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Abstract

We are interested in a kinetic equation intended to describe the interaction of
particles with their environment. The environment is modeled by a collection of local
vibrational degrees of freedom. We establish the existence of weak solutions for a wide
class of initial data and external forces. We also identify a relevant regime which allows
us to derive, quite surprisingly, the attractive Vlasov—Poisson system from the coupled
Vlasov-Wave equations.
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1 Introduction

In [8], L. Bruneau and S. De Biévre introduced a mathematical model intended to
describe the interaction of a classical particle with its environment. The environment
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is modeled by a vibrating scalar field, and the dynamics is governed by energy exchanges
between the particle and the field, embodied into a Hamiltonian structure. To be more
specific on the model in [8], let us denote by ¢(t) € R? the position occupied by the
particle at time ¢. The environment is represented by a field (¢,z,y) € R x R? x R
U(t,z,y) € R: it can be thought of as an infinite set of n-dimensional membranes, one
for each # € R?. The displacement of the membrane positioned at 2 € R? is given by
y € R" — Y(t,x,y) € R. The coupling is realized by means of form factor functions
x — o1(z) and y — o09(y), which are supposed to be non-negative, infinitely smooth,
radially symmetric and compactly supported. Therefore, the dynamic is described by
the following set of differential equations

i) ==V~ [ oia(®) = 2) aaly) Vob(t,z, ) dyds,
Rd xR™ (1)

Rt v,y) — AGU(t 2,y) = —oa(y)or(z —q(t),  w€RY yeR™

In (1), ¢ > 0 stands for the wave speed in the transverse direction, while ¢ € R? —
V(q) € R is a time-independent external potential the particle is subjected to. In [8],
the well-posedness theory for (1) is investigated, but the main issue addressed there is
the large time behavior of the system. It is shown that the system exhibits dissipative
features: under certain circumstances (roughly speaking, n = 3 and ¢ large enough)
and for a large class of finite energy initial conditions the particle energy is evacuated
in the membranes, and the environment acts with a friction force on the particle. Ac-
cordingly, the asymptotic behavior of the particle for large times can be characterized
depending on the external force: if V = 0, the particle stops exponentially fast, when
V' is a confining potential with a minimiser ¢g, then the particle stops at the location
qo, and for V(q) = —F - ¢, a limiting velocity Vp can be identified.

Since then, a series of works has been devoted to further investigation of the asymp-
totic properties of a family of related models. We refer the reader to [1, 10, 11, 12, 25, 30]
for thorough numerical experiments and analytical studies, that use random walks ar-
guments in particular. The model can be seen as a variation on the Lorentz gas model
where one is interested in the free motion of a single point particle in a system of
obstacles distributed on a certain lattice. We refer the reader to [4, 9, 17, 19, 27]
for results and recent overviews on the Lorentz gas problem. Instead of dealing with
periodically or randomly distributed hard scatterers as in the Lorentz gas model, here
the particle interacts with a vibrational environment, that create the “soft” potential
®. The asymptotic analysis of the behavior of a particle subjected to an oscillating
potential is a further related problem that is also worth mentioning [16, 22, 24, 28].

We wish to revisit the model of [8] in the framework of kinetic equations. Instead
of considering a single particle described by its position ¢ — ¢(t), we work with the
particle distribution function in phase space f(t,z,v) > 0, with z € R% v € R?, the
position and velocity variables respectively. This quantity obeys the following Vlasov
equation

Of +v-Vaof —=Vu(V+®)-V,f =0, t>0, zeR veRL (2)



In (2), V stands for the external potential, while ® is the self-consistent potential de-
scribing the interaction with the environment. It is defined by the convolution formula

O(t,x) = / U(t, z,y)o1(x — 2)o2(y) dy dz, t>0, zeR? (3)
R4 xR™
where the vibrating field V¥ is driven by the following wave equation

(00 — A V) (L, z,y) = —0a(y) /d o1(x — 2)p(t,z)dz, t >0, z € R y e R,
R

p(t,z) = /Rd ft,z,v)dv

The system is completed by initial data

(4)

f(O,CE,’U) = fO('Iav)’ \I](O’x>y) = \IIO(xay)’ atlll(o’x>y) = \Ill(x’y)' (5)

A possible interpretation of the kinetic equation (2) consists in considering the model
(1) for a set of N > 1 particles. The definition of the self-consistent potential has to
be adapted since all the particles interact with the environment, namely we have, for

jed{l,..,N}

Gj(t) = =VVi(g;(t)) — /Rd o o1(gj(t) — z) o2(y) V¥ (t, 2,y) dy dz,
N
oA (txy)—cQA U(t,x,y) = —o2(y Z (x — qi(t

Note that such a many-particle system is not considered in [8]. It is very likely that
its asymptotic behavior is much more complicated than with a single particle because,
even if the particles do not interact directly, they do so indirectly via their interaction
with the membranes. If we now adopt the mean—field rescaling in which & — %@,
then (2) can be obtained as the limit as N goes to oo for the empirical measure
fntz,v) =+ SN 6(x = qi(t),v = x(t)) of the N—particle system, assuming the
convergence of the initial state fn(0,z,v) — fo(z,v) in some suitable sense. Such a
statement can be rephrased in terms of the convergence of the joint distribution of the
N-particle system. This issue will be discussed elsewhere [31] and we refer the reader
to the lecture notes [18] and to [20] for further information on the mean—field regimes
in statistical physics.

In this paper we wish to analyse several aspects of the Vlasov-Wave system (2)—(5).
We warn the reader that, despite the similarities in terminology, the model considered
here is very different, both mathematically and physically, from the one dealt with in
[6], which is a simplified version of the Vlasov—-Maxwell system. It is indeed crucial
to understand that the wave equation in this paper is set with variables transverse to
the physical space: the waves do not propagate at all in the space where the parti-
cles move. This leads to very different physical effects; we refer to [8] and references
therein for more details on this matter. We add that this paper is less ambitious than



[8], since we do not discuss here the large time behavior of the solutions, only their
global existence. As mentioned above, since we are dealing with many particles, it is
very likely that the question cannot be handled in the same terms as in [8], and that the
kinetic model inherits the same technical and conceptual difficulties already mentioned
for N > 1 particles. We only mention that a particular stationary solution (with f in-
tegrable) has been exhibited in [2], and that this solution is shown to be linearly stable.

The paper is organized as follows. Section 2 contains a preliminary and largely in-
formal discussion to set up notation and to establish some estimates on the interaction
potential needed in the bulk of the paper. Section 3 establishes the well-posedness of
the problem (2)—(5) (Theorem 3.3). We consider a large class of initial data and exter-
nal potentials with functional arguments which are reminiscient of Dobrushin’s analysis
of the Vlasov equation [15]. Section 4 is devoted to asymptotic issues which allow us
to connect (2)—(5) to Vlasov equations with an attractive self-consistent potential. In
particular, up to a suitable rescaling of the form function o1, we can derive this way
the attractive Vlasov—Poisson system. This is quite surprising and unexpected in view
of the very different physical motivation of the models.

2 Preliminary discussion

Throughout the paper, we make the following assumptions on the model parameters
and on the initial conditions. First, on the coupling functions o1, o9, we impose:

o1 € CX (R4 R), g9 € CX(R™,R),
o1(z) >0, o3(y) >0 for any z € R, y € R, (H1)
01,09 are radially symmetric.

We require that the external potential fulfills

{ Ve W(RY), (H2)

and there exists C' > 0 such that V(z) > —C(1 + |z|?) for any x € R%.

This is a rather standard and natural assumption. Note that it ensures global existence
when o1 = 0 = g9: it then implies that the external potential cannot drive the particle
to infinity in finite time. For the initial condition of the vibrating environment, we

shall assume
Wy, ¥, € LA(R? x R™). (H3)

For the initial particle distribution function, we naturally assume
fo>0,  foe L*R?xRY). (H4)
For energy considerations, it is also relevant to suppose
VU € LR < R") and  ((2,0) = (V(@) + o) fo(w,v)) € 'R x RY). (H5)

This means that the initial state has finite mass, potential and kinetic energy.

4



Our goal in this section is to rewrite the equations of the coupled system (2)-(5) in
an equivalent manner, more suitable for our subsequent analysis. The discussion will
be informal, with all computations done for sufficiently smooth solutions. The proper
functional framework will be provided in the next section. First, we note that it is
clear that (2) preserves the total mass of the particles

d
dt /Rdx]Rd f(t,z,v)dvde = 0.

In fact, since the field (v, V,V + V,®) is divergence—free (with respect to the phase
variables (z,v)), any LP norm of the density f is conserved, 1 < p < co. Furthermore,
the PDEs system (2)—(4) inherits from the Hamiltonian nature of the original equations
of motion (1) the following easily checked energy conservation property:

2

d (1 , . )
—dt{Q/Rden\ W (ta,y))” dedy + 5 /Rden IV, U (t, z,y)* dzdy

+/ ft,z,v) (w +V(z)+ ot x)) dvdx} = 0.
RixRd 2 ’

As a matter of fact the energy remains finite when the full set of assumptions (H1)-
(H5) holds.

For the Vlasov—Poisson equation it is well known that the potential can be expressed
by means of a convolution formula. Similarly here, the self-consistent potential &
can be computed explicitly as the image of a certain linear operator acting on the
macroscopic density p(t,z) = [ga f(t,2,v) dv; this follows from the fact that the linear
wave equation (4) can be solved explicitly as the sum of the solution of the homogeneous
wave equation with the correct initial conditions plus the retarded solution of the
inhomogeneous wave equation. To see how this works, we introduce

1 / sin(c|€|t)

— 2
(27‘(‘)" C’f‘ ’02(5)‘ d§

t = p(t) =

and

sin(cl¢]t)
CI¢|

wo(t.z) = o [ [ eia=2) (Foe. cos(elle) + a(2.6) ) Fale) dzde

(6)
where the symbol ~ stands for the Fourier transform with respect to the variable
y € R™. Note that ®y is the solution of the homogeneous wave equation with the
given initial conditions for W. Finally, we define the operator £ which associates to a
distribution function f : (0,00) x R? x R? — R the quantity

£t = [ o= ([ 5 2p(s.2)02) as, g

where

p(t,x):/df(t,x,v)dv, Y =01 *%07.
R

T



We can then check that the pair (f, ¥) is a solution of (2)—(4) iff f satisfies

atf+v'vmf:vvf'vm(v+q)0_'c(f)) (8)
f(o,.%',?)) - fo(x,v)

and W is the unique solution of (4).
We sketch the computation, which is instructive. Let (f, ) be a solution of (2)—(4).
Applying the Fourier transform with respect to the variable y we find

(07 + PLEP)U(t,2,6) = —(p(t, ) ¥ 01)(z) T2(6),

U(0,2,6) = Uo(x,8)  9U(0,2,€) = Uy(z,€).

The solution reads

\/I\J(t,x,f) = —/Ot(p(t —s,-) x01)(x) @(g)Sin(CSKD ds

(el
gz, €) cos(cl€[t) + T, 5)%

To compute ® in (3), we use Plancherel’s equality:

Oto) = [ Witz )or(e — oa(y)dyds

- (Qi)n /]RdXR" (I}(t7 2, 5)01 (1‘ - 3)65(5) dédz

o ((01 cop)s /Ot (p(t o) /n sin(cs¢)) [73(9)[” dg) ds) "

clgl  (@2m)n
: 7 7 (. ey Sinellt)
+(27r)" (01 * /Rn (‘I’O(',§) cos(c|¢]t) + \111(7§)W

= —L(f)(t,x) + Po(t, ).

) #e)de) (@

Inserting this relation into (2), we arrive at (8). Conversely, let f be a solution of (8)
and let ¥ be the unique solution of (4). The same computation then shows that ®
in (3) is given by ® = &y — L(f). Therefore f satisfies (2).

The operator £ in (7) plays a crucial role in our further analysis. Its precise defi-
nition on an appropriate functional space and its basic continuity properties are given
in the following Lemma.

Lemma 2.1 (Estimates on the interaction potential) For any 0 < T < oo, the
following properties hold:

i) L belongs to the space Ar of continuous operators on C ([0, T]; (W (RY x Rd))/)
with values in C ([0, T]; W= (R9)). Its norm is evaluated as follows:

T2

L0z < llo1 152 aylo2ll72 geny -

6



ii) L belongs to the space Br of continuous operators on C([0,T]; (WH*(R? x Rd))/)
with values in C1([0,T]; L= (RY)). Its norm is evaluated as follows:
T2
12l < llon [ eqee lo2llEon (T + 5 );

11i) o satisfies
[Po(t, ) w20 may < llo1llw22@ellozllrz@n) (||‘I’0HL2(R”) + tH‘I’IHL?(Rn)) ;
for any 0 <t < T, and, moreover
|%ollcrqo.zyz=e) < lotllzz@allozlwragn) (21%ollL2n + 1+ DIVl 2e))

Proof. The last statement is a direct consequence of Holder and Young inequalities;
let us detail the proof of items i) and ii). We associate to f € (WH(R? x Rd)),, the

macroscopic density p € (Wl’oo(]Rd))/ by the formula:
<pf7 X>(W1,oo)/7wl,oo(Rd) = <f7 X & 1v>(W1,oo)/,W1,oo(]Rd><Rd) s Vx € Wl’oo(Rd).

Wi, Rd)) — ||f||(w1,oo(RdXRd)),'
For any x € C°(R?), and i € {0,1,2} , we can check the following estimates

o2 V00 = o (V) 20| < 1l (11 gy | (V) * Xllwtoe ey

171 ey (17 Sloegeny + 1954 Sl o) Iz e

Clearly, we have prH(

IN

Since the dual space of L' is L, for i = 0, we deduce that

lp* Sy < ufu(Wde ayy’ (12l ety + IVl 1)

< HUIHWI,Q(Rd HfH(leOO(]RdX]Rd)) .

Reasoning similarly for ¢ = 1 and ¢ = 2, we obtain

% Sl ) < 1ors ol s g

We now estimate p. Plancherel’s inequality yields

/ 1 —~
0] = | [, cos(eDTHE P de] < ol ey

Since p(0) = 0, it follows that |p(t)| < ”O'QH%Q(Rn)t. Hence, for all 0 < ¢t < T < oo, we
have

t
”ﬁ(f)(t)”WZDO(Rded) <2« pHLOO(O,T;WQvOO(Rd))/O Ip(t — s)|ds

T2
2 2
= Hf” ( (W1 00 (Rd x ]Rd)) )Hal||W3,2(Rd)‘|02||L2(Rn) 7
This proves the estimate in i). That £(f)(¢) is continuous as a function of ¢ follows

easily from the previous argument. As a further by-product note that

T2
IO < 1Ny e ) 191 e llo2 ey 5

7



holds. Since p(0) = 0, we have

t
HL(f)(t) = /0 p(t—s)S*p(s)ds
which gives:
100 L E e rtzns < 15l ey 1 g ol ey -

This ends the proof of ii). |

3 Existence of solutions

The proof of existence of solutions to (8) relies on estimates satisfied by the character-
istics curves defined by the following ODE system:

{ X(t) =€),

§(t) = =VV(X(t) — V(t, X(1)). (10)

From now on, we adopt the following notation. The potential & being given, we
denote by ¢®*(z0,v0) € R? x R? the solution of (10) which starts from (zg,vg) at time
t = c: the initial data is 2 (zg,v9) = (20, v0). We use the shorthand notation ¢
(X(t),&(t)) for t — gog)’t(xo,vo), the solution of (10) with X (0) = zg and V(0) = vp.
Owing to the regularity of V, £ and ®g, see Lemma 2.1, the solution of the differential
system (10) is indeed well defined for prescribed initial data; this also allows us to
establish the following estimates, where characteristics are evaluated both forward and
backward.

Lemma 3.1 (Estimates on the characteristic curves) Let V' satisfy (H2) and
let ® € C°([0,00); W22 (R?)) N CL([0, 00); L= (RY)).

a) There exists a function (N ,t,x,v) € [0,00) x [0,00) x R x R? v R(N,t,2,v) €
[0,00), non decreasing with respect to the first two variables, such that the solution
t — (X(t),&(t)) of (10) with initial data X(0) = zo, £(0) = vy satisfies the
following estimate, for anyt € R,

(X(t),£(t) € B (0,3 <||‘I’H01([o,t];Loo(Rd)), |t|,$o,vo)) CR? x R%.

b) Taking two different potentials ®1 and ®o, the following two estimates hold for
any t > 0:

® ®
‘((Pol’t - WOQ’t)(QUOaUO)’

t t
< [ @1 = B lwrwaayexp ([ 1V2(@17) + V)l 5,y ) s,
(P10 — 220y (5, )]
t S
< /0 (P — ‘PQ)(S)HWLoo(Rd) exp (/0 HVQ(‘IH(T) + V)HLoo(gt’T(x’U)) dT) ds,

8



where we set Br(z,v) = B (0, R (maxizl,g [Pl (jo,7; Lo0 (1)) s T T v)) and By, =
B (O, R (maxl-:Lg | Piller (fr,g;000 Ry, t — T T, v))

The proof of the lemma is postponed the end of this section. Given 0 < Ry < oo,
and Wy, U, satisfying (H3) (they enter into the definition of ®q in (6)), we set

r(t,x,v) - R(Hq)oucl([o,t};Loo(Rd)) + ”’EWBtRmtvxvv)' (11)

Proving uniqueness statements for the wide class of external potentials considered
in(H2) requires to strengthen the hypothesis on the initial data.

Definition 3.2 Let 0 < T, Ry < co. We say that an integrable function fo belongs to
the set Ep, 1 if fo > 0 satisfies || foll o1 (maxray < Ro and, furthermore,

Hro,1(fo) 1:/

T
T,v)e V2V || oo rtoo))) At | dvdx < oco.
i S0 0) XD (/0 V=Vl oo (B0, (t2.00)) )

Theorem 3.3 Assume (H1)-(H3). Let 0 < Ry, T < oo. Let fo € Er,r. Then,
there exists a unique f € C([0,T); LY (R? x R?)) weak solution of (8). The solution
is continuous with respect to the parameters L, ®g and fy, respectively in Ap N Br,
CY([0,00); W2 (RY)) and Eg, 1. If fo € LY(RYxR%) only, see (H4), then there exists
f € C(0,00); LY (R x RY)), weak solution of (8).

The statement can be rephrased for the original problem (2)—(5). We also establish
the conservation of energy.

Corollary 3.4 Assume (H1)-(H3). Let 0 < Ry, T < co. Let fy € Er, . Then, there
exists a unique weak solution (f, V) to the system (2)—(5) with f € C([0,T]; L' (R? x
R%) and ¥ € C([0,T); L2(RY x R™)). The solution is continuous with respect to the
parameters o1, o2, Vo, Uy and fo in the sets W2(R?), L2(R"), L2(R? x R™), L?(R? x
R™) and ER, T, respectively. If fo satisfies (H4) only, then there exists a weak solution
with f € C([0,00); L*(R? x RY)) and ¥ € C([0,T); L>(R? x R™)). Furthermore, when
the initial data satisfies (H5) the total energy

1 2 2 2

—/ |0: U (t, z,y)|" dedy + — |V ¥ (t,z,y)|” dedy

2 JRixrn 2 Jrixgrr

o]

+ f(t,x,v)( 5

. + V(z) + o(t, x)) dvdz
X

18 conserved.

Remark 3.5 Definition 3.2 restricts the set of initial data depending on the growth
of the Hessian of the external potential. Of course, any integrable data fy with com-
pact support fulfils the criterion in Definition 3.2, and when the potential has at most
quadratic growth, any data satisfying (H4) is admissible. As will be clear in the proof,
the continuity with respect to the initial data does not involve the L' norm only, but
the more intricate quantity #r, T also arises in the analysis.

9



Remark 3.6 The present approach does not need a restriction on the transverse di-
mension (n > 3 in [8]). The proof can be slightly modified to treat the case of
measure—valued initial data fo, thus including the results in [8] for a single parti-
cle (fo(z,v) = O(z=ag,v=v0))> and we can consider a set of N > 1 particles as well.
The measure—valued solution is then continuous with respect to the initial data in
C([0,T); Whoe(R? x RY)Y). This viewpoint will be further detailed with the discus-
sion of mean—field asymptotics [31].

The proof of Theorem 3.3 relies on a fixed point strategy, the difficulty being to
set up the appropriate functional framework. It turns out that it will be convenient to
work with the C([0,T]; (W (R? x R?))’) norm. We remind the reader that the dual
norm on (W1H*(R? x RY)) is equivalent to the Kantorowich-Rubinstein distance

Wil =swp{ [ 1¢=¢ldn(c.)}

R2d xR2
where the supremum is taken over measures 7 having f and g as marginals, see e. g. [32,
Remark 6.5]. This distance appears naturally in the analysis of Vlasov-like systems,
as pointed out in [15]. In order to define the fixed point procedure, we introduce the
following mapping. For a non negative integrable function fy, we denote by Ay, the
application which associates to ® in C([0,00); W*>(R%)) N C(]0,00); L>(R?)) the
unique solution f of the Liouville equation

3tf+v'vxf—vuf'vx(v+‘b):07

with initial data fy. We shall make use of the following statement, which provides
useful estimates.

Lemma 3.7 For any fo € L'(R? x RY), the application Ay, is continuous on the
set C([0,00); W22 (R%)) N C([0, 00); L= (R?)) with values in C([0,00); L' (R? x RY)).

Furthermore, we have
||Afo(‘1>) - Ago(q))||L°°(0,oo;L1(Rd><Rd)) =|lfo— QOHLl(Rded)’
for any ® € C([0, 00); W2 (R)) 1 CL([0, 00); L (RY)).

Proof. Let 0 < T < oo be fixed once for all. We begin by assuming that fy is C*
and compactly supported. For any 0 <t < 7T, we have

Mgy (@)(t) = foo iy,

where we remind the reader that gp? ’O(x,v) stands for the evaluation at time 0 of
the solution of (10) which starts at time ¢ from the state (x,v). Accordingly any L
norm is preserved: [[Az, (®)(t)|| 1 (raxra)y = || foll Lp(rdxRray holds for any ¢ > 0 and any
1 < p < o00. By linearity, this immediately proves the continuity estimate with respect
to the initial data.

To establish the continuity properties with respect to ®, we first observe, denot-
ing Ay (®) = f, that (x,v) € supp(f(t,-)) iff or(z,v) € supp(fo), that is (z,v) €
gog)’t(supp(fo)). Therefore, by Lemma 3.1, we can find a compact set K7 C R% x R?

10



such that supp(f(t,-)) € Kr for any 0 < ¢t < T. We are dealing with potentials ®;
and @, in C([0,00); W2 (R?)) N C([0,00); L (R?)). We can again find a compact
set, still denoted by K7 C R% x R?, such that the support of the associated solutions
As, (®1) and Ay (o) for any 0 < ¢ < T is contained in Kp. We infer that

450(@2)(8) = Ay (@2)0) 13 iy = [ oo™ = foo | dvda
T

@10
< [[follwr.o (raxray meas(Kr)  sup oy ' (

(l‘,U)EKT

‘1’2,0(

,I,’U)—Spt iE,U)|

holds. As 7 ranges over [0,t] C [0,7] and (z,v) lies in K7, the backward characteristics

apf"”(m’ v) still belong to a compact set. We introduce the following quantities
R= sup R <max\|<1>'\|cl TV Lo (R4 ,T,x,v>
(z,v)EKT =121 NCH(0,T]Le(R))
and

T
mr = exp </0 ”VZ(I)l(U)HLoo(Rd) du) .
For 0 <t¢ < T and any (z,v) € K7, Lemma 3.1-b) yields:

1,0 2,0
’@tl (.%',’U)-g@t2 (.%',’U)’

t s
<mr [ (@ = 8 ey exp ([ 192V s d7) s

We conclude with

Dq,0 $5,0
sup ’@t b (.%',’U) — ¥ > (.%',’U)’ 0.

(z,v)EKT ”q)l_q>2||L00(0’T;W2,00(Rd))_>0

1921 g0, 7y; 00 ety I @2l 01 10,79; .00 () SM

(It is important to keep both the C1([0,T]; L>=°(R%)) and L*°(0,T; W2>(R?)) norms
of the potentials bounded since these quantities appear in the definition of R and mrp.)
This proves the asserted continuity of the solution with respect to the potential. By
uniform continuity of the flow on the compact set [0,7] x Kr, we obtain the time
continuity. Hence the result is proved when the initial data fy lies in C}.

We finally extend the result for initial data fy in L'. Those can be approximated
by a sequence (f§), . of functions in C; (R? x R?). We have

1A, (@)(8) = A (@YD L1 metsrety = [A (g gy (@YD L1 R sraty = [fo = F N1 e xme)-

Therefore, Ay, is the uniform limit of maps which are continuous with respect to ®
and the time variable. This remark ends the proof. [ |

Proof of Theorem 3.3.
Existence—uniqueness for initial data in Eg, 7.

We turn to the fixed point reasoning. For f given in C([0,T]; (W1 (R? x R%))),
we set

Tso(f) = Ago(®o = L(f))-

11



It is clear that a fixed point of Ty, is a solution to (8). Note also that, as a conse-
quence of Lemma 2.1 and Lemma 3.7, T7,(f)(t) € LY(R? x R%). More precisely, we
know that f +— T(f) is continuous with values in the space C([0,T]; L'(R? x R%)) C
C([0,T]; WL (R? x R%))). We shall prove that 7 admits an iteration which is a
contraction on the ball with centre 0 and radius Ry.

Let f1 and f» be two elements of this ball. We denote ¢! the flow of (10) with
®; = ®g — L(fi): ¢Eit(xg,v0) satisfies (10) with (zg,vo) as data at time t = a. Let x
be a trial function in W1>°(R? x R?). We have

/Rded (T(f1)(t,z,v) = T (f2)(t, z,v))x(z,v)dv dx

= / (fo ° @?1,0 — foo <p;b2’0) (x,v)x(x,v)dvdz
Rex R4

- / fotar,v) (x 005" = x 0 5™") (,0) dv
R4 x R4

(] P
< [, Dol o)Vl [ = 5
R xR4

(x,v)dvdz.
It follows that
IT DO =T ED O (1.0 ey g/

R4 x R4

Dot

fo(z,v) \gogl’t — o | (z,v)dvdx. (12)

By using Lemma 3.1-b), we obtain
(z,v)

‘ <I>1,t ‘1’2,25
B t
< fp /0 [P0 S Pr———

Yo — %o

t
2
X €xp (/S Hv VHLOOB(OvR(”(I)O"’E(fi)Hcl([O’H];Loo(Rd))vunyWO)) du) ds’

where we have used

-
exp (/0 [V=(Po(u) — L{f1)(W)]| oo way du)

< exp ( / (192000 ey + Ll ol e du> = iy
Plugging this estimate into (12) yields
ITO = TUIOrm sy
<8 [ g 0 120 = £l oy
X exp ( / V2V || oo (B0, (u,.0))) du> dsdvdz.
It recasts as
TR0 = TR Ollgymy < Tt [ 1= ol o o1 iy I

with
mp =y X sup [|L]a,.
0<s<T

12



By induction, we deduce that

(b Ay 7)"

”TZ(fl)(t) - TZ(fQ)(t)H(Wl,oo(RdXRd))' S T”fl - fz”Loo (QT;(WLC’O(RdXRd))l)
holds for any £ € N and 0 <t < T. Finally, we are led to

Tly Ky )"
”Tg(fl)—Tg(fQ)”Loo (07T;(W1,00(Rd><Rd))/) < %H]ﬂl_.ﬁ‘um (07T;(W1,00(Rd><]Rd))/)'

This shows that an iteration of T is a contraction. Therefore, there exists a unique fixed
point f in C([0,T]; (WL(R? x R9))). Furthermore, f = T(f) € C([0,T]; L' (R? x
R%)), and the solution is continuous with respect to the parameters of the system. Note
that the continuity estimate involves the quantity in Definition 3.2 which restricts the
growth assumption of the initial data.

Step 2: Existence for an integrable data
We proceed by approximation. Let fo be in L' (R? x R?), with || fo| ;1 < Ro. Then,

(x’ U) = fég(x’ ’U) = fO(x’ U)l\/mgk
lies in ER,r (with a constant .#r, 7 which can blow up as k — o0). The previous
step defines f*, solution of (8) with this initial data. Of course we wish to conclude by
passing to the limit £ — oco. However, the necessary compactness arguments are not
direct and the proof splits into several steps.
We start by showing that the sequence (fk)keN is compact in C([0,7]; M*(R¢ x
R%) — weak — %). Pick xy € C°(R? x R?%). For any 0 < t < T, we have, on the one hand,

/]Rd a fk(t,x,v)x(x,v) dv dz
X

(A ')HLl(Rded)”X”LOO(RdXRd)

1
1751 o1 et X oo (ret e (13)

HfOHLl(]RdXRd) ||X||L00(Rded),

INIA A

and, on the other hand,
d k
Lo ) dvda
= | Jraxpa fk(t,x,v) (v Vax = VoV + @9 — L(f)(1) - Vox)(2,v) dvdz
R4 xR
< lfollza (v - Vax = VV - Vx| oo (axray

+ (IL0ar I foll 2 + 1oll oo o w10 ey ) I VXl o0 ) -

Lemma 2.1 then ensures that the set
{t = / R, z,v)x(z,v)dvde, ke N}
R xRd

is equibounded and equicontinuous; hence, by virtue of Arzela—Ascoli’s theorem it is
relatively compact in C([0,T]). Going back to (13), a simple approximation argument
allows us to extend the conclusion to any trial function x in Co(RY x R?), the space of
continuous functions that vanish at infinity.

This space is separable; consequently, by a diagonal argument, we can extract a

13



subsequence and find a measure valued function ¢ — df(t) € M} (R? x R?) such that
lim Ptz X ) dode = [ (@) df(0)
k—oo JRAxRA Rd x R4

holds uniformly on [0, T], for any x € Co(R? x R%). As a matter of fact, we note that
df is non negative and for any 0 < ¢ < T it satisfies

/RdXRd df(t) < ”fO”Ll(Rded)_

Next, we establish the tightness of the sequence of approximate solutions. Let € > 0
be fixed once for all. We can find M, > 0 such that

/ folz,v)dvdz <e.
x2+v2>M2

Let us set
Ae = sup{r(T,z,v), (z,v) € B(0,M,)}

where we remind the reader that (7', z,v) has been defined in (11): 0 < A, < o0 is
well defined by Lemma 2.1. Let ¢®* stand for the flow associated to the characteristics
of the equation satisfied by f*. For any 0 < ¢ < T, we have wg’t(B(O, M,)) C B(0, A,)
so that C (gof’o(B(O,Ae))) S (CB(0, Ac)) c CB(0, M,). 1t follows that

| feoavds = [ e @) dods
CB(0,A) CB(0,A)
k
= x,v)dvdx
Lok (B(0,A.)) o (@)

fo(z,v)dvdz <e.
CB(0,M.)

By a standard approximation, we check that the same estimate is satisfied by the

limit f:
| am<e
CB(0,A.)

Finally, we justify that f* converges to f in C([0,T]; (W1 (R? x R%))). Pick x
in Whe(R? x R?), with [X[lw1eomexray < 1. We introduce a cut-off function 0 as
follows:

Or(z,v) =0(z/R,v/R), 6 € C(R? x RY),
O(x,v) =1 for Va2 +v2 <1, f(x)=0 for 2% +v? > 4, (14)

0 < 6(x) <1 for any = € R,
Then, we split
L, e ox@edede = [ x(@o)df)
Rd xRd Rd x R4
= [ Ftaonte@oded = [ \Or(@ ) df()

R xR4 RIxR

fk(t’x’v)X(l - 93)($,U> dvdz — X(l - HR)(x”U) df(t)
Rd x R4 Rd xRd

14



Choosing R > A, yields

/d dfk(t,x,v)x(l—HR)(m,v)dvdx—/ X(l—@R)(.%',U) df(t)
R4 xR

R xRd

< 2¢] x| Loo (R xRAY-
(15)
By virtue of the Arzela-Ascoli theorem, W°°(B(0,2R)) embeds compactly in C(B(0,2R)).
Thus, we can find a family {x1, ..., Xm. } of functions in Wl’oo(Rd X Rd) such that, for
any x € Whe(R? x RY), X[ w100 (maxray < 1, there exists an index i € {1,...,mc}
with [|0rx — Xill Lo (B(0,2r)) < € (since xOr lies in a bounded ball of W (B(0,2R))).
Therefore, let us write
Lo e dre ) dvde— [ bn(a,v)df)
Rd x R4 R4 x R4
= [ e dde = [ @) df
Rd x R4 R4 x R4
FEt 2,0) (X0r — xi) (2,v) dv da — /R X0k — xi)(z,v) df (1),
where the last two terms can both be dominated by || foll 1 (raxraye. We thus arrive at
Lo Ftaon@odvds = [ (o dr)
Rd xR Ré x R4
< 2e([Ixl oo maxrey + [ foll L1 (RaxRe)

7t ,0) il o) doda — [
R4 R4 x R4

RIxR4 dyRd

R4 x
< 2€(|[xl oo raxra) + 1foll L1 (RaxRY))

+ sup ‘/ fk(t,m,v) Xi(z,v) dvdx—/ Xi(z,v) df(t)
je{l,...me} Rd x R4 RdxRd

o) df(0)

)

for any y € WH(RY x R?), with [X/lw1oo(maxray < 1. The last term can be made
smaller than e by choosing k > N, large enough. In other words, we can find N, € N
such that

sup

L, Ftaonzodde- [ x@odse)
Ixllypr1,00 <1 1/REIXRE RéxR4

< 2e(2 + [ foll L1 (raxRa))

holds for any 0 < ¢ < T, and k > N.: f* converges to f in C([0, T]; (W1 (R? x R))').
According to Lemma 3.7, together with Lemma 2.1, it implies that 7y, (f k) converges
to T5,(f) in C([0, T; L} (RY x R)).

By definition 7}5 (f*) = f* so that

1% = Tro (Pl oo, 100 (R xcray)
<7 (%) = T (P oo,y rascrayyy + 1 T50 (FF) = Tro (F)ll oot e ey

<5 - foll L1 (raxmre) + 177 (F*) = Tro(D)lleo,r1;01 (R xRAY))

holds, where we have used Lemma 3.7 again. Letting k go to oo, we realize that f*
also converges to Ty, (f) in C([0,T]; L*(R? x R?)). It implies both f = T}, (f) and
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f € C([0,T); LY (R? x RY)). By definition of Ty,, f satisfies (8), and it also justifies
that f is absolutely continuous with respect to the Lebesgue measure, which ends the
proof. [ |

Proof of Lemma 3.1. Let (X, &) be the solution of (10) with (X(0),£(0)) = (zg, vo).

We have

d €| _

Ly + o xm) + B0 = @.0)0x0)).
The right hand side is dominated by [|0;®||¢((0,; 100 (e))- With ¢ > 0, integrating this
relation yields

2 ) 2
BT < (vwo) + 0(0.20) + 20) — (VX)) + @00, X)) + 1100l o0 g0

Owing to (H2) we deduce that
€O < alt) +2C1X (1)
holds with
a(t) = 2|V (20) + (0, 29) + @\ + 269, Dllo, g5z rety + 2@ (¢, ) oo (may + 2C.
Next, we simply write
dx @)

dt
so that the estimate just obtained on ¢ yields

() =2X(t) - £(1) < X(8)* +£(1)°

| X (1)]? < |zo| + (1+20) /Ot | X (s)>ds + /Ot a(s)ds.
By using the Gronwall lemma we conclude that
IX(1)[2 < Jao |22 4 /t e1200(t=5) () ds
holds. Going back to the velocity, we obtain 0
€@)2 < 20 <|x0|e<1+20>t 4 /0 12009 4 ) ds) +alb).

It concludes the proof of Lemma 3.1-a).

Next, let (X7,&1) and (X2,&2) be two solutions of (10) with the same initial data
(zo,vp), but different potentials @1, Po. We already know that the two characteristic
curves (X;(s),&i(s)), for i € {1,2}, belong to Bs(x,v). We have

%\Xl(s) — Xo(s)] < [&1(s) — &a(s)l,

L er(s) — £(5)] < IV (@1(5.) — D5, ) 0 e
+X1(s) = Xao(8)[[[ VAV + @1(s, )| oo (B, (20)
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The Gronwall lemma yields the estimate

[(X1(8),&1(1) — (X2(2), &2(2))] .
/ (@1 = @2)(r, ey exp ([ (1920 + @205, ) ) s

Finally, we wish to evaluate the backward characteristics, looking at the state at time

0, given the position/velocity pair at time ¢. Namely we consider @?78(1', v) for s <,
L. . bt

bearing in mind ¢, (z,v) = (z,v). We set

@ (5) = (3 _01> o (a0).

We check that (Y, () satisfies

d d
= Y(5) =((s), —C(s) = =VV(Y(s)) = VO(t — 5,Y(s)),
ds ds
YO =2 C(0)=w.
Changing ® for ®(¢ — -), this allows us to obtain the same estimates on (Y, () for all
s > 0. We conclude by taking s = ¢. |

Proof of Corollary 3.4. Theorem 3.3 constructs solutions to (8) in C°([0, 00); L* (R%x
R%)). We have now the functional framework necessary to justify the manipula-
tions made in Section 2. For Wo, ¥; verifying (H3), formula (9) defines a solution
U € CO([0,00); L?(R"™ x R?%)) of the wave equation, and finally (f, ¥) satisfies (2)(5).
Conversely, if f € C9([0,00); L'(R? x R%)) and ¥ € C([0,00); L2(R™ x RY)) is a solu-
tion of the system (2)—(5), then we can rewrite ® = &9 — L(f) and f verifies (8). This
equivalence justifies the first part of the statement in Corollary 3.4.

It only remains to justify the energy conservation. We consider an initial data with
finite energy:

2 1
& = _/ VyWo(z,y)* dyda + 5 W3 (z,)|* dy da
2 Jrdxgn 2 Jrdxrn
g(\)/ib
2
+ fo(z,v) (u +V(z) + ‘I’(O,HU)> dvdz € (—o0, +00).
R4 xRR4 2
g(l);)art

For the solutions constructed in Theorem 3.3, we have seen that the self-consistent
potential remains smooth enough so that the characteristic curves t — (X (t),£(t)) are
well-defined. Therefore, we can write

/ f(t,z,v) (E +Vi(x)+ @(t,x)) dvdx
Rd x R4

_ £@t)?
- RdedfO(x’v)< 2

(X(t)) + (¢, X(t))) dvdz.

17



For any (t,z,v) we have the following equality

< [wX(t)) (L, X (1) + ”5“”2] — (0®)(t, X(1)).

2

Therefore, we get

/ ft,z,v) (ﬁ + Vi(x)+ @(t,x)) dvdz
R4 x R4

part_|_ fo(x,v) /t(at(l))(s,X(S))dede

R4 xRd

part —|—/ / (s,2,v)(0:P)(s,z)dvdxrds
]Rdx]Rd

part—l—// (s,2)(0p®P)(s,x)dxds.

Next, let U be the unique solution of (4) associated to f. We first assume that the

initial data Wy et ¥; are smooth, say in L?(R? H?(R")). Therefore, going back to (9),

we can check that W lies in C([0,00); L?(R%, H%(R™))). Integrations by parts lead to
d 1 2 62 2

— —/ |0:V (t, 2, y)|* dydz + — |V, ¥(t, z,y)|” dedy

dt | 2 JraxRrn 2

R4 xR"

= o (atz\I’ — CQAy\I’) t,r,y)dydz
R4 xR"

= —/ 0V (t,z,y) p(t, ) *x o1(x) o2(y)dy dz
R4 xR" T
Hence, we obtain

— / pO®(t,x) dx
R4
1

5/ |(9t (t,z,y)]* dedy + — / IV, U(t,z,y)|* dzdy
R4 x xR™

= // (s,2)(0¢®)(s,x)dx ds.

It proves the energy conservation for such smooth data.

We go back to general data with finite energy: ¥y € L*(R? H'(R")) and ¥; €
L*(R? x R™). We approximate the data by W% and U¥ lying in L2(R¢, H?(R")). Using
(9), one sees the associated sequence (¥*).ey of solutions to (4) converges to ¥ in
C([0,00); L2(R4, HY(R™))) and C*([0,00); L?(R¢ x R™)). This implies one can pass to
the limit in the energy conservation. [ |

Remark 3.8 We point out that, whereas energy conservation is an important physical
property, it was not used here in the existence proof. In particular, one should notice
that it does mot provide directly useful a priori estimates on the kinetic energy, since the
potential energy associated to the external potential V' can be negative and unbounded
under our assumptions. In order to deduce a useful estimate the assumptions on the
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initial data need to be strengthened: in addition to (H5) we suppose
My = / fo(z,v)|z]* dvdz < co.
RExR4
We set V_(x) = max(—V(x),0) > 0. Then (H2) implies

/ flt,z,v)V_(z)dvdx §/ ft,z,v)C(1 + |z*) dvdz
Rd xR R4 x R4
< Cllfollpr sy + C [ fola v X@) dvda,
Rd xR

where X (t) stand for the first (space) component of ol (x,v). Reproducing the estimates
of the proof of Lemma 3.1, we get

X(0)] < o™+

where
¢ 1/2 .
b(t) = V2 /0 (€4 100, ooy + $10 Pl o ey ) €0 ds.

It follows that

9

X(0)] < 9™ + Z

Eventually, we find
Lo Ft 2 o)Vo(@) dvde < O 2P My 0(e 3O 12EC0b(t)+1) | foll 1 ey

Therefore the potential energy associated to the external potential cannot be too negative
and all terms in the energy balance remain bounded on any finite time interval.

4 Large wave speed asymptotics

This section is devoted to the asymptotics of large wave speeds. Namely, we consider
the following rescaled version of the system:

8tfe +v- vmfe - vm(v + (I)e) : vvfe = 0,
Oltay) = [ Wt zy)om)oils - 2)dzdy, 16)

nxRd

1 1
(atQt - EAy)\IIE(ta:Uay) = __02(y) /RdX]Rd 0'1(55 - Z)f(t, Z,U) dv dZ,

€

completed with suitable initial conditions. We are interested in the behavior of the
solutions as ¢ — 0. We shall discuss below the physical meaning of this regime. But,

19



let us first explain on formal grounds what can be expected. As ¢ — 0 the wave
equation degenerates to

A U(tay) = ~ouy) v pltw),  pltw) = [ f(tzv)d.
We obtain readily the solution by uncoupling the variables:
\Il(ta x, y) = V(y) 01 i p(t’ x)

where «y satisfies the mere Poisson equation A,y = 05. At leading order the potential
then becomes

O(t,x) = —k X x p(t, x), Y =01 %01, /i:—/ o9y dy.
xT R

Therefore, we guess that the limiting behavior is described by the following Vlasov
equation
hf+v-Vof =V, (V+&)-V,f=0.

As long as the integration by parts makes sense (we shall see that difficulties in the
analysis precisely arise when n < 2), we observe that

K= / |V,7]? dy > 0.
Rn

It is then tempting to make the form function oy depend on € too, so that ¥ resembles
the kernel of (—A;). We would arrive at the Vlasov—Poisson system, in the case of
attractive forces. We which to justify such asymptotic behavior.

4.1 Dimensional analysis

In (2), f is the density of particles in phase space: it gives a number of particles per unit
volume of phase space. Let T, L,V be units for time, space and velocity respectively,
and set

t'=t/T, o=z/L, vV =0v/V

which define dimensionless quantities. Then, we set
ft, 2 ) L7yt = f(t,z,v)

(or maybe more conveniently f'(¢',2',v")dv' d2’ = f(t,z,v) dvdz). The external and
interaction potential, V' and ®, have both the dimension of a velocity squared. We set

V(z)=V2, V'(2), d(t,x) =W? d' (¢, 1)),

ext

where Veyt and WV thus have the dimension of a velocity. We switch to the dimensionless
equation

Ay f -+ V—LTU’ NV f — L%uﬂvm/(v’ T (%)2@) SV f =0.
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The definition of the interaction potential ® is driven by the product o9(z)oq(z) dz.
We scale it as follows

oo(2)o1 (z) dz = B, Lich (2o’ () da’.

It might help the intuition to think z as a length variable, and thus ¢ has a velocity, but
there is not reason to assume such privileged units. Thus, we keep a general approach.
For the vibrating field, we set

Wt x,2) =W, (2, 2), 2 =z/t,

still with the convention that primed quantities are dimensionless. Accordingly, we
obtain
W? = 5, L0, 0"

and the consistent expression of the dimensionless potential
o't ') = /ai(w' — )b (Y, 2)d Ay

The wave equation becomes

e KTV CRTRG R R R VALY
%%,
v,
Note that 5, ) 2 2
o, LU, L =W? R

Let us consider the energy balance where the following quantities, all having the
homogeneity of a velocity squared, appear:

e the kinetic energy of the particles [v?fdvdx; it scales like V2

e the external potential energy [V fdvdz; it scales like V2,
e the coupling energy [ ®f dvdx; it scales like W2,
e the wave energy which splits into:

a) [ 10;|? dz dx, which scales like W2 L;Q",

b) ¢ [|V.0u|? dz dz, which scales like ¢2W?2 Lan.

Note that the kinetic energy in a) is Cf% times the elastic energy in b).

To recap, we have at hand 6 parameters imposed by the model (L, ¢, ¢, Vext, W, 3y)
and two parameters governed by the initial conditions V and W,. They allow to define
the five energies described above.
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We turn to the scaling assumptions. It is convenient to think of them by comparing
the different time scales involved in the equations. We set

Y 2
e=(— | K1
()
If £ is the size of the support of the source oy, then this regime means that the time a
typical particle needs to cross L (the support of o1) is much longer than the time the
wave needs to cross ¢ (the support of 03). Next we suppose that the kinetic energy of

the particle, the energy of the particle associated to the external potential, the elastic
energy of the wave as well as the interaction energy, all have the same strength, which

can expressed by setting
L
T = V=Vt =W =1/c2W2[dfn-2

As a consequence, it imposes the following scaling of the coupling constant

v,
—a = €
2%,

It also means that the kinetic energy of the wave is small with respect to its elastic
energy. Inserting this in (17) yields (16).

4.2 Statements of the results

Throughout this Section, we assume (H1), and we shall strengthen the assumptions
(H2)—(H5) as follows (note that since we are dealing with sequences of initial data, it
is important to make the estimates uniform with respect to the scaling parameter):

the external potential V' € VVI%)’COO (R%) is non negative, (HT)

fo.e € LYRY x R?), with a uniformly bounded norm,
and Wo ., ¥y € L2(R? x R?) are such that the rescaled initial energy

v2
5076 = /]Rded (? + Vv + "I)E’)fqg dvdzx (HS)

1
¢ \\Ille\Qdydx—i——/ IV, .|* dy dz
2 JRrxRd ’ 2 JrnxRe '

is uniformly bounded: 0 < sup,.q &, = & < 0.

_l’_

fo.e is bounded in L= (R? x R?), uniformly with respect to . (H9)

Theorem 4.1 Suppose n > 3. Let (H1) and (H7)—(H9) be satisfied. Let (fe, V.) be
the associated solution to (16). Then, there exists a subsequence such that f. converges
in C([0,T); LP((R? x R?) — weak)) for any 1 < p < oo to f solution of the following
Viasov equation

(18)

Ohf +v-Vaof = Va(V4+®)-V,f =0,
f(vavv) = fO(xvv)a
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where

: |72(8)
® = —krX *p, Y =01 * 01, Ku:/ ——=——d¢,
z e (2m)7 (€]

and fo is the weak limit in LP(R? x RY) of fo..

In order to derive the Vlasov—Poisson system from (16), the form function o7 need
to be appropriately defined and scaled with respect to €. Let 8 and § be two radially
symmetric functions in C2°(RY) verifying:

0<6,6<1 O(z) =1 for |z| <1, 0(z) =0 for |z| > 2, dé(:v) de =1.
R

We set O(z) = 0(y/ex) et dc(x) = Ed%é(a:/\ﬁ) and

0 . -
ULE:Cd(SG*H%’ with Cd: (‘Sd 1‘/]Rd ‘x’d_”

dz —-1/2
er — x!d‘l)

Theorem 4.2 Let d = 3 and n > 3. Assume (H1) and (H7)-(H9). Let (f., V¢) be
the associated solution to (16). Then, there exists a subsequence such that f. converges

in C([0,T); LP(R? x R3) — weak) for any 1 < p < oo to f solution of the attractive
Viasov—Poisson equation

Oif +v-Vaof = Va(V4+®)-V,f =0,
AP = kp, (19)
f(O,CC,’U) = f(](CC,’U)

where fo is the weak limit in LP(R3 x R3) of fo..

Remark 4.3 In Theorem 4.1, if, furthermore, we assume that (f075)5>0 converge (in
the appropriate weak sense) to fo, by uniqueness of the solution of the limit equation,
the entire sequence (fﬁ)e>o converges to f. For Theorem 4.1 and Theorem 4.2, if the

initial data converges strongly to fo in LP(RY x R?), 1 < p < oo, then f. converges to
f in C([0,T]; LP(R? x RY)).

4.3 Convergence to the Vlasov equation with a smooth
convolution kernel

Taking into account the rescaling, the analog of (8) for (16) reads

8tfe +v- vl’fe - vm (V + (I)O,e - éﬁe(fe)) : vvfe = Oa (20)

with

Dota) = [ Weltzmpon(e = 2)oa(y) dy d.
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where W, stands for the unique solution of the free linear wave equation (in R"™) with
wave speed 1/e and initial data ¥y and ¥, and

Lappen = L[ e ([ a5

sin(els/ve) oo 36 ) Y o
([ R Pt ) ) o= e

t/Ve
= (2*/ pe(t — Ve, ) q(s)ds> ()
0

xT

where we have set

53() | d¢.

q(t) =

1 sin(tle))
T e

(it is nothing but p(t) as introduced in Section 2 evaluated with ¢ = 1; of course when
¢ =1and e = 1, the operators 1L, in (21) and £ in (7) coincide.)

Lemma 4.4 Let n > 3. Then q is integrable over [0, +o00| with

S S A 1[5 O
/O q(t)dt_(%)n/n o d¢ := K > 0.

Proof. By virtue of the dominated convergence theorem, ¢ — ¢(t) is continuous on
[0,00). Bearing in mind that o9 is radially symmetric, integrations by parts yield

Sn—l o0 . P
q(t) = |(27r)"| ; sin(tr)r"~2|aa(rey) | dr
Sn=1 oo cos(tr) d 2~
- B[ ] a
) d?

ISP=1| oo sin(tr PN
e Jo 2 G2 {7" 2’0’2(7“61)‘2} dr.

Hence, we can estimate as follows

dr < oo

"G (re) ]

K |Sn—1| 0 d2
) < —= ith K=
@< @ Jo ‘duQ

which proves g € L1([0, 00)).
Next, we compute the integral of q. For M > 0 we get:

M B Msin(lel) |\
/0 Q(t) dt = (27‘(‘)" /]R" (/0 ’5‘ dt)’ 2(5)’2 d§

1 L—cos(Migl)

= G T O

_ K_’Snfll Oocos(MT’)’l"n_3|55(T61)|2dr
(2m)™ Jo

_ |Sn_1| /OO . d n—3| =~ 2
= K-— M@y sin(Mr) T [r |oa(rer)] } dr.
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We conclude by letting M tend to oco.
2
Note that « is infinite for n = 2 since ‘ng(fQ” ~ES50 HUgH%l(Rg)# does not belong
to L'(B(0,a)) for any a > 0. ]

We turn to the proof of Theorem 4.1. Of course we have
sup || fe(t, )l L1 (maxray = sup || fo,ell L1 (maxmray == Mo < o0,
e>0 e>0

and the LP norms
1fe(t, )l Lo ®axray = Ilfo.ell Lrmaxray
are also bounded, for any 1 < p < oo by virtue of (H9). Furthermore, the energy
conservation yields
2

v
E.(t) = /Rded (5 +V+ ) fedvd

1 _
45 10,9 |2 dy dz + —/ IV, > dydz < &.
2 Jrr xR 2 Jrn xR

Let us set

i € 1
gyib — € W dy da + —/ 1V, W2 dy da.
’ 2 JrRnxRd 2 JrRnxRd

As a consequence of (H1) and (HS8), Ea’}gb is bounded uniformly with respect to e.
Owing to the standard energy conservation for the free linear wave equation, we ob-
serve that ||V Wl 1o (0,00;02(RexR7)) < (25&?)1/2. Then Sobolev’s embedding (mind

the condition n > 3) allows us to deduce the following key estimate on W:

- viby 1/2 S \1/2
Well o (12 (Rt 20/ 02 ey < CESD)Y? < C (&)Y (22)

Applying Hélder inequalities, we are thus led to:

)1/2

|o.e(t, 2)| < Clloall pon/tnra @y o1l 2 ey (E0) 7 (23)

and similarly

C )1/2

IVa®0,e(t, 2)| < Clloa|l pon/mi2 @[ Vaoill L2 ey (€0 (24)

Concerning the asymptotic behavior, we shall use the following claim. It is not a direct
consequence of these estimates and it will be justified later on.

Lemma 4.5 Let y € C2°(]0,00) x R? x RY). Then, we have

lim/ / [V ®oex(t, z,v) dvdzdt = 0.
0 R4 xR4

e—0

The cornerstone of the proof of Theorem 4.1 is the estimate of the self-consistent
potential. By virtue of (21), for any 1 < p < oo we get

g

< |z el oo (1000 /OO d
by 151 Lo ety 1 2e | Lo (0,00), 21 (RE)) i lq(s)| ds

< =l ze@eyMollgll 21 ([0,4-00))
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as well as

1
V.. . < || Va2 M .
HE z e(fe)(ty )HLP(Rd) = H x ”LP(Rd) OHqHLl([O,-i-oo))

Let x € C°(R? x RY). We have

/ fg(tax,’u)X(l',’U) dvdx
R xR4

< MO”X”LOO(RdXRd)

and

d
E /]RdXRd fe(t, Z, ”U)X(x, U) dv dzx

< Mollv - Vx = VV - Vx| poo (e xra)y

5 \1/2
+(”qHL1([O,+oo))”vxEHLOO(Rd)Mg + CMy||o2]l f20/042) (re) [ Vo1 | L2 (Ra) (E0) / )

X HVvXHLoo(Rded)-

Reproducing arguments detailed in the previous Section, we deduce that we can as-
sume, possibly at the price of extracting a subsequence, that

lig [ fdta o) dvde= [ f(ta 0@ o) dods

holds for any y € L¥ (R?xR%) uniformly on [0, 7], 0 < T < oo, with f € C([0,T]; LP(R%x
RY) — weak), 1 <p < oo, 1/p+1/p = 1.

Next, we establish the tightness of ( fﬁ)e>0 with respect to the velocity variable,
which will be necessary to show that the macroscopic density p. passes to the limit.
Since @ and %EE( fe) are uniformly bounded and V' > 0, we infer from the energy
conservation the estimate

o[

/]Rded 7]‘6(25,3:,2}) dvdx
= > \1/2
< &+ llall 1 (0,400 IE | oo ety MG + CMollo2| p2n/ 2 ey llo1 ]| £2(ray (€0) 2

Hence, we can check that pe(t,x) = [ga fe(t, z,v) dv dz satisfies

lim ) pe(t,x)x(z)dx = /d p(t,z)x(z)dx (25)
R R

e—0

for any x € Co(R?), with p(t,x) = [pa f(t,z,v)dv. As a matter of fact, we note that
(H1) and (25) imply

lil% VX s pe(t,z) = VX % p(t,z) for any (t,x) € [0,T] x R% (26)
e—
Furthermore, we have

[DE(S % pe)(t,2)| < Mo [|Sllwzee ma),
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and, by using mass conservation and the Cauchy-Schwarz inquality,
[0t =) ([ vhitvo)av) ay
Rd Rd

1/2 , 1/2
< 12200 (ray (/]Rdx]Rd fedv dx) (/Rdedv fedv dx)

< [l (zay V2o (€0 + llallza o, +oop ISl o ey M3

10:(VaX % pe)(t, )| =

_ 1/9n\1/2
+C Mol[0]| p2n o2 oy |1 | 2 ety (€0) %)

Therefore convergence (26) holds uniformly on any compact set of [0, 00) x R?.
We turn to examine the convergence of %Vmﬁe(fe) to KV x p. We have

Evmﬁe(fe)(t, x) — KV X * p(t, :c)‘

t/\Ve
/ VX % pe(t — sve, 2)q(s)ds — KV, X * p(t, )
0

t/ Ve
< /0 (VX pe(t — sv/e,x) — VX % p(t, x)) q(s) ds

q(s)ds
/t/ﬁ

b/
< [NV = Vs s )t = sV )] lals)] ds
0

_l’_

V22 pll Lo ((0,00) xRe)

e
+/ Vo5 % p(t — sv/e,2) — VaS # plt,2)| |a(s)|ds
0

+ a5 V25 ol 0k

Let us denote by I (¢, z), II.(¢, z), 111 (), the three terms of the right hand side. Firstly,
for any ¢ > 0, Il1(t) tends to 0 as € — 0, and it is dominated by &[|Z|lyy1,00 rayMo.
Secondly, for any 0 < T' < oo and any compact set K C R? when (¢, x) lies in [0, T| x K,

we can estimate
et 2)| < [[VaX * pe — VX pl| poo (0,711 191l 21 (j0,00)
which also goes to 0 as € — 0. Eventually, still considering (¢,z) € [0,T] x K, we write
/e
IILe(t, x)| < / sup |V.X * p(t — sv/e, 2) — VX x p(t, 2)| |q(s)] ds.
0 zeK

By using the Lebesgue theorem, we justify that it tends to 0 as € — 0 since (¢,z) —
V¥ p(t, z) is uniformly continuous over any compact set, the integrand is dominated
by 2| lypr1.00 (ray Molg(s)]; and g € L([0,00)). Therefore, for any 0 < ¢ < T' < oo and
any compact set X C R,

1
sup |-V, Le(fe) — KV, X % p‘(t,x) — 0,
zeK '€ e—0
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and this quantity is bounded uniformly with respect to 0 <t <T < oo and € > 0.
We go back to the weak formulation of (16). Let x € C°([0,00) x R? x RY). We
suppose that supp(x) C [0,7] x B(0, M) x B(0, M). We have

—/ fo,ex(0,z,v) dvdm—/ / feOrx dvda di
Rd x R4 Rd xRd

_/ / fev-V dedxdt—i—/ / /fsva'Vx(V—i-fI)QE)dvdxdt
0 Rd xRd R4 x R4
= / / fe vm_ﬁe(fe) - Vyx dvdzdt.
0 JRIxRA €

Obviously, there is no difficulty with the linear terms of the left hand side. For the non
linear term we proceed as follows:

o 1 0o
/ / Je Vm—ﬁe(fe).vvxdvdxdt—/ / f KV % p-Vyydvdedt
0 JRIxRY 0 JRIxRd
_/ / fe Lc(fe) =KV, E*p) Vyx dvdadt
R xR4

F [T e ) AV e Vi duda dt
0 R xR4

The last term directly passes to the limit. The first integral in the right hand side is
dominated by

T
VoIVl onpestrsy [ s (Vo) = w0 =gl )
yeB(0

We conclude by a mere application of the Lebesgue Theorem.

If the initial data fo converge strongly to fo in LP(R? x RY), the nature of the con-
vergence of f. to f can be improved by applying general stability results for transport
equations, see [13, Th. I1.4 & Th. IL.5], or [7, Th. VI.1.9].

Proof of Lemma 4.5 As a matter of fact, the variable z € R? just appears as a
parameter for the wave equation, and Y (¢, z,y) = (01 * U(¢,-,y))(z) solves the linear
wave equation

€02 e — AT, =0,
with the data
Te(o’ xz, y) =01 % \IIO,E(x’ y)a atTe(O, x, y) =01 % \Ill,e(x’ y)

The parameter = being fixed, we appeal to the Strichartz estimate, see [23, Corollary
1.3] or [29, Theorem 4.2, for the case n = 3],

1/p

1 o) p/q -
- q vib
e (/0 ([ o) dt) < O\/& (@)

where we set

G0 = [ oo )P dy+ [ o s V00 (e,) P dy.
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(That ﬁ appears in the inequality can be checked by changing variables and ob-
serving that Y. (t\/e, z,y) satisfies the wave equation with speed equals to 1 and data
(01 % Woe, v/eop * Wy ¢).) This inequality holds for admissible exponents:
1 n 2 n—-1 _n-1
<

2<p<qg<oo, —fo=2-1, =4 < ,
2 P q 2

(p,q;n) # (2,00,3).

Observe that

Rd 51\/?(36) dx < HU1”L1(Rd) ‘D@OV,ieb < ”UluLl(Rd) &b

It follows that

2/p

o0 p/q B
/ (/ </ |Te(t, 2, )| dy) dt) dz < CQHO'lHLl(]Rd) N —)
Re 0 " e—0

A similar reasoning applies to V, Y. with V01 replacing o1. Let x € C°([0,00) X
RY x R%). We suppose that supp(x) C {0 <t < M, |z| < M, |v] < M} for some
0 < M < oo. We are left with the task of estimating

/ / [V ®oex(t, z,v)dvde dt = / / Re(t,2)V;Pq (t,x)dzdt
0 Ra xRd 0 Rd

where we have set

R(t,x) = /Rd fex(t, z,v) do.

With the standard notation 1/p + 1/p’ = 1, using Holder’s inequality twice, we get

/O /]Rd R4 f5v$¢075X(t7 xa U) dv dl‘ dt‘
X

< (/Rd (/OOO Re(t, )" dt)Q/pl dx)

We readily obtain

</Rd </0<>° R(t, )| dt> 2 dx> 1/2

which is thus bounded uniformly with respect to € > 0. Furthermore, with 1/¢+1/¢' =
1, we have

o) 2/p [e’¢) P 2/p
/ </ |Va®o(t, )P dt) dx = / </ ‘/ o2(y) Vi Xe(t, z,y) dy’ dt) dx
R4 \JO R4 \JO n

oo p/q 2/p
<lowlloe [, (][ 19Tty at) " do

which tends to 0 like €!/P. [ ]

1/2

0o 2/p 1/2
( / < / |vm<1>0,€(t,x)|pdt) dx) .
Rd 0

IN

M| £x|| oo ((0,00) xR xRY)

M| fo |

IN

Lo (R xR?) ||X||L°o((o,oo)dede)
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4.4 Convergence to the Vlasov—Poisson system

The existence theory for the Vlasov—Poisson system dates back to [3]; an overview of
the features of both the repulsive or attractive cases can be found in the lecture notes
[5]. The following statements are classical tools of this analysis, that will be useful for
our purposes as well.

Lemma 4.6 (Interpolation estimates) Let f € L' N L®(R% x R?Y) be such that
[u|™f € LY(RY x RY). Then p = [ga f dv lies in LU TD/4RD) with

g d/(d+m)
lollgasmagea < Clm, TS ([ o avaz)

where C(m,d) = 2|B(0,1)™/(m+d),

Lemma 4.7 (Hardy-Littlewood-Sobolev inequality) Let 1 < p,r < oo and 0 <
A <d. Assume 1/p+1/r =2 — X/d. There exists a constant C > 0 such that for any
f € LP(RY) and g € L"(R?) we have

f(@)g(y)
—_— < r(RA)-
[ Lo Ty 0 a] < Ol e
We refer the reader to [5, Lemma 3.4] and [26, Th. 4.3], respectively, for further
details. Next, we check the convergence of the approximate kernel defined by o .

Lemma 4.8 Letd > 3. For any d/(d —1) < q < 0o, we have:

Cdes Cdae x
HV (, N * - ‘d—1> () + (d — 2)‘§d—1Hx’d » 0.

Lq(Rd) e—0

Proof. ~We remind the reader that the convolution by |z|'~¢ is associated to the

Fourier transform of the operator with symbol 1/|£], see [26, Th. 5.9]. The convolution
of radially symmetric functions is radially symmetric too. For d > 3, we compute as
follows

<tl*1d>($):/ddyd
R N Rrd |yl o — y[d—]

_ / 2|4 dy B 1
Re |zt er — yld=ta|d y[=L|SAEL] OF Jald=

Cd Cd N d—2 T
\ (‘ e * E ’d—l) () = S| Jz]d

Differentiating yields

Hence, we can write
Cq0. Cqb. (d—2)x
oo = 9 (T ) @+

0.+1 6.—1
2 € €
— CdV(’.‘d_l*’.‘d_l)(x)

0.+1 (V6. (0.~ 1)
2
Cit T *(Hd‘l (-0 )@
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Let p > 1. On the one hand, we have

Vo, ||P VO (z)P
a1 = / a1y 4z
|| Lp(Rd) R |zlP
dx
< P IV Poo / -
= (\/E) || H (Rd) 1§\/€\x\§2 |$|p(d_1)
dx
< WA e [ T

On the other hand, we get

(95(1') — 1).%' p / dx d(p—1) / dz
Yel) = )TN 40 < A P S
[ K - S i1 [P

Accordingly, the following estimate holds:

v, @ —1).
BEER R

< Celr—1)/Cp) (27)
Lp

where C' > 0 depends on p and d only. Finally we remark that 0 < grgﬁ(ﬁ)jl < ‘x‘%.

By coming back to Lemma 4.7, we deduce that there exists a constant C' > 0 such that

| [, 0ua)g@)da| < Clglprms) (oY

holds for any g € L"(R%), with 1/r = (d+1)/d —1/p > 1/d, > 1. Therefore, by
duality, it means that &, converges to 0 in L(R%) for any d/(d — 1) < ¢ < oo. |

Proof of Theorem 4.2. From now on, we restrict to the case of space dimension d =
3. Compared to the previous Section, additional difficulties come from the dependence
of the form function o1 with respect to € so that deducing uniform estimates from the
energy conservation is not direct.
Step 1. Establishing uniform estimates.

We start by observing that f. is bounded in L°°(0, c0; LP(R3? x R?)) for any 1 <
p < o0, since

[ fe(t, ) e s xr3) = || fo,ellLr(r3xr3)-

Next, the energy conservation becomes

1
E(t) = % 8, (¢, 2, y)|)* dyda + —/ IV, U (t,z,y))* dydz
R3xR” ) 2 Jr3xRr
+ fe(t,z,v) s +V(z) + @E(t,x)> dvdz
R3xR3
= &(0) < &.

Let us study the coupling term:

/ ot 2, 0)®, (£, 2) dv dz — / pelt, ) B (t,2) dz = S.(£) + Te(t)
R3xR3 R3
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where we have set
Se(t) = —%/R peLe(fo)(t, x) da

- 7 /Rg (0176 0 % /Ot/ﬁ q(s)pe(t — sv/e, ") ds) (2)pe(t, ) dw

_ _/RS (0176*/01&/#(](8),06(75—8@ )d5) (&) o1 % pelty ) do

and
= /R?’ pE(bO,e(tax) d.%', QO,E(th) - (0175 * /]R” {Ivlﬁ(t7 '7y)02(y) dy) (.%')

Like in the previous Section, U, stands for the solution of the free linear wave equation
with wave speed 1/e and initial data ¥ and ¥; .. Firstly, we establish a bound for
2
1Se@)] < llallz (0,00 lo1,e * Pell o0 0,4,22 (R3))-

However, Lemma 4.7 yields

woxpe| < Cllodporsas.

L2(R3)

lot,e * pell L2(ra) = C3

0.
[ ]2
Let us set

Sfin(t) = /RSxRS ]v[Qfe(t,x,v) dvdz

for the particle kinetic energy. Lemma 4.6 leads to
3/5

kin
oell /s (msy < C(2, 3)\|fe\|Loo(Rsst)(5 ) (28)
The Ho . . . 7/12 5/12
e Holder inequality allows us to estimate ||pe[| 6/5 sy < Hpe”Ll(RS l[pell s/5 (R3)" Com-
bining these inequalities, we arrive at
iny1/4
love x pellzaes) < CE), (29)

for a certain constant C' > 0, which does not depend on e. Therefore, we obtain
2 kin 1/2
Se®)] < Clallo,00) 1E 12 (0.1
Secondly, we estimate the term involving ® :
T = [ (e ond(t0) Ttz )y dy
R4 xRN

is dominated by

llo1,e * pell Lo (0,6;02R2) Well oo (e ;L2 (R 20/ 0-2) () lo2 M| L2042 (e -
Using (22) and (29), we get

|Te(t)] < C'(Ei‘in(t)) 1/4 (5V1b)1/2

where the constant C’ > 0 does not depend on €. It remains to discuss how (H7)—(HS8)
implies a uniform estimate on the initial state. Note that S¢(0) = 0. Hence, by using
(H8), we are led to

1 .. _ . .
EVP + ZEM(0) < E(0) + [T (0)] < & + C'(€X(0) (&5
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It allows us to infer

sup £N1(0) = £ < o0, sup E‘”b &P <
0<e<1 0<e<1

Coming back to the energy conservation, with(H7)—(HS8) together with the estimates
on T, and S, we deduce that

1 yin in | 1/2 in(p\\1/4( Gviby1/2
SES () < &+ Cllallia o oo 1€ 112 0.0y + € (€S (1) (E52) 2,
holds, which, in turn, establishes the bound

sup  EXn(4) = MM < oo
0<e<l, t>0

Going back to the interpolation inequalities, it follows that p. is bounded in L>(0, co; L'N
1,5/3 (R3)).

Step 2. Passing to the limit.
The kinetic equation can be rewritten

1
8tfe +v- vl’fe - vm(v + (I)O,e - EEE(fE)) : vvfe =0.

We start by establishing that V, fe - V@0 = V- (feVaPoe) converges to 0 at least
in the sense of distributions.

Lemma 4.9 Let y € C2(]0,00) x R? x RY). Then, we have

lim/ / feVa®oex(t, z,v) dvdzdt = 0.
R4 xRd

e—0 Jo
Proof. It is convenient to split
0
Poclta) = [ oa)Car #hee Telt a0 dy

- @a??n(t,w)wa?zn(t,m)
with
B2n(ta) = [ oa)Carg 8o+ Telt. ) dy,

0. —1 ~
‘I)B??l(t?x) = /n 02(21)03W * 0 x We(t, w,y)dy,

and we remind the reader that \T/E(t,m,y) is the solution of the free wave equation
(€03 — Ay)¥e = 0 with initial data (¥, ¥y ). Accordingly, we are going to study the
integral

/ /d dfevmq)o,eX(t,CU,’U) dvdzdt
0 RexR

—/ / Re(t, 2)(V, P40 + V,05™)(t, ) dz dt

with
R(t,x) :/ fex(t,z,v) do
]Rd
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where x is a given trial function, supported in {0 < ¢t < M, |z| < M, |v| < M} for
some 0 < M < oo.
We observe that

Vm(Cga‘e.—_’; * g) = (‘vx’% —2(0. — 1)%‘4) * g.

Thus, by using (27) with d = 3 and p = 2, we are led to

o) < ([ ] (5o [ttt nay) @)

However, by (22) we have
e * /]R \TIEUZ(y) dy

2 1/2
dx’) .

Lo ([0,00);L2(R3))
B ) 1/2
< ”(SeHLl(Rﬁ‘)HUZHL%/(H?)(W) sup (/]Rd [We(t,z, ')Hpn/(nﬂ)(u@n) dx)

12
< Clloallomenson sy (&™)
It implies that V,®%" (¢, z) converges uniformly on (0, 00) x R to 0. Since R, is clearly
bounded in L'((0,00) x R? x R?), we conclude that

/ / RV, @remdmdt—>0

We need a more refined estimate to deal with the leading term @8}?1“. We begin
with

| / / RV, 052 da dt|
0 JRd ’
~ NEY% 1/2 -~ 2/p 1/2
g(/ (/ IRJ? dt> dx) (/ (/ V. mam|pdt) dx) .
R4 \JO R4 \JO

We realize that the components of V, @maln are given by the solutions Y . of the wave
equation

with data

Cs Cs
Tj,e(o’xay) = 8:BJ ‘

’ *6 * \I]O e(m y) atTj,e(O,x>y) = 8;,;], ‘

and the space variable z € R3 has only the role of a parameter. It satisfies the following
Strichartz estimate

1 o p/a 1/p .
€1/(2p) /0 (/Rn\Ts(t,ﬂc,y)\qdy) dt <C glv’l6 (z)

£V () = ¢ /[R 10, (0,2,9)| dy + /[R IV, (0, 2,3) % dy

*0c x W1 (2,Y),

where

(for admissible exponents as detailed above). The Fourier transform of x — ng—‘%
s %, see [26, Th. 5.9], which implies that the convolution operator g — Vmg—'% * g,
is an isometry from L2(R3) to (L?(R3))3. Furthermore, we have |6 * gll2msy <
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”56”L1(R3)”9HL2(R3) = Hg”LQ(RS). It follows that

IV, e 2wy < 1V ¥oclomenmyy: 10 LeO)2mecry) < 1¥nelizms cry).
Strichartz’ estimate then leads to

00 ) 2/p 1/2 _
(/Rd </0 Vo ®pe P dt) dx) < Cel/(2p) sy < Cel/(Qp)\/@.

Since f. is bounded in L>(0, 00; LP(R? x R%)) for all 1 < p < oo, and y is bounded
and compactly supported we conclude that

&) .
/ / RV, ®00 4 df —— 0,
0 R4 ) e—0

rem

(Note that the same argument can be applied to show that V. ®p" vanishes faster
than what has been obtained with the mere energy estimate.) [ |

Next, we study the non linear acceleration term. Let us set

t/Ve
Pe(t, ) = ¢ * ¢ * / pe(t — sv/e,z) q(s)ds.
0

It is clear, with Lemma 4.4, that p. inherits from p, the uniform estimate L>(0, 00; L*N
LP/3(R3)). We also denote E(x) = -, the elementary solution of the operator —A,

= Tl
in R®. Note that V,F(z) = Bearing in mind Lemma 4.8, the self—consistent
field can be split as follows

__T _
dr|z|3*

Cs0.  Cs0.

%Vxﬁe(fe)(t,x) - [vx(W \ W) - VLE]  pulta) + Vo pta). (30)

In the right hand side, the L" norm of the first term is dominated by || fel| oo (jo,00;1 ®3Y)|| [---] | Lr(R3)
hence, owing to Lemma Lemma 4.8 it tends to 0 as € — 0 in L®(0, 00; L™ (R3)) for any

3/2 < r < oo. Next, Lemma 4.7 tells us that
V.E * p. is bounded in L>(0, 00; L'*/4(R?)).

Therefore, adapting the reasoning made in the previous sections, we deduce that we can
extract a subsequence, such that, for any trial function y € LP (R®xR?), 1/p/+1/p = 1,
1 <p<oo,

li [ ftaeon@odede= [ fita)x(e) dode
holds uniformly on [0,7], for any 0 < T < oo. Since the uniform estimate on the
kinetic energy imply the tightness of f. with respect to the velocity variable, we also
have

e—0

lim /RS pe(t, z,v)((x)dx = (t,x)¢(x) dex, p(t,x) = /11&3 f(t,z,v)do,

uniformly on [0, 77, for any 0 < T' < oo and any ¢ € L4(R?), ¢ > 5/2 or ¢ € Cp(R3).
Clearly, for any ¢ € C°(R3), 6. * 6 * ¢ converges to ¢ in LI(R3), 5/2 < ¢ < 0o, and in
Co(R3). Therefore

/ (0c % 0c x pe)(t, z)((z)dx = / pe(t,x) (0 6 x ()(x)dx — K / p(t,x) ((z)dz
R3 R3 R3

P
R3

e—0
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uniformly in [0,7]. Then, we look at the difference

[t 0@ de = [ plt,2)c(@) da
R R
t/\Ve
< /0 /RB((SG % 0c % pe) (t — Ves, x)((x) dz — /R3 p(t — Ves,z)((z)dx

t/\/E
_|_/

+ ) Ja@las | [ ot o)) as

Let us denote by I.(t), II(¢) and III.(¢) the three integrals in the right hand side. By
using Lemma 4.4 and the available estimates, we obtain, for any 0 <t < T < o0

[ Gexbox pe = p) )¢ (@) da
RS

while a direct application of the Lebesgue theorem shows that, for any 0 < ¢t < T < o0
lig(l] II(t)=0= lg% ITL(t).

lq(s)[ ds

lq(s)| ds

[ ot = Veso)(@)de = [ plta)i(@) do
RS ]RS

@) < llallzr(o,00)) SUP
0<u<lT

—0,
e—0

Therefore, for any ¢ € LY(R3), 5/2 < ¢ < oo and any ¢ € Cg(R3?),

lim [ pe(t,z)((z)dx = /{/ p(t,z)((x)dx

e—0 JR3 R3
holds for a. e. ¢t € (0,7"), with the domination
[, t.0)6(@) da| < [Clmasy  sup llpelt ) lngeo)
R3 >0, 0<t<T

for any 1 < p <5/3.
In oder to justify that the limit f is a solution of the Vlasov—Poisson equation, the
only difficulty relies on the treatment of the non linear acceleration term:

NL(x) = / / LVLAL.(f)  Vxdvdzdt
0 R3xR3 €

where x is a trial function in y € C2°([0,00) x R? x R?). Bearing in mind (30), it is
convenient to rewrite

NLe(x)z// /fevvxdv Vo F * pedadt + 4., lim %Z. = 0.
0 R3 R3 e—0

Lemma 4.7 implies that V,E * p, is bounded in L*°(0, T} LY/%(R?)). For p > 0, we
introduce the cut—off function 6,(x) = 6(x/n). Then we split

rT—y ~
7 Ge(t,y)d 16, (x—
e p— A y+/RS( u(z=y))

VoEsptia) = [ Bulo—y)
R3

The first term in the right hand side can be made arbitrarily small in LP norm, 1 <
p < 5/3, uniformly with respect to e, since it can be dominated by

T—Y ~ dy
[ ety <t [ <
ja—yl<2u 47|z —y| Lp(R?) jo—yl<2p 47|z —y]

€r —

Yy
— 7 De(t,y) dy.
4ﬂx_y’3p( y)dy
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In the second term, for fixed x € R3 and p, y — (1 — gu(x — y))ﬁl‘x_y‘zll is a
continuous function which vanishes as |y| — oo, so that, for any ¢ > 0,

. y_ _ A y
i foo 0= Oule =) o s pelt ) dy = /RS (U= Oule =) = Pt y) dy-

€Xr —

By standard arguments of integration theory (see for instance [21, Th. 7.61]), we
deduce that (a suitable subsequence of) V,E x p. converges to V,E * p a. e. and
strongly in LV ((0,7) x R3), for any 1 < p < 15/4. On the other hand, [gs fcV,x dv
is compactly supported and converges to [gs feVyx dv weakly in any L9((0,7) x R3).
(In fact this convergence, as well as p. — p can be shown to hold strongly, by applying
average lemma techniques, see [14, Th. 5].) We conclude that

thL / /3 (/ fvvxdv) V.E x pdadt.
R

It ends the proof of Theorem 4.2. [ |
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