3;73(Qi). First, we
know that QF € H>(Q%), so that we have Q* € HE(H>(T?)). It remains to prove that the norm HQiH];:gl’i
is a finite quantity. For all N > 0, we shall write HQiH];:gl’i’N its partial sum of order N. Using the induction
assumption, we split the partial sum as follows (we assume that N > k + 1):

k :tN p"
[lelhess Z max 00 Qs+

a3<k+1
r" a

< [lQ*y5 + Z o e (19 OETQF 5 - (4.43)

n=k+1

In order to estimate the right sum in (4.43), we rewrite the norm HBO‘/@‘kHQng + as follows:

107 Q¥[34 = 10705 QFI5L + D 1070V 05T QF G4 + 107 05 QFIF 4 (4.44)

|B|=3

1811

Both first right terms of (4.44) will allow to get the quantity ||Qi||l;§E On the one hand, we begin by writing the
estimate

o~ o5+

5QF |5 < max  [|0%05QF |5+
e/ |=n—k—1

Thus summing over n we have

N N

o> ak+1 a 80/816 + < +1k,*

> T o 2 n <D ot |a/\:mnf(k71H 5@ s+ < pllQ7 5
n==k+1 n=k+1

On the other hand, for |3| = 3 and || > 1, the terms ||0° 9% O¥TLQF 0.+ of (4.44) give the same kind of estimate.
Indeed, since 3 is a multi-index of length 3, with at least one tangential derivative 0, we can write 9° = 002
Therefore we get:

1070 051 Q¥ o+ = 1100 (0™ 0571 Qo < 1907 05Q s < max 07 05Q% s+
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After summing over n, we obtain:

N
p" .
DD DA P S 3 e 195 s S Q4L
|B]|=3 n=k+1 ne
18"|>1

Back to (4.43), we deduce that

k+1,4,N "
1Q* 115 S (L+0) Q%155 + Z

ol o E%,_ 107 OETQ o+ (4.45)
n=k+1 "

The only tricky term to estimate is the one containing the most normal derivatives, namely o 0O, M40 We have
to estimate the latter in L2(2F). So, we begin by using the following bound:

18 BEFAQF (o« < |0 85 (92QF) |2,

This highlights exactly 2 normal derivatives of Q*, that we will be able to “eliminate” using the equation satisfied
by QT in problem (1.13). Then, it will suffice to apply the operator 80‘/8§ to this equation: it will exhibit at
most k normal derivatives. Consequently, using the induction assumption, we shall be able to use all the quantities
HQiH »3. for j < k. The difference of exactly one normal derivative between the steps k£ and k + 1 will allow to
gain one power of ¢ later on, after summing over k. Eventually, this gain will turn out to be crucial to absorb
some analytic norms, in order to complete the estimate of the pressure. This method is similar as the previous
paragraph, when the computations of ||Qi|| '3 gave us some powers of p.
Expanding the first equation of (1.13), we get:

1+ |V Ot

7 RQT = —NQ* + 2= Onds QF — F* — A;;0;A; 0, Q*. (4.46)
Let us define
JQ
= —— 4.4
C 1 + ‘V,w|27 ( 7)
so that we can rewrite (4.46) as follows:
22Q* = —CA'Q* + 2%8;@ OnsQF — (FF — CAD'AD'QF. (4.48)
Let us set o := (o, k) (remark that |a] =n — 1), and apply 9% to equation (4.48):
0 RQT = - (CA'QF) + 20° <§ O aha3Qi> — 0%(¢FF) - 0~ (gAalﬁaﬂQi)
=: _Tl + 2T2 - T3 - T4. (449)
To finish with, it remains to estimate each term T; in H2(QF).
» Treatment of T;.
We have:
(CAQY) = > Taﬁcam Q*.
Btr=a
As for the case of || p 3 , we get:
(n—1)!
< — B¢\ a2 |07 A'Q* . .
Ml s 30 T e, (107l 107 ' Q* 1.+ ) (4:50)
fri=is

Now, we have to use the fact that 85 + v3 = k. Consequently, we can bound from above the right term of (4.50) as
follows:

n—1)!
Miloe s 3 3 Gl max 0% max 076G - (451)
Jitie=k t1tiz=n—1 v B3<j1 Wszjz

The estimate of QF is reduced to H3(2*) using the following inequality:

ma [ AQH |o.x S max |07Q% 52
!

Y3<J2 v3<J2
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Then, re-indexing over i5, we obtain:

1Tl S D0 > sy mex 10°Clme max 07Q% 5.+
Jitje= kllzglzln Bs<i1 N3 <Jja

Finally, multiplying by ’;—T!L and summing over n € {k+1,..., N}, we have:

N pn n _ 1 '12 p i2
Eoomax Tifax S0 Z > T max Haﬁgnm T max 87
n=k+1 nl lo’|=n—k~1 ji+jo=k n=k+1 i1+iz=n Zl. B < <
ia>1 3_]1 ’Y3 J2
i2
S ) Z > ﬁﬁﬁrllax ||aﬁg|\Hg7 max
Jl‘”"’ k n=k+1 i1tiz=n B3<j1 'm<12

(n=Dtiz 1)

where we have used the inequality 2 < 1. To conclude, we recognize a “partial” Cauchy product with respect

to n, and write:

N n
p 1, N 2,£,N ,
O m Tl S 3 WIZIQEY S X KL IQ T (@5
n=k+1 - J1+j2=k Jl+j2 k
which ends the case of T7.
» Treatment of T5.
In the same way as T, we get:
Ty = 9° <§ah¢ ahagQi> > —aﬂ ( ahw) 7 9,05Q%.
Bt+y=a

Then, the estimate of ||T3||2,+ is identical to T}, estimating QT in H*(Q%) via the inequality

max 107 0r05Q% ||2,+ < max 107Q* |5 +-

v gl

V3<J2 Y3<J2
We conclude that

o ¢
ST max [Bfhe S Y Tw ClQE ). (4.59)
it n: |o'|=n—k—1 bk 0,2
» Treatment of T5.
By definition, we have
Ty =0 ((F*) = Z aﬁc NFE

B+y=a
As previously, we get:
(n—1)! 5 —
152+ < Z Z T [hax 107 ¢l a2 max o7 F

irlio! (8= lvl=
Ji+je=k i1t+iz=n—1 /33<]1 73<]2

By assumption, we have F* € B, 1 ,(Q%F). As a consequence, we are reduced to the norm |- ||; + using the following
inequality:

max |V FE|ox < max [|[07FF|1+ + max [|07FF|; .

Iv[=iz |v|=i2 [v|=i2+1

v3<J2 v3<j2+1 ¥3<j2+1
Next, the arguments are completely analogous to the cases of T} and 15, and we end up with:

N 7

p
> o ||T3||2¢ S+p) >

n=k+1 Ji+i2=k

ey s

(4.54)
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» Treatment of T}.
The case of T} is the same as T3, but with an additional term to differentiate'

Ty = % (gAalﬁalQi) - 3 B' < 97(CA) 019 A Q.
Bt+6=
We generalize estimate (4.51) with three indices 41, i3 and i3:
n—1)!
Thee s Y Y S e [0 max 070 Al max [0°0 Q%

.= .= 21'22'l'|ﬂ| lvI=

Jitiatiz=k t1tiztiz=n—1 53<]1 ’73<]2 53<JS
Then, using both estimates

1070 Al < (07 Al ys and 070" QF [z < [16°

we can deduce that

n—1)!
ITallze S ) > % max [|6°(C A)ll = max 107 A s max 18°Q* I3+
rtiatis=k i1tiatig=n—1 123 ST b= iz

Eventually, we obtain:

T2 QF |5, (4.55)

J1
HQ:i: H]m
,2

Ji+je+is=k

N
p
Z — Tles S0 Y0 AR (A
—k+
5), and using (4.52)-(4.55), we have proved that

Back to estimate (4.4

Q5 s T+ pIQ* s + 32 (uaﬁﬁ”ﬁv’w

Ji+je=k
241,%
+(@+p) D K IFE
Jit+j2=k
to o Y ICAIP 1A, Q175" (4.56)
JitJj2+iz=k
k+1,4,N

In particular, we can see that the norm ||Q7 || 03 is uniformly bounded with respect to N. Thus, taking the
M1LE < 400, By induction, we obtain QF € ﬁkZOB’;j(Qi), with estimate (4.56)
which also holds for HQin+1 N Multlplying by o¥*! and summing over k e {0,.. — 1} (where K > 1 is any

of the norm ||Qi||p 3,0°

supremum over N, we have [|QF||; 7

integer), we end up with the following estimate for the partial sum ||Q*||F

Q1550 < + L+ ) ISl 20 IF* 5

p:3
¢
o<mm@a+HJv

and bounding from above p by pp < 1, we can estimate the right term of (4.57)

p3<7

(4.57)

plo

p.2,0

+ 2lICllo2.0 1Allp2.0 IAIIp,s,a> Q¥ I55%- (4.58)

Using (4.42)
by

pS’

Co (IQFN55 + Icllpo IFEI1EL )

where Cy > 0 is a numerical constant. Estimate (4.57)-(4.58) is rewritten as follows:

1Q* 1155 < Cr(IQF105 + I<lp20 IF1E,) (4.59)
¢ ~
+0C (IICIIP,z,a + |5V + p[Clp20 14llp2.0 [Allps.0 | 1QF 1555 (4.60)
P20

where Cy > 0 is a numerical constant. From now on, it remains to absorb the analytic terms in (4.60), in order to

complete the estimate of ||Qi|\p 3.0

Absorption of the analytic terms.
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» Treatment of ||(]/,2,0-

We proceed in the same way as HQi ||23i We use the gain of one power of ¢ in order to absorb the analytic terms in
(4.60), choosing o small enough. Let f € B, s (T?) still satisfy assumption (4.41) of Theorem 4.3. As a consequence,
we obtain both following estimates (we have just rewritten (3.16) and (3.17)):

VYl p3.0 <l[Pllpa0 < Collfll,z < Co, (4.61)

L
J
Here, and from now on, Cy > 0 will stand for any numerical constant. We notice that both estimates (4.61) and
(4.62) hold for all p € (0, po] and o € (0, 3]. Using the algebra property of B, 2 ,(£2), we have:
1

1+ VR0,

< Co. (4.62)

P30

IKllp2.0 < Co 1717 2.6

On the one hand, using (4.61), we can write:
[Tllp2.0 = 1+ 059llp2.0 < Co(L+[[¢]lp30) < Co
On the other hand, decreasing 7y > 0 if necessary (see assumption (4.41)), we get:
1
14+ |V')?

Indeed, it suffices to use Proposition 3.2 and to adapt the proof of Corollary 3.3. Eventually, we can state that ( is
bounded in B, 5 »(£2):

< Cp.

p,2,0

Its

p,2,0 < CO- (463)

» Treatment of %V’z/) and p || 4] p.2,6 IC

p,2,0
In the following, we do not detall the computations of these terms, since we use exactly the same method as before.

It gives the same type of estimate as (4.63), namely:

-
VY

where we have used p < pg < 1.

p2.0 1 Allp3.0-

< Co and plCllp2.0Allp20 A

p,3,0 S CO> (464)

p2,0

» Limitation of the parameter o.
From now on, we redefine o as follows:

1
6CoCy’
where Cy > 0 is given by (4.63)-(4.64) and C; by (4.60). Without loss of generality, we can increase Cy to still
have og < % Therefore all the previous estimates obtained with o € (0, %] remain valid. For all p € (0, po] and
o € (0, 09], the right term of (4.60) is estimated as follows:

gp ‘=

¢ 't + K
2 << e 4 [ S0 4 oIl IAlan 1Tan ) 1Q¥IES < 360 Cro Q¥
p:2,0
Lot
§||Q p30
Consequently, we get the following estimate for the norm HQiH Dot
1Q* 15550 < CL(IQ*IpE + IClp2e 175 151.0)- (4.65)

To conclude, we use (4.63) together with (4.42) and sunphfy (4.65) to end up with
+,
QHIS < o (15w, + 191L,3)

where C > 0 is a numerical constant. Taking the supremum over K, we deduce the same estimate satisfied by the
norm ||Qi||p 3.0~ Theorem 4.1 is proved.
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5. EXISTENCE OF ANALYTIC SOLUTIONS TO THE CURRENT-VORTEX SHEETS PROBLEM

In the following, both parameters py € (0,1] and oo € (0, 3] given by Theorem 4.1, as well as ¢ € (0,00] are
fixed once and for all. Nevertheless, Cy > 0 will stand for any numerical constant that is free to change from one
estimate to an other.

5.1. Preliminary estimates. Let R > 0 and let (ug, bgt, fo) be some initial datum satisfying (2.2) and such that:
uo ) b S Bp0,3 U(Qi)?)? fO €B (TQ)

+
lugs b I

Po*

(5.1)
p0,3,0 < R, ||fOHpo,Z <M,

2

where 7; fulfills the smallness condition (5.9) below. We consider (4*, %, f) € E, (recall definition (2.14)), satisfying
the following upper bounds:

R

| o <

(|| and ]Hbﬂ” (5.2a)

aﬂigg

We remind that (u®, b*, f), defined by (2.3), satisfy the constraints (2.4). Consequently, using the equation f= uét Ir
together with the trace estimate (1.39), we can state that there exists a numerical constant C' > 0 such that:

_CR
Al < 5 (5.2b)

From now on, we give some basic estimates that we will need in Paragraphs 5.2 and 5.3 below. These estimates are
a straightforward consequence of Lemmas 1 and 2 in [BGT78|.

Estimate of u*(¢) and b*(t) in B, 3 ,(QF). Using (2.3), (5.1) and (5.2a), Lemma 1 of [BG78] gives:

Ve [0,alp0— ), (), (B, < 2R (53)
Then, in order to handle the 1—order derivatives of u® and b* in system (1.21), we use Lemma 2 of [BG78]:

CoR t -3
VEke {1,2,3}, Vte [0,alpo—p)), [Osut(t), HbE(t 0= (1- : 5.4
{1,2,3} 0,000 = ). 19k (1), AP D)oy < o2 (1 L) (5.4)

Estimate of f(t) in B, - (T?). Recalling Definition 1.11, we can easily prove the following estimate:
£,z < Co(lfll, 3 + IV fll,2), (5.5)
where Cy > 0 is a numerical constant. As a consequence, we can deduce that:
vte [0,alpo—p)), IfW)ll,z < Ci(m + aR), (5.6)

P53
where C7 > 0 is a numerical constant.
Proof. Using the third lign of (2.3) and estimating each term in BP’%(TZ), Lemma 1 of [BGT78] allows us to write
the estimate:

vie [Dato—p) 1FOl,5 < Ifoll,g + ltudsiel, g + Coa? |7,
where Cy > 0 is a numerical constant. Then, from (5.1) and (5.2b) we get:
Vie [0,alpo—p)), IfO,s < Col(m + aR). (5.7)

We now focus on the second term in the right-hand side of (5.5). Differentiating the third lign of (2.3) with respect
to z; (j = 1,2) and using Lemma 2 of [BG78] we obtain :

vie [0.aloo—p). 10,5, < 10 foll, 5 + It dsuislrll, s + Coa® |7,

IN

C ..
|%Mg+ﬂm—mmf lugslellyy. s + Coa® || F]ll, ze-

Here, let us remark that we have used the assumption fy € B, » (T?). Thus, assumption (5.1) leads to the final
estimate:

vt e [0,a(po—p)), 110 f(B)ll, 3 < Co(m + aR). (5-8)

Gathering (5.7), (5.8) together with (5.5) we end up with the desired estimate (5.6).
g
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Now, taking n; > 0 and a > 0 such that

Mo "o
m < 201 and a< 20,1 (5.9)

we can state that
1.z < 0- (5.10)
Therefore we shall be able to apply Corollary 3.3 and Theorem 4.1.

Estimate of the lifting ¢(t) in B, 3,(2). As a straightforward consequence of (5.10) and Proposition 3.1, we
can write both following estimates:

vt e [0,alpo—p)), vt

|p,3,<7 < C(0 Mo, (511)
and for all k € {1, 2,3}, we have:

vVt e [0,a(po—p)), NOk(t)]p3,0 < Comno- (5.12)

The tricky point comes out when we need to estimate two derivatives of ¢ (which appear in the equations of system
(1.21)). Such an estimate is not proved in [BG78|, so we choose to give some details below. Nevertheless, we still
follow the same ideas that can be found in the proof of Lemma 2 in [BGT78]. Given k, ¢ € {1,2,3}, the estimate of
OO0y reads:

1 t -3
Vte |0,a(po—p)), 10k0(t)]p3.0 < C 1-— . 5.13
0,000 = p)), 1000 Ol < Como (1= ) (5.13)
Proof. Starting from (2.3) and denoting by ¥ the lifting operator defined by Lemma 1.1, we have:
t ptr )
OO (t) = Or0e¥(fo) + tak(?zlll(ugfgh) + / Ork0p Y (f)(t2) dia diy. (5.14)
0o Jo
The first term in the right-hand side of (5.14) is estimated as follows:
Co Co Cono
10k0eY (fo)llp,3.0 < 100¥(fo)llpae < ———1¥(fo)llpo3.0 = —— [P —. (5.15)
po—p Po po

Likewise, the second term in the right-hand side of (5.14) gives:
Po—p
(2= p)(po =

Co
1t 000 (ugslr) lp3.0 < alpo — p) = p (upslr) 530 < Coa ﬁ)H\IJ(uOi,Slr)HPO,&m

for a suitable choice of p such that 0 < p < p < py. We thus set p := £ +2p % and we use Proposition 3.1 together
with (5.9) to end up with the following estimate:
C
6060 (s |e) e < -0 (5.16)
Let us finish with the double integral in (5.14). Using twice the property (1.35) together with Proposition 3.1, we
get:
||f tQ)Hp(tg
10k00Y ()| 5.0 dts dty < Co / / dt di, (5.17)
/ / " p) (A(t2) — p(t2))
for a suitable choice of p(t2) and p(t2) satisfying p < p(t2) < p(tg) < po. In conformance with [BG78], we set
1 s - 1 s
Vs e [0,a(po—p)), p(s) = 3 (Po +p - 5) and  p(s) = 5 (po + p(s) — 5)- (5.18)
Straightforward computations show that:
pPo—p S
p(s) —p = 1-— ), 5.19a
=) 2 ( a(po — p) (5-192)
Po—p S
po — p(s) = —— 1+>, 5.19b
0 = #ls) 2 ( a(po — p) ( )
and also
~ pPo— P S
o) = o) = P (1 - ) (5190
4 a(po = p)

o — () = PP <1 n a(pf‘i p)), (5.19d)
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so that we have the inequalities p < p(s) < p(s) < po for all s € [0,a(po — p)). Let us come back to (5.17); using
definition (2.12) and equalities (5.19) we end up with the estimate:

Nl=

t ot -
[ ] 1000 pan i < Coa? ],z —— (1 L) (5.20
Gathering (5.15), (5.16) and (5.20) we obtain the desired estimate (5.13).
O
From now on, we deal with the time-derivatives of the unknowns (u®,b%, f).

The velocity u™ and the magnetic field b*. Both following estimates are trivial but will turn out to be crucial
is Paragraphs 5.2 and 5.3. According to (2.12) and (5.2a) we can write:

_ A0, B IE R _ ¢ -
Vi [Oalpo = 0), 50 FOlfae < 5o (1 o) (5.21)

[N

The front f. Likewise, we have:

- CoR t -3
vt e [0,alpo — p)), s < —2 (1 —— ) °, 5.22
0,000 = 0), 1 Ollg < o= (1= 2om=) (5.22)
Now, let us estimate the functions f and V’f. Starting from the identity
t
£ = il + [ Fan,
0

Lemmas 1 and 2 of [BG78| allow us to write both following estimates:

vie [0a(n— ). 1fOl,5 < CoR, (5.23)
I COR t _%
1970l < o= (1 e p)) . (5.24)

The lifting ¢. By definition of the lifting operator ¥ (see Proposition 3.1), we can state that
Oy = (D, f) = W(uzr).
As a consequence, we get:
vie [0alo—p). 100050 < CoR (5.25)

Then, using (2.3) and the linearity of ¥ we can write:

t
Vke {1,2,3}, (“)k\If(uﬂp)(t) = 8k\11(u(:)‘:’3|p) + / 8k\P(a§\p)(t1)dt1.
0

The same arguments as before allow to obtain:

C()R t 7%
Ve {1,2,3), Vte[0,alpo—p), [0600®)ps0 < p— (1_ a(po_p)) . (5.26)

Eventually, we deal with some estimates we shall use in Paragraph 5.3 to prove the contraction of Y. To do so,

we now consider two vectors (4*,b%, f) and (a*, bi,i) in E, satisfying (5.2) with the same initial datum (5.1).

The velocity and the magnetic field. Lemma 1 of [BGT78] gives the estimate:

vte [0,alpo—p)), Ilut(t) — u=(@)|Fs, < Coallla® - W, (5.27)
Then, using Lemma 2 of [BG78], we have for all k € {1,2,3}:
1
Ve Dalpo—p)s 10 ~ )OI < Coalliit — i, (1o ) G2
Obviously, the same estimates hold for the magnetic field as well.
The front. Likewise, we can write both following estimates:
vt e [0,a(po—p), If = HOl,z < Cod®[|f = Fll, pes (5.29)

(V' F =V DO,z < Coa® ||~ I, - (5.30)

2
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The lifting of the front. Once again, using the linearity of the lifting operator ¥ and the same arguments we
used to prove (5.13), we obtain for all k,¢ € {1,2,3}:
1

. . t —
v < Coa®[|F = Fll, — (1_ T _p)) . (5.31)

Let us finish with estimates associated with the time-derivatives of (u®, b*, f) and (u®, b™, f). Similarly to (5.21)
we have:

N

vt e [0,a(po—p)), OkOe(v — )

vie [Oatoo = p), W50 — & OlFaa < (1% = i le o (1= ) (5.32)
and so on for b — éi and f - i For the time-derivatives f and i , the following estimates hold:
vie [.alpo—p). I = H®lps < Coallf = Fl, (5:33)
1os . .. . 1 t 7%
IV'(F = DOy < CoallF = El,ze 5= (1- pr P _p)) . (5.34)
Finally, the estimates related to the time-derivative of the lifting 1) read as follows:
vie [0,alpo—p))s N0:( = ©)Dllps0 < Coall|a™ = aF|], gz (5.35)
n 1 t -3
Vke {123}, 00 — V) Olps0 < Coallli® — i, e p— (1 -~ o 7,0)) . (5.36)

Equipped with such estimates, we shall be able to highlight in next paragraph a suitable invariant subset of E,
(defined by (2.14)) under Y.

5.2. Invariant subset under Y. Within this paragraph, we still assume that the initial datum satisfies (5.1),
where 7, fulfills (5.9). Besides, we still consider (ui,bi, f) € E, satisfying the upper bounds (5.2) and we assume
that the smallness condition (5.9) holds for @ > 0. On the one hand, we have already proved in Section 2 that

T(u*,b*, f) satisfies the constraints (2.4). On the other hand, the aim is now to obtain the same upper bounds
(5.2) for Y(u*,b*, f). The result of this paragraph is summarized below.

Proposition 5.1. Let R > 0 and let (ug,bg,fo) be an initial datum satisfying (5.1) (in which n1 > 0 fulfills the
smallness condition (5.9)). Moreover, let us assume that (0™, b, f) € B, and satisfies the upper bounds (5.2).
Then there exists a small constant a > 0 depending on 19 and R, such that Y (u* bE f) € E, and satisfies the same
upper bounds (5.2).

Proof. Within this proof, Cyp > 0 will denote any numerical constant.
Let us recall the notation Y (u*,b*, f) = (u#*, 0%, f*). In the following, we shall begin by handling the velocity
uf* defined by (2.6), and we shall not detail the case of b** which is similar. Let us treat the tangential components

ufi, for ¢ = 1,2, defined by (2.6a). Using the Leibniz rule to expand the normal derivative d5 in (2.6a), we can
#

split u; into several parts?:
1 1
u = — 7 Uk Opu; + jbk Oibi (5.37a)
1 1 0sJ OrJ
+ jagatw u; + jatiﬁagui - %8{(&1@‘ + %(uz up — b; bk) (537b)

» Step 1: treatment of (5.37a). Using the algebra property of B, 3 ,(2¥) and applying Corollary 3.3 together
with the preliminary estimates (5.3), (5.4) we obtain:

vt e [0,a(po — H—ui oput < C(no, R) ! (1 T ! )_%, (5.38)

P30 po—p a(po — p)
where C(np, R) > 0 depends only on 79 and R. The same estimate holds for the second term in (5.37a).
» Step 2: treatment of (5.37b). Let us handle the third term in (5.37b), namely:

83 82¢

J
atw U = 6“/) Us -

2Here, we omit the exponents ¥ for the sake of clarity and we still use Einstein’s summation convention for repeated indices
ke {1,2,3}.
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This term seems to be the most “dangerous” one because it contains two spatial derivatives on the lifting .
However, using Corollary 3.3 together with estimates (5.13), (5.25) and (5.3) we get the same upper bound as
(5.38), that is:

. |15

Vte [O a(po — (’Mﬁuf

1 t -3
< Clm. B) po—p (1 ~alpo — p)) ’ (5:39)

where C(np, R) > 0 depends only on 79 and R. All the remaining terms in (5.37b) provide the same estimate.

P30

» Step 3: treatment of (5.37c). This step turns out to be quite tricky because of the total pressure Q*. Let us
remind that thanks to (5.10) we can apply Theorem 4.1 in order to estimate the pressure. The latter has the same
regularity than u® and b* : it belongs to B, 3 ,(Q%). Consequently, the 1—order derivatives of Q¥ in (5.37c) turn
out to be quasi-linear terms, so we need to handle these terms in the same way as the velocity and the magnetic
field. To do so, we still follow the ideas of [BG78] writing

t
0O = QF + / O™ (1) di.
0

Applying Lemmas 1 and 2 of [BGT78], we get the estimate:

" n n 1 t -3
vie [0alp—p). 6@, < e + Coall@*luas o (1= oommyy) T 50

After some easy but numerous estimates and using (4.2) (for ¢t = 0) together with (1.23) and (5.1), we can show
that

C(nOa R)
1Q5 115 50 < ———,
Po—p
where C(no, R) > 0 depends only on 79 and R. Afterwards, the main step consists in estimating H|Qima ot In
(5.40), so we need to estimate Q* in B, 3 ,(Q%F).
Let us apply the time-derivative operator to system (1.22). Then we obtain:
~V - (aATVQF) = JFE, in[0,T] x QF,
Q] =0, on[0,T]xT,

(5.41)

) . ~ (5.42)
(L+ V') [8:Q] = G, on [0,T] x T,
83Qi =0, on [OvT] x Ty,
where the source terms J F* and 5 are defined by:
JFE = 9y (JFE) + V- (9,(aAT) VQTF), (5.43a)
G = 06 — 3(IV'f?) [3:Q]. (5.43b)
The matrix aAT reads as follows (we refer to (1.9)):
J 0 -0
aAl = 0 J —ang , (5.44)
~ow 0 TR
and its coefficients will be denoted by agy. Now, using Theorem 4.1 we get the estimate:
1 +
V< Cw (10585, + B+ [t
1Q* 150 < Cn) (=], ot a@acaey| .

+ [9G],.5 + 1009 7 25l 5 )

where C(19) > 0 depends only on 9. In (5.45) we have used Einstein’s summation convention for repeated indices
k, 0 € {1,2,3}. It remains to handle each quantity in the right-hand side of (5.45) to complete the estimate of Q*
in B, 3.5 (2%). Although the computations turn out to be quite heavy because of the numerous terms in F* and G
(see (1.23)), we shall not give the full details. Nevertheless, the method we use to estimate each term is completely
analogous from one term to an other, so we can allow ourself to shorten some parts in the proof.

The first two terms in the right-hand side of (5.45) can actually be estimated in B, 2 »(Q2%) because F* contains
1—order derivatives of u* and b*, and 2—order derivatives of ¥». To begin with, let us treat for instance the first
term in the right-hand side of (5.45).
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¢ Sub-step 3.1: the first term in (5.45). The expression of 9;F* can be easily deduced from (1.23a), but we
do not write it down for the sake of clarity. For instance, let us treat both following terms which appear when
we differentiate F* with respect to t. Likewise, all the other terms defining 9, F* can be estimated using the
preliminaries in Paragraph 5.1.

Given k, ¢ € {1,2,3}, let us set

1

TE = 8ku[ Opuit.
We directly estimate 77 in Bp72_yg(Qi) as follows:
RIS
||T:t|| 2,0 — CO HJH Hu?:”p,&n || i||p3z7

Then, using Corollary 3.3 together with (5.21) and (5.3), we get:

WGNMmfm»|mwnpscmuaﬂg;m@fdm{my? (5.46)

In the end, since the idea will consist in choosing a small enough, the factor % in (5.46) seems not to be appropriate.
However, it turns out to be harmless because a already appears in (5.40).
We finish the treatment of 9, F%* estimating the following second term 7'2i defined by

OO J
7‘2i = kJ; uli 3iuf,
where i € {1,2} and k € {1, 2, 3}. As previously, we have:

113
o < 5[, Tl

Thus, using Corollary 3.3 and estimates (5.26), (5.3), we end up with:

1 t -3
Vte [0,alpo—p), T, < Clno, R 1- . 5.47
[0.a(00 = 9)): T3 50 < Cln B) e (1= ) (5.47)

Gathering (5.46) and (5.47) (in which we use the upper bound 1 < 1), and proceeding in the same way with
the remaining terms in 9,F*, we can conclude that the first term in the right-hand side of (5.45) is estimated as
follows:

1 t -3
vt e [0,a(po —p)), ||OFF < ||o,F* < ,37(1_7 , 5.48
[0,a(po — p)) H t leo’ H t Han’ (0 )G(PO—P) a(po-ﬂ)) (5.48)
where C(n9, R) > 0 depends only on 79 and R. The second term in the right-hand side of (5.45) is completely
analogous to 9;F* and provides the same estimate as (5.48), so we feel free to skip the details.

175

il

p,3,0 p20‘H kaSU

¢ Sub-step 3.2: the pressure term in (5.45). Now, let us focus on the pressure term that we split as follows:
1 1 1
5 Ok (00 0rQF) = = OpOrake BQ™ + 5 Dporne D0 Q™

Using (5.12) and (5.26) we can easily estimate the coefficients dragy:

1 t —2

Vk € {1,2,3}, Vte [0,a(po—p)), [Oone(®)llps0 < Cling, R) —— (1—7) . (5.50
{1,2,3} [ ), | )Mo ( =7 a0 —7) )

In order to estimate 755, we can use the trivial inequality | - || vio <1 ||p 9.0+ Indeed, we get:

+ +
17510 < Col[ 3], N0l 0 Q%15
Thus, using Corollary 3.3 together with (5.50), we have:
1 t
vie [0.a(po—p), 7551, < Clno R (1- ) Q)10
[0, af ) 755150, ( )p — o —p) || [

It remains to estimate Q*(¢) in B,3,(Q%). Using Theorem 4.1, definitions (1.23) and estimates stated in
Paragraph 5.1, we can easily deduce the following bound on Q¥ (¢):

vte [0,a(po—p)), [QF®)Es, < Clno,R), (5.51)
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st
where C(np, R) > 0 depends only on 79 and R. It is important to notice that the singularity (1 — m) 2 does

not appear in (5.51) because the source terms J F* and G in (1.22) only contain 1—order derivatives of (u*,b¥)
and 2—order derivatives of 1. Therefore, since F* and G are estimated in Bp,l,g(Qi) and Bp)%(TQ) respectively,

we only need to estimate (u®,b%) in B,3,(Q%) and ¥ in B, 4,(Q). In virtue of (5.3), (5.11) and (5.12) these
functions are bounded, which explains estimate (5.51). We end up with the following estimate of 7§i:
1 t —2
o < Clmo, R) (1 - ) : (5.52)
b po—p\ alpo—p)
The term 7? is a bit more tricky, because it contains two derivatives of Q*. Let us write 9™ to denote any
spatial derivative of order m ; then it is easy to prove the following lemma.

Lemma 5.2. Let u € H?(Q) and v € H3(Q), then we have ud*v € HY(Q) with the estimate:

vte [0,a(po—p)), 51l

[ 0] iy < Co llulla(o) 0]l a3 @),
where Cy > 0 is a numerical constant.
A consequence of Lemma 5.2 is the following estimate, whose proof is completely analogous to (1.36):
Vu€ Bypo(Q), Yv€Bpso(Q), [[udlpro < Collullpze [vllp3.0- (5.53)
Now, using (5.53) we obtain:

1
+ +
10 < Col 5] Iorouel i, 10¥IEs
Eventually, gathering Corollary 3.3, (5.50) and (5.51), we can conclude that
vte [0,alpo—p), T llproe < Clno, R), (5.54)

which is “better” than (5.52) because the singularity ( a(po ) ) 3 does not appear.
Using (5.52) and (5.54), the pressure term in (5.45) is finally estimated as follows:
1 t —3
vt € [0,a(po — p)), H Ok (Ducvre 24Q H < C(no, R (1- ) (5.55
[ ) (0 %) plo ) po—p a(po — p) :

where C(np, R) > 0 depends only on 79 and R.

¢ Sub-step 3.3: the last two terms in (5.45). The boundary terms 9,G and 9;(|V'f|?) [0:Q] in (5.45) can be
handled using the same arguments as in Sub-step 3.1 and Sub-step 3.2. Indeed, using the trace estimate (1.39)
(with r = 2), it suffices to estimate the terms defining 9;G in B, 2 ,(2F), which is exactly what we did previously.
Consequently, we feel free to skip these details and we give the final estimate:

10:G], 5 + [10:(1¥"£1%) [0:Q1], 5 < Clmo, R) (5.56)

1 t ~2
()
a(po = p) a(po = p)
where C(np, R) > 0 depends only on 79 and R.

Let us come back to estimate (5.45) of QT ; gathering (5.48), (5.55) and (5.56), we end up with the following
result:

: 1 t ~3
vt e [0,a(po—p)), + , < Co,R) ——— (1 — ———) . 5.57
(0,000 =0, 1Q W0 < Clm R) s (1= o) (557)
It allows us to conclude about estimate (5.40): using (5.41) and (5.57) we finally obtain:
1 t —2
Vit e [0,a(po —p)), 0.QF » < Clno,R) —— (1 - —) °, 5.58
0,000 = p)): 10:Q* D Far < COw, B) - (1= ) (5589)

where C(np, R) > 0 depends only on 79 and R.
We are now able to achieve Step 3. Thanks to (5.12) and (5.58), the pressure terms in (5.37c) satisfy the
following estimate:

. 1 toN\-
vte [0,a(po—p)), ||JOQF + iy 05Q ||p3[, C(no, R) o —p (1 - m) . (5.59)

Nl=

Conclusion. Thlb concludes the case of the tangential components u £ for i = 1,2; the case of the normal
component u3 given by (1.21b) is analogous. Eventually, recalling definition (2.12) we have:

[ ]|, o= < Ca(no, R), (5.60)

a,QF
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where Ca(n9, R) > 0 is a constant depending only on 79 and R. The same estimate also holds for the magnetic
field b**. Besides, a straightforward consequence of (5.60) is the following estimate of £, where C' > 0 is the same
constant as in (5.2b):

170,20 < CCalm. ).

Recalling the first smallness condition (5.9), we eventually choose a > 0 such that:

. R 70 }
< 5.61
@ = mln{402(770,R) ’ 2C1R ’ ( )
so that (ub, b, fﬁ) satisfies the upper bounds (5.2); Proposition 5.1 is proved.
]

5.3. Contraction of Y. Now we own a suitable invariant complete metric space under Y, the purpose of this
paragraph is to prove that T is a contraction map (decreasing a > 0 one more time if necessary). The main result
of this paragraph is stated in the following proposition.

Proposition 5.3. Let R > 0 and let (uZ,bT, fo) be an initial datum satisfying (5.1) (where n fulfills (5.9)).

We consider (u=,b%, f) and (Qi,bi,i) belonging to E, and satisfying the upper bounds (5.2). Then there exists
Cs(no, R) > 0, depending only on ng and R, such that:

. ' . e .. -
PO [ O [ e

< Cylm. Rya (i — il qu + 15 = Ml e + I1F = Flll, z2)-

Consequently, using Proposition 5.3, we can easily prove that T is a contraction map. For instance, assuming
a < (2C5(no, R))~t, we can conclude that

i — 0 e+ 115 = e + 1 = Fl

1 . . . .4 . .
< g (W = 2l os + W% = Ellogs + 17 = Tl )

Therefore we are able to apply the classical Banach fixed-point theorem, which gives a unique fixed point of Y.
Obviously, the latter is a solution of system (1.21), (1.20): Theorem 1.13 is eventually proved.

Let us now prove Proposition 5.3.
Proof. As we did in the proof of Proposition 5.1, we shall only treat the tangential components ufi - ggi, for
1 = 1,2, whose definition is given by (2.6a). Contrary to what has been done in the proof of Proposition 5.1, we will
have to make the difference 4+ — 4* appears and so on for the magnetic field and the front. The “disadvantage”
is that it leads to heavy computations, so we will feel free to skip some details. Afterwards, we shall estimate each
term using the preliminary estimates given by (5.27) until (5.36).

We begin with the same expansion (5.37) (with underscores for w
steps again.

(5.62)

#

)

) and we handle each contribution in three

» Step 1: the convective terms in (5.37a). We want to estimate the following term in B, 3 ,(QF):

1 1
Ty = 7 i Opui — 7 W O,
where we have omitted the exponents *. In order to exhibit the differences u — u and ¢ — P, we rewrite I as
follows:

1 1 1
1= un k(s —w) + 5 O (uk — i) — Tlukawia:a(?ﬁ—@

= Gz]11 + glg + leg. (563)

Then, we only illustrate the case of 971 since both other terms 15 and Ji3 are similar. Using Corollary 3.3 together
with estimates (5.3) and (5.28), we obtain:

+

vie 0,000~ ), [|FullE,, < Clmo Rya (1~ lli* = a*|l, 0=

o
)
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where C'(n9, R) > 0 depends only on 79 and R. Proceeding similarly for 975 and 73, we thus have:
+ a t -3
< C(no, R (1— )
pae = OB =)
. 4 .
< (= = &l ge + 11F = Fllre)-

The term associated with the magnetic field in (5.37a) is analogous and provides the same estimate as (5.64), in

Vte [0,a(po—p)), ||| (5.64)

. .
which we replace * — 4 by b — b~ .

» Step 2: the terms in (5.37b). These terms are a bit more tricky because some of them contain two spatial
derivatives of the lifting ¢). As we did in the proof of Proposition 5.1, we only deal with the third term in (5.37b).
Let us set:

Y

03J
972 = ?

O u; — T; 3tﬂyi-
We rewrite J5 using the same method as before:
1 0sJ 0sJ J+J
T = 0w 50— ) + 50 (wi —w) + T w0 — ¥) — S5 e D, Oa(4 — ¥)
=: o1 + Tog + T3 + To4. (5.65)
Using Corollary 3.3 and estimates (5.25), (5.3), (5.31), we get the following upper bound for J;:

2 t -1 .
vie [0,alpo—p)), ||Toill. < Cno, R) —2 (1— ) - :
[ a(pO p)) H 21"[,7370— — (770 ) po—p a(pO _ ,0) H‘f i‘”aﬂfz
Proceeding similarly for 92, 923 and Ja4, we end up with:
t -3
v Dat- ), [T, € Clm B (1- L)
[0-aleo = p)), %2l 5,0 = Cloo ) =7 a(po — p) (5.66)

(I = il o+ W6 = 5l e+ 17 = Flloe)-

where we have used the inequality a® < a because we shall only need one power of a eventually.
» Step 3: the pressure terms in (5.37c¢). For instance, let us focus on the second term in (5.37c). We set:
T3 := 0 03Q — 031 3Q,
and we split it as follows:
T3 = 0ip 3(Q — Q) + 93Q (v — )
=: J31 + T32. (5.67)
¢ Sub-step 3.1: estimate of J3;. In order to use a similar estimate as (4.2), we need to exhibit a suitable Laplace

problem satisfied by P* := Q* — Qi. Starting from system (1.13) (with underscores for Qi), we obtain a similar
elliptic problem satisfied by P%. The latter reads:

—Aj; 9;(Ag; 0, PE) = F£,  in [0,7] x QF,
[Pl =0, on|0,T]xT, (5.68)
(1+|V'f?) [0sP] =G, on[0,T] xT, ’
03P =0, on[0,7] xy.

Now, let us give the expressions of the source terms F* and G in (5.68). To do so, we make a link between both
elliptic problems satisfied by Q* and Qi writing

A=A+R, (5.69)
where R is a “remainder” term given by
0 0 0
R=A-A= 0 0 0 1,
R31 Rs2 Ras
and the coefficients R3; are defined as follows:
Vj=1,2,3, Ry := f%aj(w—g) + %ag(w—@.
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Plugging (5.69) into the first equation of (5.68), we can express the source terms F*:
F* o= F* — F* 4 A4;;0;(Rs 0:Q%) + Ry, 05(As; 6Q%). (5.70a)
Afterwards, setting g := f — f and writing V'f = V'f 4 V’g in the third equation of (5.68), the source term G
reads:
G:=0G—-G—- 2V f-Vg+ |V [0:Q]. (5.70b)
We recall that we need to estimate O3 P in B, 3,(QF) (see (5.67)). Since (u®,b*, f) and (gi,bi7i) have the
same initial data, Lemma 2 of [BG78] provides the following estimate:

vie ), BP0 < Coall P

! (1 ! )7% (5.71)
G pog — p a(po — p) . .
Therefore, the key point is to estimate P¥ in Bp737g(Qi). The method is identical to the one we use in the proof of
Proposition 5.1 when we had to estimate ||Qi||§3ya (see system (5.42) and estimate (5.45)). Thus, we get the same
estimate as (5.45) but with P (resp. F*, G) instead of @ (resp. F*, G). In order to conclude about this estimate,
it remains to use definitions (5.70) and to estimate each term using preliminaries in Paragraph 5.1. The slight
difference here is that we have to exhibit the differences u* — u® and so on, as we did in Step 1 and Step 2 above.
These computations generate (very) numerous terms to estimate; nevertheless, there is no additional difficulties

compared to our previous work so we shall skip these details and give the final estimate on P=:

Mg < o B) (la* = il + 16 = Ml qe + I1F = Flloze): (572)

where C(no, R) > 0 depends only on 79 and R. Plugging (5.72) into (5.71), we can conclude that for all ¢ €
[07a(p0 - P))7

+ + a t 7%
5P, < Ol B) 2 (1= o)

po — p) (5.73)
1 . L . . .
x (it = il e + 165 = 67, o + I1F = Zll,50)-
Let us achieve the case of J31; thanks to (5.12) and (5.73) we finally have:
1
vie [0.a—p). [Ty, < ConB) 2 (1- )7
< [0eloo =) Tl = om0 20 (= G0 571

(i = il g + 165 = 8 Mg + 115 = Flloe):

¢ Sub-step 3.2: estimate of J35. The case of J3, is straightforward. Indeed, using (5.58) together with (5.30)
we end up with the same estimate as (5.74) for Jsa.

» Conclusion. Gathering (5.64), (5.66), (5.74) and recalling definition (2.12), we obtain the desired estimate
(5.62): Proposition 5.3 is eventually proved.

O

6. CONCLUSION AND PERSPECTIVES

The analytic solution we obtain is defined at least until the time apy > 0. However, the quantity a > 0 depends
on 79 and R, that is on the size of the initial data in the analytic scale. Consequently, the lifespan can become
smaller as the initial data get bigger in the analytic spaces B, 3,,(2F) and BPO)% (T?).

The a priori estimate established in [CMST12| would be a starting point to prove, by a compactness argument,
the existence and uniqueness of solutions to the current-vortex sheets problem, taking an initial data in some
Sobolev spaces (typically H?(Q*) for the velocity us and the magnetic field bF, and H 3 (T?) for the front fy).

To do so, we would approximate the Sobolev initial data (u(“):,b(jf, fo) by a sequence of analytic initial data
(u(j)[’”7 b(f’rﬂ f{f)n>0, using the density of the spaces B, . ,(QF) in H"(QF) (we refer to Remark 1.10). The unique

solution (ui’", bEn QEm, f”) associated with this initial datum thus has a radius of analyticity p™ = p™(¢), that
possibly tends to 0 as n goes to +0o. To address such an issue, it would suffice to exhibit a lower bound on p™(¢),
that depends only on a Sobolev norm of the solution. Therefore, we could propagate the analyticity of the solutions
to a time interval depending only on the Sobolev norm of the solutions. The latter does not blow up as n goes to
+o00, and would allow to get a positive lower bound on the lifespan of the solutions.

For results about propagation of analyticity of solutions to the incompressible Euler equations, we can refer
to [BB77, AM86] and more recently to [LO97,KV09, KV11b,KV1la].
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