
HAL Id: hal-01286884
https://hal.science/hal-01286884

Submitted on 14 May 2018

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Nonlinear nature of kinetic undamped waves induced by
electrostatic turbulence in stimulated Raman

backscattering
Alain Ghizzo, Daniele del Sarto

To cite this version:
Alain Ghizzo, Daniele del Sarto. Nonlinear nature of kinetic undamped waves induced by electro-
static turbulence in stimulated Raman backscattering. The European Physical Journal D : Atomic,
molecular, optical and plasma physics, 2014, 68 (10), pp.275 - 275. �10.1140/epjd/e2014-50116-5�.
�hal-01286884�

https://hal.science/hal-01286884
https://hal.archives-ouvertes.fr


Eur. Phys. J. D (2014) 68: 275
DOI: 10.1140/epjd/e2014-50116-5

Regular Article

THE EUROPEAN
PHYSICAL JOURNAL D

Nonlinear nature of kinetic undamped waves induced
by electrostatic turbulence in stimulated Raman backscattering�

Alain Ghizzoa and Daniele Del Sarto

Institut Jean Lamour-UMR 7168, University of Lorraine, BP 239, 54506 Vandoeuvre les Nancy, France

Received 11 February 2014 / Received in final form 22 April 2014
Published online 1 October 2014 – c© EDP Sciences, Società Italiana di Fisica, Springer-Verlag 2014

Abstract. The influence of low-frequency waves of kinetic nature induced by electron trapping in backward
Stimulated Raman Scattering (SRS) is investigated. Semi-lagrangian Vlasov-Maxwell simulations are car-
ried out not only for periodic boundary conditions but also in the case of an open plasma with parabolic
shape, in optical mixing. We provide a numerical example of generation of KEEN (kinetic electrostatic
electron nonlinear) waves nonlinearly induced from the SRS through a mechanism we first here elucidate.
In particular we identify a process of backward scattering of the SRS probe light from the so generated
KEEN waves, which may provide a mechanism for the possible experimental observation and measurement
of such nonlinear structures.

1 Introduction

The kinetic theory of periodic electron hole equilibria or
phase space vortices is a long-standing problem in plasma
physics. Since the pioneering work of Bernstein, Greene
and Kruskal in 1957 [1], it is well-known that such phase
space holes are self-sustained and connected to electro-
static fields that are self-consistent with some manner of
trapped particle velocity distribution function. Recently,
laser-plasma interaction experiments revealed that such
electron trapping structures might conceivably be physi-
cally relevant, thus leading to renewed interest in the sub-
ject. These experiments [2] were aimed at improving our
knowledge of Stimulated Raman Scattering (SRS) by look-
ing at the electron plasma waves (EPWs) generated by a
single speckle of laser light, and employed laser scatter-
ing as a key diagnostics (in particular in optical mixing
experiment).

An extremely surprising result was the presence, in ad-
dition to the expected EPW scattering signal, of a second
very weak scattering signal which was only a modest frac-
tion (∼0.37) of the plasma frequency. This unexpected
signal was associated with what was termed stimulated
electron acoustic scattering (SEAS), a novel scattering in-
volving a so-called electron acoustic wave (EAW), whose
phase velocity vϕ � 1.31vth is between an EPW and an
ion acoustic wave (IAW) and where vth is the electron
thermal velocity. Such waves are justified in the limit of
small amplitude waves, which depends essentially from the

� Contribution to the Topical Issue “Theory and Applica-
tions of the Vlasov Equation”, edited by Francesco Pegoraro,
Francesco Califano, Giovanni Manfredi and Philip J. Morrison.

a e-mail: alain.ghizzo@univ-lorraine.fr

population of trapped electrons, as theoretically predicted
by Krapchev [3], Ram [4] and by Holloway and Dorning
in [5]. Other studies on waves of this type created by the
imposition of an external (electrostatic) driver were pub-
lished by Valentini et al. [6,7]. We note that in a separate
research thread, motivated by Montgomery’s experiment
in laser-plasma interaction, Johnston et al. [8]1 carried out
numerical experiments using a Vlasov-Poisson model and
observed states, referred as kinetic electrostatic electron
nonlinear waves (KEEN waves) (see Ref. [11] for more de-
tails). Ponderomotively driven (provided that the driver
be applied resonantly over many bounce trapping peri-
ods), KEEN waves are seen to self-consistently form and

1 KEEN waves are a non stationary version of Bernstein-
Greene-Kruskal (BGK) equilibria and it was shown here that
the electron distribution density contours in phase space seem
to follow quite closely, the contours of the total particle energy,
as should in a BGK equilibrium. On closer examination, how-
ever, deviations from the ideal state was observed indicating
that the ideal BGK is not necessarily an accessible attractor
state. However the works of Dodin and Fisch of references [9,10]
show a possible connection between KEEN waves and the neg-
ative mass instability (NMI), which is linked to the secondary
effects of macroparticles as production of sidebands of the wave
field. Thus the asymptotic state is somewhat modified when
these sidebands are in an appropriate resonance leading to the
formation of an invariant tori in the particle phase space, a so-
lution close to the ideal case. We interpret the two-vortex merg-
ing scenario as an example of NMI, which in references [9,10],
was suggested to be a necessary ingredient to obtain the self-
sustained equilibrium of KEEN wave-type, a property already
met in the BGK dynamics where a BGK hole can be obtained
as the result of the coalescence of several phase space holes,
holes being different of BGK structures.
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persist at nearly constant amplitude long after the driver
is turned off. Recently much more light has been shed on
these nonlinear trapping structures by Schamel in [12],
who points out that linear wave theory is generally non-
suited as a starting point for the study of plasmas that
are excited by long-living electron hole structures. Plas-
mas excited by such persistent trapped particle structures
are not only kinetic but fundamentally nonlinear. In an-
other developpment of this kind of wave, semi-lagrangian
Vlasov-Maxwell numerical studies by Strozzi et al. [13]
or by Albrecht-Marc et al. [14] dealt specifically with the
problem of the generation of EAW-type (or KEEN-type
in [14]), but now in presence of a strong backward SRS.

To explore the physics of such wave generation and
to make contact with a possible laboratory experiment, a
Vlasov-Maxwell approach is adopted. We address in this
paper the results of numerical experiments leading to the
generation of self-sustained low frequency KEEN waves,
in a collisionless Maxwellian plasma initialized for the on-
set of 1D SRS. Then we investigate the interaction of
such created KEEN waves with the probe signal. We have
studied these phenomena in simulations with two types
of boundary conditions: a periodic (and uniform) under-
dense plasma, and a large-size parabola-shaped plasma.
Aiming at pointing out the phase-space vortex structures,
rather than using a particle-in-cell (PIC) code, we carried
out these computer experiments with a semi-lagrangian
Vlasov code (first presented in [15–17]). These simula-
tions have proven to display very low level of noise com-
pared to PIC codes, which results particularly advanta-
geous at phase velocities in correspondance to which the
space averaged particle density is low.

2 Phase space coherent structures

The spontaneous formation of coherent structures in phase
space is commonly observed in experiments and numeri-
cal simulations in plasmas. The problem of interest is to
explain their physical nature in terms of wave type, their
robustness and their interaction features in presence of an
electromagnetic wave (pump or idler).

First it is well-known that an electron acoustic wave
(EAW) can exist in a two temperature (cold and hot)
electron plasma. It is basically a linear acoustic wave in
which the inertia is provided by the cold electrons and
the restoring force comes from the pressure of the hot
electrons. Indeed ions play the role of a neutralizing back-
ground and the ion dynamics does not influence EAWs.
The wave dynamics of EAW has received a great deal of
renewed interest because of its potential relevance in in-
terpreting the electrostatic component of the broadband
electrostatic noise observed in the cusp of terrestrial mag-
netosphere (see Ref. [18]) and more recently in the ex-
perimental scattering results by Montgomery et al. [2].
Such linear modes, with a typical dispersion relation of
ωEAW = 1.31kvth (where k is the wave vector), are ex-
pected to be excited when the plasma is driven externally
at frequency ω � ωEAW for a long enough time. Of par-
ticular interest is the modification of the wave nature in

the nonlinear regime, in particular when a population of
trapped electrons is formed. Because the electron plasma
wave (EPW, the Langmuir wave) undergoes a stronger fre-
quency decrease in presence of trapped electrons, accord-
ing to the basic idea of Morales and O’Neil [19], the nature
of the EPW is strongly modified and was observed as a
Beam acoustic mode (BAM) in references [13,20] in pres-
ence of a ponderomotive driver (a situation usually met
in laser-plasma interaction). However the BAM mode dis-
appears when the driver is turned off indicating that the
mode is indeed not self-sustained in spite of the presence of
trapped electrons observed in phase space. Unlike EPWs,
a nonlinear version of EAWs was introduced by several
authors in [2,5,6] (usually referred as Trapped EAW) to
indicate the persistence of such acoustic waves even in
presence of strong Landau damping. However in view of
(backward) Stimulated Raman Scattering (SRS) experi-
ment, the central question of interest is how a long train
of EAWs can be obtained when the ponderomotive driver
is applied at the plasma frequency, which usually drives
EPWs, i.e. waves well above the EAW frequency.

Another type of coherent kinetic structures were dis-
covered and this is the case of the KEEN waves. KEEN
waves2 were numerically observed in [8,11], near the
branch of the dispersion relation of EAWs but at fre-
quency values smaller than 1.3kvth. However such waves
are qualitatively different from EAWs, as they can con-
tain multiple pronounced phase-locked harmonics. They
can be considered as a non-stationary class of BGK so-
lutions, with no linear and fluid counterpart. Like BGK
modes which can be non linearly excited by instabilities
at saturation (like the well-known electrostatic two-stream
instability), it was recently proposed in [9,10], that KEEN
waves can be generated by the negative mass instability
(NMI) (see also [21] for the similar instability met in ac-

2 It also appeared that it would be quite difficult to produce
such waves at very low amplitudes, so they should not be con-
fused with the result of any linear perturbation. Because these
waves are essentially kinetic and electrostatic and because they
involve the electrons and because they are, as it proves, essen-
tially nonlinear, it was decided, at the suggestion of A. Bedros,
that a distinctive acronym was required to emphasize this, the
acronym of EAW being used to denote waves in the linear
wave frequency gap between the electron and ion plasma fre-
quencies. KEEN waves contains multiple robust phase-locked
harmonics which differ strongly of EAWs. In a KEEN wave,
the trapped electrons play the role that hot electrons play in a
two-temperature EAWs, while the free electrons play the role
of the cold population but with trapping eliminating the se-
vere Landau damping. KEEN waves can be readily produced
over 2:1 range of frequencies from 0.8ωEAW till 1.6ωEAW . The
sensitivity of KEEN waves to the excitation process and the
driver amplitude is still an open question. During the growth
phase, high spatial harmonics of the plasma field become very
noticeable as the KEEN’s net force nonsinusoidal waveform is
set up and such a change seems essential to the transition to a
free-running KEEN wave. It was recently proposed that such
a sensitivity can depend on the negative mass instability, a
collective property of trapped particles to bunch together with
the formation of sideband oscillations of the plasma field.
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celerator physics). Due to NMI – and collective effects –
trapped electrons can form a “macroparticle” as the result
of a condensation process. In particular mutually repelling
electrons can undergo phase-bunching or a condensation
mechanism as if they had negative masses. Indeed holes
in phase space have the tendency to attraction (see [22])
in spite of the strictly repulsive character of the Coulomb
force and such a counterintuitive behavior can be viewed
as a negative mass instability, provided that the number of
macroparticles is weak. Typically, two rotating macropar-
ticles (phase space holes here) leads to NMI (see Ref. [9]).
Thus the KEEN wave is expected to be formed as a result
of the pairwise vortex merging at the saturation of NMI.
This picture readily explains why the formation of KEEN
waves is sensitive to the pairwise vortex merging scenario
where only two vortices are implicated in the coalescence
process while it is well known that BGK modes can be ob-
tained after the coalescence of several tens of phase space
holes.

As BGK modes, KEEN waves behave as quasi-
particles and can also interact with electromagnetic
(pump or idler) waves. However KEEN waves may be ex-
cited in a large band gap of frequencies located between
linear EAW and linear EPW. The lack of low level narrow
band resonance precludes the usual stimulated scattering
scenario of the three-wave resonance amplification from a
low-level seed as SRS scenario. Indeed KEEN waves are
first created by the vortex merging process of two phase
space holes (not necessary self-sustained structures, for in-
stance BAM modes nonlinear driven at high frequencies)
then, once formed, they can interact with the electromag-
netic wave in a scattering process in a non resonant way.
Such an interaction allows thus the possibility to detect
their presence experimentally.

Let us now indicate briefly our numerical model used
here. The plasma can be described by the usual Vlasov
equation for the electron distribution function f (x, px, t):

∂f

∂t
+

px

mγ

∂f

∂x
+ e

(
Ex +

Py (x, t)Bz

mγ

)
∂f

∂px
= 0, (1)

with the Lorentz factor given by:

γ =

(
1 +

p2
x

m2c2
+

P 2
y (x, t)
m2c2

) 1
2

. (2)

Using the conservation of the canonical momentum in the
transverse direction y, Pcy = py + eAy = const, we keep a
“fluid” description in the transverse direction. Defining Py

as the fluid transverse momentum, we have then (exactly):

∂Py

∂t
= eEy. (3)

The field components (Ex, Ey, Bz) are calculated using
the standard Maxwell equations, making the model self-
consistent since the source terms used in the Maxwell
equations (charge and current densities) are determined
using the data of f . Both periodic and non periodic
(sometimes named “causal”) boundary conditions will be
considered here.

3 KEEN waves observed in periodic
simulation of SRS-B

While open (non periodic) Vlasov simulations are neces-
sary to understand realistic situations, these simulations,
as shown in the following section, are also difficult to
analyze in detail. One of the difficulties is the occuring
of several types of nonlinear processes (particle trapping,
nonlinear frequency shift, secondary parametric instabili-
ties of pump and/or probe beams, cascade,. . . ). In order
to build a first physical picture of what happens in the
SRS-B scenario (here B refers to the backward SRS case)
in the kinetic regime of the instability (i.e. for kBλD ≥ 0.3
and where kB and λD are the wave vector of the EPW and
the electron Debye length respectively), it is perhaps more
fruitful to start with a periodic situation, which allows one
to separate the different nonlinear processes.

In the standard three-wave parametric decay from the
pump (here denoted by ω0 and k0 in frequency and wave
vector) to the backscattered Stokes mode (here denoted
ωsB and ksB < 0) and to the electron plasma wave (or lin-
ear Langmuir wave denoted by ωB and kB), in a periodic
case we have:

ω0 (k0) + δω = ωsB (ksB) + ωB (kB)

and

k0 = ksB + kB. (4)

Here we have assumed perfect k-matching (since the sim-
ulation box is periodic, the mode numbers are exactly
matched) while a frequency mismatch δω is introduced
in the first equation of (4).

Here the (linear) dispersion relations are given for
EPW by the Bohm-Gross relation ω2

B = ω2
p + 3k2

Bv2
th

and for electromagnetic waves by ω2
0,sB = ω2

p + k2
0,sBc2.

The matching conditions given in (4) can be satisfied only
when n0/nc < 0.25, where nc is the usual critical density
above which electromagnetic waves will not propagate. In-
deed, in a periodic simulation, the choice of k0 actually de-
termines the plasma length L in terms of cω−1

p . Here the
velocities are normalized to the light velocity c and fre-
quencies to the plasma frequency ωp, which is the conven-
tional choice for periodic or uniform plasmas. Note that
in the case of a parabolic plasma density, ωp is usually re-
placed by the value of the pump frequency ω0 calculated at
the maximum value of the density. For an electron temper-
ature of Te = 2 keV, a good frequency matching was ob-
tained by choosing k0 = 3�k = 3.6ωp/c (and where �k =
2π/L is the fundamental mode with �kc/ωp = 1.20). Us-
ing the linear dispersion relation, for the corresponding
pump frequency we so obtain ω0 � 3.736 ωp, that is a ra-
tio of the electron mean density to the critical density of
n0/nc = ω2

p/ ω2
0 � 0.0716. For the corresponding values in

wave vectors for the Stokes mode and the corresponding
EPW, we have ksBc/ωp = −2.40 (i.e. ksB = −2�k) and
kBc/ωp = 6 (or equivalently kB = 5�k). Using the lin-
ear dispersion relation the corresponding frequencies are
then ωsB � 2.60ωp and ωB � 1.193ωp . Here we have a fre-
quency mismatch given by δω = ω0−ωsB−ωB � 0.056ωp.
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Fig. 1. Spectra in frequency obtained in the case of Vlasov-
Maxwell simulation using periodic boundary conditions. On
top panel, the electromagnetic spectrum showing the main ac-
tors: pump, probe and rescattered Stokes mode from the probe.
On bottom panel the corresponding electrostatic spectrum in
frequency. Note the occuring of unexpected signals associated
with the growth of the BAM and low-frequency KEEN mode.

Numerical results are shown in Figures 1 and 2. In
Figure 1 the top panel shows the electromagnetic spec-
trum in frequency, i.e. of the quantity |eEy/mωpc|2. The
figure shows that the expected values are obtained with
high accuracy: the pump frequency is observed at ω0 �
3.740ωp in good agreement with the expected value of
ω0 =

√
n0/nc � 3.736ωp. The backscattered mode fre-

quency is found close to ωsB � 2.580ωp in the spec-
trum (the exact value being ωsB � 2.60ωp). However an-
other electromagnetic narrow peak can be also observed
at ω2sB � 1.56ωp. This peak is the signature of a cascade,
that is the backward Raman rescattering of the probe
beam. The probe light couples with the plasma to generate
a backscattered mode, a counterpropagating electromag-
netic wave (ω2sB, k2sB) at the mode k2sB = �k, which
propagates in the opposite direction of the probe beam
and which is resonant in frequency and in wavevector,
according to the following matching conditions:

ωsB (ksB) + δω = ω2sB (k2sB) + ω2B (k2B)

and

ksB = k2sB + k2B . (5)

Here ksB < 0 since we have considered a SRS-B process.
Therefore we expect k2sB > 0. Accordingly, the simulation

Fig. 2. Corresponding phase space representation of the elec-
tron distribution function obtained for periodic simulation. We
see clearly the formation of phase space electron holes induced
by SRS-B (left top) followed by the pairwise vortex merging
and finally the rescattering of the probe takes place.

shows that k2sBc/ωp = 1.20 (i.e. on the fundamental mode
�k) and that k2B = −3�k is connected to the growth of
a second EPW (with k2Bc/ωp = −3.60). From the linear
dispersion relations of electromagnetic waves and EPWs,
we have ω2sB � 1.562 ωp and ω2B � 1.073 ωp, leading to
a mismatch of δω = ωsB −ω2sB −ω2B � −0.035 ωp. More
surprising is the electrostatic spectrum (here given by the
quantity |eEx/mωpc|2), shown in the bottom panel in Fig-
ure 1. Due to a pairwise vortex merging scenario for the
trapping vortices corresponding to the nonlinear version of
the EPWs driven by SRS-B, the signal of the correspond-
ing (linear) Langmuir wave ωB has disappeared while the
EPW driven by the Raman rescattering of the probe beam
appears now to clearly be the dominant mode with a fre-
quency close to ω2B � 1.04 ωp, a value somewhat smaller

than the expected value of
√

ω2
p + 3k2

2Bv2
th � 1.073 ωp.

However, when nonlinear effects become important, the
electrostatic spectrum exhibits two further narrow peaks:
the first one, due to the pairwise vortex merging scenario,
is located at ωK � 0.81 ωp, a value well below the plasma
frequency, and the second one is close to ωBAM � 0.99 ωp.
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The latter corresponds to the generation of a beam acous-
tic mode (BAM), starting with the nonlinear shift induced
by trapping effect of the Langmuir mode ωB, well before
the vortex merging begins. In addition to the BAM mode
as observed by Vu et al. [20], Yin et al. [23] and Strozzi
et al. [13], another low-frequency KEEN mode is clearly
visible at ωK � 0.81ωp resulting from the pairwise vortex
merging. In the kinetic regime of SRS-B, electron trapping
can modify the velocity distribution, resulting in an effec-
tive beam-like low density population. The BAM mode,
seen in the electrostatic spectrum, shows a damped re-
duction and a weak frequency downshift (compared to the
EPW for a Maxwellian distribution).

To help the understanding of what is happening, we
present in Figure 2 snapshots of the electron distribution
function in phase-space (px/mc versus xωp/c), at six dif-
ferent times. The top left panel in Figure 2 clearly exhibits
the trapping and formation of five holes induced by the
EPW in the initial phase of the instability, with the dom-
inant mode kB = 5�k. As a consequence of nonlinear
effects, there is a change in the nature of this mode, ini-
tially born as an EPW: it is no longer a simple Langmuir
wave associated to SRS-B but, as we hypothesize, a more
complex structure characterized by trapping effects in the
form of phase-space holes. Such structures eventually turn
out to be unstable and not obviously self-sustained, and
are apparently able to merge together in a pairwise vortex-
merging mechanism, as can be seen at times tωp = 840
and tωp = 880, leading to the occurrence of three larger
holes in the phase-space. As a remarkable consequence the
obtained trapping structures, driven by the vortex coales-
cence, can now be considered as BGK-type structures or
more precisely as KEEN waves.

In the first step of the pairwise vortex merging in Fig-
ure 2, just before the coalescence takes place, just con-
sider a pair of macroparticles (two holes) bouncing in the
wave potential, i.e. rotating in phase space around a local
equilibrium, as time tωp = 880 located at xωp/c ∼ 2.
These holes have a tendency to behave as macroparti-
cles [22] and their mutual attraction phenomenon belongs
to a much larger class of behavior called NMI [9,10,22]. It
becomes evident that collective effects and in particular
the negative mass instability and its connection with the
pairwise vortex merging instability must be correctly kept
into account to fully unsderstand the formation of KEEN
waves at the saturation. Thus the KEEN wave is formed
at the saturation of NMI when the two macroparticules
meet, thus giving rise to the vortex coalescence. The pro-
cess seems to be similar to that met in the formation of
BGK waves in the (electrostatic) two-stream instability
which may lead to the formation of holes in phase space,
and to their subsequent merging, with generation of BGK
equilibria in references [24,25].

As we will see in the next section, the pairwise vor-
tex merging mechanism leads, in the case of a large
size parabola-shaped plasma, to the formation of a self-
sustained and low-frequency KEEN wavetrain. At time
tωp = 1160 the coalescence ends and the rescattering of
the probe takes place. Something similar to this vortex

merging was observed by Bertrand et al. [24,25], where in
a periodic two-stream instability, the merging went as far
as it could go, by proceeding until only one vortex was
left in the simulation box. This is not what happens here.
The wavevector is reduced by a factor 3/5 but the fre-
quency ωK of the KEEN wave is found at ωK � 0.80 ωp,
a somewhat larger value than 3

5ωp = 0.71 ωp. This pair-
wise vortex merging was also observed in [14] in the case
of a more realistic parabolic-type profile, which proves to
be pertinent to the result here presented, even though we
deal here with a larger, open and inhomogeneous system.

In reference [26], we have studied the dynamics of
trapped particles which becomes stochastic when repeated
wave-particle interactions take place. For small values of
the Kubo parameter defined by the ratio τauto/τb be-
tween the autocorrelation time to the bounce time of
electrons, the turbulent regime results in the merging of
phase space trapping vortices according to a weak tur-
bulence scenario. There is also some evidence to suggest
the way the chaotic behavior arises here to be linked to
the occurrence of secondary instabilities, i.e. the rescatter-
ing of the probe signal by EPW. The second EPW with
parameters (ω2B, k2B) exhibits a negative phase velocity
vϕ,2B = ω2B/k2B since k2B < 0, and we now observe
phase-space holes for negative values of the momentum
at times tωp = 1160 and tωp = 1280 (the correspond-
ing phase-velocity is then vϕ,2B � −0.275 c, or equiva-
lently pϕ,2B � −0.28m c). At time tωp = 1280, when non-
linear effects are dominant, the mode BAM occurs with
a downshifted frequency and the mode is less Landau
damped than the (linear) Maxwellian EPW (ω2B, k2B).
The plasma wave undergoes a frequency decrease, in
agreement with the basic idea of Morales and O’Neil [19]
regarding the effect of trapped electrons on the frequency
of a Langmuir wave. However the downshift frequency re-
mains weak. What then appears to happen is that, in-
stead of the vortex-merging scenario met in the region of
positive velocity phase-space, the EPW becomes now a
BAM mode, dominated by trapping phenomena and the
resulting downshift in frequency. At time tωp = 1160 the
dominant mode is k2B = 3�k. At that time the system is
not stochastic and is driven by a filamentary structure in
phase space as particles are smoothly spiralling around the
local O points. Particles interacting resonantly with high-
amplitude electric field can be trapped (it is the case here
at time tωp = 1160), and subsequently detrapped when
the electric field decreases. This population of detrapped
particles can then form an accelerated particle beam-type
distribution: a structure which may be referred as a BAM
mode with the same wave number 3�k but with a neg-
ative momentum to which no pairwise vortex merging is
associated, can be seen at later time tωp = 1280, close to
a momentum pϕ � −0.5mc.

4 Vlasov-Maxwell simulations using
a parabolic profile

Aiming at applications to experimental plasmas, the uni-
form slab, while excellent for untangling the basic physics,
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Page 6 of 10 Eur. Phys. J. D (2014) 68: 275

is however quite unrealistic. Such periodic simulations in
underdense plasmas, are necessarily modest in size (i.e.
thickness) and time because of the periodicity constraint).
In larger scale (causal) simulations, which can be there-
fore run for longer times, closer to inertial confinement
fusion operating conditions, a somewhat different picture
emerges.

(i) First the EPW undergoes a stronger frequency de-
crease, according again to the basic idea of Morales
and O’Neil [19] regarding the effect of trapped elec-
trons on the frequency of a Langmuir wave, while
the wavevector slightly increases (or “chirp”) so to
maintain the SRS-B matching conditions, through
a mechanism of parametric resonance type, as first
shown and discussed in reference [27] and then in
reference [14]. Here instead both the frequency and
the wave vector change downward in frequency for
EPW (leading to a shifted-value ω̃B) and upward in
the wavevector (i.e giving k̃B). As a consequence the
nature of this initially EPW is modified and dom-
inated now by electron trapping. Such a structure
corresponds to the concept of BAM mode observed
in [20,23].

(ii) In reference [14] we have shown that there is a SRS
limiting process of the downward shift in frequency
of EPWs, in the form of a symmetry-breaking insta-
bility of pairwise hole merging, which was also pre-
viously observed in the case of a periodic system to
lead to the formation of KEEN waves. More interest-
ing is now the possibility of direct interaction of the
KEEN waves with the electromagnetic wave. When
created at a self-sustained level, the KEEN waves can
now interact with electromagnetic waves propagating
in the plasma in a non-resonant way in a three-wave
parametric-type process with the probe beam. Thus,
such interaction with the electromagnetic component
of the nonlinear wave, would allow a clear detection of
such KEEN structures in laser-plasma experiments.

We begin with a simulation where just SRS-B is excited
by injecting a seed (probe) light and a counterpropagating
pump (ω0, k0) with relative intensities Iprobe = 10−4Ipump.
The physical system consists in a plasma with a parabolic
profile of width 3000 c/ω0 peaked at x = 2400 c/ω0, sur-
rounded by a vacuum of length 900 c/ω0 at both sides.
The total length of the system is then L = 4800 c/ω0, cor-
responding to 731.7λ0 (or 256 μm with an incident pump
wavelength of λ0 = 0.35 μm). The quiver momentum of
the pump wave is a0 = posc/mc = 0.025 which corre-
sponds to a pump intensity of Ipump � 7× 1015 W cm−2.
The maximum of the electron density is taken to be
n0 � 0.0825nc for an electron temperature Te of 2 keV.
Here ions are taken into account with a temperature of
Ti = 0.25Te and with a mass M = 1836 m. For matching
conditions between waves in the SRS-B case we use again
equations (4) taking now δω = 0. We have determined the
plasma profile, the pump and probe frequencies so that the
perfect matching conditions of SRS-B (with δω = 0) oc-
curs right on the top of the parabolic profile where both

Fig. 3. Spectra in frequency of the forward scattered Raman
light (top panel) and of the backscattered Raman light on bot-
tom panel (we have added probe plus pump signals on both
plots). The simulation corresponds to an open parabolic-shape
plasma profile in density. Both pump and probe beams are
continuously injected respectively at the leftside and at the
rightside of the system.

the pump and the probe beams met. The matching con-
ditions are however chosen to be close to those used in
Section 3 in the case of a periodic system, in order to
make direct comparison with previous numerical results.

For the parabolic profile, we have normalized the fre-
quencies to ω0, the time to the inverse pump frequency
ω−1

0 and the space variable to c/ω0, so the field compo-
nents are normalized to mω0c/e. With such a normaliza-
tion we obtain ωsB = 2/3ω0 and k0c/ω0 = 0.9578 for the
pump wave and ksBc/ω0 = −0.6016 for the probe. For
the EPW we have ωB = 1/3ω0 and kBc/ω0 = 1.5594,
which corresponds to a value of kBλD = 0.34, well into
the kinetic regime of SRS-B. In this simulation we let
the plasma evolve freely without electromagnetic field till
tω0 = 50 000 and then we inject the pump and probe
pulses (see later, after Eq. (7)).

In Figure 3 on top panel, we have plotted the
ω-spectrum amplitude of the electromagnetic field
eEy/mω0c located in the vacuum region at xω0/c =
4350, at right of the parabolic profile. The bottom panel
in Figure 3 corresponds to measure of the spectrum
in the vacuum region located now at left at xω0/c =
450. Both spectra are calculated in the time interval
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60 000 ≤ ω0 ≤ 75 000. On top panel the two narrow peaks
correspond to the pump at the frequency ω0 and to the
probe signal at ωsB = 2

3ω0. We see also clearly the pres-
ence of the Forward stimulated Raman scattering (SRS-F)
with a frequency of about ωsF � 0.71 ω0 but also of an
anti-Stokes mode at ωas = 1.289 ω0. We can write the fre-
quency and wavevector matching for SRS-F in the form
ω0 = ωsF + ωF (i.e. 1 = 0.7108 + 0.2892 in ω0 units) and
k0 = ksF + kF (i.e. 0.9578 = 0.650 + 0.3078 in normal-
ized values). The corresponding matching conditions for
the anti-Stokes process is ω0 = ωas + ωA (i.e. 1.2891 =
1.0 + 0.2891 in normalized units) while for the wavenum-
bers we can write kas = k0+kA (1.2565 = 0.9578+0.2987).
On bottom panel, the probe signal is clearly visible at
2
3 ω0. Once again the pump is located at 1, in ω0 units.
Because we have plotted the electromagnetic field in the
time interval 60 000 ≤ tω0 ≤ 75 000, i.e. well into the non-
linear regime, the electromagnetic spectra of Figure 3 are
a combined result of the nonlinear shift due to particle
trapping and of the parametric resonance which is rigor-
ously maintained in time in the optical mixing scenario.
Thus, starting from the matching conditions (4), the main-
tainance in time of the parametric resonance conditions
writes:

ω0 = ω̃sB + ω̃B = ωsB (k0 − kB − δk) + ωB − δω;

k0 = k̃sB + kB + δk, (6)

where we have assumed that k̃B = kB + δk > 0 and
ω̃B = ωB − δω. Here we have δk, δω > 0 and ωsB (k)
is the scattered wave frequency written as a function
of its wavevector k. The variation in frequency is close
to δω = ω̃sB − ωsB = 0.7650 − 2/3 � 0.098 ω0. Note
that a similar behavior can be observed for the anti-
Stokes and the SRS-F scattered signals on top panel.
Here the shift induced by trapped electrons leads to a
value of ω̃B = 0.235ω0. We have k0 = k̃sB + k̃B (i.e.
0.9578 = −0.710 + 1.6670 in normalized units). This new
wave with parameters (ω̃B, k̃B) corresponds to a BAM
mode with a frequency well below the plasma frequency
ωp =

√
n0/ncω0 � 0.287ω0, which is first generated as

a classic EPW associated with SRS-B process with a fre-
quency ωB and then nonlinearly lowered by the Morales
and O’Neil retuning. In addition to this behavior an un-
usually interesting signal can also be noticed in the top
panel spectrum at the frequency ωsK−F � 0.50ω0. Clearly,
since the normalized frequency difference of this wave with
the pump is 0.50, larger than ωp, some more involved
explanation is required. Two candidates are suggested.

(i) One possible explanation involves a SRS cascade, con-
cerning the backward rescattering of the nonlinearly
shifted Stokes mode with a BAM mode in a three-
wave resonant parametric-type instability, which can
be written in the form ω̃sB = ωs +ωBAM (i.e. 0.765 =
0.50 + 0.265 in normalized units) with wave vectors
k̃sB = ks+kBAM (i.e. −0.71 = 0.40−1.110 in normal-
ized units). Thus, the strangely created leftward-going
nonlinear Langmuir wave (a BAM-type mode) also

satisfies the three-wave condition for SRS-B from the
originally scattered light (ω̃sB , k̃sB) (here acting as a
pump), in what appears as a cascade process. How-
ever, when a classic Langmuir wave travels towards a
lower density region, its phase velocity drops rapidly,
the Landau damping increases and the EPW dies out
in a welter of energy transferred to moderately fast
electrons. In presence of a small trapped electron pop-
ulation, the EPW is transformed in a BAM mode
which is also subject to strong Landau damping in
particular when the density is not uniform.

(ii) Another explanation for the generation of the mode
(ωsK−F , k̃sK−F ) is the possibility of interaction of the
probe light with KEEN waves. The KEEN waves re-
sulting from the pairwise vortex merging, are very sta-
ble and can propagate toward the right side of the
plasma by being reflected from the electrostatic am-
bipolar sheath potential at the boundaries. Such a
behavior has been already observed in Vlasov sim-
ulations. In a result which differs remarkably from
the standard linear treatment of the Vlasov’s equa-
tion, Fijalkow and Nocera in [28] obtained, using a
Vlasov-Poisson solver in the case of an open sys-
tem, the periodic revolution of phase-space holes con-
nected with oscillations in time of the mean electron
momentum. When approaching the plasma/vacuum
boundary, holes of positive velocities are first deceler-
ated, then accelerated to acquire negative velocities in
a reflection-type behavior induced by the ambipolar
field. Here we hypothesize that, since the sheath has
attained equilibrium before the injection of the pump
and probe beams, we have a reflection of the KEEN
waves at constant frequency and reversed wavevector
and phase velocity. Such reflected KEEN waves can
then interact with the presence of the propagating
probe signal in a non resonant way.

The underlying process for the generation of the scattered
light (ωsK−F , ksK−F ) observed on top panel in Figure 3
is thus a stimulated backward KEEN scattering of the
probe light, similar to a stimulated electron acoustic scat-
tering and resembling a cascade process of the probe sig-
nal [29]. The new process involves the back-rescattering
of the probe beam to a reflected KEEN wave of negative
momentum, according to the matching conditions:

ωsB = ωsK−F + ωKEEN

and

ksB = ksK−F + kKEEN . (7)

In normalized units, the matching condition in frequen-
cies writes 0.6666 = 0.506+0.1606 and the corresponding
equation in wave vectors is −0.6015 = 0.41 − 1.1015.

Further information on these physical processes in
the parabolic profile is available in Figures 4 and 5, in
the form of the ω-spectrum of the electrostatic compo-
nent eEx/mω0c obtained at point xω0/c = 3000, and
of the representation of a typical phase-space region of
1700 ≤ xω0/c ≤ 1800.
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Fig. 4. Spectra in frequency of the electrostatic field compo-
nent. On top panel both KEEN and BAM modes are excited.
On bottom panel the BAM mode is strongly Landau damped
when the pump plus probe laser beams are turned off. We
have added on the bottom panel the frequency value ωB (by a
straight vertical line) indicating the location in the spectrum
of the initially SRS-B driven Langmuir wave.

The behavior is not the same as in the periodic case,
previously shown in Section 3, the most striking difference
being the possibility of a super-reflection of KEEN waves
from the electrostatic ambipolar sheath potential, which
may exist throughout the plasma because of the electron
tendency to leave the plasma much faster than the ions.
The strong reflection which may be induced by such am-
plifield ambipolar field, is the reason we have chosen to
let the plasma freely evolve till the time tω0 = 50 000,
which corresponds to roughly one electron transit period,
before starting the laser beams. To check the nature of the
emitted plasma waves (BAM or KEEN) the self-sustained
character of the wave is also analyzed by turning off the
laser beams after the creation of the plasma structures.

Plots on top panels of Figures 4 and 5 correspond to
the same simulation presented in Figure 3, where laser
beams are injected at time tω0 = 50 000, after one electron

Fig. 5. Corresponding phase space plots of a selected part of
the electron distribution function at the same time. On top
panel, we see clearly a new SRS interaction cycle with the
growth of trapping structures (BAM mode) on a enhanced den-
sity background constituted by fast particles. On bottom panel
we show the same diagnosis when both pump plus probe lasers
are turned off: only KEEN waves are now present in plasma
while the BAM mode has disappeared.

transit time. To test the self-sustained character of the
phase space vortices we have also plotted on bottom pan-
els of Figures 4 and 5 the numerical results of a simulation,
where, without modifying the other physical parameters,
the laser beams (pump plus probe) are turned off at time
tω0 = 65 000 for a sufficiently long time after the gener-
ation of KEEN waves or BAM modes in plasma. On top
panel in Figure 4 we have represented the electrostatic
ω- spectrum obtained by the simulation when the laser
beams are injected from the initial time tω0 = 50 000 till
the final time tω0 = 75 000. Both modes are clearly excited
and well separated: a KEEN wave with a broad frequency
close to ωKEEN ∼ 0.16−0.19 ω0 plus the BAM mode with
a frequency of order of ωBAM = ω̃B ∼ 0.23−0.26 ω0; both
are below the plasma frequency ωp � 0.287 ω0. The same
diagnostics is now performed when both the pump and the
probe lights are turned off. The result is shown in bottom
panel of Figure 4. We clearly see that in this case the
BAM mode is strongly Landau damped, while the KEEN
mode seems to be somewhat amplified, by showing not to
be affected by the disappearance of the electromagnetic
waves.

The confirmation of the self-sustained character of the
KEEN mode is confirmed by the plot of the distribution
function in phase space in Figure 5. Again, the top panel
corresponds to the case where the pump and the probe
are continuously injected inside the plasma, whereas in
the bottom panel the laser beams are turned off at time
tω0 = 65 000. Both plots correspond to the same region
in phase space and to the same time, tω0 = 75 000. The
top panel shows the behavior of the electron distribu-
tion function when SRS-B is still present: we observe a
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combined action of two phenomena: the presence of a
fast electron population acting as a density background,
and a situation predicted in the modelling of the BAM
mode, when the Maxwellian distribution evolves in time
leading to a symmetry-breaking in velocity of the distri-
bution function. More precisely, such a background pop-
ulation corresponds to the initial process of creation of
EPWs driven by SRS-B, followed by their pairwise vortex-
merging leading to the growth of KEEN waves. More sur-
prisingly, the SRS-B process is still capable of continuing
and producing new BAM modes from the non-Maxwellian
electron distribution. Indeed, the trapping structures ob-
served for positive velocities are formed with the mode
k̃Bc/ω0 = 2π/3.846 � 1.633 (i.e. roughly 26 vortices are
formed in the region of length 100c/ω0), close to the ex-
pected value of the BAM mode kBAMc/ω0 = 1.667. Fi-
nally, such trapping structures (BAM modes) have com-
pletely disappeared when the SRS is turned off (bottom
panel). We can also observe, for negative velocities, the
presence of reflected KEEN waves at the wavenumber
kKEENc/ω0 = 2π/5.555 � 1.13 (corresponding to roughly
18 vortices in a phase space region of size 100c/ω0). The
persistence of these KEEN waves far enough to be re-
flected is a good indication of the remarkable stability of
these structures.

5 Conclusion

In summary the SRS-B instability was numerically inves-
tigated using a semi-lagrangian Vlasov code with peri-
odic and open boundary conditions. In the last case a
parabolic type profile was used. Our results confirm that
kinetic effects cannot be ignored when studying the non-
linear behaviour of the EPW initially created by the para-
metric SRS-B instability. Secondly the results support the
idea that the pairwise vortex merging of EPWs, down-
ward shifted in frequency, leads to the formation of KEEN
waves, whose self-sustained character allows them to per-
sist over a long time. The pair vortex merging mechanism
is interpreted as an example of negative mass instability,
and fosters the interpretation of KEEN waves as inher-
ently nonlinear electrostatic structures, generated from
electrostatic modes as a consequence of a secondary in-
stability which necessarily involves a pairwise coalescence
of trapped electron populations. In the case of an open
system, the reflection of these KEEN waves from the elec-
trostatic ambipolar sheath potential, offers the possibil-
ity for them to interact with the injected probe light in
a three-wave parametric-type decay in optical mixing, a
process which allows the characterization of such kinetic
structures in spectrum in frequency. Remarkably, such a
behaviour opens for the detection of these structures in
laser-plasma experiments.

To end we would like to make just one comment on ter-
minology, namely on the use of terms EAWs and KEEN
waves. It would be probably more appropriate to call
about BGK structures; however BGK states are station-
ary and ideal and smooth (without velocity filamentation)

states in the asymptotic limit, not necessarily accessible by
the plasma. The crucial role is here played by the excita-
tion level and the corresponding response of the plasma.
Usually in Vlasov-Poisson numerical experiments EAWs
were introduced when the external driver is applied in
a low-frequency regime and at weak intensities allowing
the excitation and the growth of EAWs even in the lin-
ear regime. However such simulations have shown that the
birth of phase space holes is complex and depends not only
on the level of excitation but also on the driver imposition
time. Alternatively what happens when we choose to ap-
ply now an external high-frequency driver at high inten-
sity, a situation met in laser-plasma experiments, which
now precludes the initial linear excitation of EAWs. The
possibility of excitation of self-sustained phase space holes
by a secondary pairwise vortex merging of high frequency
nonlinear waves (as a result of the parametric Raman in-
stability for instance) makes clear that the fundamental
nature of the phase space hole (in the asymptotic limit)
must be modified and cannot be considered as (trapped)
EAWs and the term of KEEN waves term was introduced
for these reasons. The most important result is the fol-
lowing: the excitation of KEEN waves now requires an
external physical phase-mixing-type mechanism allowing
a stable solution. Several processes have been already ob-
served in the literature. For instance in reference [24,25] in
the study of nonlinear Landau damping, the occuring of
phase space holes is always accompagnied by the cleaning
of the small-scale filaments in velocity space, a process
usually intensified by the numerical diffusion, although
weak in the Vlasov codes. On the other hand the neg-
ative mass instability, introduced in the bifurcation-type
of EAWs towards KEEN waves was recently introduced.
Here a similar role is played by a secondary instability,
having a very strong similarity, the pairwise vortex merg-
ing, acting as a phase space mixing mechanism. This gives
to the KEEN waves a non resonant character that was
clearly absent in the nature of the EAWs.

The authors are indebted to the IDRIS computational center,
Orsay, France, for computer time allocation on their comput-
ers. The authors also wish to thank an anonymous referee for
drawing their attention to the Negative Mass Instability and
to references [9,10].

References

1. I.B. Bernstein, J.M. Greene, M.D. Kruskal, Phys. Rev.
108, 507 (1957)

2. D.S. Montgomery, R.J. Focia, H.A. Rose, D.A. Russell,
J.A. Cobble, J.C. Fernandez, R.P. Johnson, Phys. Rev.
Lett. 87, 155001 (2001)

3. V.B. Krapchev, Phys. Rev. Lett. 42, 497 (1979)
4. A.K. Ram, Phys. Rev. A 22, 1229 (1980)
5. J.P. Holloway, J.J. Dorning, Phys. Rev. A 44, 3856 (1991)
6. F. Valentini, T.M. O’Neil, D.H.E. Dubin, Phys. Plasmas

13, 052303 (2006)
7. F. Valentini, D. Perrone, F. Califano, F. Pegoraro, P.

Veltri, P.J. Morrison, T.M. O’Neil, Phys. Plasmas 19,
092103 (2012)

http://www.epj.org


Page 10 of 10 Eur. Phys. J. D (2014) 68: 275

8. T.W. Johnston, Y. Tyshetskiy, A. Ghizzo, P. Bertrand,
Phys. Plasmas 16, 042105 (2009)

9. I.Y. Dodin, N.J. Fisch, Phys. Plasmas 21, 034501 (2014)
10. I.Y. Dodin, P.F. Schmit, J. Rocks, N.J. Fisch, Phys. Rev.

Lett. 110, 215006 (2013)
11. B. Afeyan, K. Won, V. Savchenko, T.W. Johnston, A.

Ghizzo, P. Bertrand, “Kinetic electrostatic electron nonlin-
ear (KEEN) waves and their interactions driven by the PF
of crossing laser beams”, in 3rd International Conference
on Inertial Fusion Sciences and Applications, Monterey,
CA, 7-12 September 2003 , edited by B. Hammel, D.
Meyerhofer, J. Meyer-ter-Vehn, H. Azechi (American
Nuclear Society, LaGrange Parc, IL, 2004), paper M034,
p. 213

12. H. Schamel, Phys. Plasmas 19, 020501 (2012)
13. D.J. Strozzi, E.A. Williams, A.B. Langdon, A. Bers, Phys.

Plasmas 14, 013104 (2007)
14. M. Albrecht-Marc, A. Ghizzo, T.W. Johnston, T. Reveille,

D. Del Sarto, P. Bertrand, Phys. Plasmas 14, 072704
(2007)

15. A. Ghizzo, P. Bertrand, M.M. Shoucri, T.W. Johnston, E.
Fijalkow, M.R. Feix, J. Comput. Phys. 90, 431 (1990)

16. P. Bertrand, A. Ghizzo, T.W. Johnston, M.M. Shoucri, E.
Fijalkow, M.R. Feix, Phys. Fluids B 2, 1028 (1990)
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