N

N

Numerical analysis of truncation error, consistency, and
axis boundary condition for axis-symmetric flow
simulations via the radius weighted lattice Boltzmann
model

Damien David, Frederic Kuznik, Kevyn Johannes, Lucie Merlier

» To cite this version:

Damien David, Frederic Kuznik, Kevyn Johannes, Lucie Merlier. Numerical analysis of trun-
cation error, consistency, and axis boundary condition for axis-symmetric flow simulations via
the radius weighted lattice Boltzmann model. Computers and Fluids, 2015, 116, pp.46-59.
10.1016/j.compfluid.2015.04.010 . hal-01287488

HAL Id: hal-01287488
https://hal.science/hal-01287488
Submitted on 13 Mar 2016

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-01287488
https://hal.archives-ouvertes.fr

Numerical analysis of truncation error, consistency, and
axis boundary condition for axis-symmetric flow
simulations via the radius weighted lattice Boltzmann
model

Damien DAVID®P* Frederic Kuznik®°, Kevyn Johannes®P, Lucie Merlier®°

“CETHIL, UMR5008, 9 rue de la physique, 69621 Villeurbanne, France
b Universite Claude Bernard Lyon 1
¢INSA de Lyon

Abstract

This paper is the continuity of Guo’s work [Phys.Rev., 2009, 046708] about a
lattice Boltzmann model for axis-symmetric flows. This is a radius weighted
LBM model: all the moments are proportional to the radial coordinate r. A
Taylor series analysis is performed on the discrete Boltzmann Model in order
to assess the consistency. The truncation error terms do not indicate any error
increase along the radial direction, but they contain a spurious term w,./r which
considerably reduces the model accuracy when radial velocity is non-null: sim-
ulation results highlight a reductions of the order of accuracy (from second to
first). A new axis boundary condition was created to improve the model accu-
racy and to cope with the spurious error term. It was assessed though several
test cases.
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Nomenclature

%

d acceleration

o particle speeds

cs =1/3 sound speed

P pressure

fr distribution functions

Ry force terms in LB equation
r radius coordinate

0 speeds

Greek symbols

v kinetic viscosity

P density

T relaxation parameter

At time step

AX space step

Subscripts

1,7 node index

k particle velocity index

t Time

a, By Einstein notation indexes
T, Z radial / vertical direction

1. Introduction

The lattice Boltzmann method (LB method) is a well understood method for
the simulation of fluid flows. Although it is limited to second order accuracy, it
can compete with traditional fluid simulation methods in terms of computational
performances, and simplicity of the implementation.

Historical origins of the method are found in the kinetic theory: as a conti-
nuity of Lattice Gas Cellular Automata (Frisch et al.[1], McNamara and Zanetti

[2]), or as a special discretization of the Boltzmann equation (He and Luo [3]).



The use of lattice Boltzmann models is not restricted to the simulation of
the microscopic behaviour of fluids. The method is also a powerful numerical
tool for the simulation of partial differential equations. Thus, LB models exist
for various differential equations: Full Navier Stokes equations (Qian et al. [4]),
Poisson equation (Chai and Shi [5]), Fourier equation (Mishra [6]), etc... For
each LBM model, it is essential that the consistency is expressed at least in
one journal paper. Moreover, a truncation error analysis might be helpful for
the determination of the optimal model parameters, and for the interpretation
of the model behaviour under certain circumstances.

The consistency is assessed when the numerical equations tends toward the
appropriate partial differential equations as the discretization parameters AX
and At decrease. The consistency of LB models is traditionally established
through the Chapman Enskog expansion. This method is an heritage from
the kinetic theory: it involves a scale separation (between acoustic and diffusive
transport) on the distribution functions and the differential operators. Although
the method is commonly used for recovering the zero order terms of the simu-
lated equations, it might become a very long and painful experience to use it
for recovering the truncation error terms unless restricted scaling hypothesis are
adopted (Zhao [7]).

An alternative method was proposed by Holdych [8]: the so-called ” Taylor
series analysis”. The method is an extension of Junk’s work [9] for 7 = 1 to any
value of the relaxation parameter. It does not involve any scale separation that
might be confusing for LBM neophytes. It offers a clear an simple technique to
get to the zero order equations, and does not require much more effort to reach
the whole expression of truncation error terms. Despite its inherent simplicity,
the method is still not popular among the LBM community (Ginzburg [10]).

The present work was motivated by the need of a precise and reliable axis-
symmetric flow model, to simulate low-Rayleigh flows inside some cylindrical
capsules that contain phase change materials. The model which was selected is
the model proposed by Guo [11]. Most of the axis-symmetric LB models were

obtained by modifying existing Cartesian LB models in order to recover the



additional terms in cylindrical Navier-Stokes equations. Halliday et al. [12],
Reis and Philipps [13, 14], and Chen et al. [15, 16, 17, 18] used virtual source
terms. Zhou [19, 20] used a radius-dependent relaxation time and a virtual
source term.

The way Guo built his model is radically different. The author started from
the continuous Boltzmann equation in cylindrical coordinates from Bergers [21].
He discretized the equations and obtained a new kind of LB model, where the
radius coordinate appears in all the moments definitions. From now, we refer to
this model as the Radius-Weighted Lattice Boltzmann model: RW-LB model.

Despite subsequent extensions of Guo’s model to thermal flows (Zheng et
al. [22]), and multi-relaxation time collision operator (Wang et al. [23]), the
consistency of the discrete model has never been clearly assessed. Guo [11]
applied the Chapman Enskog expansion to the continuous Boltzmann equations
from which he built the discrete RW-LB model. Moreover, the presence of the
radial coordinate in the moments definitions and the force term might modify
the truncation error terms: its effect on the model precision must be clearly
stated. This is the first purpose of the present paper, which is treated through
a Taylor series analysis.

The second purpose of the present paper concerns the boundary condition
near the symmetry axis. Guo proposed a ”"mirror” boundary condition. This
boundary condition is acceptable for simulating a symmetry plane in Cartesian
coordinates. It is not necessarily suited for the RW-LB model. A new and more
appropriate boundary condition is defined in the subsequent sections.

The present paper is organized as follow. The Navier-Stokes equations for
axis-symmetric flows and the RW-LB model are quickly reminded in the first
two sections. Then, the consistency of the model is tested and the error terms
are expressed from the Taylor series analysis. An alternative axis boundary
condition is proposed in the fourth section. Finally, the model is tested with

the new boundary condition on several test cases.



2. Macroscopic equations

Cylindrical formulations of the Navier-Stokes equations are found in every
fluid dynamics textbook. The following formulation facilitates the comparison

with the macroscopic equations obtained through the Taylor series analysis.

85(ru5) =0 (1)

1
Ot (rua) + Oap(ruaug) = f;(?a(rp) + %50” .

U

7@] 4 THoa

---+V[833(Tua)—ar(ua)_ (2)

In the present paper, we adopt the Einstein formulation for all the equations.

In equations 1 and 2, the summation index is 8 and « is a free index.

3. RW-LB model

The RW-LB model is a D2Q9 BGK model, where the moments and the
equilibrium distribution functions are multiples of the radial coordinate r. The
simulation domain is discretized into square grids. The grid size is AX. The
time step is At. Each grid point is connected with itself and the eight neigh-

bouring nodes through nine particle velocities:

o = (0;0)AX /At
T4 = (0;£1)AX /AL, (£1,0)0AX /At (3)
Ts_9 = (£1;£1)AX /At

The distribution functions fy_g follow the governing equation:

Fe(T + T RALE+ AL) — fo(T,1) = f% (fr — ££9) + At <1 - 2—17) Ry, (4)

The discrete relaxation time 7 is related to the viscosity of the fluid through

v =cEAt(r —0,5), where ¢2 = AX?//3At? is the sound speed.



[r% is the discretized Maxwellian equilibrium distribution function multiplied
by r. It is given by Equation 5, where wy is a weighting which depends on the

associated particle velocity: wg =4/9, w14 =1/9, ws_9g = 1/36.

[ =prwg |14+ —— + —= - 53 (5)

The distribution functions f are related to the macroscopic variables through

the first and second order moments:

S fe=rp (6)
P

Z Cha-fE=T (pua — At%) (7)
k

For the source term Ry, two formulations are available. The first formula-
tion (Equation 8) is the He-type formulation (He et al. [24]) proposed by Guo
[11] for the original RW-LB model. The second formulation (Equation 9) is the
Guo-type formulation from Guo et al. [25]. Since both formulations have the
same zero-th, first, and second order moments, they lead to the same macro-
scopic equations and second order truncation error terms . Both formulations

are equivalent for this study. The second formulation is chosen to get lighter

expressions.
@ -1)F
He __ (Ck ) e
a-u o
Ry, = wy, Ch = + ckcl4 c_;g] . (r?) Guo-type 9)

The force F, is the sum of the "real” force applied to the fluid Fp,, and a cor-
rective pseudo-force required to recover the cylindrical Navier Stokes equations
F!:

2
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Please note that Equation 10 is an exact reformulation of the force term
given by Guo. The formulation given by Wang et al. [23] and Zheng et al. [22]
is wrong: they confused the continuous model relaxation time 7* = v/c? with

the discrete model relaxation time 7 = 7% /At + 0.5

4. Consistency and truncation error

4.1. Scaling strategy

In LB models, the quantities v, 7, AX and At are connected through the

relation:

AX? (27 —1
v 3At( 2 ) (11)

Because of this relationship, it is impossible to modify AX (or At) with-
out modifying other parameters of the model. Thus, whenever a study involves
mesh refinement of a LBM model (error analysis, consistency, local mesh refine-
ment...), it is important to clarify the condition of the mesh refinement: which
parameter remains constant? How does At vary with AX?

The choice of the constant parameter concerns two reasonable options: either
the relaxation time 7 is constant, or the Mach number Ma is constant. Both
parameters participate to the stability and the accuracy of the model. It is now
common knowledge that acceptable values of 7 lies in a narrow range between
0.5 and 2, and that the Mach number should be as low as possible to avoid
compressibility effects.

The literature proposes two common scaling options. Let AX = 1/Nx be
the reference small parameter. Acoustic scaling involves At o« AX, and diffusive
scaling involves At oc AX? (Asinari et al. [26], Junk [9]).

The different mesh refinement strategies were evaluated by computing the
following quantities: reference velocity Uy, model viscosity v, Mach number Ma,
relaxation parameter 7 and number of time steps N;. Those calculation were

based on a fixed Reynolds number Re and non dimension simulated time &:



Uo _ UgNxAX _ UgNiAt

Mqg= —M =
“TAX/(VBAy v " NiAX

(12)

When the Mach number is fixed, we get 7 — 0,5 & Nx. We might reach
unreasonably high values of 7 by refining the mesh. On the contrary, by fixing
7, we get Ma o 1/Nx: we reduce the Mach number value by refining the mesh.
That’s why we choose to fix the value of 7 during the mesh refinement.

Since the aim of the paper is not to compare the relative order of convergence
obtained through either acoustic or diffusive scaling, there was no such a strict
criterion for choosing between the scaling strategies. None of them leads to a

faster convergence, we always get

2
kN%

- Re(r —0.5) (3)

Ny

We chose diffusive scaling based on recommendations from Holdych et al.
[8]. With this scaling strategy, the velocity does not depend on Nx, and the
viscosity can be adjusted through the ratio AX?/At (Equation 11).

4.2. Taylor series analysis

A rigorous application of the Taylor series analysis to the RW-LB model is
detailed in appendix Appendix A. Here, we present the major results of the
calculations.

The Taylor series analysis leads to the modified equations of the numerical

scheme. For the continuity equation, we get:

~(2r—1)? 5 r Uy 4
0u(rite) = =0 "= AX? | = (Op + taap) + 10, ( T) FO(AXY) (14)

and for the momentum equation, we get:
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P P
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v 055 (rua) — B0 (1) — bar (“7)] +r% +AXZME + O(AXY)

0= =0 (ruqa) — 9s(ruqug) —

(15)

where the momentum truncation error M E is expressed in Equation A.37 of
appendix Appendix A.

The zero order elements of Equations 14 and 15 are identical to the cylindri-
cal Navier Stokes Equations 1 and 2. The consistency of the model is assessed
wherever the truncation error do not reach infinite values.

One concern that might arise with the RW-LB model is the repartition of
the error along the radial coordinate, due to the presence of r in the definition
of the moments. The expression of the error terms can give us some answers
about this concern. There are two kinds of error terms in Equations 14 and
A.37. The first ones are functions of rp or 7. The other ones are functions of
/7.

The first kind of error terms are functions of quantities that are proportional
to r. However, Equations 14 and 15 govern the evolution of rp and rpﬁ, which
are also proportional to r. The r-proportionality in the error and the main
equation terms compensate each other. The first kind of error terms should not
involve any increasing trend along the radius coordinate.

If the radial velocity w,. is null, the error terms depending on u, /7 are null and
there is no singularity near the axis. However, with non-zero radial velocities,
the term w,/r reaches extreme values near r = 0, the error terms can not
be neglected along the symmetry axis. For that reason, we conclude that the
consistency of the model is assessed with no restriction if u, is null; it is assessed
in all the model except at the axis location when w, is not null. This restriction
is not limiting: axis-symmetric simulations are performed on a half-section of
the cylindrical domain, and the symmetry axis is treated with proper boundary

conditions. The accuracy of the model near the axis depends on the quality of



the boundary condition.

Finally, let’s consider the evolution of the total mass contained in the simu-
lation domain. The mass is locally preserved during collisions, because the zero
order momentum of the collision operator is null. During the streaming process,
the quantity pr is propagated: the total mass being proportional to Zi,j (pr)ijs
it is exactly preserved by the streaming operator. Thus, despite the presence of
truncation error terms in the continuity equation, the total mass of the system
is exactly preserved by the model, provided that the boundary conditions are

mass conservative.

5. Axis boundary condition

The axis boundary condition is performed on the axis boundary nodes.
Those boundary nodes are located a half step ahead from the symmetry axis. To
analyse the dynamic that is modelled by the axis boundary condition, we define
the ghost nodes as the nodes located symmetrically to the boundary nodes with
respect to the axis (Figure 1). Thus, the radius is r = AX /2 on the boundary
nodes, it is 7 = —AX /2 on the ghost nodes.

The boundary condition should act as if the macroscopic flow was exactly
symmetric on both sides of the axis. Let p, (u,,u;), and (a,,a,) be the density,
velocity, and acceleration on a boundary node. Let p, (@, 4.), and (a,,a.) be
the same quantities on the corresponding ghost node. The boundary condition
should act as if those quantities were equal to p, (—u,,u;), and (—a,, a,) (Figure
2).

The symmetry of the acceleration is already ensured by the definition of the
axis force in Equation 10. Indeed the real force Fy, is symmetric by definition,
and the virtual force F) is an odd function of the radius  and radial velocity w,.
If the symmetry is ensured for the density and the velocity, we get a, = —a,,
and a, = a,.

The boundary condition is applied during the streaming process. Before

the streaming process, distribution functions on the boundary node are post-

10



I symmetry
" axis

Simulation domain

Ghost nodes

j+1

j-1

Figure 1: Boundary node and ghost node near the symmetry axis

collision distribution functions f;;. They are related to the node density p,

velocities (u,,u;) and accelerations @ = 7 /p through:

. AX

ka = T'D
. AX At

Z Ckrfk; = TP Up + 704“ (16)
. AX At

chsz = Tp Uy + 70/2

5.1. Mirror boundary conditions

Guo [11] proposes a "mirror” type boundary condition (mirror BC) at the
axis location. The mirror boundary condition allocates the outgoing distribution
functions f3, f& and f7 to the surrounding unknown distribution functions (in

the nodes j — 1, j and j + 1) as follow:

()00 = (10),
(f1); = (), (17)

11
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Ghost Node Boundary Node

Figure 2: Target behaviour for the axis boundary condition

The mirror boundary condition acts as if, before the streaming, the ghost
node distribution functions were a rotation around the vertical axis of tbhe
boundary node distribution functions. This behaviour is represented in Figure

3.

r= —8X r = AX

R G | & & f

fre»fy | £ i

Y A I

e o 7 . fi f
1

Figure 3: Ghost node distribution function for the mirror boundary condition

Now we can compute the macroscopic quantities p and (@, @) at the ghost
node location before the streaming process. Recalling that the radius is r =

—AX/2, we get:

12
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“Axpf

A - I A
(f” * Tt“) = (%7 )C(k/;)]; - (“ + Tt“) (18)
AL\ Yewfi At
(“z + 7“2) = CAx2 ~ (“ + 7“2)

The symmetry is broken for the density. Although the ghost node velocities

p=

are correct, the mirror BC simulates opposite densities on both sides of the

symmetry axis. It is not suited for the RW-LB model

5.2. The radius weighted mirror boundary condition

The radius weighted mirror boundary condition (RW Mirror BC) is a mod-
ified version of the mirror boundary condition which ensures the symmetry of
the whole set of macroscopic quantities. To do so, we multiply by —1 the value

of the distribution functions that cross the boundary;

(7)., = 5
(77), = =F), (19)
(%), =,

The RW-mirror BC acts as if, before the streaming, the ghost node dis-
tribution functions were a rotation around the vertical axis of the boundary
node distribution functions, and if all the values were multiplied by —1. This
behaviour is represented in Figure 3.

The macroscopic density and velocities now correspond to the targeted val-

ues:

S f)
—AX/2

(30 500 = a5 =~ (o 5') 2
o) B - (02

13

p=




2 2
—f;» —Af;‘ 4—fg | fr fr f
—frex»—f: | i
V2 A\ I
-ty —fy . 7 f; fs
[

Figure 4: Ghost node distribution function for the RW-mirror boundary condition

However, the formulas from Equation 19 are not sufficient to get a good
quality boundary conditions. Indeed, during the streaming process the domain
looses fi + fi + f7 from each boundary node and gets in return — f5 — f§ — f7.
There is a net mass loss p'r = 2(f5 + f¢+ f7). This quantity must be re-injected
into the simulation domain to ensure the mass conservation.

The mass correction is performed in such a way that the post-streaming
velocities and accelerations are not affected. Just after the streaming, the mass
at the boundary node is pr = Y f,:r This mass must be modified to (5 + p')r.

We use:

fE=Fx (1+ %) (21)

The RW-Mirror boundary condition involves two steps: a streaming process
(Equation 19) and a mass correction (Equation 21). It ensures the symmetry of

the macroscopic quantities, and the mass conservation in the simulation domain.

5.3. Additional observations

Axis symmetric simulations are normally performed on a simulation domain
that covers a half section [0, R] of the cylindrical domain, with proper bound-

ary conditions near the symmetry axis. To observe the way the distribution

14



functions are naturally arranged by the RW model around the axis location, we

performed simulations on a whole section [—R, R] of the cylindrical domain.

Symmetry axis

Wall

Periodic hau.n.d-afy/

condition

lzo @ F, l

Figure 5: Simulation domain for the preliminary simulations of the Poiseuille flow

Two test cases were simulated: the Poiseuille Hagen flow (Figure 5), and the
side driven cylinder. Those test cases are described in detail in sections 7.2 and
7.5. We compared the distribution functions on the nodes located near the axis:
on the right side (r = AX/2), and on the left side (r = —AX/2). For both test
cases, the relative arrangement between the left and right nodes is identical to
the relative arrangement proposed by the RW-mirror boundary condition. The
left node distribution functions were a rotation around the vertical axis of the
right node distribution functions, with all the values multiplied by —1 (figure
4). The RW-mirror BC mimics the natural behaviour of the model near the
axis.

Moreover, from the full section simulations, we could observe the effect of the
error singularity as we approach the axis at 7 = 0. The solution of the Poiseuille
Hagen flow has a zero radial velocity: the singular term 0, (u,/r) in equation
14 is null. The simulation results were in good agreement with the analytical
results, and no mass deviation was observed. However, the Side driven cavity
flow implies radial velocity components: the singular term 9, (u,/r) in equation
14 is non null. We observed from the simulations a strong deviation of the total

mass.
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Thus, the mass correction of the RW-mirror BC compensates the natural

mass deviation caused by the singular error term in the continuity equation.

6. Model implementation

Dellar [27] interprets the 2" order LB scheme as a Strang Splitting proce-
dure. Let S be the streaming operator, and C' the collision operator. Dellar

recommends the following sequence of operations for the computation of V;

time-steps:
(Ny—1)xC.5.
———
fe(n.At) = CY28CS...CS CY2 (f(0)) (22)

%
The initial density, velocity, and force are respectively pini, 7;ni and Fpini.
At t = 0, the distribution functions are at the equilibrium state: fx(0) =
T4 (pini, 7;,];). After the first half-collision, we get:

CY2(£:(0)) = £ (pinis Wini) + %Rk(ﬁini; ngni + ?ini) (23)

%
where F'iy,; is calculated, using Equation 10, with the initial density and radial
velocity.
Then, the streaming and collision operators are applied successively N, — 1

times. The streaming operator S splits-up into two steps:

e Normal streaming inside the computational domain

e Correction at the boundary nodes

We used half-way bounce-back boundary conditions along the solid walls.

The collision operator C' splits-up into three steps:

e Calculation of the macroscopic quantities from pre-collision distribution

functions.

16



e Calculation of the equilibrium distribution functions (Equation 5), the vir-
tual correcting force F (Equation 10), and the forcing terms Ry, (Equation
9)

e Collision (RHS of of Equation 4).

The determination of the macroscopic quantities p and U is performed from
pre-collision distribution functions fix. The density is directly deduced from the

zero-th order moment:

p= 2l (24)

For the velocity, it is slightly more complicated because the force term ? =
- =
Fy + F' depends on the radial velocity u,. The first order moment is inverted

to get the velocities in the r and z directions:

1 At
Up = m (2}; Ckr fr + 5 (rFor + PC§)>

1 At
z = z _Fz
u rp(g Ckfk+27’o>

k

(25)

At the end of the simulation, the available distribution functions are post
collision distribution functions f;;. Their first order moment is different from

Equation 7:

F,
E Chafi =T (pua + At%‘) (26)
k

Thus, the macroscopic velocities are obtained through:

1 . At
T AT (Z ol = o *”C§)>

k

1 At
z = z*__Fz
u rp(Ekafk 2T0>
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7. Test Cases

The RW-LBM model is confronted to four test cases. The primary goal of
those simulations is to compare the performances of the mirror boundary con-
dition and the RW-mirror boundary conditions. The influence of the parameter
7 on the model accuracy is investigated with the fourth test case.

The first test case is the Poiseuille Hagen flow. Then, we test the Wormersley
flow because of its transitional behaviour. Those two test cases have analytical
solutions with zero radial velocities. However, we emphasized the importance
of the radial velocity on the error near the symmetry axis. So we investigate
two more test cases: the Rayleigh Benard flow, and a made-up test case: the

side driven cylinder.

7.1. Stopping criterion

The convergence error €. is the error between two axial velocity fields sepa-

rated by 500 time steps:

2
ZZ |’LLZ ” uzﬂj(t* 500At)| (28)

|uz,z'j (t))?

T\ Ny NR
Each simulation of a steady state system ended up with a convergence error
below 10719, For each of those simulations, the number of time steps we used
is indicated through a non-dimension simulation time value x. The definition
of k depends on the simulated system.
The initial density is: pg = 1. The total mass deviation AM is expressed in
29. It did not exceed 10~!® during all the simulations. The mass conservation

is ensured by the model.

D02 pigTiAX? B
R2H

AM = (29)

18



7.2. Poiseuille Hagen Flow

The Poiseuille Hagen flow is a flow inside a vertical cylinder, driven by a
homogeneous vertical force 1*:()) = —FOz.e_;. The simulated system is drawn in
Figure 6. The symmetry axis is on the left. Half-way bounce-back boundary
condition is applied on the right. Periodic boundary conditions are applied

between the top and bottom limits of the domain.

Symmetry axis

Wall

i

|

!

!

UZO¢ F. l

i
—

; Periodic hm_l.n.d-afy/

condition

Figure 6: Simulation domain of the Poiseuille Hagen flow

The analytical solution is @, (r) = 0, and @,(r) given by Equation 30, where

Uy is the velocity at the axis location (Figure 7).

- r2 Ly, R? r?
= o1 ) T (1) -

The dynamics of a Poiseuille Hagen flow is fully characterized by the Reynolds
number Re = 2RUp/v. We used the following settings: Re = 10, 7 = 0.75,
k= (N;At)Up/R = 100, R = 1 and At/AX? = 1. Density variations and

horizontal velocities were close to the machine precision for all simulations.
The bottom axis of Figure 7 show the repartition of the axial velocity error
along the radial coordinate, for the Mirror and the RW-Mirror boundary con-
ditions. The error values are identical near the solid wall. They are due to the
half way bounce-back scheme which, when used with a BGK model, causes a
slight deviation of the wall location. This phenomenon is explained by Noble et

al. [28] and Hecht and Harting [29].
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Figure 7: Poiseuille Hagen flow velocity profile for Ng = 64 and Re = 10. Bottom axis:

distribution of the axial velocity error along the radial coordinate

With the RW-Mirror BC, the error keeps at the same level all across the
flow stream. The errors due to the flow model and the axis BC are negligible
compared to the initial error near the wall. The present result is very encour-
aging, because is assesses the consistency between the RW-LB model and the
RW-Mirror boundary condition. Here, since there is no radial velocity, the
mass correction in Equation 21 is null. The RW-Mirror BC reflects exactly the
behaviour of the RW-LB model on the other side of the axis.

The error repartition which is obtained using the Mirror-BC is much worse.
The error deviates strongly when approaching the axis.

To determine the degree of accuracy of the models, we compute the error €

on the axis axial velocity:
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I/O - uko
z 31
y Uo (31)

The axial velocity u,o = u,(r = 0) is extrapolated from the two neighbouring

velocity values u, ¢ and u, 1, with a second order extrapolation scheme assuming

Ou,/0r(0) = 0:

1
U0 = %UZ,O - guz,l (32)

The error ¢ is represented as a function of the radial resolution Ny in Figure
8. For both boundary conditions, we get ¢ oc AX?, the model is second order
accurate. The axis velocity predictions are more precise with the RW-Mirror

BC for all mesh sizes.

0.1 T ™7
RW-Mirror BC —8—
Mirror BC =——
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Figure 8: Grid dependency on the axis velocity for the Poiseuille flow

7.3. Womersley Flow

The Womersley flow is the flow inside a tube, driven by an oscillatory axial

force:

H
Fy = —Fy, cos(w.t)e_; (33)
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The reference velocity is Uy = Fy,R?/(4pv). The dynamic of the systems
depends on the Reynolds number Re = 2RUj /v and the Womersley number o =
Ry/w/v. The analytical solution has a zero radial velocity, and an axial velocity

given by Equation 34, where Jj is the zero order complex Bessel function.

e Jo (W.r)

U, (r,t) = abs e 1-— W exp(iwt) (34)

The parameters we used for the simulations are: Re = 1200, a = 20, 7 = 0.6,
R =1 and At/AX? = 1. The simulations were run over 400 periods to reach
the periodic regime.

Simulated axial velocity profiles are drawn for four moments of the oscilla-
tory process in Figures 9 (mirror boundary conditions) and 10 (radius weighted
mirror boundary conditions). In each figure, the simulation results are con-
fronted to the theoretical profiles. In Figure 9, the mirror boundary causes a
deviation of the velocity profile near r = 0 (circled area). This deviation is null
with the Radius weighted boundary condition.

mirror boundary conditions

0.015
=N,
e \ t=nT
0.01 fry
1 1
1 1
T
0.00§ | ] |
. ! ! t=(n+1/4)T
= ] i
=, 0 + 1
=] 1 1
1
i ]
0.005“ !
\ 1
' /
0.01 i
ot Simulation
theory
0.015 . . . . . . 2
0 01 02 03 04 05 06 07 08 09 1

r/R

Figure 9: Typical solution for the wormersley flow with a = 20. Mirror boundary conditions

(N = 32)

The error £ was computed from the axial velocity during the last simulated

period:
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radius weighted mirror boundary conditions
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0.015 . . . . . . . : .
0 01 02 03 04 05 06 07 08 09 1
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Figure 10: Typical solution for the wormersley flow with o = 20. RW Mirror boundary
conditions (Np = 32)

Nt

1 |2 (0, tx) — uky
£ = — 35
NtT ; |uz(0,tk)| ( )

It is represented as a function of the radial resolution Ng in Figure 11. It
is difficult to extract any order accuracy from those curves. The precision is
generally improved during the mesh refinement. Axis velocity predictions are

on average 500 times more precise with the RW-mirror BC.

RW Mirror BC —H—
Mirror BC —4—

0.1

0.01

0.001

0.0001
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Figure 11: Error on the axis velocity for the Wormersley flow
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7.4. Rayleigh Benard convection

The choice of the Rayleigh Benard convection flow is motivated by the pres-
ence of non-zero radial velocity, and the existence of reference results in the
literature.

The fluid, initially at rest, is enclosed inside a vertical cylinder, with a hot
temperature T}, at the bottom, a cold temperature T, at the top, and adiabatic
conditions on the surrounding wall (Figure 12). The Boussinesq force 1?‘0 =

pgB(T — T,,)e; drags a toroidal flow inside the cylinder.

Symmetry axis
|

———

Uz0,max

- -___<_____

Th/

Figure 12: Simulated system for the Rayleigh Benard convection

The flow model is coupled with an energy conservation model. The energy
conservation model was built on the same grid than the flow model. At each time
step, the temperature values on the lattice sites are updated using Equation 36.
The spatial derivatives 9,0, 53 and 53 are centred discrete derivatives. They

are second order accurate in AX.

- - - - 3Tk
TFY =Tk £ At | =0, 0,TF — u.0.T" + a (aka + 0°T" + GTN (36)

The reference velocity is Uy = 1/ gB8(Th, — T.)H. The following criteria were

fulfilled in order to ensure the stability of the energy conservation model (see

Tannehill et al. [30]):
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. . . . . alAt 1
e Diffusive criterion: 355 < 5
e Two dimensions Courant Friedrichs Lewi criterion: UAU)A(t < %

2
e Mixed criterion: U“Tm <1

The dynamics of the system is fully characterized by three dimensionless
numbers: Rayleigh Ra = ng’”;iVTC)Hs, Prandtl Pr = %, and shape factor
I' = R/H. The parameters we used were: Ra = 5000, Pr = 0.7, I’ = 1,
7=0.55 R=1, At/AX? =1 and k = aN;At/R? = 14.

The reference result given by Lemembre and Petit [31] is the maximum
dimensionless axis velocity: u,0max/Uo = 0.351. The small number of digits
of this reference result is due to the weakly oscillatory nature of the toroidal
flow. The simulation results are compared to the reference value in Figure 13.
The models with both boundary conditions converge toward the right velocity

value. However, the precision is far better with the RW-mirror BC than with

the mirror BC.

0.46 T T
Reference
RW-Mirror BC —&—
0.44 Mirror BC —+— +
042 f
o
2 04 F
3
E
f 038}
=)
0.36 |
phy — ~
= = |
034 o
0.32 . . . . . .
0 20 40 60 80 100 120 140

Figure 13: Maximum axis velocity for Rayleigh Benard convection

The direction of the fluid rotation depends on the initial temperature 7.
If T is cold, the fluid rotation is clockwise, and the center of the toroidal roll
is slightly shifted upward. If 7" is hot, the cold top temperature implies a
decrease of the buoyancy: the rotation is anti-clockwise, and the center of the

toroidal roll is shifted downward. This phenomenon was correctly reproduced
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by the RW LMB model. Velocity streamlines are drawn on Figure 14(a) for an

initial cold temperature, and on Figure 14(b) for an initial hot temperature.

(b)

Figure 14: Velocity streamlines for Rayleigh-Benard convection:14(a) initial cold temperature,

14(b) initial hot temperature

7.5. Side driven cylinder

To fully characterize the RW LBM model, we need a test case with a non
zero radial velocity, which does not require any coupling with other conservation
models. That’s why we investigate the side driven cylinder flow. The side driven
cylinder is a vertical cylinder with solid walls on the top and bottom surfaces.
The fluid is driven by an axial velocity Uy which is imposed on the side of the

cylinder (see fig. 15)
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Symmetry axis

Figure 15: Simulated system for the side driven cavity

We fix z = 0 at the bottom of the system. A weighting is applied on the

side wall velocity to avoid discontinuity issues near the corners.

- (%’Z _ 1)18]2 (37)

The dynamic of the system is entirely defined by two dimensionless numbers:

Reynolds number Re = UyH/v, and a shape factor: ' = H/R. We performed

Ué(z) = UO X

the simulations for Re = 50 and I' = 2, with the following settings: 7 = 0.6,
R=1,At/AX?* =1, and k = N;AtUy/H = 30.

We got the reference velocity values from much finer simulations performed
on a finite volume model based on the axis-symmetric Navier-Stokes equations.
For those simulations, we used a steady state model, with a pressure-velocity
coupling scheme which offers a second order accuracy for the pressure, and a
third order accuracy for the momentum, through the MUSCLE scheme. The
reference results (%, @,) were obtained with a regular square mesh of 1024 x 2048
cells. A fourth order spline interpolation technique was used to move reference
and LBM velocity values to the same locations for comparisons.

The lines z = 0.5, z = 1 and z = 1.5 are identified in Figure 15. The radial

and axial velocity profiles along those lines are represented in Figure 16, where
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the reference results are drawn in black. Absolute error repartitions are drawn
in the bottom axis.

The error values are much greater for the side driven cavity flow (around
10-15% with Np = 64) than for the Poiseuille Hagen flow (less than 0.1%, see
fig. 7). The present test case is stiffer, due to non-null radial velocity, and
velocity gradients in both radial and axial directions.

The distinction between Mirror and RW-mirror BC is perceptible near the
axis (circled areas). With the RW-Mirror BC, the radial velocity error tends
toward zero and the axial velocity error stabilizes. With the Mirror BC, there

is a distortion of the error profiles near the axis.

0.2 1
0.15 0.8
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Figure 16: Axial and radial velocity profiles along the lines y = 0.5, y = 1 and y = 1.5, for
Ngr = 64 and Re = 50. Reference profiles are drawn in black, simulated profiles with the
RW-mirror and mirror boundary conditions are respectively in solid lines and dashed lines.

The corresponding error are reported on the curves below.
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The global simulation error € is computed from the axial velocity profiles
at the axis location r = 0 (Equation 38), where u,o ; are extrapolated values

(Equation 32).

1 [uz0,5 — U0,
- 5 5 38
TN @

The error € is drawn in figure 17 for several mesh sizes. The convergence
is now first order. This is an issue, because the truncation error analysis does
not highlight any first order error term. It seems that the spurious terms u, /r
become so great near the axis that they influence the convergence rate of the

model.

0.1

N —
RW-Mirror BC —H&—
Mirror BC ——

0.001 f

0.0001

10 100
NR

Figure 17: Axis axial velocity error for the side driven cylinder flow

The effect of the relaxation parameter 7 is investigated in Figure 18. We
set R =1 Uy = 1, Np = 32 and v = 2/Re, with Re = 5, Re = 10 or
Re = 100. Since v is fixed and 7 is varying, the ratio At/AX? is varying from
one simulation to another.

For high Reynolds numbers (Re = 50, Re = 100), the trend is clear: the
closer is the relaxation parameter to 0.5, the more precise is the model. Here,
the value v = 1/Re being very small, the dominant error terms in Equations 14

and A.37 are multiples of (27 — 1). The error is minimized when 7 approaches
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Figure 18: Effect of the relaxation parameter 7 on the model precision.

For Re = 5, the minimal error occurs near 7 = 6.5. The dominant error
terms in 14 and A.37 are no more the multiples of (27 — 1), because the terms
in 672 — 67 + 1 (root 7 ~ 0.789) and 1272 — 127+ 1 (root 7 ~ 0.908) are getting
bigger. The optimal value of 7 is then shifted upward. This observation is in

concordance with the analysis of the classical BGK model made by Holdych [8].

Conclusions

The present paper offers a deep and critical analysis of the RW-LB model,
based the expression of its generalized equation. The generalized equation as-
sesses the consistency of the model. All the error terms are multiples of AX?
or more: the model is second order accurate. However, we identified spurious
error terms wu,/r which may considerably reduce the model precision when wu,
is not null.

The fact that the spurious terms might reach extreme values near the axis
motivated an investigation about the axis boundary condition. This investiga-
tion resulted in the definition of a new boundary condition which mimics the

natural behaviour of the model when u, = 0, and compensates the mass loss
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when u, # 0. The new boundary condition clearly provides more accurate
simulation results.

The spurious error terms have no effect on the simulations results when
u, = 0. We recovered the second order accuracy that we expected from the
generalized equation. However, our last simulation results showed that strong
values of u, reduced the order of accuracy of the model. We still don’t know
how to quantify this reduction, this is a work to be continued.

Anyway, despite those limitations, the RW-LB model still has the great
advantage over any other model that the collision process is purely local. It
remains an alternative to any Navier Stokes discretization when an exceptional

precision is not necessarily needed.
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Appendix A. Taylor series analysis

Appendiz A.1. Native Expression

The first step of the Taylor series analysis is to build the native expression
of the model. The native expression is when the distribution functions fk(?, t)
are expressed as a function of macroscopic quantities p, p, 7, and ? at the
time ¢ and coordinate .

To distinguish the time step At and space step AX, the particle velocities
¢t are formulated as the product of an amplitude AX /At and a direction vector

wf,. For the sake of clarity, we adopt the following formulation:

fe(n) = fio(@ 4+ ncf At t +nAt) = fo(Z +nAX T, t + nAt) (A1)

We start with the LBM Equation 4:
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= fu= =2 (= 0+ ae (1= 5 ) R, (A2)

By simply shifting the time continuum by —At, we get:

1., 1
Ik = (1—> fu(=1) + ;fkq(*l)ﬁLAt <12—> Ri(-1) (A3)
This expression is applied recursively over an infinite number of time steps.
By this process, all the unknown distribution functions fi(—n) are replaced by

equilibrium distribution functions f5?(—n) and source terms Rjy(—n):

(A 1E6-1) o
At (1 - %) i (1 _ %)nl Ri(=n) (A4)

n=1
fr? and Ry, are directly related to the macroscopic quantities p, p, 7, and
?. Equation A.4 expresses f (7, t) as a function of the macroscopic quantities
at the previous time steps. We use Taylor series expansion to express them at

the present time:

(—n) = fi1+ Z % {antat — nAXﬂ.?}m P
m=1
o (A.5)
Ri(~n)=Ri+ Y % [antat - mx@*.?} Ry
m=1 :

Those expressions are introduced in A.4:
1 e o] 1 n—1
=— 1—-— At |1 —— 1—-
fsz( o) (o) RS ()
< > ) [ata, + Xﬂﬁ]m <4 (A.6)
— m!

A i1 - iT) i (1 - %)nl (_:L)m [At@t +AX@] ?}




We introduce the function p[r, m] which is defined as:

plr.m] = i (1) (A7)

The function p[7,m] has a formal expression for the first values of m:

plr,0] =1/7
plr,1] = -1 p[r,2)=27-1 (A.8)
p[r,3] = —67% + 67 — 1 p[r,4] = 2473 — 367% + 147 — 1

Equation A.6 is then reduced to the following expression:

L i plr,m]

m/!

—

A, + AXTL V] f (A.9)

27— 1) & m
+ Atr 72 )Zp[””] [Ataﬁm@;.?} R,

a0, + Axm.?}m - i q!(mL!q)!Atm—qAXQ[at]mq (w’k.?)q (A.10)
q=0

The previous equation becomes:

(27 —1)
2

o St tatop () 1

o= [+ At Ry,

+ Attt Z i plr,m (27‘ — 1) At™TIAX P, (@?)q Ry,

— ¢!(m —q)! 2
(A.11)
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In Equation A.11, the distribution functions fk(?,t) are entirely defined
from the macroscopic quantities at the time ¢ and the coordinate 7. We kept

one term 7At at the beginning of each sum to simplify subsequent calculations.

Appendiz A.2. Explicit expressions of the equilibrium distribution functions and

force terms

To select the dominant terms in Equation A.11, we must expand the expres-
sion of f;? and Ry, as functions of At and AX. For that purpose, we consider
2 = AX?/3At? and ¢ = (AX/At)w].

The first element of f.? is directly expressed as a function of the pressure p

through the density / pressure relationship for incompressible flows:

P 3AL?
P=3="P (A.12)

With this artefact, the pressure p appears naturally in the momentum equa-

tion. We expand f;? and Ry:

1= wyr %+pc—i'§7+ﬁ'(c—l€;c4 202]
= wgT {Zi;zp + SAA; T ARTARS AXC /)(7~T> W)’ - QSAA;;Q pﬁﬂ
= A—X22 [3wkrp + Q—;kpr(m.ﬁ) ka 72] [Scukprwk U]
AA;; [Age] + AAX [Brx]

(A.13)
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. ? @)@ F) u.F
Ry = wir 2 A T T2
_ 3At 9At o T 3At2
- [A AX2 X ] (A.14)
[9@%7“ wi. ?) — Bwprd. ?} + E [kamﬁz ?}
AA;@ [ARk] + AA—X [Brx]

In both expanded expressions, we get some terms that are multiples of
At?/AX?, and on term which is a multiple of At/AX. The At*/AX? elements
contain an even number of w;. The At/AX element contain and odd number
of wj,. This distinction is important given that the odd-order momentums in

wj, are null. For the even order moments:

Zwk:l
k

1/3 if 2r or 2z

Z WEWkaWEB =
& 0 if rz
1/3 if 4r or 4z
. (A.15)
Zwkwkawkﬁwk'ywkr = 0 if r3z or 23r
k
1/9 if 2227
1/3 if 6r or 62
Zwkwkawkﬂwkvwk‘rwkfwkn = 0 if 5z or z5r or 3r3z
k

1/9 if 472z or 422r

We get from A.11:
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27 —1
fr= ;Sq'f'Athk

2
+ Atr Z Z AT AX g e (m.?)quk
m= 1q O
21 —1
JrAtTleqZO plr,m] ( T2 )Atm—qJFQAXq_Q[at]m_q (’Lﬁ.?)qARk
+ Atr Z Z A g A TIAX Yo (k. ?)fok
m=1q= O
21 —1
At mz 2) plr.m] ( i )Atm—ww—l[at]m—q (@.%)" B
(A.16)
Appendiz A.3. Scaling hypothesis
(A.17)

The scaling strategy is justified in section 4.1. The space step AX is the

small parameter that is reduced when refining the mesh. The time step is

adjusted through diffusive scaling: At oc AX?. The ratio (27 — 1)/6v is fixed.

Thus, we get from Equation 11:

21 —1
6v

At = AX? (A.18)

This expression is introduced in Equation A.16
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21 —1
Jrk = eq+At7(T )Rk

2
—~ plr,m 1\ ™t o .
JrAtTmzquO q!(m — < 6v ) AX? o1 (ﬂ?) Ay,
m—q+3
o S (2 st (2 s
m= 1q 0
+ Attt Z Z 7' m (27—61/ 1)7”‘1 AXmeq—l[at]m,q (ﬁ?)q Bfk
m=1q= 0
m—q+2
o £ (22) s )
m=1qg= 0

Now, there is only one small parameter (AX) in the native equation. The
order of magnitude of the different terms will be determined from the power of

this parameter.

Appendiz A.4. Zero order moment: continuity equation

The continuity equation is obtained by computing the zero order momentum
of Equation A.19. We know that >, fr = >, fi? = pr and >, Rx = 0: all
the first line terms are eliminated. The coefficient 7At at the begining of the

remaining terms is removed:

0— i i .p[T, m])! (27’61/ 1)’”‘1+1 AXQm*Q[at]qu Z Kﬁ?)q Afk}

i dm—aq d
S5 gt () v tap e 3 (@ 9) 4n]
mii q!ﬁ:’iﬂ’ iﬂ (QTGV l)mq AXZI g, Z (@) Byl
S5t (B2) T v a3 (@ 9) bul
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AX° AX?
line 1 (Az) | - (1,0), (2,2)
line 2 (Agk) | - -
line 3 (Bysr) | (1,1) (2,1), (3,3)
line 4 (Bg) | - (1,1)

Table A.1: Selected combination of (m,q) for the continuity equation

Here, despite the infinite number of terms in the sum, only a few of them
have an order of AX lower or equal to 2. Moreover, for the moments to be non
zero, the coefficient ¢ must be even in the two first lines, and odd in the two
last lines.

The combinations (m,q) that lead to a AX order lower or equal to 2, are
given in Table A.1 for each line of the former equation. After computing the

related moments, we get:

0=— 0q(pruq)
27 —1)2
(ZT)AX ? [ =20 + 201 (p1ua) + O (1D3as + pruats) — 9a(rFa)|
2
- -1

(A.21)

Appendiz A.5. First order moment: momentum equation

The momentum equation is obtained from the first order moments of Equa-

tion A.19. For the terms in the first line, we use:

At
Z Chafr = prua — 7TF(1
k
Y crafit = prua (A.22)
k
Z CkaRk - TFa
k
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AX° AX?
line 1 (Agpg) | (1,1) (2,1), (3,3)
line 2 (Agk) | - (1,1)
line 3 (Byx) | (1,0), (2,2) (2,0),  (3,2),
(4,4)
line 4 (Bgrg) | - (1,0), (2,2)

Table A.2: Selected combination of (m, q) for the momentum equation

For the other terms, we use the following development:

> ka1 = AA—waka -] = (2761/ 1) AXTES wpa [-] (A23)
k k k

The only surviving term in the first line of the first order momentum equation

is Atr(rF,). The coefficient 7At at the beginning of each line is eliminated.

We get:

' F@i q!f};’m ]q)! (QTGZ 1)m_q AXITI RIS [(#.9) " wiadpe]
>
S5 (B0) v tap e 3 [ 9) sl
 E o (2 s )

The coefficient ¢ must be odd to get non zero moments in the two first lines.

It must be even for lines 3 and 4. The combinations (m,p) for an order of AX

equal or lower to 2 are given in Table A.2. The momentum equation at this

stage turns into:
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0= — Oh(prua) — Os(rpdas + pruaus) + v [Bss(prua) + 20ap(prug)] + rFa

2r — 1)?
+ %AXQ (O (prua) — 0u(rFa) + 20:3(rpdas + pruaug) — 0g(ruaFs + rugFy)]
12
uAXQV Dp3(rFy) + 20a8(rF,
5 35 s(rFp
—672 + 67— 1 pru
#AX2 {8t5g(prua) + 20iap(prug) + Oapp(rp — TW) + Z @a}
2
m%?——i_lyAX2 [Z ®ozi| + O(AX4)
(A.25)
Where:
9 N ? 3
Z@a 5 Zwk (wk ) We pr (W 7)
¥ .\ (A.26)
Z@a = 3Zwk (ﬁ?) wkapr(wk.7)2
k

Appendiz A.6. Extraction of the additional momentum terms

Here come the tricky part of the development. In Equation A.25, only the
first line seems to be zero order, the following lines being multiples of AX?Z.
However, due to the radius coordinate appearing within space derivatives, and
due to the definition of the force term, one additional zero order term arises.

The definition of the force term is:
2uy
Fy = Foo + F, = Foo + (I—’ - pu%) Soer (A.27)
r r

It is introduced in the element —dg(ruqFp + rugF,) from Equation A.25
(line 2):

—0p (TuaFg + TugFoJ = —0p [55Tuap + 5aru§p]

+ 200 [(ua(sgr + uﬁ(sm)p—;f’” — Op(ruaFos + rusFos) (A.28)
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The cross terms u,p and ugp are of order —2. Indeed:

1202 1

@2r—1)2 axze (4.29)

UaP =

They are extracted from the second order elements of Equation A.25, pro-

viding additional zero order elements in the momentum equation:

(21 —1)? 9 1202 1
VT = Ax? [—gpd 2~
120 %\ @r =192 ax? Oortier & dsrttap)

= v [=0r(pua) — dar(0p(pup))] = v {—Gr(pua) +dar (M * &)}

r

(A.30)

The momentum equation then turns into:

0= — 0(prua) — 0s(rpdas + pruqug)+

! .
v |0pp(prua) + 20a5(prug) — Or(pua) + dar (M + %)] +rF,

21 —1)?
+ ( 7121/ ) AX? (04 (prug) — 0s(rFy) + 20:5(rpdap + pruaus) — s (ruaFos + rusFou )]
[N PUaUsr PURUy
13, QX {aﬂB(TFa) +2005(rFs) + 20, ( . ) + 205 (T) 64
—672 4+ 67— 1 prU
fAXQ {&gﬂﬁ(prua) + 2008(prug) + Oupp(rp — TW) + Z @a}
1272 =127 +1 2 .
=T uAx? [ e +O(AXY)

(A.31)

Appendiz A.7. Simplifications

First, we use the zero order terms of Equation A.31 to simplify the continuity

equation:
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12
0 —(eq.A.25) + (QZTHAXQ&Y(eq.A.Bl)
0=—0u(prua)
(217 —1)? o[ T
+ EETTRE AX [— Vat(p) + Ora(prug)
—_1)2 _
+ Cr AN s pr150) + 2uasrts) = Ora ) + 0y (2L 4 200 )

—672+67—1
T AX? [0 prua)] + O(AXY)

(A.32)

It is clear that the divergence terms 0, (prus) have an order of magnitude

AX?. They are removed from the second order elements:

O (prug) = %AX2 [—gat(p) + v0y (P:r)] (A.33)

The density variations are second order terms:

_1)2
ap:ap:uA)@@ (A.34)

E 12v v

Thus, when extracting the density from the zero order derivative 0, (pruy),
we must take into account the corresponding second order element in the error
terms. However, when we extract the density from derivatives that are already
within the second order terms, the equation is not modified (the additional

terms would be fourth order). We get the modified continuity equation:

~(@2r—1)? 5 r Uy
O (1) = 50 AX o (Orp + w0 Oap) + VO, ( . ) (A.35)

For the momentum equation, we begin the simplifications by substituting

the divergence terms using Equation A.33:
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0= — 0(prua) — 0p(rpdas + pruqug) + v |9zs(prua) — Or(pua) + 50”% +rF,

27 —1)2
+ ( T12V ) AX? [Ou(prua) — Ou(rFa) + 20i5(rpdas + pruqug) — 0s(rueFog + rusFoq)]

+ %AKQ [5M8t(p) - 26ta(rp)]

n %Ax% [aﬁﬁ(rFa) + 2005(rF5) + 20, (%) + 205 (@) 54

(21 — 1)2 2 2 Pl dar pur
+ 12v AXTY 280”(7“) rar(r)
—672 + 67— 1 9 PT Uy
#AX {8t5g(prua) + 20iap(prug) + Oapp(rp — T) + Z @a}
1272 — 12741
4

VAX? [Z ®a} +o(ax?h
(A.36)

The density is taken out of the derivatives:

T Fa
0=—0(rua) — 9p(ruqug) — @ + v |0pg(rua) — O (ua) + 50”% + TT

(21 — 1) AX?
+ - 7

o (i) — 0]

27 —1)2
+ (TlT)AXQ [Ou(rua) + 208 (ruqug)]
2r —1)2 AX?
B B 5 00) + 20300 (9) + r1aD35(p) — 0o )]
(217 — 1) AX?
- — F,) — F F
e, T, [=0:(rFa) — 0p(ruaFop + rusFoa)]
(27 — 1)2 o [0p(rFa) + 2005(rFp) Ug U Uy
+ 12v AXTv p +26T( T )+26’6( T )60”
(27— - 1)2 2.2 Uy 600“ &
g, AN 20 (7) - o ( r )
672467 -1, o TP Tlyy
fAX 6tﬂ5(rua)+26mﬂ(ruﬂ)—i—(’)aﬂg(? - T)J’_Z@a/p
1272 — 127+ 1 9 4
T —vAx > @a/p] +0(ax%

(A.37)

We recover on the zero order terms the Navier Stokes momentum after sub-
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stituting the force term F, by its expression in A.27.

Appendiz A.8. Comments

In section Appendix A.6, the additional zero order element was extracted
from the force term F!. We shall point out that, even if the definition of F,
did not contain the pressure p, the same additional zero order element would
appear from the double time derivative 9y (pru, ) in Equation A.25.

The procedure for extracting this term is not so simple. First, we express
the zero order part of Equation A.25, by taking into account the additional zero

order term through the unknown variable K:

0= =0 (pruqa) — 93(rpdas + pruqug)+
v[0sa(prua) + 20ap(prug)] + rFa + Ko + O(AXQ) (A.38)

Then, Equation A.38 is used to substitute the inner time derivative of
(0 (prue)). One of the resulting terms is dyg(pruqaug). We develop this term

in the following manner:

Drs(pruaus) = 9 [usd(prua) + uade(prus) — uausds (pr)] (A.39)

And finally, we substitute the terms 9;(pru.) and 9;(prug) using again Equa-
tion A.38. The cross terms pu, and pug appear naturally. In our particular
case, those cross terms are cancelled by the elements u,F," and ugFs" which

also contain the pressure.
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