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Estimation in Ill-posed Linear Models with
Nuisance Design

Golubev, Yu.* and Zimolo, Th."

Abstract

The paper deals with recovering an unknown vector § € RP in
two simple linear models: in the first one we observe y = b -0 + €
and z = b+ o, whereas in the second one we have at our disposal
Y =b>-0+eb-&and z = b+ of. Here b € RP is a nuisance vector
with positive components and £, £’ € R? are standard white Gaussian
noises in RP. It is assumed that p is large and components by of b
are small for large k. In order to get good statistical estimates of 6 in
this situation, we propose to combine minimax estimates of 1/b; and
1 /bi with regularization techniques based on the roughness penalty
approach. We provide new non-asymptotic upper bounds for the mean
square risks of the estimates related to this method.

1 Introduction

This paper deals with estimating an unknown vector # € RP in two simple
linear models. In the first one 8 is estimated based on the data

yk:bk0k+€£k7 k:17"'7p7

1
Zk:bk—i-Jf];, k=1,...,p, ()

whereas in the second one 6 is recovered from the observations
y//@:biek"‘ebk:gka k=1,...,p,

2
Zk:bk—l—ofllf, k=1,...,p, ()

where £ and £ are independent standard white Gaussian noises in R? and
b € RP is an unknown nuisance vector with nonnegative components by >
0,k = 1,2,...,p. In order to simplify numerous technical details, it is
assumed in what follows that the noise levels € an ¢ are known.

In spite of very simple probabilistic structures of (1) and (2), estimation
of 0 in these statistical models is a nontrivial problem. Principal difficulties
arise when :
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e p is large;
e b, are small.

The basic idea to overcome these difficulties is based on regularization
methods which nowadays are well-developed in the case ¢ = 0. These meth-
ods are usually related to the roughness penalty approach and the main goal
in this paper to adapt this approach to the case ¢ > 0.

Linear models (1) and (2) play a rather important role in studying, for
instance, the noisy periodic deconvolution problem. Suppose we have at our
disposal the noisy data

Y(t) = /O h(t — W)X (u) du + en(t), € [0,1], "
Z(t) =h(t) + on'(t), te]0,1],
where

e n(t) and n/(t) are independent standard white Gaussian noises;

e h(t), t €[0,1] is an unknown periodic function with period 1.

Our goal is to recover X (t), ¢ € [0, 1] based on the observation {Y (t), Z(t), t €

[0,1]}.
The continuous time model (3) can be easily transformed into the so-
called sequence space model with the help of the standard trigonometric

basis on [0, 1]
wo(t) =1, r(t) = V2cos(2mkt), @i(t) = V2sin(2mkt), k=1,2,....

Denote for brevity

1 1 !

Xo:/0 X (t)po(t) dt, Xk:/O X (t)pr(t) dt, Xzi‘:/o X (t)pp(t) dt;
1 1 !

yoz/o Y (t)go(t) dt, Y :/0 Y (8)on(t) dt, Y :/0 Y (t)pp(t) di;
1

2= [ 20ttt 2= |
1 1 !

b= [ heoOde = [ e i = [ negi i

Then with a simple algebra we arrive at the following statistical model :

1 1
Z(t) () dt, 7 = /0 2(t)pi(t) dt:

Yo = hoXo + €o,
 Xyphy — X[
a V2

Zo = ho + U{{),

Zy = hp+0&,, Zi=hi+ o€ .

Xphi + Xihy,
V2

Yy + €&, Y= + €€_i;

(4)
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which is equivalent to (3). In the above equations, £ and & are independent
white Gaussian noises.
Suppose h(:) is a symmetric function with hx > 0. This means that

hy = 0. In other words, we assume that the convolution operator H :
LQ(O, 1) — LQ(O, 1) defined by

1
Ha(t) = / Wt — we(u) du, € 0,1]
0
is self-adjoint and positively defined. In this case, estimation X, £k =0,1,...
in (4) is equivalent to estimation of X based on the data
Xihy

V2

Zo=ho+ o0&y, Zr=hy+ &,

Yo = hoXo+ €0, Yi= + €&

and to estimation X;, k=1,2,... with the help of the observations

X*hy,
Y= el g
k NG §—k

Thus we see that if H is self-adjoint and positively defined operator, then
the noisy deconvolution is equivalent to recovering 6 € Iy in Model (1).
In the general case, one can rewrite (4) in the following equivalent form:

Yo = hoXo + €,

Xi(hi + hi?
yka+ng’;*:M

V2
+ e(Ephp + E_ph}) + eo(E k€ + €€ ),
* (1,2 *2
+ e(§—rhi — &khy) + eo (6 y — &€l ),

Zy = ho + 0§,
Zi = hi 4 2008, + 067, ZiP = B+ 20hpEl + 07

Therefore, denoting for brevity
b = \/hi + hZZ, Y = YiZ, - Y 7,
Vi =Y Zp + Vi Zy, 2 =\ ZE + Z;2,

and omitting the second order terms proportional to oe and o2, we arrive
at the following approximation of (5):

- _ X;b? -
+ebrlr, Yo = kk ebrér;

V2

Xib?
V2
Z():ho—i-ofé, Zk:bk—l—aE;,

Yy = hoXo+ €&, Yi~
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where & &, 5_;;, 5_;6 are mutually independent standard Gaussian random
variables. So, we see that recovering Xj and X} in (4) is nearly equiva-
lent to estimating 6 € I3 in Model (2).

Another example, where statistical models similar to (1) and (2) appear,
is related to the probability density deconvolution problem. Suppose we
observe n i.i.d pairs of random variables

(Y, Z;), i=1,...,n, where Y; =2+ X;.

Random vectors (X1,...,X,)", (Z1,...,Z,)" (Z},...,Z!)T are assumed
to be independent and variables Z; and Z! are identically distributed. The
goal is to estimate the probability density of X;. Notice also that statistical
problems close to the mentioned above are common in econometric appli-
cations related to the instrumental variables, see for instance [8], [3] and
references herein.

The problem of estimation # in (1) has been already addressed in several
paper, see for instance [1], [2], [4], [6], [7]. The principal idea in these papers
is to estimate unknown bi_l using a "natural” estimate 1/z; and then to
correct obvious drawbacks of this method with a thresholding method.

In fact, as we will see below, estimating 1/b; is a rather nontrivial and
interesting from a mathematical viewpoint statistical problem. This problem
is so nontrivial that at the moment we can prove the optimality of proposed
estimators only with the help of computerized calculations.

2 Main results

2.1 Univariate minimax inversion

The main idea in estimating § € RP in (1) and (2) is based on a solution
to the following simple statistical problem. Suppose we observe a Gaussian
random variable

2= oL, (6)

where p € RT is an unknown parameter and £ is a standard Gaussian
random variable. Our goal is to estimate 1/u. More precisely, we are looking
for the so-called minimax estimator 7~!(z) of 1/u and its minimax risk
defined by

ri(0) € inf sup By, (371 (2) — 7] = sup p B, [0 (2) — 7P (D)
BT >0 >0

where inf is taken over all measurable functions g~1(-) : R! = R*, and E,,
stands for the expectation w.r.t. the probability measure generated by the
observation (6).

Notice that the considered problem is closely related with estimating 6
in Models (1) and (2) when € = 0.

We begin with a lower bound for the minimax risk (o).



Lemma 1.
ri(o) > o’ (8)

Proof. Inequality (8) may be proved the help of the Van Trees inequality
[10] (see also, e.g., [5]) which bounds from below the Bayesian risk of any
estimate of g(u) based on the observation z € R! with a probability density
P(-; ), where p € [a, b] is an unknown parameter. Recall that the Bayesian
risk is defined by

b
Py=int [ [ 0P [a) - o] dud.

Suppose g(u), p € [a,b] is differentiable and 7(+) is a probability density
on [a,b] such that m(a) = 7(b) = 7'(a) = 7' (b) = 0 with

)
l () <o

Then
b 2
R(m, P) > I()iI(P)[/a 9 ()7 (1) du} ; (9)

where Fisher’s informations I(7) and I(P) are defined as follows :

I(Tr)z/: 7:?(2;) dp and I(P / /];2;: dp.

In the considered statistical problem

1 1 (z,u)Q]
=— and P(z;u) = exp[— .
g(p) . (25 1) Noroe 5,2
Let us take
() = 1 - 1 _ a+b
W= —a™b—a\"™ "2 )]
where
To(z) = 2cos’(mx), = € [~1/2,1/2].
Hence

1/2 2 1/2
/ me (z) dx = 8r? / sin?(rz) do = 47
-1/2 o ()

and therefore

I(m) = . (10)

Next, we obviously have

</ab7r(u)gg(u) du>2 _ (/ab W/i/;) du>2 > bl4 ()
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It is also well known that 1
I(P) = P
Thus, substituting this equation and (10)—(11) in (9), we obtain
b~ 4
R(m P2 = +4m?(b—a)?
and combining this inequality with

ri(o) > a4R(7r, P),

we arrive at 4
a*b~

o2 +472(b—a)3

In order to finish the proof, let us choose b = a + v/a and take the limit
n (12) as a — oc. O

ri(o) > (12)

Lemma 1 motivates the following definition.

Definition 1. An estimator i~ () of 1/p is called strong-minimaz if the
following relations hold true :

__ 2
sup 2By [0 (2)p — 1]7 = o (13)
n>0
[ ]
Sup By 5 (2)pf? = 1. (14
u>0

In order to demonstrate that strong-minimax estimators of 1/ exist, let
us consider the following family of non-linear estimates

A5'(2) = g B0, (15)

where z; = max(z,0).

There are simple heuristic arguments helping to understand where these
estimates come from. Assume that the unknown parameter x in (6) belongs
to R. As above, our goal is to estimate 1/ based on Z. Consider the
following Bayesian risk :

o0

Rol) = [~ w0 Byl (2) ~ 1P d,

—00

where fi(z) is an estimate of 1/p and 7(+) is an a priory distribution density
of p. It can be checked with the standard arguments that

arg min Ry (i) Z/OO usﬂ(u)exp[ < 2_5)2} dp.

S [ wintress]-C 2]
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Assume that a priory density 7(-) is a Cauchy density

1
my[1+ (1/7)?]

with the scale parameter v > 0. Then it is clear that as v — 0

m(p) =y (1) =

z

in Ry (1) & —5——-
argmin R, (7)) = —5—— 5

Unfortunately, this estimate is not minimax, but its minimax modifi-
cation is given by (15) where 8 > 1 is a tuning parameter to be chosen
properly. More precisely, for ﬂgl(z) the following fact holds.

Lemma 2. There exist constants B, > 3/2 and ° < VT + 4 such that
ﬁrgl(z) from (15) is a strong-minimax estimator for any 5 € [Bo, B°] .

Proof. Let
def [+ x4
\I]&g(a?) - (1+$£)2+,8[L‘27

where ¢ is a standard Gaussian random variable. Then Equations (14) and
(13) are equivalent to the following ones :

r eRT,

EVf (x) <1, x>0, (16)
E[l — U g(2)? <a2?, x>0. (17)

Notice that if x > 1/20, then
Ve p(e) < 1.
Indeed, the above condition is equivalent to
1426 < (14 2£)* + Ba?,

i.e,
s € 1\? 1
0<B+¢ +$—<§+2x> +,8——4$2.

So, to prove (16) is remains to verify that
EV? <1, forall :
gp(x) <1, forallz e |0, 35|

It can be checked with a simple algebra that

1— e g(x) =2€ +2*(B — £2) — 32°¢(? + B) — 2 (> + B)°

L e p(@)][206 + 22 + B 48



We begin with lower and upper bounds for 5. Notice that for small x we
have from (18)
1= W (x) = 2 + O(a?)

and so
1— We g(x) = a€ + 22(B — £7) + 23¢(&? — 38) + O(a?)
Therefore
EV{ 5(z) =14 2°(3 - 2B) + O(z") (19)
and
B[V 5(z) — 1] =2 + 2(82 - 86+ 9) + O(2%). (20)

Hence with (19) and (20) we obtain that 5, > 3/2. On the other hand,
with (20) we arrive at

Bo>4—V7T~135 and B° <4+ V7~ 6.65.

In order to obtain more precise bounds for £, we computed numerically
the following functions:

Ry(B) = 81;1:0) E\Ilgﬁ(as) and Ri(B) = 8150) x_zE[‘ligﬂ(:p) - 1]2.

Their plots are shown on Figure 1. We see that 3/2 is the exact lower bound
for B, i.e. B, = 1.5, whereas [3° ~ 2.7.
O

In fact, the family of strong-minimax estimators of 1/u is wide. For
instance, along with the Bayesian approach, the roughness penalty method
may be used to obtain such estimators. A simplest example of such an
estimator is given by

)2 2
aa(z) :argrggac{—(zzﬂm + ﬁlog(u)} = g +14/ ZZ + Bo2. (21)

With this estimate we arrive at the following estimate of 1/u

For this method a fact similar to Lemma 2 holds.

Lemma 3. There exist constants BO, BO such that ﬂgl(z) 18 strong-minimax

for any B € [Bs, 5°).
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Figure 1: Risk functions Ro(3) and R1(3) for b='(z).
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Figure 2: Risk functions Ry(f3) and R;(/3) for the estimator from (22).



At the moment we cannot provide an analytical proof of this result. The
computerized proof is based on computing the risk functions

Ro(B) =supE,[ufi ! (2)]* and Ri(B) = sup i®E,[ui*(2) — 1]?
©u>0 wn>0

shown on Figure 2.

Comparing Figures 1 and 2, we see that from a practical viewpoint the
estimator from (22) is strong-minimax for a wider range of 5. This is rather
useful property, since the noise level o is usually known only approximately.

Notice also that fig(Z) in (21) is the minimax estimator of p for any
g €10,1/2], ie.

inf sup B, [i(2) — 1? = sup B, [s(2) — ul® = 0, B € [0,1/2].
B >0 >0

Along with strong-minimax estimates of 1/ we will need in the sequel
strong-minimax estimates of 1/u? defined as follows.

Definition 2. An estimator i=2(z) of 1/u? is called strong-minimaz if

_ 2
sup f°Ey, [172(2)p” — 1]7 = 40 (23)
n>0
[ J
sup B, [a2(2)p’)” = 1. (24)
>0

Recall that the usual minimax estimator fi~2(z) of 1/u? and its minimax
risk are defined by

2 2
def . __ 1 __
ra(0) = inf sup °E, [u *(2) - 2] = sup I’y [M 2(2) - 2] :
BT u>0 1% 0
where inf is taken over all measurable functions ji—2(-) : R! — R*.
The next lemma bounds from below the minimax risk (o).

Lemma 4.
7"2(0) Z 40’2.

The proof of this lemma is quite similar to the one of Lemma 1 and
therefore it is omitted.

In order to show that the set of strongly-minimax estimates of 1/u? is
nonempty, we study numerically the family of the following estimates (see
Equations (21) and (22) for a motivation) :

556 = o = eV 7 73]

10
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Figure 3: Risk functions Ry (/) and R;(f) for /152(2).

Lemma 5. There exist constants BO, Bo such that ,&[;2(/2) 18 strong-minimax
for any B € [Bo, 5°].
The risk functions

L 1 __
Ro(8) = sup Ep[p?iz(2))> and  Ri(B) = - sup p?Ey[u’fiz?(2) — 17
1
u>0 u>0

related to the estimateﬂ*Q(z) are plotted on Figure 3. From this figure we
see that $° =~ 2.5 and 5, =~ 8.8.

2.2 Roughness penalty inversion

One of the most standard ways to construct good estimates of high dimen-
sional vectors € in (1) is based on the roughness penalty approach. Suppose
0, are independent zero mean Gaussian random variables with zero mean

and
E0: =%%, k=1,...,p.

Let b=1(2;) be a strong-minimax estimate of 1/b (see (13) and (14)). Then
we estimate unknown by by 1/b71(2;) and thus we estimate ) in Model (1)
as follows :

2 2
O ( ) = argma ! o 6
zE) = ar X4 —— |=——— — —— ¢
Rk h &5 2¢2 | b=1(2p) Yk 252

11



It can be seen easily that

b~ (z1)
1+e22,; (b1 (z1)]

Or(yr, 21) = 5 V-

In Model (2) we estimate ), based on the same idea, i.e.,

. b2(z) [ 6 2 2
, f— — J— _——
Oultlez) = are m@ax{ 26> [5—2<zk> y’“] 2%} }

or, equivalently, .
b—? (zk) y/
1+ €25 202(z) "

O (e, 2x) = (25)

It is assumed that in the above equations b2(z) is a strong-minimax esti-
mate of 1/b3.

Our goal is to show that 6(y,z) and 6(y,z) can mimic the pseudo-
estimate in Models (1) and (2)

no o Yk
ek(yk) = Iy, b (26)
k

where
1

1+e2% %,

(o]

hk:

Emphasize that ég(yk) is the roughness penalty estimate constructed assum-
ing that by are known exactly.

Theorem 1. Let b~'(z;) be a strong-minimaz estimate of 1/by,. Then

21000, 2) =01 <RI () — 0] "+

P S O A

For the projection method Oy (y,2) = 1{k < Wb~ (z1)yx the following in-
equality

- /2 _ 271/2 | g2/
E6.2) ~ 07)" < (Bl -y 07+ [ YL e
k=1 "k
where hy = 1{k < W}, holds.
Proof. Notice that 6(y, z) admits the following decomposition

1 bkgfl(zk)

Ok (yrs 21) = — b
k(YK 2k) b 1_|_622,;2b,;2 [bkb~1 (2]

2 yk'

12



Denote for brevity

o, = I Ck
25"—27 -2 1 o

P =€, % (. =bb " (2x), hp = ——, hy = ———.
ok (=), B L+ p L+ pr(
Let us begin with analyzing the projection method. In this case

22_ 00, kSW,
710, E>W,

where W is a given projection frequency. So, we obviously obtain

hy =1{k <W} and hy = G1{k < W}.

Therefore it can be seen easily that

E[6 — 02(y)]1° = zeszbg

k>W

and by the strong-minimax property of B,;l (z) (see (13) and (14)) we obtain

E|0 - 0(y,2)|* = Z@k+EZ 1_gk29k+62EZ
k>W =
W p2 02
< Zek+e2zb2 Z% E[6 — 6°(y ||2+U2Zh i;
k>W k= bi;

thus proving (28).

In the general case, to control the risk of #(y,z), we make use of the
following equation :

p
E[0—0(y,2)|> = El[(L—h)-0]> + € b, *Ehj.
k=1

We begin with upper-bounding the last term in this equation. With a
simple algebra one obtains

_ 1 2
Ehz :th[Ck( +Pl;)]
1"‘ka]€

2
<IEBGG > 1)+ 2B g+ (1 - )1 2, | 14 < 1)
k

2
<HEG{G > 1} + hiE [ck +(1- @)ff’i@] G <1}
k

WEG{CG > 1} + WIB[G + vor(1 — )] 1{¢ < 1}

(29)

13



In deriving the above inequality it was used that

T 1
max =

220 14 pra?  2\/pr

Next we continue (29) with help of

E(1 — )% < min{1,0%0, 7},
which easily follows from the strong-minimax property of I_),;l(zk) Using
1
(x4+y)? < (14 2)22 + (1 + Z)yQ, z >0, (30)
we obtain for any z > 0

- 1

Big <1+ 0+ (14 ] )k min(1, o)

) (31)

<(1+ 2)hi + (1 + ) hymin{1, 0%, 2}
z

Now, we proceed with upper-bounding E(1 — h;)2. Obviously, we have

1_7““_1ikpk+1+1pkX(C’“_l)xm' (32)
Notice also that
-1 -1 x—1
e R R e
One can check also with a simple algebra that
A x—1 1
>0 pp+ 22 24+ 21+ pi
and thus
|z — 1] 1 1
poxma = e g o

/1 —

Hence, combining (32)-(34) with (30) and with the strong-minimax
property of b~!(z), we arrive at the following inequality

- 1
E[l — 72 < (14 2)[1 — hg)? + o2 (1 + Z)hkb,f (35)
that holds for any z > 0.

14



Thus with (35) and (31) we get

E[|0 —0(y, 2)[* <(1 + 2)E||0 — h - y|?

( )ZM[Q+QMﬁ§H~

Finally, minimizing the right-hand side at the above equation w.r.t. z > 0,
we finish the proof of (27). O

The next theorem controls the performance of the roughness penalty
method in Model (2).

Theorem 2. Let b=2(z;) be a strong-minimaz estimate of 1/b%. Then

WWWFNWQEWUHM“
{Zh [ +bzmln<1,4b";)]}l/2 (36)

For the projection estimate Oy(y,z) = 1{k < W}b=2(z)yl the following
inequality holds

~ w 02 1/2
(El(y, 2) — 0122 < [BlIA° -y — 0] + 2 [Z;}, (37)
k=1 k

where hy = 1{k < W}.

Proof. In view of (25), we can decompose (1, z) as follows

B 7—2 2 /
Gk(y,;,zk) = b (Zk)bk X y—g
1+e2%%b72(z,) by

Denote for brevity

= e = Ck
Go=b"2 (263 Pk = =gy, k=
()0 S7b7 L+ pide
With these notations we have
E[0 — 0k, 21)]> = E[1 — hy]?07 + b, “ERj. (38)

We begin upper-bounding the right-hand side at this equation for the
projection estimate with the projection frequency W. For this estimate

e = G 1{k < W}.

15



Therefore by the strong-minimax property of b=2(z;) we obtain from (38)

E|6 - 6(y,2)||> < Z e2+e2zbg+42262,

k=W+1

thus proving (37).

Let us now turn to the general case. We begin with controlling the bias
term in the risk decomposition (38). Using (30) and the strong minimax
property of b=2(z;), we obtain

52 Pk L= G r
Bl - huf? B 2 o
<(1+z){ - ]2+<1+1>E{ At o
< & o 2) 7 L+ prCe) (1 + pr)
h02

<(1+42)[1 - hg)? +402< + ) b
With the same arguments we upper-bound the variance term

(1 +Pk)]

Eh2 =hS? [
ko 1+ prCr

2
<h?E1{¢x > 1} + hy’E [Ck + (1 — Ck)%] 1{¢ < 1}

<RPEG{G > 1} + hPE[G + (1 - )] *1{¢ < 1}

1 402
<(1+2)R32 + <1 + Z) he? min{l, ;2}
k

Finally, combining (38), (40), and (39), we finish the proof. [

(40)

2.3 Minimax multivariate inversion

Since the upper bounds in Theorems 1 and 2 are almost equivalent but
Theorem 2 deals with a more general statistical model, we will focus in
what follows on Model (2). With the help of Theorem 2 one can easily
compute the maximal risk E[|0(y/, z) — 6]|? over the ellipsoid

{ Z ekak }7
where {aZ,k =1,...,p} is a given monotone sequence ai < a3 <--- < az.

Theorem 3. The mazimal risk of é(y’,z) from (25) is upper-bounded as
follows :

{sup Bl 2) - o2} < VAE.6) + VR (.0

16



where

1 . siv?
R(2,0) = S Sl N
(2,0) = fmpx Z sl | ,;( 23 3207)?
Siv? oo 402
RT(%,0) =40’ max —— Lk 1 &2 min{l,}.
k(€2 +X202)2%a = 1( +22b2) b2

Proof. 1t follows immediately from Equation (36) combined with
o
e +b2%2
sup (1= h®) - 0% < max(1 — h7)%a, %,

hzz
sup ¥  hy? g max 155 4
96 kzl 52 biai

The minimax risk of the projection method can be controlled with the
help of the following theorem.

Theorem 4. Let Oy, (v, 21) = 1{k < W}b~2(21)y,, then

- 1/2
(s By’ 2) — 0P} < \/Rou(W.0) + |/ BE (W, 0),
0cO
where

1
Ry (W, 0) —aWJr1 + €2 Z bQ’ RL(W,0) = 40 kg[lla%/(m ﬂ
k=1

Proof. 1t follows immediately from (37). O

Example. We illustrate the above theorem with a simple example,
assuming that p = oo and

b2 =B, al=A%Y k=12,....

Computing the risk of the spectral cut-off method in this case is very
simple. We have

A2 2 gt 402 A2W2(9-9)+
Rpn(W,0) = WiDE 32 Z k%, RL(W,0) = o :
where (z); = max(0,z). Very often, we are interested in the minimax

projection bandwidth minimizing Ry, (W, ©). This bandwidth can be easily
computed for small e, namely,

, €—0

2qA2B2> 1/(142q+29)
2

W° = argmmi/anr(W 0)=(1+ 0(1))<

€
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and therefore as e — 0

1 1 > 62 <2qA232) (1+2q)/(1+2g+29)

Notice also that

R, (W°,0) = (14 o(1))

Ao2 A2 (2qA232 ) 2(9—q)+/(1+2q+2g)
, €—0.

B2 2

€

So, we see that when ¢ > ¢ the excess risk R;r(WO,@) has a parametric
order o2.

This example shows, in particular, that one can construct good estimates
of @ even in the case, where o > €2. This prompts, for instance, that the
upper bounds in Proposition 3.2 and Theorem 5.1 in [7] might be improved,
since they are expressed in terms of max(e?, o2).

Let us emphasize that the minimax projection bandwidth W° cannot
be used in practice since it depends strongly on A? and ¢ which are hardly
known. Therefore, in applications, only data-driven projection bandwidths
can be used. Constructing good data-driven bandwidths is very important
in applied statistics and we will provide a natural solution to this problem
in a forthcoming paper.

Sometimes we are interested in computing Z% resulting in asymptotically
(as € — 0) minimax estimators over © provided that by are assumed to be
known. Recall that an asymptotically minimax estimate ég(y) based on the
observations

Yp = bpl + €&, kE=1,...
is defined by

supE[|0c(y) — 0)* = (1 + o(1)) inf sup E[|0(y) — 0[|*, € — 0,
0cO 0 6co

where inf is taken over all estimates of #. The theory of asymptotically
minimax estimation over ellipsoids has been developed in the pioneering
article [9]. It follows, in particular, from this paper that if

b2 = (1+0(1)B*%, a} =(1+0(1)A2k™2? for A, B,q,g € (0,00),

as k — oo, then asymptotically minimax estimate of 6 is given by (26) with

o0

2
a
Zi:e{’ak’— ] , where 1 is a root of €2 k{’ak’—l] =1.
+ +

2
k=1 bl
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