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JUMP FILTERING AND EFFICIENT DRIFT ESTIMATION FOR
LEVY-DRIVEN SDE’S

ARNAUD GLOTER, DASHA LOUKIANOVA AND HILMAR MAI

ABsTRACT. The problem of drift estimation for the solution X of a stochastic differential equation
with Lévy-type jumps is considered under discrete high-frequency observations with a growing
observation window. An efficient and asymptotically normal estimator for the drift parameter
is constructed under minimal conditions on the jump behavior and the sampling scheme. In
the case of a bounded jump measure density these conditions reduce to nAd™¢ = 0, where n
is the number of observations and A, is the maximal sampling step. This result relaxes the
condition nA2 — 0 usually required for joint estimation of drift and diffusion coefficient for
SDE’s with jumps. The main challenge in this estimation problem stems from the appearance
of the unobserved continuous part X¢ in the likelihood function. In order to construct the
drift estimator we recover this continuous part from discrete observations. More precisely, we
estimate, in a nonparametric way, stochastic integrals with respect to X¢. Convergence results
of independent interest are proved for these nonparametric estimators. Finally, we illustrate the
behavior of our drift estimator for a number of popular Lévy—driven models from finance.

1. INTRODUCTION

The class of solutions of Lévy-driven stochastic differential equations (SDE’s) has recently at-
tracted a lot of attention in the literature due to its many applications in various area such as
finance, physics and neuroscience. Indeed, it includes important examples taken from finance such
as the well-known Barndorff-Nielsen-Shephard model, the Kou model and the Merton model (cf.

[ I, [ ] and [ ) as well as the stochastic
Morris-Lecar neuron model (cf. for example [ ]) from neuroscience to
name just a few. Consequently, statistical inference for these models has recently become an active
domain of research.

In this work we aim at estimating the unknown drift parameter § € © C R? based on discrete
observations Xfo, e ,an of the process X? given by

t t t
(1) X9:Xg+/ b9, X?) ds+/ a(X9) dWs+/ v(X? )dL,, teRy,
0 0 0

where W = (W;);>0 is a one-dimensional Brownian motion and L a pure jump Lévy process with
Lévy measure v.

We consider here the setting of high frequency observations with a growing time window, i.e.
for the discrete sample Xfo, e ,an with 0 < tp < ... < ¢, we assume that the sampling step
A, = max{t; —t;—1 : 1 <i < n} tends to 0 and ¢, — oo as n — oo. It is well known that due
to the presence of the diffusion part, one can only estimate the drift consistently if ¢,, — oco. A

Key words and phrases. Lévy-driven SDE, efficient drift estimation, maximum likelihood estimation, high fre-
quency data, ergodic properties.
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crucial point for applications in the high frequency setting is to impose minimal conditions on the
sampling step size A,. This will be one of our main objectives in this paper.

The topic of high frequency estimation for discretely observed diffusions without jumps is well
developed by now. See for example [ ], [ | and references therein for joint
estimation of drift and diffusion coefficient. Less results are known when a jump component is
added to the process. In the case of high frequency estimation for diffusion with an additional jump
component [ | investigates Gaussian quasi-likelihood estimators of a joint drift-diffusion-
jump part parameter. [ ] define a contrast-type estimation function,
for joint estimation of drift, diffusion and jump parts when the jumps are of compound Poisson
type. [ | generalizes these results to include more general driving Lévy processes. The
LAN property for drift and diffusion parameters is studied in [ | via Malliavin calculus
techniques. In all these papers joint estimation is considered under conditions on the sampling
scheme and the Lévy measure, which, in the case of a bounded jump measure density, is at best
nA2 — 0.

It is important to note here that the principles of the estimation of the drift, diffusion or jump
law parameters are of completely different nature. The estimation of the volatility is feasible on
a compact interval, whereas the estimation of the drift and the jump law requires a growing time
window. Also due to the Poisson structure of the jump part the estimation of the jump parameter
can be well separated from those of the drift and the diffusion part. In this work we focus therefore
on the estimation of the drift parameter only and construct a consistent, asymptotically normal
and efficient estimator, under conditions on the jump behavior and the sampling scheme, which, in
the case of bounded jump measure density reduce to nA2=¢ — 0.

A natural approach to estimate the unknown drift parameter would be to use a maximum
likelihood estimation, but the likelihood function based on the discrete sample is not tractable in
this setting, since it depends on the transition densities of X which are not explicitly known. On
the contrary, the continuous-time likelihood function is explicit. Our aim is to approximate this
function from discrete data and hence define some contrast function. The main difficulty is that
the continuous-time likelihood involves the continuous part X¢ of X that is unobservable under
discrete sampling. Intuitively, this tells us that the continuous part X¢ has to be recovered, hence
the jumps of X have to be removed in order to obtain an approximation of the continuous likelihood
function.

The question of estimation of the continuous part of an Ito-semimartingale appears naturally in
many statistical inference questions (cf. for example [ ] and
[ |) and constitutes in itself an interesting nonparametric problem. In this article we study
the question of estimation of stochastic integrals with respect to the continuous part of X from a
discrete sample of X. Propositions 6 and 7 give explicit rates of convergence for our estimators of
these quantities. Besides being of independent interest these results constitute the main tool for
the asymptotic analysis of our drift estimators.

The technique we use in order to recover stochastic integrals with respect to the continuous
part of X consists in comparing the increments of X with a threshold v,, suggested by the typical
behavior of a diffusion path. This approach will be called jump filtering in the sequel. Similar
ideas of thresholding were also used in [ I, [ I, [ | and

[ |. In this article we have paid particular attention to the study of
the joint law of the biggest jump and of the total contribution of the other jumps in each sampling
interval (Lemma 16), which permits us to improve existing conditions on the sampling scheme in
the drift estimation problem.
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The drift estimator is then constructed by applying a jump filter to the discretized likelihood
function and maximizing the resulting criterion function to obtain what will be called the filtered
MLE (FMLE). To study the properties of the FMLE we first focus on the MLE obtained from
continuous observations and show that this MLE is asymptotically normal (Theorem 13) with
explicit asymptotic variance. We then prove the LAN property which gives by Hajek-Le Cam’s
convolution theorem that the continuous MLE is efficient (Theorem 14). We show in the next
step that the FMLE attains asymptotically the same distribution as the MLE based on continuous
observations, which proves the efficiency of the FMLE (Theorems 3, 4). The last step is mainly
based on our results for the jump filter (Propositions 6 and 7).

The consistency of the FMLE is obtained without further assumptions on the sampling scheme.
The asymptotic normality necessitates some additional conditions on the rate at which A, goes
to 0 that depend on the behavior of the Lévy measure v near zero. In the case where v has a
bounded Lebesgue density these conditions reduce to nA3~¢ — 0 for some ¢ > 0. We believe that
this condition is unavoidable, because it is already necessary in the Fuler discretization scheme
of the stochastic integral with respect to X¢ (Lemma 10). It is in accordance with the condition
nA3 — 0 of [ | in the case of drift estimation for continuous diffusions, hence
our result can be seen as a generalization of [ | to the presence of jumps.

In the literature on joint estimation of drift and diffusion parameters for models with diffusion
and jump part the condition nA2 — 0 is usually required (cf. [ I,

[ | and [ |). The same condition on the sampling scheme appears for joint estimation
in the case of continuous diffusions in [ |. Hence, our work shows that by focusing on
drift estimation the condition nA2 — 0 can be relaxed in the presence of jumps as well.

As will be seen in Section 5 many popular models lead to explicit estimators, which do not
require the knowledge of the diffusion coeflicient and that perform well in numerical examples.

The structure of the paper is as follows. In Section 2 the problem setting and the main assump-
tions of this work are introduced. Section 3 contains the construction of the drift estimator from
discrete observations together with the main results. In Section 4 we discuss the approximation of
the continuous martingale part and prove the convergence of the jump filter. Section 5 is devoted to
applications to popular parametric jump diffusion models and some numerical examples. Finally,
in Section 6 and 7 we prove the main results and the convergence of the jump filter respectively,
and Section 8 contains some auxiliary results that are frequently used in the sequel.

2. MODEL, ASSUMPTIONS AND ERGODICITY

Let © be a compact subset of R? and X? a solution to (1) which can be rewritten as

t t t
x? :X§+/ b9, X?) ds+/ o(Xx9) dWs+/ /'y(Xg_)z,u(ds,dz), teR,,
0 0 0 JR

where W = (W});>0 is a one-dimensional Brownian motion and yx is the Poisson random measure
on [0,00) x R associated with the jumps of the Lévy process L = (L;);>o with Lévy-Khintchine
triplet (0,0, ) such that [ |z|dv(z) < co. The initial condition X§, W and L are independent. We
assume without loss of generality that 0 € © and b(0,-) = 0.

2.1. Assumptions. We suppose that the functions b: © xR - R, 0 : R - Rand v: R = R
satisfy the following assumptions:

Assumption 1. The functions o(x),y(x) and for all§ € O, b(0, x) are globally Lipschitz. Moreover,
the Lipschitz constant of b is uniformly bounded on ©.
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Under Assumption 1 equation (1) admits a unique non-explosive cadlag adapted solution pos-
sessing the strong Markov property, cf. [ ](Theorems 6.2.9. and 6.4.6).

Assumption 2. For all § € © there exists a constant t > 0, such that X! admits a density p(z,y)
with respect to the Lebesgue measure on R; bounded iny € R and in x € K for every compact K C R.
Moreover, for every x € R, and every open ball U € R there exists a point z = z(x,U) € supp(v)
such that y(x)z € U.

The last Assumption was used in [ | to prove the irreducibility of the process X°.
See also [ | for other sets of conditions, sufficient for irreducibility.

Assumption 3 (Ergodicity). (i): For all ¢ > 0, le|>1 |z|7v(dz) < oo.
(ii): For all 6 € © there exists a constant C > 0 such that zb(0,x) < —C|x|?, if |z| — oc.
(iii): |y(x)|/]z| = 0 as |z| — .
(iv): |o(@)|/|xz] = 0 as x| = oo.
(v): V0 € ©, Vg > 0 we have E|X{|? < .

Assumption 2 ensures together with Assumption 3 the existence of unique invariant distribution

7%, as well as the ergodicity of the process X?, as stated in Lemma 1 below.

Assumption 4 (Jumps). (1): The jump coefficient v is bounded from below, i.e. inf g |y(x)] :=
Ymin > 0 (wlog we suppose Ymin > 1).
(ii): the Lévy measure v satisfies f0<‘z|§1 |z|v(dz) < oo,
(iii): the Lévy measure v is absolutely continuous with respect to the Lebesque measure,
(iv): the jump coefficient v is upper bounded, i.e. sup g |v(z)| = Ymas < 00.

Note that the integrability condition given by the Assumption 4 (ii) is automatically satisfied in
the finite activity case v(R) < oo. This condition insures that the trajectories of the driving Lévy
process L are a.s. of finite variation and hence the integral with respect to L in (1) can be defined
as a deterministic Lebesgue-Stieltjes integral. The third and the fourth point of the Assumption 4
are technical and need in the infinite activity case.

The following assumption insures the existence of the likelihood function.

Assumption 5 (Non-degeneracy). There exists some o > 0, such that o%(z) > « for all z € R.

Assumption 6 (Identifiability). For all 8 # 6', (0,0') € ©2,
b(0,x) — b(o’ 2
/(( ,.T) ( ,1‘)) d7T0(.CC)>O
R

o (x)
We can see (cf. Proposition 17) that this last assumption is equivalent to
(2) VO £6, (0,0) 0% bh,.)#bd,.).
For f: © — R denote by Vg f : © — R? the gradient column vector and by 93 f

2 )
( 0:0, 1<i,j<d

the Hessian matrix of f. We define |¢| as the Euclidian norm of § € R?, and |93 f| := EZj:l |83i761f\2

as the Euclidian norm of the Hessian matrix of f. The following assumption is used to insure the
uniform in 6 convergence needed in the proofs of consistency and asymptotic normality:

Assumption 7 (Holder-continuity of drift). (1): For all x € R, b(.,x) is Holder-continuous
with respect to 6 € O:

vO,0',  [b(0,x) — b(6', x)| < K(x)|0 — 0']",
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where 0 < kK <1 and K : R — Ry is at most of polynomial growth.
(ii): For all z € R, b(.,x) is twice continuously differentiable with respect to 6 and Vb(.,x)
and 0%b(.,z) are Holder-continuous with respect to 0 € © :

V0,0',  |Vb(0,x) — Vb0, x)| < Ky(x)|0 — 0|
v0,0', |0zb(0,x) — 0ab(0', 2)| < Ko(x)|0 — 0’|

where 0 < K1, ke <1 and K1, Ko : R — Ry are at most of polynomial growth.
We also need the following technical assumption:

Assumption 8. The functions b,a, Vb, 03b are twice continuously differentiable with respect to x.
The functions o', o as well as the functions

7 s sup | 200 2)
hen | Bizdif

are sub-polynomial for all 0 <i <2 and 0 < j < 2.

Define the asymptotic Fisher information by

- 16) = ( /R 0o, b(6. 2),b(6.7) (dx))

o?(x)

1<i,j<d
Assumption 9. For all § € O, I(0) is non-degenerated.

2.2. Ergodic properties of solutions. In all our statistical analysis an important role is played
by ergodic properties of solutions of equation (1). The following lemma is a generalization of a
result of [ ]. Tt states conditions for the existence of an invariant measure 7% such that
an ergodic theorem holds and moments of all order exist. A proof is given in Section 8.

Lemma 1. Under assumptions (1) to (4), for all @ € ©, XY admits a unique invariant distribution
7% and the ergodic theorem holds:

(1) for every measurable function g : R — R satisfying 7% (g) < oo, we have a.s.

S Y - o
Jim 2 ; 9(XJ)ds =7 (g).
(2) For all ¢ > 0, ©(|z]?) < occ.
(3) For all ¢ > 0, sup,cg E[|X?|7] < 0o and sup,er E[|X? |7] < oo.

(4) Moreover,
¢

1
lim = [ E[|X?ds = n(|z|?).

t—oo t 0

3. CONSTRUCTION OF THE ESTIMATOR AND MAIN RESULTS

We define a discrete approximation to the continuous time likelihood function by employing a
jump filtering technique and hence obtain an approximate maximum likelihood estimator. We prove
that this drift estimator attains asymptotically the same performance as the maximum likelihood
estimator based on continuous observations under suitable assumptions on the jump behavior of
the driving Lévy process L.
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3.1. Construction of the estimator. Let X% be given by (1). We denote by P? the law of X°
on the Skorokhod space D[0, o) of real-valued cad lag functions, and P! its restriction on DI[0,t).
From now on we denote the true parameter value by 6*, an interior point of the parameter space ©
that we want to estimate. We shorten X for X?* and P, E, 7 for respectively P?", E?" 7" . Suppose
that we observe a finite sample

(4) Xt07...,th; Oztogtlgﬁtn

Every observation time point depends also on n, but to simplify our notation we suppress this
index. We will be working in a high-frequency setting, i.e.
Api= sup (tipn —t) o 0.

1=0,...,n—1

We assume lim,, o, t, = co and nA,, = O(t,) as n — oo. Under Assumption 5, Pf and PP are

mutually locally absolutely continuous for any § € © (cf. for example [ D
and the likelihood function is given by
apy t ,2 e L i 2
(5)  L4(0,X)= ﬁ(X) = exp o(Xs) °b(0, Xs) dX$ — 5 o(Xs)7°b(0, Xs)" ds | .
t 0 0

We define the log-likelihood function as
(6) £,(0) :=1InL(0, X).

The crucial point here is the appearance of X¢ in (5), since when X is observed discretely, its
continuous part remains unknown. To handle this problem we use a jump filter as described below.

For g : [0,t,] — R, set A?g = g1, — gt,_,, @ = 1,...n. In particular, A?X = X;, — Xy, .,
APXC=X{ — X{  and A}ld=1t; —t;_;. Let ¢ € (0,1/2) and denote

(7) v, = A2 >

Define a discrete, jump-filtered approximation £’ of the log-likelihood function as follows.

n

I N : Do) (0K, A

The cut-off sequence (v,,) is chosen in order to asymptotically filter the increments of X containing
jumps. The increments of the continuous martingale part are typically of the order A}/ 2, which
leads to the definition (7). The challenge now is to find suitable conditions on A,,, € and v to make
the likelihood (6) well approximated by its discretized and jump filtered counterpart (8) even in
the case of infinite activity. Of course we can choose € arbitrarily small, which is a choice we have

in mind. Finally, we define an estimator 0,, of 0* as

9) 0 € argmax ¢y ()
0cO

and in the sequel we call it the filtered MLE (FMLE).

3.2. Main results. The following theorem gives a general consistency result for the FMLE 0,, that
holds for finite and infinite activity without further assumptions on n, A,, and v,.

Theorem 2 (Consistency). Suppose that Assumptions 1 to 8 hold, then the FMLE 0, is consistent
in probability:

s P
0, — 0%, n — oo.
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To obtain a central limit theorem for the estimation error we consider finite and infinite activity
separately, since we obtain different conditions on the relation of n, A, and the cut-off sequence
Un.-

Theorem 3 (Asymptotic normality: finite activity). Assume that the Lévy process L has a finite
Jump actiwvity : v(R) < oo. Suppose that Assumptions 1 to 3, 4(i) and 6 to 9 hold.

1—¢/2
If nA2=¢ — 0, \/ﬁA}fE/z (f‘ l/(dz)) — 0 and \/ﬁA}/Q f|2|<2vn |zlv(dz) — 0 as n —
00, then we conclude that the FMLE 6, is asymptotically normal:

z|<2v,

1206, — 0*) 5 N(0,I72(6%)), n — oo,

where I is the Fisher information given by (3).
Furthermore, the FMLE 0,, is asymptotically efficient in the sense of the Hajek-Le Cam convo-
lution theorem.

Remark 1. If v has a bounded Lebesgue density, the conditions of the Theorem 3 on the sampling
scheme and the jump behavior reduce to nA2=4¢ — 0.

The following theorem generalizes the results of Theorem 3 to driving Lévy processes of infinite
activity.

Theorem 4 (Asymptotic normality: general case). Assume that the Lévy process L has infinite
jump activity : v(R) = oo. Suppose Assumptions 1 to 9 hold. If nA>~¢ — 0,
1—¢/2
V(dz)> -0

=

2| <3vn /Ymin

1—e/2
|zz/(dz)> —0 and /nAd?% (/
|

z|>3vn /Ymin

as n — 0o, then all conclusions of Theorem 3 hold.

Theorem 4 applies for both finite and infinite jump activity. Besides different conditions on the
sampling scheme and the behavior of v near zero it uses that the Lévy measure v admits a density,
which is not supposed in Theorem 3. In the case where v admits a bounded Lebesgue density, all
the conditions on the A, and n of the Theorem 4 became nA2~¢ — 0 for some £ > 0 as in the
Theorem 3.

Example 5 (tempered stable jumps). To illustrate the influence of the jump behavior of L on
the conditions on n and A, given in Theorem / let us consider the example of a tempered «-
stable driving Lévy process. Tempered stable processes have been popular in financial modeling to
overcome the limitations of the classical models based on Brownian motion alone (cf.
/ ]). The Lévy measure in this case has an unbounded and non-integrable density given
by
v(dz) = C|z| I+ =M=l

with A > 0 and a normalizing constant C > 0 that satisfies the conditions of Theorem 4 if 0 < a < 1.

The conditions onn, A, and v in Theorem J can now be summarized as nA2~*=¢ — 0 for some
€ > 0. We observe that a higher Blumenthal-Getoor index o requires a faster convergence A,, to
zero. This is in line with the intuition that when the intensity of small jumps increases (i.e. «
increases) more and more frequent observations are needed to have a sufficient performance of the
jump filter.
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4. NONPARAMETRIC ESTIMATION OF X€¢ VIA JUMP FILTERING.

The estimation problem considered in this work leads naturally to the more fundamental problem
of approximation of the continuous martingale part X ¢ from discrete observations of a jump diffusion
X. In this section we prove approximation results of this sort for integral functionals with respect
to X¢. Since we need both uniform and non-uniform versions for the drift estimation problem, both
settings will be discussed. The following proposition concerns the finite activity case. The cut-off
sequence v, and e were defined in (7).

Proposition 6 (jump filtering: finite activity). Suppose that L is of finite activity and Assumptions
1 to 4 hold. Suppose that f: © x R — R satisfies:
a) for all x € R, f(.,x) is Holder continuous with respect to 6 € O :

V0,0, |f(0,x)— f(0',2)| < Cx)|0 — 0%,

where 0 < K <1 and C : R — Ry is at most of polynomial growth;

b) for all 6 € ©, f(0,.) € C*(R) and supgcg |f(0,.)], supgee | f2(0,.)] and supyee | f2 (0, .)| are
at most of polynomial growth.

Then the following statements hold:

(i) without any assumption on the way that A, — 0 as n — oo,

tn n
(nA,)~! sup F0,X,) dXE =3 (0, Xt )ATX L avx (<0, | — 0;
€910 i=1
1—¢/2
(i) if nA3=¢ — 0, NS (flz\gzvn I/(dz)) — 0 and
\/ﬁA}/Q f\z\<2vn |z|lv(dz) = 0 as n — oo, then for any 6 € O,
tn n
(10) (nA,)~1/2 / F(0,X,) dXE =3 (0, X0 AT X pn 0, | 250,
0 i=1

The case of infinite activity is treated in the following proposition.

Proposition 7 (jump filtering: infinite activity). Suppose that L is of infinite activity and As-
sumptions 1 to 4 hold. Suppose that f : © x R — R satisfies the assumptions of Proposition 6.
Then,

(i) statement (i) of Proposition 6 holds;
(i) if nA3=¢ — 0,

=

2|<3vn /VYmin

1—¢/2 1—¢/2
|z|1/(dz)> —0 and +/nA3/?F </ V(dz)> —0
|

2|>3vn /VYmin

as n — 0o, then for any 0 € ©, the convergence (10) holds.

The proofs of both propositions are based on the following three lemmas. Lemma 8 and 9
describe the approximation of the discretized stochastic integral with respect to X¢ by the jump
filter in the cases of finite and infinite activity, respectively. To prove the propositions 6 and 7 we
also need a convergence result for the Euler scheme in order to approximate the stochastic integral
with respect to X¢ by the corresponding discrete sum. This will be done in Lemma 10.
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Lemma 8 (jump filtering error: finite activity). Assume that L is of finite activity and f : O xR —
R is such that supycg | f(0, )| is sub-polynomial. Under Assumption 1 to 4, we obtain

(i)
Sup\Zf (0, X, ) (APXC — ATX1|arx|<0, ) | = Opi (nA3/?75/2),
0e0 =5

(ii) for all § € O, if nA37¢ — 0 as n — oo,

n

3 S0, X0 ) (APXC — ATX 1A x|<0,) = 0P (\/nAn)

=1

z|<2v, |z|<2vs,

1—¢/2
+O0p1 | nAY/?75 4 pA3/2=</2 (/ V(dz)> +nA, |z|v(dz)
|

The next lemma extends the uniform bound to the case of infinite activity.
Lemma 9 (jump filtering error: infinite activity). Assume that L is of infinite activity and f :
© x R — R is such that supyeg | (0, x)| s sub-polynomial.
(i) Under Assumption 1 to 4, we obtain

Sup|Zf (0, X1,_,) (APXC = AP X1 arx|<0,) | =
0cO i—1

1—¢/2 1—¢/2
Ou | nar, ( / z|1/(dz)> a3/ ( / ” dz)>
|2|<3v, [2|>Vn /Ymin

2—e¢

(i) for all 0 € ©, if nA3~* ( [ y(dz)) — 0, as n — oo, then

n

3 S0, X0 ) (APXC — ATX1|arx|<0,) = 0P (s/nAn)

i=1

+ op1 <nA3LE(/ V(dz))16/2> + O (nAn(/ |z|u(dz))15/2> .
|2|23Un/"/min |Z‘S3vn/7min

The approximation of the stochastic integral is treated in the following lemma.
Lemma 10 (Euler scheme). Suppose that f : © x R — R satisfies the following assumptions:
a) for allx € R, f(.,x) is Hélder continuous with respect to 6 € © :
vO,0', |f(0,x) — f(0',2)] < K(x)|6 - 0']%;

where 0 < kK <1 and K : R — Ry is at most of polynomial growth;

b) for all§ € ©, f(0,.) € C*(R) and supgeg |f(0,.)], supgee | f2(0,.)] and supyee | f2 (0, )| are
at most of polynomial growth.

Under Assumptions 1 to J, we obtain
(i) as n — oo,

sup(nA,) |/f (0, X,) dX¢ — Zf 0, X,, )ATXe| L0
6O i—1
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(i) if nA3=¢ — 0, then, as n — oo,

17 n
Vo €O, (nA,) /2 / £0,X,) dXE =37 (0. X, )APX| L5 0.
0

i=1

We have now collected all the tools to prove the convergence of the jump filter approximation
towards integral functionals with respect to the continuous martingale part as stated in Proposition
6 and 7.

Proof of Proposition 6. We decompose the difference as follows:

trn n
(D) | [ #0.X) axs = 30 56X AT X Lapxice, | <
0 i=1
tn n n n
f(0>X8) d‘XsC - Zf(a, th‘fl)Aanc + Z f(gvXti71)A;LXc - Zf(97Xti—l)A’LTLX1‘A?X‘S'Un
0 i=1 i=1 i=1

We first prove (i). By Lemma 10, the first term on the right hand side of (11) divided by nA,, goes
to zero uniformly, without any condition on A,,. Combining it with (i) of the Lemma 8 we get the
result.

We now prove (ii). For the first term of (11) divided by (nA,,)'/? we use (i) of the Lemma 10.
Moreover, the (ii) of the Lemma 8, gives, for any 6 € ©,

(&) T2 (0, Xe) (AP XS = AT XL apx|<0,) = 0p(1)+
i=1

1—€/2
V(dZ)) +VnAL? / l2v(dz) | =50

z|<2v,

Ou [ viaz< 4 yaal-es </
\

z|<2v,

under conditions (ii) of the proposition.
(]

Proof of Proposition 7. We use the decomposition (11)
and prove first the statement (i). Using the Lemma 10 the first term of (11) divided by nA,
goes to zero uniformly without any condition on A,,.

Lemma 9 together with the Assumption 4 (ii) and the fact that v, = AY?E gives

(nAR)~" sup > F(0. X)) (APXC = ATXLja x|<0,) | =

=1

1—¢/2 1—e/2
Op (/ z|1/(dz)> + AL/2=e/2 </ y(dz)) =
|z| <3vp, |2|>vn /Ymin

1—¢/2 A1/2_6/2 1—e/2
Our / 12v(d=) A / 12 lv(d=) 0.
|2|<3vn Un |2|2vn /Ymin

Hence statement (i) is proved.
Now we prove statement (ii). For any § € ©, under the condition nA3~¢ — 0, the second statement
of Lemma 10 gives the convergence to 0 of the first term in the decomposition (11), divided by
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v/nA,,. The convergence to 0 of the second term of (11), divided by \/nA,, immediately follows
from Lemma 9 and the conditions of (ii). O

When discretizing the likelihood function, we need the following lemma, whose proof can be
found in the Section 8.

Lemma 11. Suppose that Assumptions 1—4 are satisfied . Suppose that f: © x R — R is such that
Vo € O, f(0,.) € CH(R) and supyee | f/(0,.)| is sub-polynomial. Then we obtain:

(i) asn — oo,

tn

sup

F(0,X.) ds =" £(0. X0, _)ATTd| = Oua (nAZ/?);
0e©

0 i=1

(ii) if nA3=¢ 2220, then

tn n
(nA)~1/?) / £60,X.) ds— " £(0, X, )Ar1d) 25 0.
0 i=1

5. EXAMPLES AND NUMERICAL RESULTS

In this section we consider concrete applications of the drift estimator in popular jump diffusion
models and investigate the numerical performance in finite sample studies. We consider both
examples with finite and infinite jump activity.

In the first part we give explicit drift estimators for Ornstein-Uhlenbeck-type and CIR processes
and compare there performance in a Monte Carlo study for finite activity jumps. Then we apply our
method to a hyperbolic diffusion process with a-stable jump component of infinite jump activity.
We consider here for convenience only linear models in the drift parameter that lead to explicit
maximum likelihood estimators in order to avoid the need for numerical maximization techniques.
Note that the method developed in this work applies equally well to non-linear models by using
standard maximization methods on the discretized and jump-filtered likelihood function (8).

It turns out that our estimators can be applied even beyond the scope of our theoretical results.
To demonstrate this we include in Section 5.2 models that do not posses moments of all orders and
consider Lévy processes of unbounded variation in our simulations.

5.1. Finite activity. In this section we consider two different jump diffusion models with finite
activity jumps. The first model will consist of Ornstein-Uhlenbeck-type processes that recently
became popular in financial modeling (cf. for example [ D.
In the second part we extend a Cox-Ingersoll-Ross model from finance (cf. [ ) by
including jumps and investigate the finite sample behavior of the drift estimator and jump filter for
varying observation settings. The jump process L is of compound Poisson type in the case of finite
activity such that it can be written as

Ny
(12) L, = ZZ% for t > 0,

i=1
where (N¢);>o is a Poisson process with intensity A and (Z;);en are i.i.d. real random variables
independent of N, with distribution v/A\.



JUMP FILTERING AND EFFICIENT DRIFT ESTIMATION FOR LEVY-DRIVEN SDE’S 12

5.1.1. Ornstein-Uhlenbeck-type processes. Suppose that we have given a discrete sample
(13) Xigs--or Xt

of an Ornstein-Uhlenbeck-type (OU) process (X;)¢>o that is defined as a solution of the stochastic
differential equation

for t; =iA,, and i =0,...,n,

n

dXt = (02701Xt) dt+0’th+st X() =X,

where (W;):>0 is a standard Brownian motion and (L;);>¢ a pure jump Lévy process. Our goal is
to estimate the unknown drift parameter § = (6;,6,) € R2. The volatility parameter o > 0 might
be unknown and can be seen as a nuisance parameter. The jump component (L;);>o will be of
compound Poisson type, i.e. it can be written as in (12) with intensity A and the jump heights Z;
are supposed to be iid with exponential distribution with rate 1.

From (8) and (9) we find that the FMLE for 6 is the solution 69V = (élo}f, ég)g) to the following
set of linear equations in #; and 6,.

020, (X, 1) = 30 X AT X Lanx| <o,

(14 o _ S APX T anx| <o, + 0110(X, 1)
2 — 9
tn

where we introduced the functional
n

(15) L(X,p) =Y XPAMId forpeR.
i=1
The FLME for the first component of # results in
gou _ (1 (X, 1)7 LX) Y0 AP X anx <o, — tn 2oy Xe AT X LAz x|<o,
b In(X,2) tnln(X,2) '

The second component ég}f follows now easily by plugging élog into (14).
In Table 1 we give simulation results for é?}f The given mean and standard deviation are each

based on 500 Monte Carlo samples of é?}j . In this example we choose v, = A}/ % in order to
approximate well the continuous martingale part that appeared in the likelihood function (5). We
compare different observation schemes and different jump intensities A for true parameter values
given by 61 = 2 and 0y = 0. The drift estimator performs well over the whole range of settings
provide that the discretization distance A,, is sufficiently small. We also give the average number
of jumps that were detected by the jump filter and observe that this number scales as expected
linearly in t,,.

5.1.2. Cox-Ingersoll-Ross (CIR) processes with jumps. We define a CIR or square-root process
X = (X¢)¢>0 with jumps as a solution to the SDE

Xt = (91 - GQXt) dt + o/ Xt th + st,

where 601,02,0 > 0, (W) is a standard Brownian motion and (L;) a pure jump Lévy process.
The two-dimensional drift parameter § = (01, 62) is unknown and will be estimated from discrete
observations of X as in (13).

The classical CIR process without jumps (e.g. L; = 0) has the property that it stays non-
negative at all times which makes it an interesting model for financial applications e.g. in interest
rate modeling (Vasicek model) and stochastic volatility models (Heston model). We consider here
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A=1 A=6
tn n  mean std dev jumps filt mean std dev jumps filt
2 100 1.4 0.7 6.5 1.4 0.6 15.8
300 1.8 0.8 6.8 1.7 0.6 15.9
600 2.0 0.8 7.9 1.9 0.5 16.3
800 2.0 0.8 7.2 2.0 0.6 16.5
5 600 14 0.6 13.1 1.3 0.39 39.5
1200 1.8 0.6 13.6 1.7 0.39 40.4
4000 2.0 0.7 13.6 1.8 0.39 41.4
6000 2.1 0.7 124 1.9 0.37 41.5
10 600 1.2 0.26 19.1 1.3 0.21 67
2000 2.0 0.27 21.6 1.6 0.2 75

TABLE 1. Monte Carlo estimates of mean and standard deviation from 500 samples
of 69} for an OU process with compound Poisson jumps with intensity X and true
parameter 6, = 2.

therefore a jump component (L;) of compound Poisson type that exhibits only positive jumps such
that X will stay non-negative. In fact, we take a driving Lévy process (L;) as in (12) with intensity
A =1 and exponentially distributed jumps with rate n > 0, e.g. Z; ~ Exp(n).

The filtered maximum likelihood estimator for 8 is this model can be easily derived from (8) and
(9). It is given as the solution §S™ = (AR, ISIR) to the following set of linear equations in the
parameters 6; and 65.

Oatn — >y X; ' AT X 1jar x| <o, Ortn — i) AP X1 Anx <o,

1) b= (X, 1) 2= (X, 1) :

where I,,(X,p) for p € R was defined in (15). We obtain for éSInR the FMLE

O = (I,(X, —1) I, (X, 1) — t,) " (Z X, AP X1 arx <o, — In(X, 1) ZA?X1|A?X|<UTL> .
i=1 i=1

CIR

1,n

The first component 6 . follows now immediately by plugging OASLR into (16).

To obtain Monte Carlo estimates of mean and standard deviation of AS™ we simulate discrete

samples of X on an equidistant grid as in the previous example. We take v, = A}/ % in order to
approximate the continuous martingale part of X. In Table 2 we report the results for OASLR from
1000 Monte Carlo samples each. The results are given for different ¢,,, n and o for true parameter
values 6; = 0.1 and 6y = 2. We find that éQC’LR performs well as long as the discretization step size
A, is fine enough such that a high-frequency approximation becomes valid.

5.2. Infinite activity. In this section we investigate estimation of the drift when the driving Lévy
process is of infinite jump activity. This is of course a more challenging problem with regards to the
approximation of the continuous martingale part i.e. the jump filtering problem, since we have to
distinguish a diffusion component from a process that jumps infinitely often in finite time intervals.
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o=0.25 oc=20.5
tn n  mean std dev jumps filt mean std dev jumps filt
5 200 1.7 0.22 6.8 1.7 0.28 8.0
400 1.9 0.12 5.1 1.8 0.2 6.6
800 2.0 0.09 4.5 1.9 0.17 5.6
10 500 1.7 0.15 12 1.7 0.21 15
1000 1.9 0.08 9.7 1.8 0.14 12
1500 1.9 0.06 9.5 1.9 0.13 11
20 1000 1.8 0.13 25 1.6 0.16 30
2000 1.9 0.06 19 1.8 0.11 24
3000 2.0 0.04 19 1.9 0.09 22

TABLE 2. Monte Carlo estimates of mean and standard deviation of égle for a
CIR process with Gaussian component and compound Poisson jumps with intensity

A =1 and true drift parameter 6y = 2.

5.2.1. Hyperbolic diffusions with jumps. In this section we apply the drift estimator to hyperbolic
diffusion processes with jumps. They are defined as solutions (X;);>o of the following SDE:
0X,
dXt——W dt+0th+st, Xo—x.
Here, the drift parameter & > 0 and the diffusion coefficient ¢ > 0 are unknown and we aim
at estimating 6 form discrete observations Xy,,...,X;, of X, where t; = iA,, for A, > 0 and
i =0,...,n. The driving Lévy process (L);>o will be an a-stable process with Lévy-Khintchine
triplet (0,0, v) such that the Lévy measure is of the form v(dz) = dz/|z|'T.
From (5) we obtain an explicit pseudo MLE for 6 in this model class given by

t C
Jo iy dXs

t X2
Jo wrseyds

nhyp _
0,7" =

Via discretization and jump filtering this leads to the following drift estimator based on discrete

observations:
n

ghyp — _ Z K AT X1 an x|<v i 7Xt21
" — (1+X2)2 A\ 1+ X7
To assess the performance of éﬁyp in Monte Carlo experiments we simulate discrete trajectories of
X via a Euler scheme with sufficient small step size.

In Table 3 we give estimated mean and standard deviation of 8% from 500 Monte Carlo samples
each for different observation length ¢,, and number of observations n. We consider two different
values for the index of stability o and give also the number of jumps that have been detected by the
jump filter. It turns out that éZyp performs remarkably well over the whole range of different setting
even in the case a = 1 of infinite variation jumps that is not covered by our theoretical results,
since we have assumed that [, [2|v(dz) < oo. It might therefore be reasonable to expect that the
convergence results presented here can be extended to jumps processes with Blumenthal-Getoor
index o > 1.
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a=0.5 a=1
tn n  mean std dev jumps filt mean std dev jumps filt
5 600 1.7 0.53 26 1.6 0.62 37
1200 1.9 0.54 27 1.8 0.60 40
1500 1.9 0.57 26 1.9 0.66 41
10 1000 1.6 0.33 51 1.5 0.40 71
2000 1.8 0.34 53 1.7 0.38 79
4000 1.9 0.35 50 1.9 0.43 85
20 2000 1.6 0.23 104 1.6 0.27 142
4000 1.8 0.24 106 1.7 0.28 158
8000 1.9 0.23 101 1.9 0.30 170

TABLE 3. Monte Carlo estimates of mean and standard deviation from 500 samples
of 6P for a hyperbolic diffusion process with Gaussian component and a-stable
jumps and true drift parameter § = 2

6. PROOFS OF MAIN RESULTS

6.1. MLE for continuous observations. Let 6, be the true MLE maximizing the log-likelihood
function given by (6) and based on continuous observations :

(17) 0; € argmax £4(6).
6co

Before moving to discrete observations we prove here some asymptotic results for §,. This is a first
step in order to prove the asymptotic results for the FMLE.

Theorem 12. Suppose that Assumptions 1-6 and 7(i) are satisfied. Then
lim 6, =6* P —a.s.

t—o0

Proof. Denote

t t * 2
~ (b(0, Xs) — b(6", Xs)) 1 / (b(0, Xs) — b(0*, X))
1 = AWy — = ds.
oy = [ SRR 2 S R
Using (1) and the fact that the observed trajectory corresponds to the true value of parameter
0*, we can easily see that

et(e)zét(ewré/o ’deﬁ;/o ba(f(*)’é(;)ds.

The difference between £(8) and 4(#) does not depend on 6, hence also

(19) 0; € argmax /(6.
0co

M,(9) ;:/0 (b(e’Xsi&zge*’Xs))dWS.

For 0 € ©, define
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The process (M;(0),t > 0) is a continuous local martingale, with quadratic variation given by

t * 2
— _ (b(Q’XS) _ b(@ vXS))
At(9) =< M(@) >p= /0 UZ(XS) ds.
Note that
~ 1
Recall that 7, given by the Lemma 1 is an invariant distribution of X and denote
7 1 (b(ea ) — b(9*7 ))2
21 - __
(21) it0) = g (ML

Using Assumptions 5, 7(i) and Lemma 1(2), we see that for all € ©, () € R. Hence, using the
Lemma 1(1) for all € ©,
: 1 ~
tgrgo —Q—tAt(G) =/(0) P —a.s.

Moreover, using again Assumptions 5 and 7(i) we can see that the family

1
—-A, t>0 18 equicontinuous —a.s.
22 tA 0 i i i P
Indeed,
1 / / nl ¢ 2
;|At(9)_At(9)| <Clo -0 7/, K=(X)ds,

where C' = 2[Diam(0)]" and K given by the Assumptions 7(i) is sub-polynomial. Using ergodic
theorem, which holds thanks to the Lemmal, ¢ fot K?%(X,)ds converges almost surely to some finite
limit. Hence (22) follows. As a consequence,

t—o0 0cO

(23) lim sup —%At(e) - 17(9)‘ =0 P—a.s.
Denote
At(9,9/) =< Mt(e) - Mt(Ql) >y
Using Assumptions 5 and 7(i), for all (6,0") € ©2,
A(6,0) <10 — 0' >V,

where V; = g (522 (())((:)) V1)ds — oo, if t — oco. Therefore all assumptions of the Theorem 2 in
[ | are satisfied. As a conclusion, the family {%f((g)) ;0 € ©,t >0}
satisfies the Uniform Law of Large Numbers on any compact K € © not containing 6*, i.e.
M, (6
lim sup‘ i )’ =0

t—00 g | Ar(6)

We deduce, using (23), that

lim sup
t—o00 heK

’Mt(e)’ -0
t
and hence, P — a.s.

(24) sup [t~12,(0) — £(8)| — 0.
eK
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We can now derive the a.s. consistency of 8, following classical Wald’s method. We refer for instance
to Theorem 5.7 in [ ] for a simple presentation of Wald’s approach, and stress out
the fact that all convergences and hence consistency holds P-a.s. in our setting. Indeed, observe
that

(25) 00) <0, ((0)=0 <= =0
and hence
(26) sup  0(0) < £(0%)

0: d(0,60*)>¢

is trivially satisfied in our case. We deduce from (24) and (26) that P-a.s. for all £ > 0,
1- -
lim sup —/£4(0) < £(6"
S +(0) < £(67)
and hence for t > t(w) large enough

sup  £y(0) < £,(6")
d(0,0%)>e

and finally for ¢ > t(w), B
d(eh 0*) <g,
which means the a.s. consistency. O

Recall that I is the Fisher information given by (3).
The next result is a central limit theorem for the estimation error. It is important for us in the
sequel, since the asymptotic variance serves as a benchmark for the case of discrete observations.

Theorem 13. Suppose that Assumptions 1-9 hold. Then the MLE 0, is asymptotically normal:
17208, — 0*) 5 N(0,I74(6*)) as t— oo.

Proof. Due to Assumptions 5 and 7, Theorem 2.2 in son [1984] and Theorem 1 in

[2005] for all ¢ > 0 the criterion function ¢;(6, X) is twice continuously
differentiable in 6. ~ ~ R

From (18) the score function can be written as Vol = Vol = (99,4, - . ., 0, 0¢)T where
t t
7 (b(97Xs) _b(e*va))aGb(evX) / aab(eaXs)
27 09,44 (0) = — : d = dW,
0 obit) == | 7(X) "ty ex)
for i = 1,...,d. A Taylor expansion around 6, yields
b1, _ _ 1 -
(28) / gﬁgét(G* + 5(0, — 6%))ds x Vt(0;, — 0*) = —%Vgﬁt(ﬁ*).
0

Hence, to obtain a CLT for the estimation error t'/2(f; — 6*) we will first show the convergence of
the right hand side in (28). The equation (27) gives for § = 6*

t
~ Vob(0*, X)
Vol (0%) = — "2 dW,
0l (07) /0 7(X,) p

such that the central limit theorem for multidimensional local martingales
[ | gives

t *
(29) t71/27,0,(6%) :fl/2/ Vob(0, X) 5 N(0,1).
0 o(Xs)
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In the next step we prove the convergence of
1 1 - _
/ LOBE0* + 5(0, — 0))ds.
0

From (27) we see that for (i,7) € {1,...,d},

- E(b(0, Xs) = b(0%, X5))D5, 4,000, X5) t 9, b(0, X,)p,b(6, X,)
2 — Y] _ i Y S i Y S
891'01‘ ét(e) - ‘/0 0_2 (Xs) dS /O 0-2 (Xs) dS
¢ 95,0,0(0, X)
+ ”76”/[/5
/0 U(XS)
(30) = UNO) +U(0) + U ().

Using the ergodic theorem, P-a.s.

b(6,z) —b 0
Loy ko) = - [ LOD ;me( D o

1, 2 g [ 0eb0,2)00,b(07)
TUE(0) 2 U (0) = /]R 20r) w(dz) = —1I; ;(6).

Moreover, using Assumption 7 and 8 and the same argument which were used to prove the equicon-

1 2
tinuity (22) we obtain that the families of functions (0 — U—;(@))tzo and (0 — U—;(G))tzo are almost
surely equicontinuous. Finally, the uniform law of large numbers for local martingales
[ | together with Assumptions 5,7 and 8 gives that P-a.s.

92b(0, X
supt U2 (0)] = supt_1|/ 7)dW |—0
[dSC] @)

Using (30) and the four last displays we obtain P-a.s.
(31) sup [t 030,(0) — (UL (9) — 1(0))] -0

0cO

Using this uniformity together with a.s. convergence 0; — 0* we get P-a.s.
sup ]rlage}(e* +5(0, — 6%)) — (—I(G*))’ -0
s€[0,1]

and
1
(32) ! / 6‘3&(9* + s(ﬁ_t —0"))ds— — 1(0™).
0

Finally, from the non-degeneracy of the Fisher information matrix I(6*), (29), (32), and Slutsky’s
theorem, we deduce the asymptotic normality of the estimator. O

6.2. Local asymptotic normality and efficiency. To obtain an asymptotic efficiency result in
the sense of Hajek-Le Cam’s convolution theorem we prove now the local asymptotic normality
property for the statistical experiment (Q,F, (F;),P). From this result we can then deduce later
on efficiency of the discretized estimator with jump filter (cf. Theorem 3 and 4).
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Theorem 14. Suppose that Assumptions 1 to 9 are satisfied. Then the family (P?)gco is locally
asymptotically normal. That is, for all h € R%, we have the convergence in distribution under P,

(33) 00" + \%) — 0,0 5 —1/2hTT(0")h + N, as t— oo,

where N ~ N(0,hTI[(6%)h). As a consequence the drift estimator 0; is asymptotically efficient in
the sense of the Hdjek-Le Cam convolution theorem.

Proof.
h 1t (b0 + L X)) —b(6*, X,))%ds
G+ ) - 0o = -5 [
\/% 2 0 o (Xs)
/ 00"+ 35 X0) 00" X)L
O'(Xs) ?
* T (p*
:_7/ / / LT G X G X N
0 o?(Xs)
1 Vol (0%, X )h
+— 7’SdWs + R;.
\/i/o o XS) !
Where

O+ 5 XG) = (607, X)) 1 [t (0%, X, )k
Ry := AWy — — ———d
0 o(Xs)
Using Assumption 7 and the ergodic theorem, for all fixed r > 0,7/ > 0 such that 6* +r € ©,
0* + 1’ € © we obtain
lim L PRTVO(0* 47, X )VBT (0 + T/,Xs)hds B / hTVb(0* + 7, z)VbT (0% + 1/, 2)h
ST 2(X,) “ e o2(X,)
P-a.s. and Assumption (8) and Lemma 1 imply that this last limit is finite. Moreover, using

Assumption 7 it can be shown that this convergence is uniform, hence for hu/v/t — 0 it gives that
P —a.s.

CRTVB(O* + B X, ) VBT (0% + X \h
(34)  lim du/ du’ 7/ ’) ( vt

dm(x)

300 o2(X,) ds
RTVb(0*,2)VbT (6%, x)h T e
7/R e dr(x) = hTT(0*)h.
Using Markov inequality
VarR, ||h||21/t IR\ (KR (X)
> < - — E
(35) (|Rt| ) &2 = g2 ¢ 0 \/E 02(X5) dS,

where K7 is a Holder constant of Vb is supposed to be at most of polynomial growth. Using ergodic
theorem in mean, we obtain R; — 0 in P probability.
Due to the CLT for martingales in [ |

T *
/ vo 9 dW — N(0,h"I(6*)h)
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in distribution. Combining the latter equation with (34)-(35), we obtain (33). This implies together
with Theorem 13 that 0; is asymptotically efficient in the sense of the Hajek-Le Cam convolution
theorem. 0

6.3. Proofs of Theorems 2, 3 and 4.

Proof of Theorem 2. Let £ : © — R be given by (21) and define
- 1 (b%(0*,2)

Under Assumptions 1 and 5 the last term in the right hand side of (36) is finite. We will apply
Wald’s method for proving consistency of M estimators (see for example Theorem 5.7 in
[ ). Tt follows from (25) that

(37) sup  £(0) < £(6).
0; d(6,0%)>e

Therefore, it remains to prove that

lim sup [t;, "¢} (0) — £(0)| =0 in probability.

n—00 0cO
To obtain this last statement we decompose this difference as follows:
(38) sup [£(0) — ¢, 107 ()] < sup [€(8) — ¢, ()] + sup [t (£, (8) — € (6))].
0co 0co 0co

Using respectively the Ergodic Theorem given by Lemma 1 (1) and the Law of Large Numbers
for continuous local martingales (? p.178) we see that a.s.

L2t

1 [ b(0*, X,)
2/0 70()(3) dWs — 0

Using these two last display and (24) we see that the first term of the decomposition (38) tends

to zero P-a.s.. In order to show the convergence to zero in probability of the second term, we
decompose it as follows.

sup |t (0, (0) = €7 (0))]

and

tn n
<supt;! / o(X)7?b(0, X.) dXE = " o(Xe, ) 7?b(0, Xy, ) AT X1 jar x| <o,
) 0 = T
[ 1 «
+supt;t|= o(Xs)72b(0, X,)? ds — = ZU(Xtifl)_Qb(G,Xtifl)QA?Id
oco |20 2~
:supt;1|A1(9)|+Supt AL ().
0cO

Hence, it remains to prove the convergence to zero of ¢, '|AL(6)| and t,1|A2(#)| uniformly in 6.
For ¢, 1| AL ()| we apply Proposition 6 in the finite activity case and Proposition 7 in the case of
infinite activity, together with the fact that nA,, = O(t,). Indeed, using Assumption 7 and 8 we
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see that the function f(0,z) = o(x)~2b(0, z)? satisfies all assumptions of Propositions 6 or 7. For
the second term ¢, 1| A2 ()| we use Lemma 11. O

Proof of Theorem 3. A Taylor expansion around 0, yields

1 [ ; ; 1
(39) L /0 OB, (0" + (6, = 0)ds x 1320, — 07) =~ Vol ()

For the right hand side we find that

1 ey Volp (0%) = Voly, (6%) Vol (6%)
(40) Wvﬂtn (07) = Vin + N

By (29) we have that under P

Vol (0%)
Vin

The first term of the sum on the right hand side of (40) has the form

Vol (0*) — Vol (6%)
1/2

(41) 5 N(0,1(6), n— oo.

tn n
= ;2 (/ o(X,)2Veb(*, X,) dX¢ — Zo(xti_l)2v9b(9*,Xti_l)A;?X1|A?X|§%>
0 i=1
412l tna(X )72Veb(0*, X,)? d —zn: (Xi, ) 2Veb(0*, Xy, )2ATId
n ) 0 s 6 s “As S g ti—1 (4 s At g i -

i=1

By applying Proposition 6 for k = 1,...d with f,(6*,2) = o(x)720,,b(0*, ), and using Assump-
tions 7— 8 we obtain that

tn n
¢/ (/ (X) 209, b(0%, X,) dXE = > 0 (Xy, )20, (0", Xt“)A?XlA?XS%) 250
0 i=1

as n — oo. Furthermore, Lemma 11 (ii) leads to

. n
t;1/2 (/ 0(X) 209, b(0*, X,)* ds — ZU(Xtil)289kb(0*,Xt1,1)2A,?1d> LN 0,

0 i=1
as n — 0o. Combining now the last three displays results in

Vol (0%) — Vols, (0°) p
73 —0

such that (40) and (41) give

t2Val7 (67) 5 N(0,1(6%)), n— oo.



JUMP FILTERING AND EFFICIENT DRIFT ESTIMATION FOR LEVY-DRIVEN SDE’S 22

To finish the proof it remains to show the convergence of the left hand side in (39). For (j, k) €
{1,...,d}?> and § € ©,

t" sup [(8,0.02.(0) = 95,0, 0)|

tn n
<t! sup / 0(X5) 205,000, X)) dX§ — Z o(Xt, ) 205,0,b(0, Xi, )AT X 1janx | <o,
S 0 i=1
tn n
+t, 1 sup / 0(X4)"200,b(0, X.)0o,b(0, X.) ds — > o(Xy,_,) " >09,b(0, X), b(0, X,) AL Td
veo |Jo P
tn n
+ t:Ll sup / O—(Xs)izagﬂkb(97 Xs’)b(ev Xs) ds — Z O-(Xtt—l)iQagvﬂkb(ev Xg)b(oa XS)A?Id
oco |Jo ’ ’

i=1
=Ul+ U2+ U2

Proposition 6 together with Assumptions 7— 8 state that
(42) Ul 50, asn— oo
Lemma 11 (i) gives for k=2,3
(43) Uk 50, asn— .
Combining (42) and (43) with consistency of § and 8 we get

/01 %wgegb(e* + 50 — 0%)) — 830, (0% + 5(By, — 07))|ds 50,
and hence, using (32)

tln/o1 R0 (6% + 5(6, — 07))ds 5 —1(6%)

as n — oo such that the result follows. (]

Proof of Theorem 4. By replacing in the previous proof Proposition 6 by Proposition 7 we obtain
the result for the infinite activity case. O

7. PROOFS FOR JUMP FILTERING

In this section we prove the results that were used in the Section 4 to obtain the convergence
of the jump filter (cf. Proposition 6 and 7) to integral functionals with respect to the continuous
martingale part of X. We start by proving the Lemma 8 that shows the convergence of the jump
filter approximation to the continuous part in the finite activity case.

We recall some notations: p denotes the Poisson random measure on [0, 00) x R associated with
the jumps of the Lévy process L, the intensity of this jump measure is ds x v(dz). We define
i = p—ds x v(dz) as the compensated Poisson measure such that we have L; = fot Jg z1(ds, dz).
In the specific situation where the Lévy process L has a finite intensity ¥(R) < oo, we shall denote
by Ny = fg fR u(ds, dz) the process that counts the number of jumps up to time ¢.

Proof of Lemma 8. For all n € N*, i € N* we define the set where increments of X are small:

(44) K, = {|ATX] < v},
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the event that L and so also X do not jump:
(45) M, = {AFN =0},
and the event that an increment of the jump part is small:

(46) D, = {|arx’| < 2}

where we denoted by X7 the jump part of X given by

x/ —/ / _)zp(ds,dz), t>0.
R\{O}

We start by proving (i). Using the previously defined sets we introduce the following quantities.

(47) Gh(0) == F(0,Xe,_,) (AT X7) Licsaarsyes
=1

(48) Gr(0) = f(0, X1, ) (AP X) L(ki)erps,
1=1

(49) Go(0) =" £(0,X1,_,) (ATX) Lkt yen(ps e

N
I
-

and decompose the difference to be estimated as follows:

(50) D SO0, Xe, ) (APXT = AF X Ljanx|<u,) = Gp(0) + G7(0) + G (0).

i=1

To prove the convergence of G () we decompose the set K¢ N (M} )¢ into three disjoint events

Licsnyye = Liapne2ynk;, + LarN=1,|A7 L1220, /ymin )N K,

(51) + L{Ar N=1,|A? L|<20,, /ymin }NKG

23

Using Lemma 15 (3), the definition of v, and Markov’s inequality we can see that the second

indicator of this decomposition is on an event that has small probability. Indeed, for all p > 1,

P ({APN = 1,|AFL| 2 200 /Ymin} N Ky ) < P (IATXC] > 0,) = O(AL?0,7) = O(A7P).

Then, using the L?-isometry for stochastic integral with respect to the compensated Poisson mea-

sure and the Jensen’s inequality, we get

2
/ / _)zi(ds,dz) / / zdsz/(dz)]
ti1 R\{O} tio1 R\{O}
t; t; ti
< 2/ / X,)]22dsv(dz) +2/ / s)]|z|dsv(dz / / |z|dsv(dz)
ti—1 JR\{0} ti—1 JR\{0} R\{0}

= O(An)y

ElArx’|" <2E +2E
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where in the last line we have used Assumption 1, Assumption 3 (i), Assumption 4 (ii) and Lemma
1 statement (3). Using Holder’s inequality twice and Lemma 1 statement (3) we get for all p > 0,

n

(53) E sup
6coe

Z 1, Xti,l)A?XJ1{AyN:1,\AgL|22vn/~,min}nK;‘L = O(nA7P).

i=1

For the third indicator function in (51) we observe that

E sup | Z F0,X1,_,) (AFX7) 1{ar No1,| AT LI<20m /rmin IO
S

1=1
n t;
< Z/ / E |:Sup |f(9’XtL1)7(Xs)|:| |Z|d81/(d2’)
i—1 7 ti—1 /12]<2vn /Ymin L)
(54) = O(nA, 2|v(dz)),

|2 <2vn /Ymin

where we have used the sub-polynomial growth of 7, f and Lemma 1 statement(3).
For the first indicator in (51) we obtain by Holder’s inequality with conjugated exponents, p, ¢,
such that p~ 1+ ¢ ' =1,and ¢! =1 —¢/2,

Z 10, X (A?XC o A?XI\A?X\S%) LianN>2)nK;,

=1

FE sup
0€o

< ZESug |f(97Xti—1)| (|A7X(| + Un) 1{A;L >2}
S

i=1
. 1/p
< Z (E sup | f(6, X, ,)|P(|AF X+ vn)p) P(A"N > 2)1/q
i=1 4SS
(55) = O(n(A}L/2 + Un)Ai/q - O(nAg/Q—QE),

where we have used that P(ATN > 2) = O(A2).
From (53), (54) and (55) it follows that

(56) Esup |G},(0)] < O(nA, |2u(dz)) + O(nAY/?=2),

EE) |21 <205 /Yemin
To estimate G2 (6) note first that for any p > 1,
P (KLY \D}) < P(AIXY] > 20,/3) = O(AT).
Hence, by using Holder’s inequality, sub-polynomial growth of f, (3) of Lemma 1 and (3) of Lemma

15 we obtain for any p > 1,

(57) E'sup IG2(0)] = Esup| > F0, X1, ) (APX) Lk yenps | = O(nAZP).
S S

=1
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To estimate G2 () note first that

P((D},)) = P(IATX| > v, /3)

< P WXy )zpu(ds, d2)| > va/6) + P(| | V(X )zpu(ds, d2)| > v, /6)
|z[> t; |z <

ti—1

< | [ axatasa >0+ S [ aCsdta)
<r(f [ stz 0+ e [ [ saa)
=1—exp ( /t;il /Z|>vn dsz/(dz)> + %EH /tjil /|z|<vn v(Xs)zdsv(dz)|]

_0 <An(/|2|>vn u(d=) + % /M@n |z1/(dz))> .

Hence, using Holder’s inequality, the assumptions on f and (3) of Lemma 15 we obtain for any
q > 1 that

Egug G (0)] < EZSug 1F(0, Xo, AT X1 ar x5 0,,(D1)e) < O(nAL?)P((D)*)!
€

i=1

1/q
(58) < O(nAL2)Al/a ( / u(dz) + — |z|1/(dz)> .

z|2vn Un J|z|<vn

=

Finally, choosing ¢~! =1 — /2, we get from (56), (57) and (58) that

E |sup > f(0,X:,_,) (A?XCA?X1|A?X|§U”)| < O(nA, 2| (dz))
9co | [2|<2v0 /Ymin
1
+ O(nA>/2728) 4 O(nAiﬂ_s/Q)(/ v(dz) + - / |z|v(dz)) =2
[2|>vp n Jz[<vn

In particular, using the definition of v,, finiteness of v and of its first moment we immediately get

n

FE sup Z

F(0, X, ) (A7 X° — A?XllA?X|§vn)| = O(nA/?=</?),
9e6 |

hence (i) is proved.
To prove (ii) we decompose the approximation by the jump filter as follows:

(59) D F0. X1, ) (AFXC = AT X1 arx|<v,) = G1(0) + A2(0) + A3(0),

i=1
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where G (0) is given by (47) and

> F0 X0, ) (ATX) L yena

%

(60) A2(0)

Il
—

[
NE

A3 (0) - f(0, X, ) (AFXC) Likciyerns -

.
Il
—

Observe that

(61) AZO) = (0, X0, )ATX Uap)e — 3 F(0, X1, VAT XL fjar x| <o, n(as e
i=1 i=1

We first show that after suitable renormalization the first term of this decomposition converges to
zero in probability. Let e; := f(0, Xy, , ) AT X“1(pi)e. Denote F; = o{(Ws)o<s<t,, (Ls)o<s<t;» Xo},
then

E[ei|}—i*1] = f(gvXti—JE

ti—1

ti
/ U(Xs)dWs]-(M}L)lezl‘|

+ f(gv th‘,—l )E

ti—1

t;
/ 5(9*,Xs)d81(M;)c|f¢_1]

Observe that (Wy)s>o remains a Brownian motion with respect to the filtration that is enlarged by
o(L), since L and W are independent. Therefore,

t;
E / O'(Xs)dWs]-(MjL)c|fi—l =F l(M:l)CE

ti—1

/ti O’(XS)CZWS|.7:Z‘_1 V O’(L)] |fi_1] =0

i—

and so
t;
(62) |Eles| Fia]l < [£(0, Xe, ) E [|b(0*, X)| 1(asz ye| Fi-1] ds.

ti—1
Recall that
P ((My)) =1-P(AIN =0) = O(A,).

Using Holder inequality, Lipshitz continuity of b(6*,.), the continuity of its Lipshitz constant given
by the Assumption 1 and Lemma 15 (2) we can write for p, ¢ such that p~! +¢~! =1, p > 2 and
C >0,

E [[b(0%, X)| Lagsye | Fim1] < (B[b(0", X |Fica])/? AL
< C(B[b(6%, Xs) — b(6%, Xo,_,)PIFor, ] + [b(6%, X, )IP) /7 AL/
< O (B [1X = Xo P1F )7 007 X, )] ) AL

(63) < CAYe (A}/P(l X |P)VP + |b(9*,XtH)\) .

Using the fact that b(6*,.) and supyeg |f(6,.)| are sub-polynomial and choosing again 1/q =
1 —&/2, (which also guarantees p > 2,) we obtain

(64) |Bleil Fima]l < h(1 X, )AL/,
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where h is a polynomial function. Finally this implies that under the condition nA3~¢ — 0,

n

>

i=1

(65) E

]

e
E|——— =O0(n'?AY?~</%) - 0.
Fe ] (0 283/27512)
Next, we bound the moment of order two of e;.
By Hoélder’s inequality with 1/¢g =1—¢/2, 1/p =1 —1/q, we have
(66) E[e3] < B [£(0, X, ) (A1 X9)%]'7 P [(M5)]
< AP ()] T = 0(a2e),

where in the last line we used again Holder’s inequality, the sub-linear growth of f, together with
Lemma 15 (3). Hence,

n 2 n 2
€ € —e

o E|2r| () 'E’] ] -Yr| () | o o

i=1 n i=1 n

nder (65) and (67) we obtain from Lemma 9 in that
Und d b f L h
(68) N if(a Xy )ATX1(apiye = zn: S P
TLA” P ) ti—1 1 (M:‘l)c - nAn

if nA37¢ — 0. Recall that the second term in the decomposition (61) of A2 is given by

D F(0, X0, AT X Licinarge-
i=1

We will now bound this term in L!. We use again the decomposition (51) of K’ N (M?)°. We find
that by computations similar to (55) and (53) respectively, we have

(69) E = O(nAY/272),

Z fO0, X, AT X Lganns2ynki
i=1

Z f0, X, )AT XV AnN=1,|A" L|>20, /ymin }NK

i=1

Moreover, we have that P(A?N = 1,|A"L| < 20, /Ymin) = P([" izt <20, s #(ds, d2) = 1) <

ti—1

(70) E = O(nAP)

JANS le|<2v v(dz), where we used i, > 1. From this, we can easily get

(71)
1—e/2
=0 | nA3/2=¢/2 / v(dz)
|z|<2v,

From (61), (68), (69)—(71), we deduce that if nA3~¢ — 0,

n

Z f(ev Xtifl)A?Xcl{A?N:L\A?LKQ“n/’Ymm}mKriz
i=1

E

1—¢/2
(72) A2(0) = op(v/nAy,) + Op1 | nAS/2725 4 ( / V(dz)> nA3/2=¢/2
\

z|<2v,

It follows immediately from Lemma 15 (3) that for any p > 1,
P((K;,)* N My,) < P(IATX?] > v,) = O(AT).
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Hence, using again Ho6lder’s inequality and Lemma 15 (3) again, we see that for any p > 1,

(73)  E|A3(9)] Z FO.X1, ) (ATXC = AT X1 arx)<0,) Lixiyennss | = O(nASP).
Finally, from (56), (72), (73) we obtain that for any 6 € ©, if nAZ~¢ — 0,

Z f(07Xti—1) (A?XC - A?XI\A?X\gvn) =

i=1

1—e/2
op(v/nA,) + Opr | nA3/272 4 </ V(dZ)) nA3/2=5/2 4 nAn/ |z|v(dz)
|z|<2vy, |z|<2v,

This proves (ii). O

Proof of Lemma 9. We start by proving (7). In the infinite jump activity case, the Lévy process has
infinite number of jumps on all compact intervals. Hence, it is impossible to introduce the events
that the process had no jump, one jump, or more than two jumps on (¢;_1,¢;] as it was done in the
proof of Lemma 8.

Here, we define the event on which all the jumps of L are small :

(74) N:L = {|ALS| S 3vn/’7min; Vs € (tiflyti]}a
where AL := Ly — Ly_. Using the sets K/ and D!, from (44), we define

(75)  Ba(0):=>_ f(0,Xs,_,) (ATX) Licinwayes BE(O) == f(0. X0, _,) (ATX7) s i
i=1 i=1
and decompose the difference as follows

(T6) 0. Xe ) (ATXT = AXTapxi<s,) = BL(O) + B2(0) + G2(0) + G3(0),

i=1
where G2 (6) and G2 (6) are defined in (48)—(49). We start by studying the convergence of B} ().
Let T} € (t;—1;t;] such that [ALp«| = max {|AL[; s € (t;i—1;t;]}. Remark that T} is well defined,
as from Assumption 4 (iii) there is, almost surely, a unique time at which the Lévy process admits
a jump with maximal size. We introduce the event

(77) Al = Y AL < ),

ti1<s<ti;s£T} max

where Yq. is defined in Assumption 4 (iv).
To estimate B} () we make the decomposition

K, N (N =K, N (N NA, U KN (V)0 (A7)
Note that
KN (N N AY
C{IATX +y(Xrr)ALps + > AX | < vy [7(X7:2)ALze| > 3v; | Y AX,| <0}
sETY s#T
CH{IAF X = vn}.
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Hence, using (3) from Lemma 15 we get for all p > 1:
(78) P(K}, N (N;) N A}) < P(IATXC] > v,) = O(AY 0, 7) = O(AP).

Together with (52), which is still true in the infinite activity case, Holder’s inequality, sub-polynomial
growth of f and (3) from Lemma 1 this gives for any p > 1 that

(79) Eglelg 1> FO, X0 ) (AFXT) (Txinvienas ) | = O(nASP).
=1

Using Holder inequality, sub-polynomial growth of f, Lemma 1 (3), and Lemma 16, we get for
1/p+1/q =1 and some C > 0,

Esup| D FO,Xe ) (APXE = AP X1 jarx|<o,) Lk nengnas )]

0e® 5
n 1/p - ) 1/q
<3 (Bsup 170X OPIATXT + 0 ) (PN 0 (41)))
i=1
A2 1/q
<Ca(ay o) (2] v(d2)
Un ‘2‘23”11/'\/7111'71
1—¢/2
(80) < Cnvs/?A%—¢ (/ V(dz)> , choosing 1/g=1—¢/2.
[2|>3vn /Ymin

From (79) and (80), we get

1—e/2
(81) Esup|BL(9)| = o [ nAd/?—2/2 / v(dz)
[4SC] |Z|2'Un/'Ymin
To estimate B2() we use the bound

n t;
S B0, X0, ) / / (X )zplds, d2) Lics s
i=1 ti—1 JR\{0}
<Y E

=1

2 L) B X ) lelvdeis = O, [ el (d)).

[2|<3vn /Ymin

ti

/ ‘f(97th,l)’Y(Xsf)Z|M(dS,dz)
[2]<3vn /Ymin

ti—1

IA

Since Ymin > 1, we obtain,

(82) Esup |B2(0)| = O(nA, |z|v(dz)) < O(nA, |z|v(dz)).
6€® [2|<3vn /Ymin |2]<3v,

The L' norms of supgeg |G2 ()| and supyee | G2 ()] have been studied in the Lemma 8, when the
Lévy process has finite activity. However, the proofs of the upper bounds (57) and (58), obtained
in Lemma 8, do not use the fact that ¥(R) < oc.

Finally, collecting (57), (58) with 1/¢ =1 —¢/2, (81), and (82) we obtain (7). We continue with
the proof of (ii). Using the events K! and N! given by (44) and (74) we define
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n n

By (0) := Z F0. X4, ) (APXO) L (ki yenniye;  Ba(6) := Zf(QaXtH) (A7 X) L yen(niys

i=1 i=1
and decompose the difference as follows
i=1

where B] () and B2(6) are given by (75). Using (79) and (80) we can see that

1—€/2
(84) E|BL(6)] = o [ na2— ( / u(dz>> ,
|2|>3vn /Ymin

while (82) gives the bound for E|B2(6)|. The role of the event N (all the jumps of L are small) in
the case of the infinite activity is similar to the role of M! (L does not jump) in the finite activity
case. Therefore, to estimate B2 () we use a decomposition similar to (61), where we replace M
by N! which leads to

n

(85) 32(9) = Z f(gvXti—1) (A?XC) 1(N}'L)C - Z f(aa th‘—1) (A:LXC) 1K}'LO(N}'L)C~
i=1 1=1

We will show that the first term of this decomposition goes to zero after suitable normalization.
Let & := f(0, Xi, ,)AT X1 (ni). Recall that
t;
P((Ny)) =1- P(/ / p(ds,dz) = 0) = 1 — e 2 Jiei>s0n/7m0, V(02)
ti1 ‘Z‘>3Un/’)’m,in

=0 (An/ Z/(dz)> .
|2|>3vn /Ymin

Therefore, the same arguments that were used to obtain (64) give here
1—¢/2
V(d2)> ;
2—e

where h is a polynomial function. Hence, under the condition nA2~¢ ( flz\>3vn Jmin V(dZ)) — 0,

1—e/2
=0 | nt/2A3/2=¢/2 / v(dz) — 0.
[2]>8vn /Ymin

Next, we bound the second moment of ;. Similarly to (66) we obtain

1—¢/2
) )

(86) |BEs] Fia]l < h(|Xe, AT/ </

z|>3vn /Ymin

n

>

i=1

87 E

€;
E|——|F_
{mn' 1}

(88) E[¢?] < Anp[(]v;‘l)cp—sm -0 Ai—s/Q (/
\

z|>3vn /Ymin
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2—e

v(dz) — 0, which is implied by nA3~¢ (flz\>3vn/'ymm V(dZ)) -0,

(i) ]| -2 i)

1—€/2
(89) =0 | AL/2 < / V(dZ)) — 0.
|2]>3vn /Ymin

Under (87) and (89) we obtain from Lemma 9 in [ | that

Hence, using A, 12> 30m /Ymin

we have

n

(90)

A X1 nive
— (N2) ZvnAn

2—¢
. 3_
it 183 ([ z/(dz)) — 0.
Recall that the second term in the decomposition (85) of B3 is given by

n

Z f(97 Xtifl)A?XcleLﬁ(Nﬁ)c'

i=1
We will now bound this term in L!. Using the set A’ defined by (77) we decompose
Licinvi)e = Linaviyenag, + L navien(ag)e-

The first term of this decomposition is bounded in ! using (78). As a result, for all p > 1,

(91) E?EP'Zf (0, Xe, 1) (AT XE) (Lxinviyenas ) | = O(nAP).
i=1

Then, exactly as in (80), we get

92)  E| Zf(a,Xn_l) (A} X) (ki a(Niyen(aiye) | =0 (”Ais(/ ) V(dz))1€/2> :
2|20 /Ymin

i=1

As a result,

(93) B3(0) = op(v/nA,) + ops (nAi_E(/l

2| 205 [Ymin

V(dz))1_5/2> .

It remains to estimate the term B2 in the decomposition (83). Observe that for all p > 1,
P((Ki)* NN =
v .
ATX® AX, W NG < P(|ATXC) > )4+ P AX,| > 2N <
(] + ) | > va; Nyy) < P(| > 2 5P D] | > 53 Na) <

ti—1<s<t; ti—1<s<t;
ts
’ n An
CAF +P(| [ A(X.o) 2ulds,dz)| > ) <CA;P+/H<3 | lelwdz),
Un [ Ymin

ti—1 [2|<3vn /Ymin
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where C' > 0. Using Holder’s inequality twice, this last bound, sub-polynomial growth of f and
Lemma 15 (iii) we can easily see that with 1/¢g =1 —£/2 we get

(94) E|B,(0)] =

- nyc - nyc 1 i\C i
E| Z [0, X, ) (Az X°) 1(K;)CﬂN,fL < Z (E|f(6‘7Xt171)|p‘Az X |p) v Pl/q(Kn) NN,) <
i=1 i=1

A 1—¢/2 1—¢/2
nAL/? —n/ |z|v(dz) < nAlte/? / |z|v(dz) .
Un ‘Z‘S?’Un,/’ym,{,n |Z|§3U71 /'Yvn'i'n,

Finally, collecting (82), (84), (93) and (94) we obtain assertion (i7) of the lemma. O

Proof of Lemma 10. Using dX¢ = b(0*, X;5)ds + 0(X,)dW, we decompose the difference as

(95) / "0, %) dXE =3 £(0, Xo JATXE = Ay 1(0) + Ans(6) + Ans(0),
where
(%) Aa0):=3 [ (50X = 0. X )o(X.)aW.,
A2(0) =Y / C(FO,X) — 10, X0, )07, X,) — (0¥, X,._,))ds,
i=1"ti-1
(97) An,3(9) ::Z /t i (f(aa XS) - f(aa Xti—l))b(a*?Xti—l)dS'

Let us start by proving (ii). Let as previously F; = 0{Xo, Wy, L,; u < t},t > 0. Using martingale
property and Itd’s isometry of the stochastic integral together with the finite increments formula
applied to f, we obtain

ELA%,0)]=E | ( | we.x) —fw,xt,.l))a(Xs)dWS)

ti—1

- EZ/ i (f(0,Xs) — f(e»Xti_l))2U2(Xs)d3

i=1"ti-1
n ti
<[ B =X PR ) s
i=1ti-1

where Z is a point between X, and Xy, ,. Note that |Z| < |X4| + |Xt,_,|. Using sub-polynomial
growth of o and sup, |f'(0,.)|, Holder’s inequality, (3) of the Lemma 1 and (1) of the Lemma 15
yields

(98) E[(Xs = X0, )*f2(0,8)0%(X,)] < CE[|X, — X, ,[P]Y? < CAYS,
where ¢ > 1 and C' is a positive constant. Hence, for all § € ©,

E[A7 1(6)] < CnA Y
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and consequently

1 2
(99) ——A,1(0) S0.
nA,

Using Lipshitz continuity of b, and the same arguments than for obtaining (98), it follows imme-
diately that

(100) E[sup |An2(0)]] < CnALT1/a
0cO

Hence, by choosing ¢ = 1 — ¢/2 such that nALTY = nA3=¢ — 0 it follows that

1
(101) ——— sup|4,2(0)| X5 0.
nAn [dSIC) i

Observe that by It6’s formula A,, 5(f) can be written as
Ap3(0) = an(0) + b,(0) + cn(0),

where
ts s
an(0) = Zb(&*,XtH)/ ds [ (0, Xu)o(Xa)dW,,
i=1 ti—1 ti—1
n t; S
b, (6) :Zb(&*,Xti_l)/ ds/ {f’(Q,XU)b(G*,Xu)—kf”(&Xu);az(Xu) du,
i=1 ti—1 ti—1
n ts
al0) = U0 Ximn) [ ds ST (F0.X) = S0, X))
i=1 bicl refty_1,s]
Denote

1 t'i S
noa= d b(0*, X, / 0, X, X)W,
= e / / (6", X0, ) (0, Xu)o(X.)

Using martingale property of the stochastic integral with respect to W we obtain
E [e?|-/_'.t71_1] = O

Using Hélder’s inequality and isometry property of the stochastic integral we get

2
ti S
1[_ dsE (/ b(@*,Xti_l)f’(e,Xu)a(Xu)qu)

IN

E(E (]| F.,]) = E [(¢))?]

n ti—1

1 ti s 2
f/ ds/ E 00", X4, _,) f*(0, X,)0*(Xy)] du < cﬁ,
nJt_y tio1 n

where in the last inequality we have used the uniform in 6 sub-polynomial growth of f’ and b,
sub-linear growth of o and Lemma 1(3). Therefore

n
EZE [(e?)Q |-7:t,-,1} <CA%2 -0 when n — oco.
i=1

We conclude, using Lemma 9 in [ |, that V0 € ©,

(102) L a(0) = Ser Lo
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Using again uniform in 6 sub-polynomial growth of b, f’, f”, sub-linearity of o and (3) of the Lemma
1 we easily see that

(103) Esup |by,(6)] < CnAZ.
0cO

Let us now derive a bound for the jump term c,.

(104)  Esuplea(6)|
€O
n ti S
<o [ s [ BB X IO X +2(X)2) ~ F6 X))
i=1 ti—1 ti—1 R\{O}

n t; s
SZ/ %/ w/ E[b(0*, Xo,_, ) f(0, 8)7(Xo)||2|v(d2).
i=1 ti—1 ti—1 R\{O}
(105)
where in the second inequality we used again the finite increments formula and denoted Z the
corresponding point between X, and X,, = X,,— + v(X,_)z. Note that again |Z| < |X,_| + | Xu|-
According to the Assumptions 3 (i), (iii) and the assumption b) of the Lemma, the functions =,

b(0*,.) and supy | f'(0,.)| are sub-polynomial, and v(|z|) < co. Therefore, using (3) from Lemma 1
we have

sup/ Eb0*, Xy, ) (0,2)y(Xu)||z|lv(dz) < .
0co Jr\ {0}

This last inequality together with (104) gives

(106) Esup [, (0)| = O(TLA?L)
0cO

From (102), (103) and (106) we conclude that under condition nA3~¢ — 0,
1
Vil
Finally, the previous display together with (99) and (101) proves (ii) of the lemma. To prove the

claim (i) we will again use the decomposition of the difference given by (95).

Using the same arguments as in (98) and Lemma 15 (1), we get for some p > 1, C > 0 and &
between X and X, ,:

(107) An3(0) =5 0.

n t;

Egug |An73(9)| < CZ/ E [lf/(97j)(1 + ‘Xti71|p)| ‘XS - Xti—l H ds <
€ i=17ti—1

ti

CZ;/ E (’Xs - th‘,1|2>1/2 (E Uf/(975%)|2(1 + ‘Xti,1|2p)})l/2 ds <

tz—l
> / CAL2ds < CnA3/2.
i=1"ti-1

Hence

sup | An.3(8)] L5 0.

108
(108) nA, gco
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The bound (100) gives

1
1 An2(8)] £ 0.
(109) oA, Sup [An2(0)] = 0
From (99) we know that
1 P
0 —A,1(0 .
Vo € O, nA, ’1( ) —0

Let us prove that this convergence holds uniformly with respect to 6. Denote ¢ : [0,t,] — [0, t,],
o(s) =t;—q if t;—1 <s<t;,i=0,...,n—1, and define
1 1 [
Mo (0) = A (0) = ?/0 (F(6,X2) — F(8, Xp(o)))o (Xa)dWW,.

n n

Using Burkholder-Davis-Gundy inequality, Holder continuity of f, sub-polynomial growth of its
Holder constant K, sub-linear growth of o and the boundedness of moments of X given by (3) of
Lemma 1 we find that for any p > 2 and some C > 0,

p/2

C 1 [t
E|M,(0) — M, (8")[" <16 — «9’|"‘”WE (tn /0 (K*(X,) + K*(X4(5))) U(Xs)st)

w C [ /2 .
<|60—¢) pW E(K*(Xs) + K*(Xy(5))" " 0(Xs)Pds < C|0 — 0'|"P.
Choosing p > % and using the Theorem 20 in the Appendix of [ | we obtain
1 P
An1(0)] — 0
WAL zgg\ 1(0)]

and the statement (i) follows.

8. AUXILIARY RESULTS

In this section we gather some auxiliary results that are frequently used in our proofs. Further-
more, we give a proof of the ergodicity results of Lemma 1. We start by some moment inequalities
for jump diffusions and their continuous martingale part.

Lemma 15. Let X satisfy Assumption 1. Then for allt > s,
(1) vp =2,
E[|X; — X,|P]V/P < CJt — 5|7
(2) Let Fs = 0{X,,0 <u<s}. Then forp>2,peN,
Bl Xy — Xo[P|Fs] < [t = s](1 4 [Xs[7).
(3) vp>1,
B (X7 = X§P)7 < Clt - s]'/2,
Proof. The first claim follows easily from the two lemmas and Theorem 66 on p. 339 in

[ |. The second claim follows from Proposition 3.1 in [ | and the third
from the first two lemmas on p.339 in [2004]. O
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Lemma 16. Under assumptions 1 to 4, we have for some C > 0,

2
P((N)® M (AL)7) < O—2n /| i)

Un /'szn

Proof. We need to introduce some notations. For z > 0, we define U, = 'f.t:—l flyl>1/z wu(ds, dy)
the number of jumps of (Xy), s € (t;—1,%;], with a size greater than 1/z, and we set Uy = 0. It
is clear that (U,),>0 is a process whose increments are independent and distributed with Poisson
laws. Hence, it is a Poisson process, and by a simple computation we can show that it has a jump
intensity equal to (t; —t;_1)z 2(v(27 1) + v(—2z71)), where v(2) = v(dz)/dz exists by Assumption
4 (iii).

We define the filtration generated by the process (U,),>0, by setting forall 2 > 0, G, = o{U,; y <
z}. We note Z7 the first jump time of the process U, which is a stopping time. By construction,
we have that 1/Z7 is the size of the biggest jumps of the Lévy process L on (t;—1,t;], or with the
notations of Lemma 9 that, 1/Z] = |ALr:|, where |ALz:| = max {|ALs[; s € (ti—1;t:]}-

Moreover, we can write

ti 1
S ooan=[ [ etdsdy = [ Lau
tioa Jlyl<1/2; (Z7,00) #

ti—1<s<ti;s#T}

where we have used that AL+ is the only jump with the maximal size 1 /Z5. Hence, we have

v, n
>y AL >

min ti1<s<ti;sAT? max

P((N;)" N (4,)) =P | |ALz;

3y, n
=p|(z)t> 2, / U, >
Ymin (Z;‘ 700) Ymaz

v
=F |17y -14 30a P / 27U, > —"— | Gz:
{(zn 1>'73:nin} ( (Z5 ,00) Ymax | Zi
< ’ymazE 1{(2*)_1> 3un }E / ZﬁldUz | ng ,
Un 1 Ymin (Zf,00)

where we have used the Markov inequality in the last line. Using now that (U,),>o is a Poisson
process with an explicit jump intensity U(2) := (t; — t;i—1)2 2(v(z71) + v(—271)), we deduce,

P((N;)° N (4})7) < 2242

L1520y B (/ 2 U(2)dz | ng)} :
Tmin (27 50)
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But, by a simple change of variable, [, ,. _, 27U (2)dz = (ti—ti—1) || ylv(y)dy < Ay [g lylv(y)dy.

lyl<1/Z;
We conclude

P((N) N (43)7) < 222, (/R ylu(y)dy) P [(Zr)‘1 > St }

Un Ymin

< O22P (((ta, ] x (o0, -2 U (2 oo 2 1)
Un, Tmin Tmin
A2
<Cc—= / v(dz),
U s
where C' > 0. The lemma is proved. O

Proposition 17. Under Assumptions 1 to j, the Assumption 0 is equivalent to the condition
V(0,0') € ©, such that 0#6, b(d,.) #b@,.).

Proof. Tt is sufficient to show that if O is some non empty, open set, then 7%(0) > 0. It is proved
in [ | (see equation (13) p.43) that for all A > 0, z € R, and O non empty, open set,
P(X% € O| X§ =) > 0. From this, we deduce that

(0) = / P(X8 € 0| X§ = x)dn®(z) > 0.
R
O

We conclude this section with a proof of the ergodicity results and moment bounds of Lemma
1. The proof is based on [ |

Proof of Lemma 1. Let ¢ > 2, g even and f*(x) = |z|?. We show that f* satisfies the drift condition
Af* < _le* + ca,
where ¢; > 0,cy > 0. Denote

Gf(2) = 5o*(@)f" (2) +0(6,2) ] (2),

TH) = / (f( + 21(@)) — F@))v(d).

for any f such that the two previous expressions are defined and decompose

A=G+J.
Using Taylor’s formula together with Assumptions 3 (iii) and 4 (ii) we can write
7@l < [ le@] s (f ) < Cy@lel ! [ 11+ 1) od) = offal?)

ufw,a+2y(x)]

as x — 00. Using Assumption 3 (ii) and (iv) we get

g/ (x) = %(’Q(Jﬂ)q(q = Da"™? + (0, 2)xqe?™? < —Cla*q2"? + o(jz|") < ~Cqf* () + o(|z|?),

for some C' > 0. As Af*(x) is locally bounded, using two previous displays we can choose c2 > 0
and ¢; > 0 such that for all x € R,

Af*(x) S —le*(I) + Co.
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Hence, Assumption 3* from [ | holds and using Theorem 2.2 from [ | we
get then
(110) sup E[|X?]7] < 00

s>0

and using Fatou’s lemma results in

sup E[|X§7 |9] <

s>0

Hence we proved the assertion (3). Using Assumption 2 and the Theorem 2.1 from

we get for all § € © that X% admits the unique invariant distribution 7%, f* € £!(7?) and the
ergodic theorem holds. We proved (1) and (2). We continue with the proof of (4). Using ergodic
theorem, for all ¢ > 0,

. 0 0
lim — | X/ 9ds = n°(|x|?), P —a.s.
t—oo t 0

Moreover, using Jensen’s inequality and the bound (110) we get the uniform integrability of the
family {1 ['|X?|9ds, t > 0}:

1 t
E (/ |X§|qu>
tJo

where C' > 0, and hence

1+e 1 t
< [ Xt < c.
0

1 t
lim ;/ E|X%|%ds = n%(|]).
0

t—o0

O

Proof of Lemma 11. Let us first prove (i). Using Lemma 15 (1), with some Z between X;, , and
X, in the third line below we obtain:

tn n tz
E sup £(0,X.) ds—> " £(0, X, ,)Aild| = Esup Z f 0,X,)— f(0,X,, ,)ds
0€® P 0€e
n ti
< L |su 0,Xs)— f(0,Xt,_,)|| ds < / [su 0,2)]|Xs Xil}ds
Z/ LEBV( )= F(0, X, } Z p|f(6,7)] |

ti 1/2
< Z (E sup | (0, 7)] ) (E|X. — Xo,_,12)? ds < Cna3/2,

iy 0co

We now prove (ii). We find that

/0 n f(G,XS) ds — Z f(07Xti—1)A?Id = Z/ i (f(ea XS) - f(ea Xti—l)) d87
i=1 i=17ti-1

and it is then apparent that this term can be treated exactly as the term A, 3(¢) given by the
equation (97). Hence, from (107) (which requires the condition nA3~¢ — 0) we have the result. [
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