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HIGHER ORDER APPROXIMATION OF ANALYTIC SETS BY
TOPOLOGICALLY EQUIVALENT ALGEBRAIC SETS

MARCIN BILSKI, KRZYSZTOF KURDYKA, ADAM PARUSINSKI,
AND GUILLAUME ROND

ABSTRACT. It is known that every germ of an analytic set is homeomorphic to
the germ of an algebraic set. In this paper we show that the homeomorphism
can be chosen in such a way that the analytic and algebraic germs are tangent
with any prescribed order of tangency. Moreover, the space of arcs contained
in the algebraic germ approximates the space of arcs contained in the analytic
one, in the sense that they are identical up to a prescribed truncation order.

1. INTRODUCTION

The problem of approximation of analytic sets (or functions) by algebraic ones
is one of the most fundamental problems in singularity theory and an old subject
of investigation (see e.g. [2], [, [7], [I5], [20], [24], [29]). In general this problem
has been considered by two different approaches.

Firstly one may seek to approximate the germs of analytic sets by the germs of al-
gebraic ones so that both objects are homeomorphic. For instance, it is well-known
that a germ of analytic set with an isolated singularity is analytically equivalent to
a germ algebraic set (see [13] for a general account of this case). But in general
an analytic set is not even locally diffeomorphically equivalent to an algebraic one
(cf. [29]). Nevertheless by a result of T. Mostowski [I5] every analytic set is locally
topologically equivalent to an algebraic one.

Theorem 1.1 ([I5], []). Let K = R or C. Let (X,0) C (K™, 0) be an analytic
germ. Then there is a homeomorphism h : (K™, 0) — (K™, 0) such that h(X) is the
germ of an algebraic subset of K™.

Secondly one may seek to approximate analytic germs by the algebraic ones with
the higher order tangency, cf. e.g. [5], [6], [9], [L0], [LT]. But the classical methods
of such approximation do not provide the objects which are homeomorphic. In this
paper we show how to construct approximations that satisfy both requirements that
is approximate with homeomorphic objects and with a given order of tangency.

Theorem 1.2. Let K =R or C. Let (X,0) C (K", 0) be an analytic germ. Then
there are ¢ > 0 and an open neighborhood U of 0 in K™ such that for every m € N
there are a subanalytic and arc-analytic homeomorphism ¢, : U — @ (U) C K"
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and an algebraic subset Vi, of K™ with the following properties:

(a) (X NU) = Vi Nom(U),
(b) llom(a) — al| < c™||a||™ for every a € U.

The proof of Theorem is based on Mostowski’s approach, its recent refine-
ment [4], and a new result on Zariski equisingularity given in [16]. This proof
will be divided into two parts. Firstly, using Popescu Approximation Theorem
and a strong version of Varchenko’s Theorem given in [I6], we show that there is
an arc-analytic homeomorphism 1 such that ¥ (X) is a Nash set tangent to X at
0 with any prescribed order of tangency (cf. Proposition B4 Section B]). Next,
using Artin-Mazur’s Theorem of [3] (cf. also [7]), we prove that there is a Nash
K-analytic diffeomorphism 6 such that 6(¢(X)) is an algebraic set tangent to ¢ (X)
(cf. Proposition BTl Section []).

In Section[Bwe give an application of Theorem [[2lto the space of analytic arcs on
a given germ of analytic set. Namely, we show that for the space of truncated arcs
there is an algebraic germ, homeomorphic to the original one, with the identical
space of truncated arcs. We shall use the following notation. For any analytic
germ (Z,0) C (K",0), let A% (Z) denote the space of all truncations up to order
m of real analytic arcs contained in (Z,0). For a complex analytic germ (Z,0),
AC (Z) denotes the space of all truncations up to order m of complex analytic arcs
contained in (Z,0).

Theorem 1.3. Let K = R or C. Let (X,0) C (K",0) be a germ of real (resp.
complex) analytic set. Then for every m € N, there is an algebraic germ (Vi,,,0) C
(K™,0) with the same embedded topological type as (X,0) such that A% (X) =
A (Vi) i K = R, and AC,(X) = A, (Vi) A5,(X) = A (Vi) if K = C.

We also present an example showing that it is not enough in general to choose
for V,,, a germ of algebraic set which has a high tangency with X.

2. PRELIMINARIES

2.1. Nash functions and sets. Let K = C or R. Let 2 be an open subset of
K? and let f be a K-analytic function on 2. We say that f is a Nash function at
¢ € Q if there exist an open neighbourhood U of ¢ in €2 and a non zero polynomial
P € K[Zi,...,Z4, W] such that P(z, f(z)) = 0 for z € U. A K-analytic function
on € is a Nash function if it is a Nash function at every point of ). A K-analytic
mapping ¢ : Q — KV is a Nash mapping if each of its components is a Nash
function on €.

A subset X of Q is called a Nash subset of Q if for every ( € Q there exist an
open neighbourhood U of ¢ in €2 and Nash functions fi,..., fs on U, such that
XNU={2€U; fi(z)=---=fs(2) =0}. Agerm Xsofaset X at ( € Qisa
Nash germ if there exists an open neighbourhood U of ¢ in €2 such that X NU is a
Nash subset of U. Note that X¢ is a Nash germ if its defining ideal can be generated
by convergent power series algebraic over the ring K[Z1,. .., Z,]. For more details
on real and complex Nash functions and sets see [§], [25].

2.2. Nested Artin-Ploski-Popescu Approximation Theorem. We set x =
(x1,...,2n) and y = (y1, ..., Ym). The ring of convergent power series in x1, ..., x,
is denoted by K{z}. If A is a commutative ring then the ring of algebraic power
series with coefficients in A is denoted by A(x).
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The following result of [4] is a generalization of Ploski’s result [I7]. It is a corol-
lary of Theorem 11.4 [22] which itself is a corollary of the Néron-Popescu Desin-
gularization (see [I8], [22] or [23] for the proof of this desingularization theorem in
whole generality or [I9] for a proof in characteristic zero).

Theorem 2.1. [4] Let f(z,y) € K(z)[y]’ and let us consider a solution y(x) €
K{z}™ of
f@,y(x)) = 0.

Let us assume that y;(x) depends only on (x1,...,T4;)) where i — o(i) is an
increasing function. Then there exist a new set of variables z = (z1,...,25), an
increasing function T, convergent power series z;(x) € K{x} vanishing at 0 such
that z1(x), ..., 2-)(x) depend only on (x1,...,%s@)), and an algebraic power series
vector solution y(x, z) € K(z,z)™ of

f(z,y(z,2)) =0,
such that for every i,
yi(w, 2) € Kw1,...,T03), 21, -, 27()) and y(z) = y(z, 2(x)).

2.3. Arc-analytic and arc-wise analytic maps. Let Z,Y be K-analytic spaces.
A map f:Z — Y is called arc-analytic if fod is analytic for every real analytic arc
d: 1 — Z, where I = (—1,1) C R (cf. [I4]). By an arc-analytic homeomorphism
we mean a homeomorphism ¢ such that both ¢ and ¢! are arc-analytic.

Let T be a nonsingular K-analytic space. We say that amap f(t,z) : TxZ =Y
is arc-wise analytic in t if it is K-analytic in ¢ and arc-analytic in z. This means
that for every real analytic arc z(s) : I — Z, the map f(t, z(s)) is real analytic and
moreover, if K = C, complex analytic with respect to ¢ (cf. [16]).

2.4. Algebraic Equisingularity of Zariski. Notation: Let 2 = (z1,...,z,) €
K". Then we set z° = (x1,...,7;) € K.

2.4.1. Assumptions. Let V be an analytic hypersurface in a neighborhood of the
origin in K! x K™ and let T = V N (K' x {0}). Suppose there are given pseudopoly-
nomials

Pi
Fi(t, ") = 2l + Zai_w(t,xi_l)xfi_], i=0,..,n,
j=1
t € C!, 2% € C, with analytic coefficients a;_1 ;, that satisfy

(1) V= F;1(0),

(2) for all i, 7, a; ;(t,0) =0,

(3) F;_; vanishes on the set of those (t,2'71) for which F;(t,2""1, z;) = 0,
considered as an equation on x;, has fewer complex roots than for generic
(t,2"71),

(4) Either F;(¢t,0) =0 or F; = 1 (and in the latter case F, =1 for all k < i by
convention),

1A pseudopolynomial is a polynomial in x; with coefficients that are analytic in the other
variables. The pseudopolynomials F; that we consider are moreover distinguished polynomials

P
in x, i.e. are of the form xf + Zaj(x“l)xffj with a;(0) = 0 for all j. They may depend
=1
analytically on ¢ that is considered as a parameter.
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For condition (3) it suffices that the discriminant of (F;),eq, that is of F; re-
duced, divides F;_;. Equivalently, the first not identically equal to zero generalized
discriminant of F; divides F;_1, see subsection

We call a system {F;(t,2")} satisfying the above conditions Zariski equisingular.
We also say that the family of germs V; := V N ({¢t} x K”) is Zariski equisingular
if such a system with V' = {F,, = 0} exists, maybe after a local analytic change of
coordinates x. Answering a question posed by O. Zariski, A. Varchenko [26], 27, 28]
showed that a Zariski equisingular family V; is locally topologically trivial. The
following stronger version of Varchenko’s Theorem follows from Theorems 3.3 and

4.3 of [16].

Theorem 2.2. ([26, 27, 28], [16]) If a system {F;(t,x%)} is Zariski equisingular
then the family Vi is locally topologically trivial along T, that is there exist £,6 > 0
and a homeomorphism

P: B, x QO — Q,
where Be = {t € K ; ||t < e}, Qo = {x € K" ; ||z|| < 6} and Q is a neighborhood
of the origin in KT, that preserves the family Vi: ®~Y(V) = B. x Vy. Moreover,
® has a triangular form

O(t,x) = (t,V(t,z)) = (t, U1 (t,z"), Ua(t, 2?),--- , U, (t,2™))
and satisfies the following additional properties:

(1) if F,, is a product of pseudopolynomials then ® preserves the zero set of
each factor,
(2) @ is subanalytic (semi-algebraic if all F; are polynomials or Nash functions),
(3) ® is arc-wise analytic in t and ®~ is arc-analytic.
Moreover, if the multiplicity of F;(0,x%) at 0 € K* is equal to p; for every2 <i <mn
then there exists a constant C' such that for all (t,x) € B: X Qo

2

Remark 2.3. The last condition can be written equivalently, maybe for different
e > 0 and 6 > 0, as follows. There exists a constant C; > 0 such that for all
(t, CE) S Ba X QO

< Ofw(t, o).

Crtlall < 9 (t @)l < Callall,
see Proposition 1.6 of [I6]. That means geometrically that the trivialization ®
preserves the size of the distance to the origin.

Remark 2.4. The condition (1) of the conclusion can be given much stronger form,
cf. Proposition 1.9 of [16]. For any analytic function G dividing F,,, there is a
constant C' > 0 such that

CrHGO,2)|| < |G(@(t, )|l < Ci]|G(0,2)].
3. NASH APPROXIMATION OF ANALYTIC SETS

3.0.2. Generalized discriminants. (see e.g. [30] Appendix IV) Let f(T) = TP +
> a TP~ =T["_, (T — T;). Then the expressions

2 I  @-n

T1,..r5—1 k<lk,l#r e Tj—1
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are symmetric in T4, ..., 7T, and hence polynomials in a = (a1, ...,a,). We denote
these polynomials by Aj(a). Thus A; is the standard discriminant and f has
exactly p — j distinct roots if and only if Ay =---=A; =0 and A;; #0.

3.0.3. Construction of a normal system of equations. We recall here the main con-

struction of [15], [4].

Let g1,...,91 € K{z} be a finite set of pseudopolynomials:
Ts
95(@) =+ a1 (0"
j=1

We arrange the coefficients a,,—1 5 ; in a row vector a,—; € K{z"~'}P» p, = Do Ts-
Let f, be the product of the gs’s. The generalized discriminants A,, ; of f,, are
polynomials in a,,_1. Let j, be a positive integer such that

(3.1) Ay (an—1) Z0 and A, i(an—1) =0 for i < j,.

1

Then, after a linear change of coordinates 2", we may write

Pn—1
A (@n1) =t (@™ ) | a3 + D ano (2" 2)a
J=1

where u,,—1(0) # 0 and for all j, a,—2;(0) =0, and

Pn—1
fn—1 = xin:f + Z an—27j(xn_2)xizillij
j=1

is the Weierstrass polynomial associated to A, ;, . We denote by a,,_5 € K{z"~2}Pr-1
the vector of its coefficients a,,—2 ;.

Similarly we define recursively a sequence of pseudopolynomials f;(z'), i =
L,...,n—1, such that fi = " + 37" a;_q1 (2" ")2]"" is the Weierstrass poly-
nomial associated to the first non identically equal to zero generalized discriminant

Ait1,j,..(ai) of fir1, where we denote in general a; = (ai1,. .., aip,,,) and
) Pi ) )
(32) Ai+1)ji+1(ai) = ul(xl) l‘fl —l—Zai_l,j(xl_l)xfi_] y = O,...,n— 1.
j=1

Thus the vector of functions a; satisfies
(3.3) Ait1.(a;)) =0 k<jiy1, 1=0,..,n—1.
This means in particular that

Ay k(ag) =0 for k < ji and Ay j, (ao) = wo,
where uq is a non-zero constant.

Remark 3.1. At each step of this construction we may use a linear change of coor-
dinates in order to assume that the multiplicity of f; at the origin of K’ is equal to
pi- We will assume this in the following.
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3.0.4. Approzimation by Nash functions. If we consider (32) and (B3) as a system
of polynomial equations on a;(x?), u;(z*) then, by construction, this system admits
convergent solutions. Therefore, by Theorem 2.1 there exist a new set of variables
z = (#1,...,2s), an increasing function 7, convergent power series z;(z) € K{x}
vanishing at 0, algebraic power series u;(x%,2) € K(z%, 21, .. -, 27(s)) and vectors
of algebraic power series a;(z%,2) € K(z(), z1,...,2,(;))P* such that the following
holds:
z1(x), ..., zr;)(z) depend only on (x1,...,7;),
3

)
ai(z', 2), ui(x', z) are solutions of (B2, (B3)

and a;(z") = a; (2%, 2(z%)), us(2") = us(2*, 2(2")).

Then we define

F,(z,x) = HGs(z,x), Gs(z,x) =) + Zan—l,su’ (:C"_l,z(x"_l) — 2) als I,
s j=1

3

pi
Fi(z,z) =2l + Zai_l’j (:vi_l, 27D (g1 zT(i_l)) 277 i=0,...,n—1.
j=1

Finally we set Iy = 1. Because u;(0,0) = u;(0,2(0)) # 0 and by Remark Bl the
system {F;(z,x)} is Zariski equisingular deformation of F),(0,z) =[], gs(z). Hence
Theorem [2.2] implies the following.

Lemma 3.2. There are €,6 > 0 and a subanalytic, arc-wise analytic in z, arc-
analytic homeomorphism

(3.4) D(z,2) = (2,9(z,2)) : Be x Qo — Q,

where B. = {z € K ; ||2]| < e}, Qo = {z € K" ; ||z < &}, and Q is a neighborhood
of the origin in KI*™ | preserving the sets {Gs =0} for 1 <s <1, i.e. 1({G, =
0}) = B: x ({Gs =0,z =0}).

Moreover, there exist constants C, Cy > 0 such that for all (z,x) € Be X Qg

- |2 .o

Let us consider for m € N

< C|[¥(z,2)| < Cillz]-

2(x) = zm (@) + Zm(2),
where z,,(x) is the m-th Taylor polynomial of z(x). Set

fn(tv ‘T) = Hgs(tvx)v gs(tvx) = GS(tgm(‘r)v ‘T)

fit,z) = Fy(tzm(zx),z), i=0,...,n—1.

Let us fix the trivialization ® given by Lemma Then we have the following
result.

Lemma 3.3. There are R > 1 and 0 < §' < 0 such that for all m € N the system
{fi} is Zariski equisingular for |t| < R and such that the zero sets of §s(t,x),
s=1,...,1, can be trivialized by the homeomorphism

p(tx) = O(zm(2) + 12 (2), 2),
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defined on {(t,z) ; |t| < R, ||| < d'}.

Proof. The system is Zariski equisingular as it follows by construction. The only
point to check is that

(3.6) ai—1;(ta"™h) = a2 2D (=) —zr =D (i 1y)
= i1, (@ 2@ + (1= )50 (@)
depends only on z°~!. Fix R > 1. Then to show the second part it is enough to
note that we may choose ¢’ so that
[[tZm ()| <€
for ||z|| < ¢, |t| < R, and all m € N. O

Write ¢(t,x) = (t,0(t,z)), i.e. Y(t,x) := VU(tZ,(x),z). The inequalities (BH)
then imply

B0 |G| < clves@.ollm@] < o

if we bound [|Z,,(2)|| < C(m)|z||™T!. By classical formulae we may bound C(m) <
C supjjz|| <o’ | z(z)]|6'~ ™+ for a universal C. Then by integration we obtain

(3.8) ||’t/1(1,$) — ,TH < CCh (” Sﬁlp5 ||Z(CL')||6/_(7”+1))HCL‘||W+2-
z|| <o’

This allows us to give the following result:

Proposition 3.4. Let X be an analytic subset of an open neighborhood Uy of
0 € K™ with 0 € X. Then there are a constant ¢ > 0 and an open neighborhood
U C Uy of 0 in K™ such that for every m € N there are a subanalytic arc-analytic
homeomorphism oy, : U = ¢, (U) C K™ and a Nash subset Vi, of @ (U) with the
following properties:

(a) om(X NU) = Vi,
(b) lpm(a) —al| < c™||a||™ for every a € U.

Proof. We may assume that X is defined by the pseudopolynomials g1,...,q; €
K{xz}. We set g;(z) = G;(1,z) and we denote by V,, the zero locus of the g;.
Then by Lemma B3] the set X N U is homeomorphic to V;,, N U where U = {z €
K" ; ||z|| < ¢’}. The homeomorphism is given by ¢y, : © — (1, z). Condition
(b) follows from (B.8)). O

4. ALGEBRAIC APPROXIMATION OF NASH SETS
The main result of this section is the following

Proposition 4.1. Let X be a Nash subset of an open neighborhood Uy of 0 € K™
with 0 € X. Then there are a constant ¢ > 0 and an open neighborhood U C Uy
of 0 in K™ such that for every m € N there are a Nash K-analytic diffeomorphism
om U = on(U) C K" and an algebraic subset V,, of K" with the following
properties:

(a) om(X NU) = Vi N (U),
(b) [lem(a) — al| < c™[al|™ for every a € U.
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Proof. First we discuss the case K = C. We may assume that dim(X) = k < n
because otherwise there is nothing to prove. By Artin-Mazur’s construction [3] (cf.
also [7]), there are s € N, an algebraic set M C C™ x C* with 0 € M and a complex
Nash submanifold N of a polydisc E x F' C C™ x C* centered at zero such that:

(i) 7|a : M — C™ is a proper map, where 7 : C"* x C* — C"™ denotes the natural
projection, and M N (E x F) C N,
(ii) 7|n : N = E is a biholomorphism and 7#(M N (E x F)) =X NE.

We may assume that s = 1 (i.e. F is a disc in C). Indeed, we may replace
M,N by v, (M),v,(N) C C" x C, respectively. Here vy, is defined by the formula
vp(z,z) = (2, L(2)), where L : C* — C is a linear form such that vy, restricted to
({0}™ x C*) N M is injective. (Note that it may be necessary to replace E x F by
a smaller polydisc.)

We may also assume (applying a change of variables) that (M) C C* = C* ! x
C has proper projection onto C*~! and X N (E’ x E”) has proper projection onto
E', where E=FE' x E"" c C ! x C.

Denote m = (m1,...,Tp—1,T,) = (7', 7). Then after replacing 7, by any poly-
nomial w we obtain a polynomial map p = (7', w) such that p|ys is proper (so
p(M) is an algebraic subset of C"). Now, by (ii), there is a holomorphic func-
tion 7 : B’ x E” — F such that N is the graph of 7. We will choose w = wy,
such that (perhaps after shrinking E’, E”| F)) for p,, = (7', w,,) the map ¢, (z) =
pm((z,7(x))) satisfies (a) and (b) with V,,, = ps,(M). The size of E' x E” x F will
be independent of m. The idea to obtain algebraic V;,, (equivalent to or approxi-
mating some X) as the image of an algebraic set by a certain polynomial map p,,
appeared before (see e.g. [7], [, [6]). But here p,, must be chosen in a special way
to ensure that V,,, is both analytically equivalent and higher order tangent to X.

Let us verify that after shrinking E’, E”, F' the following hold:

(x) (" xCxdF)NM =,
(y) (E" x OE" x F)n M = (),
(2) (Ex 9F) NN = 0.

First, by the fact that N C E x F is a graph of a holomorphic function defined
on E, we know that (z) holds after replacing E by any of its relatively compact
subsets. Hence, we may assume to have (z). Observe also that if (z) is true, then
it remains such after shrinking F' slightly with fixed E.

Next, by the facts that 7|y is proper and 7(M) has proper projection onto C*~1,
we know that ({0}"~! x C x C) N M is a finite set. Therefore after shrinking F
slightly (in such a way that (z) remains true) we have ({0}"~* x C x F) N M = {).
Thus, in view of the properness of the projections, (x) holds for F' chosen above
with any sufficiently small neighborhood E’ of 0. It follows that both (x) and (z)
hold with any sufficiently small F = E’ x E”. We can pick E in such a way that
(E" x OE") N w(M) = 0, which implies (y).

Let ¢ denote the radius of F. Define wy, : E x F' — C by the formula w,, (x, z) =
Tn(2,2) + (%)™ with large m. Let us check that ¢, : U — C" given by ¢, (z) =
pm((z,7(x))) has all the required properties, where U = E’ x E”. For z € F we
have |z| < ¢ and the graph of 7 is contained in E’ x E” x F, hence in view of (z),
for m large enough, ¢,, is a biholomorphism onto its image. The injectivity of ¢,
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requires a brief explanation. First, by the definition of ¢,,, we can explicitly write
m
7(x
(a.1) o) = (a1 s+ (B2,

m
Thus ¢y, is injective on U if the map x,, — z, + (T(;)) is injective for every

fixed (w1, -+ ,2n—1). The latter assertion is true for large m if supweU|T(6$)| <1

because then the modulus of the derivative of the map z,, @)™ is small).
5

Let us check that supz€U|$| < 1. Recall that N = graph(7). Hence, by (z), we
have

0 < inf{|la — b|| ; a € graph(r),b € E x OF} <inf{|r(x) —c|; x € E,c € OF}.

Since ¢ is the radius of F, and U = E, we obtain sup,c;;|7(x)| < J, as required.
Let us verify that for large m,

m(X N (E" x E")) = pm(M) N om(E" x E”).

By (i), (ii) and the definition of ¢,,, we have ¢, (X N (E' x E")) = py,(graph(r) N
M). Moreover, p,(graph(r)) = ¢ (E" x E”), hence it is sufficient to show that
pm(graph(r) N M) = py,(graph(7)) N pm (M). In fact, the inclusion ”C” is trivial so
we prove ”D”.

Fix a € pp(graph(7)) N ppm(M). Then there are z € graph(r) and v € M such
that pp(z) = pm(v) = a. Observe that z,v € E’ x C x C. Indeed, write z =

(#15+ s Zn1, Zn, Znt1), 0 = (U1, .+, Un—1, Un, Up41). Since graph(7) C E' x E”" x F
we have (z1,...,2,-1) € E’. By the definition of p,,, and by pn,(2) = pm(v) we have
(21, e ,Zn_l) = (’Ul, e ,’Un_l).

Moreover, (E' x C x C) N M is bounded so v must belong to E’ x C x F because
otherwise (for large m) in view of the definition of w,, and (x), pm (v) = a lies outside
pm/(graph(7)), which is a contradiction. Now if v ¢ E’ x E" x F|, then by (y), (z),
(x) (for large m) pm(v) € pm(graph(7)), again a contradiction. Consequently, in
view of (i), we have v € MN(E' x E" x F') C graph(7). Since py, [grapn(r) is injective,
we have v = z, hence a € p,,(graph(r) N M). This shows that

Pm(X N (El X E”)) = pm(M) N (Pm(E/ X EH)

and completes the proof of (a).
Finally, by BTl we have

lom(a) —al < T

for every a € E' x E”. Since 7(0) = 0, we immediately obtain (b), which completes
the proof in the case K = C.

As for K = R, we cannot simply repeat the procedure above because the image of
a real algebraic set by a proper polynomial map need not be algebraic. Instead we
proceed as follows. First for the given Nash set X let X¢ denote its complexification.
More precisely, X¢ is a representative of the smallest complex Nash germ in (C™,0)
containing the germ (X,0). Note that X¢ is defined by real equations. For X¢
one can repeat the construction described above obtaining M, N also defined by
real equations. In particular, the Taylor expansion of ¢,, around zero has real
coefficients i.e. the restriction of ¢,, to R™ is a real Nash isomorphism. It is not
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difficult to observe that (¢, (X),0) is the germ of a real algebraic set as required.
O

5. PROOF OF THEOREM

Let (X,0) C (K™, 0) be a germ of analytic set. In both real and complex cases
(X,0) can be considered as a real analytic set germ defined by equations

gl = e e e gl = O
where the g; are convergent power series with real coefficients. A real analytic arc

on (X,0) is a germ of real analytic map (R,0) — (X,0). Then the space of real
analytic arcs of (X,0) is in bijection with set of morphisms

R{xlv s 7$n}
(gla" '7gl)

which are defined by the data of n convergent power series x1(t), ..., z,(t) € R{t}
such that

— R{t}

gi(x1(t),...,z,(t)) =0 Vi.

Let m be a positive integer and let ¢, be the homeomorphism given by Theorem
Let 6 be an arc on (X,0), i.e. ¢ is a real analytic map (—¢,e) — X NU for
some ¢ > 0. Then we define ¢’ : (—=1,1) — XNU by §'(¢) = d(et) forall t € (—1,1).
For such a real analytic arc &, ¢, 0 ¢’ is a real analytic arc on V,,, N ¢, (U) since
©m is an arc-analytic map (cf. Theorem [[2). Thus ¢,, 0§ is a real analytic arc on
(Vin,0). On the other hand ¢! is arc-analytic thus the same procedure applies.
This shows that ¢,, induces a bijection between the space of real analytic arcs on
(X,0) and the space of real analytic arcs on (V;,,0).

Now if § is a real analytic arc on (X,0) then

lem (6(8)) = 6@ < ™ [5(OII™ < CJe™

for all ¢ small enough and some positive constant C. This shows that z; o ., 0 §(t)
has the same Taylor expansion as x; o § up to order m — 1. Thus ¢,, induces the
identity map between the space of m-truncations of real analytic arcs on (X, 0) and
the space of m-truncations of real analytic arcs on (V,,,0).

If (X,0) is complex analytic then any real analytic arc germ 6 : (R,0) — (X, 0)
extends uniquely to a complex analytic arc germ d¢ : (C,0) — (X, 0) and similarly
for the arc-germs in (V;,,0). Moreover, any complex arc germ in (X,0), resp. in
(Vin,0), is the complexification of a real arc germ. Thus A®(X) = A®(V},,) follows
from AR(X) = AX(V,,,).

Remark 5.1. By a result of M. Greenberg (cf. [12] or [2I] for the analytic case) for
a given analytic germ (X,0) C (K™,0) there exists a constant a = ax > 0 such
that for every integer m we have that

A (X) = 7o (B (X))

where BE(X) denotes the space of k-jets on (X, 0), i.e. the space of K-analytic arcs
on (K", 0) whose contact order with (X, 0) is at least k41, and 7, is the truncation
map at order m, i.e. the map sending an arc on (K™, 0) onto its truncation at order
m. If we denote by (X’,0) an analytic germ defined by equations that coincide
with the equations defining (X,0) up to order am, then we obviously have that

B (X) = By (X).
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But while A% (X) is the truncation of BX (X), A (X’) has no reason in general to
be equal to the truncation of BX (X') since the constant ax: of Greenberg’s Theo-
rem may be strictly greater than a = ax. Thus we cannot prove, using Greenberg’s
Theorem, that AX (X) is equal to A% (X’) when (X’,0) is an analytic germ whose
equations coincide with those of (X,0) up to a high order.

In fact a high order of tangency of two analytic germs does not guarantee that
the spaces of truncated arcs associated with these germs are equal. We can explic-
itly show this on the following example. Let

f(xayvz) = 22 - $y4, fk(xvyaz) = 22 - $(y4 + ka)

and define X = {(x,y,2) : f(z,y,2) = 0}, X, = {(x,y,2) : fu(z,y,z) = 0} for any
positive integer k& which is not divisible by 2. Then the arc v given by v(t) = (¢, 0,0)
satisfies v € AX(X) but in both cases real or complex v ¢ AX(X}). Indeed, let 7
be any arc whose truncation up to order 1 equals . Then after substituting ¥ to
z(y* + 2?*) and to 22, we obtain power series with odd and even order of zero,
respectively, so fr o5 # 0. Thus AX(Xy) # AX(X), although 2k-truncations of f
and fi are equal and the multiplicities of X and X} at 0 are also equal for k large
enough.

REFERENCES

(1] S. Akbulut, H. King, On approximating submanifolds by algebraic sets and a solution to the
Nash conjecture, Invent. Math., 107, (1992), 87-98.
[2] M. Artin, Algebraic approximation of structures over complete local rings, Publ. I.H.E.S.,
36, (1969), 23-58.
(3] M. Artin, B. Mazur, On periodic points, Ann. of Math. (2), 81, (1965), 82-99.
[4] M. Bilski, A. Parusinski, G. Rond, Local topological algebraicity of analytic function germs,
J. Algebraic Geometry, to appear.
[5] M. Bilski, Approximation of analytic sets by Nash tangents of higher order, Math. Z., 256,
(2007), no. 4, 705-716.
[6] M. Bilski, Higher order approximation of complex analytic sets by algebraic sets, Bull. Sci.
Math., published online, doi: 10.1016/j.bulsci. 2014.08.009.
[7] J. Bochnak, W. Kucharz, Local algebraicity of analytic sets, J. Reine Angew. Math., 352,
(1984), 1-14.
[8] J. Bochnak, M. Coste and M.-F. Roy, “Real algebraic geometry”, Ergebnisse der Mathematik
und ihrer Grenzgebiete (3), no. 36, Springer-Verlag, Berlin, 1998.
[9] R. W. Braun, R. Meise, B. A. Taylor, Higher order tangents to analytic varieties along curves,
Canad. J. Math., 55, (2003), 64-90.
[10] M. Ferrarotti, E. Fortuna, L. Wilson, Algebraic approximation preserving dimension,
arXiv:1409.6451.
[11] M. Ferrarotti, E. Fortuna, L. Wilson, Local algebraic approximation of semianalytic sets,
Proc. Amer. Math. Soc., 143, (2015), 13-23.
[12] M. J. Greenberg, Rational points in Henselian discrete valuation rings, Publ. Math. IHES,
31, (1966) 59-64.
[13] W. Kucharz, Power series and smooth functions equivalent to a polynomial, Proc. Amer.
Maith. Soc., 98, (1986), no. 3, 527-533.
[14] K. Kurdyka, Ensembles semi-algébriques symétriques par arcs, Math. Ann., 282, (1988),
445-462.
[15] T. Mostowski, Topological equivalence between analytic and algebraic sets, Bull. Polish Acad.
Sci. Math., 32, (1984), no. 7-8, 393-400.
[16] A. Parusinski, L. Paunescu, Arcwise Analytic Stratification, Whitney Fibering Conjecture
and Zariski Equisingularity, arXiv:1503.00130.
[17] A. Ploski, Note on a theorem of M. Artin, Bull. Acad. Polon. Sci. Sér. Sci. Math. Astronom.
Phys., 22, (1974), 1107-1109.



12MARCIN BILSKI, KRZYSZTOF KURDYKA, ADAM PARUSINSKI, AND GUILLAUME ROND

[18] D. Popescu, General Néron desingularization, Nagoya Math. J., 100, (1985), 97-126.

[19] R. Quarez, The Artin conjecture for Q-algebras, Rev. Mat. Univ. Complut. Madrid, 10,
(1997), no. 2, 229-263.

[20] P. Samuel, Algébricité de certains points singuliers algébroides, J. Math. Pures Appl., 35,
(1956), 1-6.

[21] N. Schappacher, L’inégalité de Lojasiewicz ultramétrique, C. R. Acad. Sci. Paris Sér. I
Math., 296, (1983), no. 10, 439-442.

[22] M. Spivakovsky, A new proof of D. Popescu’s theorem on smoothing of ring homomorphisms,
J. Amer. Math. Soc., 12, (1999), no. 2, 381-444.

[23] R. Swan, Néron-Popescu desingularization, Algebra and geometry (Taipei, 1995), 135-192,
Lect. Algebra Geom., 2, Internat. Press, Cambridge, MA, 1998.

[24] J.-C. Tougeron, Solution d’un systéme d’équations analytiques réelles et applications, Ann.
Inst. Fourier 26, (1976), 109-135.

[25] P. Tworzewski, Intersections of analytic sets with linear subspaces, Ann. Scuola Norm. Sup.
Pisa Cl. Sci. (4) 17 (1990), 227-271.

[26] A. N. Varchenko, Theorems on the topological equisingularity of families of algebraic varieties
and families of polynomial mappings, Math. USSR Izviestija, 6, (1972), 949-1008.

[27] A. N. Varchenko, The relation between topological and algebro-geometric equisingularities
according to Zariski, Funkcional. Anal. Appl., 7, (1973), 87-90.

[28] A. N. Varchenko, Algebro-geometrical equisingularity and local topological classification of
smooth mappings, Proceedings of the International Congress of Mathematicians (Vancouver,
B.C., 1974), 1, pp. 427-431. Canad. Math. Congress, Montreal, Que., 1975.

[29] H. Whitney, Local properties of analytic varieties, 1965 Differential and Combinatorial Topol-
ogy (A Symposium in Honor of Marston Morse), 205-244 Princeton Univ. Press, Princeton,
N. J.

[30] H. Whitney, Complex analytic varieties, Addison-Wesley Publ. Co., Reading, Massachusetts
1972.

E-mail address: marcin.bilski@im.uj.edu.pl

DEPARTMENT OF MATHEMATICS AND COMPUTER SCIENCE, JAGIELLONIAN UNIVERSITY, LOJASIEWICZA
6, 30-348 KRAKOW, POLAND

E-mail address: Krzysztof.Kurdyka@univ-savoie.fr

UNIVERSITE SAVOIE MONT BrLaNc, CNRS, LAMA, UMR 5127, 73376 LE BOURGET-DU-LAC,
FRANCE

E-mail address: adam.parusinski@unice.fr
UNIVERSITE NICE SopHIA ANTIPOLIS, CNRS, LJAD, UMR 7351, 06108 NICE, FRANCE
E-mail address: guillaume.rond@univ-amu.fr

AIX-MARSEILLE UNIVERSITE, CNRS, CENTRALE MARSEILLE, 12M, UMR 7373, 13453 MAR-
SEILLE, FRANCE



	1. Introduction
	2. Preliminaries
	2.1. Nash functions and sets
	2.2. Nested Artin-Płoski-Popescu Approximation Theorem
	2.3. Arc-analytic and arc-wise analytic maps
	2.4. Algebraic Equisingularity of Zariski

	3. Nash approximation of analytic sets
	4. Algebraic approximation of Nash sets
	5. Proof of Theorem ??
	References

