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Pathwise integration with respect to paths of finite
quadratic variation

Anna ANANOVA and Rama CONT
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Abstract

We study a notion of pathwise integral, defined as the limit of non-anticipative Rie-
mann sums, with respect to paths of finite quadratic variation. The construction allows to
integrate 'gradient-type’ integrands with respect to Hoélder—continuous functions of Holder
index p < 1/2. We prove a pathwise isometry property for this integral, analogous to the
well-known Ito isometry for stochastic integrals. This property is then used to represent
the integral as a continuous map on an appropriately defined vector space of integrands and
obtain a pathwise ’signal plus noise’ decomposition for a large class of irregular paths ob-
tained through functional transformations of a reference path with non-vanishing quadratic
variation.
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In his seminal paper ’Calcul d’Ito sans probabilités’ [I1], Hans Follmer proved a change
of variable formula for smooth functions of paths with infinite variation, using the concept of
quadratic variation along a sequence of partitions. A path x € C°([0,T],R) is said to have finite
quadratic variation along the sequence of partitions 7™ = (0 = tg* < " < --- <, =T) if
for any ¢ € [0, 7], the limit

[e]w () := lim Y (2(tf}y) - 2(t]"))* < 00 (1)

m— 00 o
tm <t

exists and defines a continuous increasing function [z], : [0,7] — Ry called the quadratic
variation of z along 7. Follmer [T1] defined a integral with respect to such paths, as a pathwise
limit of Riemann sums along the partitions 7™, for integrands of the type V£, f € C?(R?).

This construction has been extended in various directions, to less regular functions [II [ 18]
and path-dependent functionals [3] [6, [7]. In particular, Cont & Fournié [3] proved change of
variable formulas for pathwise integrals of the type

T
/ VoF(t,w).d"w
0

where F' is a non-anticipative functional and V,F' a directional derivative (Dupire derivative).
This paper is a systematic study of Follmer’s pathwise approach to stochastic integration and
its extension to path-dependent functionals [3].
Our main result is a pathwise isometry formula for such integrals (Theorem : we give
conditions on the integrand ¢ and the path w € C°([0,T],R) under which

[ sl = | loP Ll

Our conditions notably allow for Holder-continuous paths with Holder index strictly less than
1/2, so our results apply to Brownian paths and paths of diffusion processes. Integrating our
formula over the space of continuous functions with the Wiener measure, or any other measure
under which the canonical process is a square-integrable martingale, then yields the well-known
TIto isometry formula [I4], showing that underlying the Ito isometry is an identity which holds
pathwise.

This result is then used to identify a space of integrands on which the pathwise integral defines
a continuous mapping for the ’quadratic variation’ metric (Proposition . This continuity
property, together with its interpretation as a limit of Riemann sums, distinguish our pathwise
integral from other constructions which have one property or the other but not both [15] 16, [I8].

A second result of our paper is to obtain a pathwise ’signal plus noise’ decomposition for
irregular paths, in the spirit of [12]: we show that, give a path @ with non-vanishing quadratic
variation, any regular functional may be uniquely decomposed as the sum of a pathwise integral
with respect to @ and a function with zero quadratic variation (Proposition .

Finally, we clarify the pathwise nature of the integral defined in [3]: we show (Theorem
that this integral is indeed a pathwise limit of non-anticipative Riemann sums, which is important
for interpretation and in applications.

Outline Section [I| recalls some key definitions and results on functional calculus from [3]
2] and recalls the definition of the Follmer integral [I1] and its extension to path-dependent
integrands by Cont & Fournié [3]. The ’isometry formula’ for this integral is derived in Section
(Theorem [7)). We use this result in Section |3| to represent the integral as a continuous map
(Proposition [13]). Finally, in Section 4| we investigate the 'pathwise’ nature of the integral and
show that its value along a path may be represented as a limit of non-anticipative Riemann sums
computed along the same path.



1 Non-anticipative functional calculus and integration of
gradient functionals

Our approach relies on the Non-anticipative Functional Calculus [3] 2], a functional calculus
which applies to non-anticipative functionals of cadlag paths with finite quadratic variation, in
the sense of Follmer [I1]. We recall here some key concepts and results of this approach, following

2].
Let X be the canonical process on ) = D([QT],Rd), and (fto)te[o,T] be the filtration gen-
erated by X. We are interested in causal, or non-anticipative functionals of X [I0], that is,

functionals F : [0,7] x D([0,T],R?) — R such that
Yw € €, F(t,w) = F(t,w). (2)

The process ¢ ++ F(t, X;) then only depends on the path of X up to ¢ and is (Fy)-adapted.
It is convenient to define such functionals on the space of stopped paths [2]: a stopped path
is an equivalence class in [0, 7] x D([0,T],R?) for the following equivalence relation:

(tw)~ W)= (t=t and wltA.)=J ' A.) ). (3)

The space of stopped paths is defined as the quotient of [0, 7] x D([0,T],R?) by the equivalence
relation :

Ar = {(t,w(t A+)), (t,w) € [0,T] x D([0,T],R?)} = ([0,T] x D([0,T],R)) / ~

We denote Wy the subset of Ar consisting of continuous stopped paths. We endow this set with
a metric space structure by defining the following distance:

doo((t,w), (t',w')) = sup |w(uAt) —w' (uAt)| + [t =t = wr — wlloo + [t = 1]
w€[0,T]

(A7, ds) is then a complete metric space. Any map F : [0,T] x D([0,T],R?) — R verifying the
causality condition can be equivalently viewed as a functional on the space Ar of stopped
paths:

Definition 1. A non-anticipative functional on D([0,T],R?) is a measurable map
F: (Ar,ds) — R on the space (Ar,dw) of stopped paths.

We denote by C*Y(Ar) the set of continuous maps F : (Ar,ds) — R. Some weaker notions
of continuity for non-anticipative functionals turn out to be useful [4]:

Definition 2. A non-anticipative functional F is said to be:

e continuous at fized times if for any t € [0,T], F(t,-) is continuous with respect to the
uniform norm || - || in [0,T)], i.e. Yw € D([0,T],R%), Ve > 0, 3n > 0, Vo' € D([0,T],R?),

lwe —will <n = |F(t,w) - F(t,w')| <e
e left-continuous if V(t,w) € Ay, Ve > 0, In > 0 such that ¥(t',w') € Ar,
(' <t and do ((tw), (t',w')) <n) = |F(t,w)— F(t',J')| <e

We denote by (C?’O(AT) the set of left-continuous functionals. Similarly, we can define the
set COO(Ar) of right-continuous functionals.



We also introduce a notion of local boundedness for functionals.

Definition 3. A non-anticipative functional F is said to be boundedness-preserving if for every
compact subset K of R, Yty € [0,T], 3C(K,to) > 0 such that:

vVt € [0,t0], V(t,w)€Ar, w([0,t]) C K = |F(t,w)| < C(K,tp).
We denote by B(Ar) the set of boundedness-preserving functionals.

We now recall some notions of differentiability for functionals following [3, 2, ©]. For e € R?
and w € D([0,T],R?), we define the vertical perturbation w¢ of (¢,w) as the cadlag path obtained
by shifting the path by e after ¢:

wf = w¢ + el[t’T].

Definition 4. A non-anticipative functional F is said to be:

e horizontally differentiable at (t,w) € Ar if

DF(t,w) = lim, Ft+ h»wt})l — F(t,w)
—

(4)

exists. If DF(t,w) exists for all (t,w) € Ar, then defines a non-anticipative functional
DF, called the horizontal derivative of F.

o vertically differentiable at (t,w) € Ar if the map:

9(t,w) :Rd — R
e = F(t,w +elym)

is differentiable at 0. Its gradient at 0 is called the Dupire derivative (or vertical derivative)
of F at (t,w):

VuF(t,w) = Vg.)(0) € R? (5)
i.e. Vo F(t,w) = (0;F(t,w),i=1,---,d) with

Ft he;1 — F(t,
O;F(t,w) = lim (t,we + heilyy,ry) — F(t,wr)
’ h—0 h

where (e;,i = 1,---,d) is the canonical basis of Re. If F is vertically differentiable at
all (t,w) € Ar, Vo, F : Ay — R? defines a non-anticipative functional called the vertical
deriwative of F.

We may repeat the same operation on V,F and define similarly VZF , Vf}F , ++-. This leads
us to define the the following classes of smooth functionals:

Definition 5. We define (C;’k(AT) as the set of non-anticipative functionals F : (Ar,do) — R
which are

e horizontally differentiable with DF continuous at fixed times;
o k times vertically differentiable with V) F € (C?’O(AT) forj=0,---k;

e DE,V,F,--- ,VEF e B(Ap).



We denote Cp™°(Ar) = Np>1Cp ¥ (Ar).

Consider now a sequence m, = (0 = tg5 < t{.. < tj,,, = T) of partitions of [0,T]. |m,| =
sup{|ti',; — ti'|,i = 1..k(n)} — 0 will denote the mesh size of the partition. A cadlag path
x € D([0,T],R) is said to have finite quadratic variation along the sequence of partitions (7, )n>1
if for any ¢t € [0, 7] the limit

[2)() = Tim 37 (a(tf) — #(8)? < o0 (©)

(RS

exists and the increasing function [z] has Lebesgue decomposition

[l (t) = [2]5(6) + Y [Ax(s)

0<s<t

where [z]% is a continuous, increasing function. We denote the set of such paths Q. ([0, T],R).

A d-dimensional path z = (2!, ..., 2%) € D([0,T],R?) is said to have finite quadratic variation
along 7 if ' € Q. ([0, T],R) and z' +27 € Q.([0,T],R) for all 4, j = 1..d. Then for any 4,5 = 1..d
and ¢ € [0,77], we have

S @)~ ) () — (1) " Vlel (0 = O O Z ),

e t1 <t
The matrix-valued function [z] : [0, 7] — S whose elements are given by

ol (o) = N0 =0 = )0

is called the quadratic covariation of the path z. For further discussion of this concept, we refer
to [2} 20].

Consider now a path w € Q.([0,T],R%) with finite quadratic variation along 7. Since w has
at most a countable set of jump times, we may assume that the partition ’exhausts’ the jump
times in the sense that

sup  |w(t) — w(t—)|"=70. (7)
tel0,T)—my

Then the piecewise-constant approximation

k(n)—1

W(t) = Y wltir =)L (1) + (D) Ly (8) (®)
=0

converges uniformly tow: sup |lw™(t)—w(t)| — 0.Note that with the notation (8], w"(t;'—) =
tE[O,T] n—0o0
w(ty—) but w"(t) = w(t,;—). If we define
wZ{Aw(t?) =w" + Aw(t{)1ym ), then wzgéw(tzl)(t?) = w(t}).
Approximating the variations of the functional by vertical and horizontal increments along the
partition ,,, we obtain the following pathwise change of variable formula for C*+2 (A7) functionals,
derived in [3] under more general assumptions:



Theorem 6 (Pathwise change of variable formula for C»? functionals [3]). Letw € Q([0,T],R%)
verifying (7). Then for any F € (Cllf(AT) the limit

k(n)—1

T
| Voo = tm 30 VP (86520 (ulti) - (@) (9)
0 i=0 '

n—oo

exists and
T T 1
F(T,wT)—F(O,wO):/ DF(t,wt)dH—/ 5tr(tvf,F(t,wt_)d[w]C(t))
0 0

T
+ / VoF(tw)d"w+ > [F(t,wy) — Ft,w-) — Vo F(t,w-). Aw(t)]. (10)
0 t€]0,T7]
A consequence of this theorem is the ability to define the pathwise integral / . VoF(tw_)d"w

0
as a limit of "Riemann sums” computed along the sequence of partiitions 7. For a continuous
path w € C°([0, 7], RY) this simplifies to:

T k(n)—1
| VoPtw)dw= lm 3" VuF (tuh ) (@) - wlt) (1)
0 T '

This integral, first constructed in [3], extends H. Follmer’s construction [I] for integrands of the
form V£, f € C?(R?) to (path-dependent) integrands of the form

VoF,  FeC)*Ar).

The goal of this paper is to explore the properties of this integral.

2 Pathwise isometry formula

Let F € Cp*(Ar) and let w € Q.([0,T],R?) be a given path with finite quadratic variation
along the sequence of partitions @ = {#"}. Our goal is to provide conditions under which the
the following identity holds:

t

[F(,w)] (1) = /<VwF(S,ws—) Vo F(s,ws-), dw(s)). (12)
0

This relation was first noted in [2] for piecewise-constant integrands. To extend this property to
a more general setting we assume a regularity condition on the functional F' and a Holder-type
regularity condition for the path w.

Assumption 1. 3K >0,¢ >0, Vw, ' € D([0,T],R%),
|F(t,w) — F(t,w')| < Klw — will%-

Assumption 2 (Horizontal local Lipschitz property for V, F).
Yw e D([0,T],R%),3 C >0, n>0,Yh > 0,Yt <T — h,Y' € D([0,T],RY):

lwr = willoo < 0. = VW E(t + hwf) = VoF(t,w))| < Ch.



Consider a nested sequence of partitions m, = {tI',i = 0..m(n)} of [0,7]. We require that
the sequence 7 is well-balanced in the following sense:

Assumption 3 (Well-balanced sequence of partitions).

Let m, = - 171;1(fn [ti 1 — ti'|. We call the sequence of partitions (m,)n>1 well-balanced if
B3>0, ™o (13)
T

This condition means that the intervals in the partition 7, are asymptotically comparable.
Note that since m,m(n) < T, for a well-balanced sequence of partitions we have

o
m(n)’

|Tn| < emp <

We further assume that:

1
Assumption 4. The sequence m(n +1) is bounded.

“m(n)
Assumptions [3] and [4] are verified for instance by the dyadic partition, and, more generally,
any nested sequence of partitions constructed by refining the partition iteratively by splitting
the intervals into a bounded (but not necessarily constant) number of subintervals.
Consider x > 1 and define:

lp :=inf{k >n: m(k) >m(n)"~}.

n ln
m(i l _ i)
m(n)r <l — 1)

Thus, Assumption I implies that, for any x > 1, there exists a sequence (I,,n > 1) such
that m(l,) = O(m(n)*) and m(n)* = O(m(l,)). We summarize this scaling relation with the
following notation: m(l,) ~ m(n)“.

For 0 < p < 1, denote by C?([0,T]) the space of p—Holder continuous functions:

Then m(l, — 1) < m(n)® < m(l,), hence 1 <

cr([0,7],RY) = {f € C°([0, 1)), sup 1@ = £l < o0}

(t,5)€[0,T)2,t#£s [t —s|P
For w € C?([0,T]), the following piecewise constant approximation

m ’I’L
Z (2= pnan )+ w(TD) 1y (14)
i=0
satisfies: ||[w — w"||oo < |7"|P. For all the results below it is sufficient to have 1/2 > p > 0. THis
is satisfied almost-surely by paths of Brownian motion and diffusion process for any p < 1/2 [19].
The main result of this section is the following 'pathwise isometry formula’ :

Theorem 7 (Pathwise Isometry formula). Let m = (m,)n>1 be a sequence of partitions of [0,T]
satisfying Assumptions @ and |{| and w € Q™([0,T],RY) N CP([0,T],R?) for some p > 0. If

Fe (Cz’Q(AT) satisfies AssumptionH and Assumptionfor some q > m, then
t
[F(-, [/ Vo F (s, ws— } / (Vo F(s,ws—).V,F(s,ws—),dw]). (15)
0



Remark 8. We note that for typical paths of a Brownian diffusion or continuous semimartingale
with non-degenerate local martingale component, the asssumptions of Theorem [7 hold almost
surely as soon as Assumption is satisfied for some q > 1/2.

Proof. Our goal is to show that

Z(F(tﬁ_l,wtﬁl)—F(twww Pnope (0GPl o Vo F (L w ) dlw]). (16)

Tn

O\H

For this we approximate the increments of F' for the path w by the respective increments along
the piecewise constant path w' defined in with [ > n, choosing [ such that that the sum

2
Z (F(t?+17wigq_l) - F(t7, Wt”)) )

Tn

approximates the left-hand side of , with a remainder which converges to zero. To simplify
notations in the rest of the proof, we shall detail the arguments in the case d = 1, the vector
case being a straightforward extension.

By Assumption [4f we can choose I(n) > n such

m(n)® <m(l) < em(n)® for some x > 1,¢ > 0.

We decompose the increment of F'(¢,w) along 7, as follows:
n n n I(n n l n
F(ty1,wi,,) = F(thwi) = (R, wi) ) = F(E7,wi™) (17)

+ Pt w,,) — P et ) + F(E, wiﬁ"h — F(t;,we)

R}!
Since w € CP([0,7]) there exists a constant K’ > 0 and an exponent p > 0 such that
lw™ = wlloo < K| (18)
By Assumptions [1| and condition on the partition, we have

|CT|pq
m(l)pq'

R < 2K ! — w]ld, < 2K (K')|m [P < 2K (K')°

Summing over the partition 7, and absorbing all constants into a single one denoted C, this
yields:

Z‘Rnl Cm()

(1)

Since [ = I(n) is such that m(l) ~ m(n) , we obtain:

C
n,12
Z |RZ | < m(n)Qmpq—l :

Tn

Since w' is piecewise constant, we can decompose the first term in (17) into horizontal and vertical
increments and approximate each horizontal (resp. vertical) increment in terms of the horizontal
(resp. vertical) derivative of F', as in [3]:



F(thswly ) = Pt wh )= Y (Flawh )= F#hel )

th e[t )
1
= Y VP J@ta) —wt)+5 Y VEF@Ewh )@t ) - )
tz.e[t" 7 q) t €Nt )
+O(|ti, — ) + Z et (W(thir) —w(t))® with ¢ := H}%X{5é,j}n_—>)ooo~

theltr,er )

By R?’z we denote the sum of the last three terms in the right hand side of the above equality.

We have )

2 ! !
[RPZP < Clamlltfy — 1+ O | Y (@) —w(t))® |
tENT )
Let k; denote the number of partition intervals from m; which are contained in [t}', ¢} ;]. From

l
the assumptions on the structure of the partitions we deduce that k; < C m(()) By (18),
m(n

K'|eT|?

|w(t§'+1) - w(té)’ < K'|x'|P < Wv hence
n,2 |2 n _4n m(l) . 1 . l _ 1\\2
[R™7)7 < Cle" [ty — 7|+ C—=% > (@l(thy) —w(t))
i+1 7 m(n) m(l)gp j+1 j .
tée[t?7t:‘+1)

Since Z Z (w(té_H) w(té))2 converges to [w](T), it is bounded with respect to n, so

itlrenn tl E[tP 7 )

we obtain

hts < . .
2 MRESOTI O < ey G e

Next, we write the first term in as follows:

S VuF(thwlh )w(th) - with) =
telr tyy )
VP (7w )@ (ty) = () + (19)
S (VeFhel ) = VuF(E el ) (@t ) - ().

the[ty tr, )

Denote the last sum above by R?’g. Using Abel’s summation by parts formula:

R = 3 (VuP(twh ) = VuF(_ywh ) (@(th) - () (20)

theltr ep )



To obtain an estimate for R?’?’ we control the two increments in the right-hand side separately.
We can split the above increment of V,, F' into its horizontal and vertical parts:

VWF(té-,wié ) — Vo F(t_ 1,wl7_17):VwF(tl-7wié ) = Vo Pty wh )+
Vo F(th_ i, wl )=V Pt _y,wh ).
J J 1
Assumption 2l on V, F implies the following bound:

|vwF(téawi3 ) \ F(t] 17w )| <C( ] 1)

The second term is equal to
Iy ol (t;)—w(t;_1)
VUl O S vur el = [ VEE(f 1w )dh.
j—1" J—l 0 j—1"
Since V2 F is bounded in a neighborhood of w, we get

F(t lw(té)fw(tz F(t <C l
Vo F(t5_1,w, N D) - VLF(H bwp Ol < Clo(th) = w(t; )|

Combining the above estimates we obtain:

|VwF(t§'7Wi§_ )=V F( j—1>W )| < C(‘tl _t§'71| + ‘W(tl) —w(té 1)‘) (21)

thus, since w has finite quadratic variation

m(n)—

Z Z |vwF(t.l]7Wi§ ) VF( j—1 l] 1)|2 S

l
=0 tleftrer,)

o 22
m(l)—1 ( )
C > It =t P+ () —w(th_)IP] < M < 4oo,
§=0
where the constant M is independent of n, .
Next, note that by (18], we have |w(t}, ) — w(t§)| < |71SP < m(crtl)P' As before if k; denotes
l
the number of partition intervals from 7; which are contained in [t ¢}, ], we have k; < C m(())
m(n
Hence, using (|18))
n Cm(l)
Yo (@(th) —w(t))? < kilma|*? < (n)2H (23)
t;,e[t" )

Appying the Cauchy-Schwarz inequality to yields:

IR < Y Vo F (5 wp ) = Vo F(t_1,wyp )| Yo (@tha) —w(t))’
th Lelty ) tj.e[t" )
Inserting here and taking into account we finally obtain:
CMm(l CM
Z |R?’3 m(l)

2 < .
i trean = m(n)?Ptt T m(n)2pEtos

10



To summarize, we have shown:
P(Ewip,,) = Pt wer) = VoF(E wh ) (w(ty) —w(t)) + RBP4+ BRI + RMS, (24)

where

C CcT C
L QS 22 <
> IR < mn > IR < +

i tpemn )2rpg—1 ’ i trenn m(n) m(n)@p*l)kﬁl

and oM
n,3 2
> IR S

i tpenn
Now choose k > 1 such that 2kpg > 1, (2p — 1)k +1 > 0 and 2p+ 1 — k > 0 to ensure that

>R

i trenn

1
— 0, v =1,2,3. For this we need — < k < min{2p + 1, ——— }, this is
2pq 1—-2p

1
possible for p < 3 and g > e.g. p=1/2 and any ¢ > 1/2 satisfy this condition, and

1
2p(2p +1)
there are solutions with p < 1/2, ¢ < 1.

. 1 2 3 .
Denoting R' = R"" + R;"" + R, we obtain:
1 2 3 n—oo
SORP <3| > IRPP+ YD IRPP+ > RPN,
7: t;‘ew" 7: t;LGﬂ'n 7: t;LGﬂ'” 7: t;LGﬂ'n
therefore

G S P B

i trenn i trenn

Yo IBIP2 Y AYIRYT,

i tpenn i ttenn

where A7 = V, F(t!", win_)(w(t?1) — w(t?)). Indeed, using the Cauchy-Schwarz inequality, the

last term is bounded by
2 [ > lApE | Yo IR

i tpenn i ttrenn

It remains to note that

T
SO = Y VLR el R (w(,) —w(Et)? / Vo F(t ) ?dw](t).

i tpen” i tpenn

We thus obtain the desired result:

3 (F( ;Lrl,wthl)—F(t?,wt?))z%/OTvF(t,wtyd[w](t).

i:trenn

11



Remark 9. We note here that the conclusions of Theorem [7 hold if instead of requiring F €
Cy % (A7) we simply require that F € Cy*(Ar) and that YV, F satisfies the horizontal local Lips-
chitz condition (Assumption @)

Remark 10. Let P be the Wiener measure on C°([0,T],R). Then the integml/ VoF(t,w).d"w
0

is a version of the Ito integral / VFE (@, W)W and integrating with respect to P yields

0
the well-known Ito isometry formula [13):

E <[/0 V. F(t, W)dW](T)) =E <| /OT V. F(t, W)dW|2> =FE (/OT VwF(t,W)|2dt> :

So, Theorem[7 reveals that the Ito isometry is underpinned by a pathwise identity which does not
rely on the Wiener measure.

3 Continuity property and the rough-smooth decomposi-
tion of paths

3.1 Continuity and isometry property of the integral

Theoremm is strongly reminiscent of the Ito isometry formula [T4] and suggests that the existence
of an isometric mapping underlying the pathwise integral. We will now proceed to make this
structure explicit.

A consequence of Theorem [7]is that, for a 'rough’ path with non-degenerate quadratic vari-
ation, F'(.,w) has zero quadratic variation along 7 if and only if V, F' vanishes along w:

Proposition 11. Let w € Q. ([0,T],R%) N C?([0,T],R?) for some 0 < p < 1/2 such that
d

% = a(t) > 0 is a right-continuous, positive definite function and F € C’g’Q(AT) be a non-
anticipative functional which satisfies Assumption[q and Assumption[d] for some ¢ < 1.

Then the path t — F(t,w) has a zero quadratic variation along the partition 7 if and only if
V.F(t,w)=0,Vtel0,T].

Proof. Indeed, from Theorem [7]

T
[F(w)] (T) = / 'V F (s, w)a(s) Vo F(s,w) ds.
0

Since a(t) € S;' the integrand on the right hand side is non-negative and strictly positive
unless V, F(s,ws) = 0. So by right-continuity of the integrand the integral is zero if and only if
VoF(,w.)=0. O

Thus if we start from an irregular path (meaning, with non-zero quadratic variation), this
property is locally preserved by any regular functional transformation F' as long as V, F does
not vanish.

For p > 0, denote

cP=([0,T),RY) := n 90, T],R%) (25)

0<g<p

12



the space of functions which are p — € Holder continuous for every € > 0.

Let F € C’1 2(AT) be a functional satisfying Assumption [2| and Assumption I for any g < 1.
We denote R(AT) the set of such regular functionals.

We note that for w € C2~([0,T],R?), we have F(-,w) € C=~([0,T],R).

Let a: [0,7] — S{ be a continuous function taking values in positive-definite symmetric
matrices.

Definition 12 (Harmonic functionals). F' € R(Ar) is called a—harmonic if
1
V(t,w) € Ay,  DF(t,w) + i(ViF(utha(t)) =0.

We denote Ho(Ar) the space of a(-)-harmonic functionals.

Note that for any F' € R(Ar) the functional defined by

G(t,w) = F(t,w) — /0 DF(s,w)ds — %/0 (V2 F(s,w),a(s))ds

is a(+)-harmonic.

The class of harmonic functionals plays a key role in probabilistic interpretation of the Func-
tional Ito calculus [I3] 5l [2]. We will now see that this class also plays a role in the extension of
the pathwise integral.

Let @ € Q.([0,T],RY) N CP([0,T],R?) such that d[@]/dt = a. The functional change of
variable formula (Theorem [6]) then implies that

t
VF € Hq(Ar), Vtel0,T], F(t,0) = F(0,®) +/ VoF(u,@).d"w
0

By Theorem [7, we have

[F( @)l () :/0 Vo F (u,®).au) Vo F (u,@)du = Vo F (. &)1Z20,17.0) < 00-

Consider the vector spaces

Ho(@) = { F(, @) | F € Ho(Ar)} € Qo([0,T],R),  Va(@) = {VoF(,@)|F € Ha(Ar)} C L*([0,T), ).

Proposition [11| then implies that the map

Ha(a)) - R+
w = lwllr = Vwl(T)

defines a norm on H,(@). The pathwise integral can then be lifted to a continuous map
Lot (Va@), - llz2o.me)) —  (Ha(@) ||
b=V F(.0) / b.d"o. (26)
which is in fact an isometry:

Proposition 13 (Isometry property). Ig: (Vo(@), || - [[2(0,11,0)) = (Ha(@), || - [|x) is an injec-
tive isometry.
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3.2 Rough-smooth decomposition of paths
Consider the space of paths obtained by a regular transformation of the reference path @:
R(w) = {F(,w)|FeR(Ar)} C Q([0,T],R).
The following result gives a ’signal plus noise’ decomposition for such paths, in the sense of
Dirichlet processes [12]:

Proposition 14 (Rough-smooth decomposition of paths). Any path w € R(w) has a unique
decomposition,

w(t) = w(O)—i—/O ¢.d"w + s(t) (27)

where ¢ € Vo (@) and [s]x = 0.
t

The term / ¢.d"@w is the 'rough’ component of w which inherits the irregularity of @ while
0
s(.) represents a ’smooth’ component with zero quadratic variation.

Proof: Let w € R(@). Then there exists F' € R(Ar) with w(t) = F(t,). The functional
change of variable formula (Theorem @ applied to F' then yields the decomposition with ¢ =
Vo F (@) € V().

Consider now two different decompositions

wlt)=w0) = [ oo+ a0) = [ ono+ i)

SO 81— 89 = /(gf)l —¢2).d"@. Since [s1 — $2]x = 0, using Propositionwe conclude that ¢ = ¢o
which then yields uniqueness of the decomposition

4 Pathwise nature of the integral

The definition of the integral / VoF(.,w)d"w involves values of the integrand V,F along

piecewise constant approximations of w. To be able to intepret / VoF(,w)d"w as a pathwise

integral, we must show that it only depends on the values V,F(t,w),t € [0,T] of the integrand
along the path w.
Our goal is to provide conditions under which the following property holds:

Property 1 (Pathwise nature of the integral). Let F, Fy € C;’Q(AT), and w € Q™([0,T,R) N
CP([0,T7]) for some 0 <p < 1/2. If V ,Fi(t,wt) = V,Fa(t,w), Vt € [0,T] then

T T
/ VwFl d"w = / VWFQ -d"w.
0 0

We will prove several versions of this property under various regularity assumptions on F'.

Proposition 15. Let F' € C;A(AT) be a non-anticipative functionals such that F,V F,V*F,V> F €
C,?’l(AT) and satisfy Assumptions andfor allg < 1. Letw € Q.([0,T],RHNCY?~ ([0, T],RY).
Then

t
(W€ [0,T], VuF(t,w) =0) = / Vo F (1, w)d"w = 0.
0

14



Proof. Since V,F, V2 F satisfy the assumptions of Proposition [11| we have first V2 F(-,w.) = 0
and consequently V2 F(-,w.) = 0. The change of variable formula then yields

F(r,w,) = F(0,wo) + /07” DF(u,wy,)du + /OT Vo F(u,wy)dw(u), Vrel0,T].

Thus, we need to prove that the function
W(r) = F(r,w,) —/ DF (u,wy)du, r€]0,T]
0

is constant. We will prove only that W(T') = W (0). The same proof will work if we take instead
of T any partition point of a partition in 7, since 7 is dense in [0, T] the result will follow by the
continuity of W.

We will prove by contradiction: assume W(T) # W(0) then there exists 6 > 0 such that
|W(T) — W(0)| > ¢6T. For any integer n > 1 we can write

W(T) =W (0)= Y (W(th,) - W)

tremn
this implies that there exists i, € {0,1,...,m(n) — 1} such that
(Wt +1) = W) > 60t 11 = 17,)-

Our goal is to obtain an estimate on W (t ,,) — W (] ) which will contradict the above
inequality.

Fix an integer n > 1 and denote t := t!', s := t!' ;. Next we choose an integer [ > n
and denote by 73, k = 0,1,..., N the partition points in 7! (in increasing order) which lay in the
s—1

N

interval [t, s]. Since the partitions satisfy the Assumption |3 we have that |7!| ~ 751 — 75 ~
and || ~ s —t. Since w € CP([0,T7),

s —tP
NP

lw(Trt1) —w(mk)| < C and |w(s) —w(t)| < C|s —tfP.

where the constant C' > 0 does not depend on n,[. Note also that the number N is the number
m(l
of intervals of the form [ry, 7%+1] which are contained in [¢, s, thus N ~ (())
m(n
We introduce the following approximation of the path w on [0, s] by a path which coincides
with w on [0,t) and is piecewise constant on [, s]:

N-1
W (r) = w(r)pn(r) + D @(Tk41) Ly me ) (1) + w0 (8) 14
k=0
Then, noting that w; = wﬁ , we have
F(vas) - F(tth) = F(S5w3> - F(S,w;\[_) + F(Sawév—) - F(t7wi\£) (28)

Next, we write the second term in [28| as a sum:

=2

F(s,wﬁv_)—F(t,wt]\i)z (F(Tk“,wi\;_)—F(Tk,wivk_)).
k=0

15



Since F € (Ci’Q(AT), each summand in the above sum may be expanded using a second-order
Taylor expansion, which yields

F(Tk+1,w7]i_) - F(Tk,wi\;_) = VWF(Tk,wi\;_) (w(Tgs1) — w(Tk))
Tk41

—l—%ViF(Tk,wTNkJ (W(Tht1) — UJ(Tk))2 +/ DF (u,w, )du + 0 (|w(7k+1) — w(g)| ) .

Tk

Hence
N—-1
Fls,wN ) — F(t,w) / DF (0 )du+ 3 VoF(m,w 1) ((ris1) — w(me)
| N2 e N-1 (29)
+5 > VIF(r,wl ) (w(The1) —w(m))? +0 (Z | (Th+1) —W(Tk)?’) .
k=0 k=0

We denote W™ (1) = F(r,w ) — / DF(u,w)du, r € [t,s], then the above equation gives
t

W (s) = WN(t) = F(s,w™) — F(t,w]) /DFuw

N—-1 1 N—-1
VuF (1i,wll ) (w(Tks1) —w(m)) +5 V2F (e, w ) (w(mh1) — w(mk))”
k=0 k=0 (30)
A Ry
N-1
+0 <Z |w(Th+1) —w(Tk)|3> :
k=0

R

Since by Proposition u 11| V2 F(r0,w) ) = V2F(t,w;) = 0, V2 F is locally Lipschitz in time,

TOo—
satisfies Assumption [I} and w is p-Hélder continuous, we get

IVEF (i why )| = [VEF (T, wy, ) = VEF(t,wy)]
< |V2F(m,wl_) = Vo F (Tkawt,rk—tﬂ +|V2F (Tkth,‘rk—t) — V2F(t,w)] (31)
< Cllwd _ - wt,m—tH‘éo +C(m —t) < C|m — t|P1 4+ C (11, — t) < Cls — t|PL.

Hence
N-1 s — 127
|R1| < C|s —tP? Z (W(Tht1) — W(Tk))2 < CN]s— t|qu = CON=2|5 — tplat2)  (32)
k=0
Note also that since w is p-Hélder continuous
|s — t[* 1-3p 3p
|Re| < CN NE CN |s — t]°P. (33)

Using the condition VwF(mei\(L) = V,F(t,w;) = 0, for the first term on the right hand
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side of [30] we have

N-1

A= VoF (o, wh ) (w(Thg1) — w(mk)) =

F=0 (34)

2

k—1

(VoF (.0, ) = VuF (08 ) (w(rien) = w(m)

=0

el
Il

0

<.

We decompose the increments of V, F in the above formula into vertical and horizontal compo-
nents:

Vo F (Tj41,w —VwF(Tj,wg ) = Vo F(rjp1,w Wr )~ VMF(Tj,wg)—i—

N
Tj+1*)

7"1J

Vo F(1j,w; ) Vo F(T], )

The first term on the right hand side is bounded by the horizontal Lipschitz Assumption
on V F :

|s —t|

ril = Vo F (41,0l ) = VuF(r5,w))| < C(rjp1 —75) = C ~

Using Taylor expansion for the function h +— V,F(7;, w; n, h) the second term can be written
as
N,w(Tj41)—w 7'7
VP (1, g <070 — G (g, Wl ) = VEF (7,08 ) (w(rj0) = w(ry))
1 2 3
+5 VAR (rwl ) <w<m1> — () + 0 (lw(rysn) —w(m)P)  (39)
T2,5
N—1k—1
A= VZF(rj,wl ) (w(rjs1) — w(r)) (@(Trg1) — w(m))
k=0 j=0
B
P N1kl
2
+3 VEF(rj,0 ) (w(rj11) — @(75))° (@(Th1) — w(Ti))
k=0 j=0
R3
N—1k—1
2
+ 20 Y2 @(mi) = w(1)* (@) — w(m)
k=0 j=0
Ry
To estimate R3 we note that using the same argument as in since by we get
IVEF (.07 )| < Cls — 1P,
consequently
2 :Dq| — 1 |s — t|p 2-3p p(q+3)
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|s — 1>~
N3p 7

Since |rg ;| < C we have

— 3P |s —t|* |s — t|P

28
|[Ra| <CN N3p N?2p NP

= CN?7%P|s —t|%P (37)

To estimate B we do similar computations as for A, using VS’,F(TO,w%f) =V3F(t,w) =0:

—1k—-1j5-1

B= ZZZ(V Fripn,wl,,0) = VEF(rwl)) (1) — 0(1)) @) - (7))

k=0 j=0 i=0

changing the order of summation

N-1

B=3" (VAF(ripn,wl,, ) = VEF(rwh ) D7 (@(rin) = () @(m) — w(m))

i=0 k>j>i

D (@(rj11) — w(m)) (W(Tht1) — w(m))| = ) — ) _22:j>i ) 2 o)

k>j>i

t]

2p
< Cls —t|*P + NC‘i < CN'72P|s — |,
(38)

Next, we decompose the increments of ViF in the above formula into vertical and horizontal
components:

VZF(1j41,wl ViF(Tj,wi\j ) = V2F(rjp1,wl We o)~ V2F (Tj,wi\;)—i—

Vo F(rj,wh) = VLF (.07 ).

Tj+1— )

The first term on the right hand side is bounded by the horizontal local Lipschitz continuity
of V,F (Assumption [2):

Vo F (741,07 VoF(rj,wl)| = Vo F (41,0l VoF (15,0l < C(1j41 — 7).

T+1 ) TJ Tjt1— TJ)

For the second term using Taylor expansion we have
V2E(ry ) = VEF (7,0 ) = VEF(r 0] ) (@(rj) = w(73)) + O (@) = w(r)°)

since as was mentioned above |V2 F (T],w _)] < C|s —t[P4, we obtain

|s — t[platD) |s —t|?P |s — t[platD)
|v?u (TJ7 ) VQ (TJ7 )‘ < C NP + ng S C NP . (39)
Combining the estimates and yields:
|s — t[platD)
|B| < NC CN'=2|s — |2 = CN?73P|5 — t[p(at+3), (40)

From and we have

WN(S)—WN(t):A+R1+R2=B+R1+R2+R3+R4

18



Combining ,, , and we obtain:
(W (s) = WN(t)] < O[N?73|s — ¢[Pat3) 4 N1=2P|5 — yplat2) 4 N1=3p|5 _ ¢|3P
FN27OP|5 — t|%P] < C[N273P|s — ¢[Plat3) 4 N1-2P|g ¢ |plat)],

Recall that

W(r) = F(r,w,) — /OT DF (u,wy,)du, and W (r) := F(r,wl ) — /OT DF(u,w;)du
since F(t,w;_) = F(t,wl)
W(s) = W(t) = WN(s) = WN(t) + F(s,ws) — F(s,w™ ) + / (DF (u,w,) — DF(u,w)))) du

On the other hand by Assumption |1] and using w € CP([0,T1]), we have

[s — ¢

_ _ q
|F(s,ws) = F(s,wl)| < Kws —wl[|%, < C——— e
Thus

[W(s) =W (@) < |[WN(s)— ()H—C‘ | +sup|DF(u wy) — DF (u,wM)||s — t|

—t
< C[N?73P|s — [platd) 4 N1=2p| g — ¢|plat+2)] 4 C’% + |s — t|sup |DF (u,wy) — DF (u,wl)].

Next we are going to arrange N to be such that the sum of the first three terms on the right-hand
side in the above inequality is optimal. For that we need the two dominant terms of that sum to

. — t[Pe 3p l
be roughly equal: N2*3”|57t|p(‘”3) ~ %, ie., N ~ |sft|_2733p+vq. Recall that N ~ m

m(n)
and |s — t| ~ m(n)~!, thus, we need to choose I = I(n) such that m(l) ~ m(n)= == Plugging

3
N ~|s— t|72*3pp+m in the inequality, after routine computations, we get

(W (s) — W(t)| < C|s — t|*»7 4 C|s — t|*»a + sup |DF(u, wy) — DF(u,w)||s — t.

3pq / 1+ 2pq
= — | < = —_— .
“ra p<q+2—3p+pQ> U TP\ S T 1 g

One can check that a4 — 5/4 > 1 as p — 1/2—, ¢ — 1—, thus we can choose p and ¢ close

where

to 1/2 and 1 respectively so that o, 4 > 1. As n — +oo we have N ~ m(n)2—3gpp+m — 400
and |s — t| ~ m(n)~" — 0. Hence, by continuity of DF and since |Jws — wY ||c — 0, we have

sup |DF(u,w,) — DF(u,w’ )| — 0, this with the above inequality 1mp11es that
uelt,s]

M < Cls —t|* 71 4 sup |F(u,w,) — DF(u,w))| — 0,
- u€lt,s)

(W (s) —W(t)|
s—t

which is a contradiction, since by the choice of s = t* |, t = ;! we have >6. O
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We are now ready to prove the main result of this section, which gives sufficient conditions
on the functional F' under which the pathwise integral / VoF(t,w).d"w is a (pathwise) limit of
Riemann sums computed along w itself:

Theorem 16. Let F € C;A(AT) be a non-anticipative functional such that F,VF,V*F,V3F ¢
CYM(Ar) satisfy Assumptions @for all ¢ < 1. Let w € Q.([0,T],RY) N CV2=([0,T],RY).

Then, the path-wise integral | V,F(t,w).d"w is a limit sum of Riemann sums computed along

w:
m(n)—

T 1
| VoF@wde = im Vo F (1] ) - (i) — (1) -

T
In particular, if F(t,w) =0 for all t € 7 then / Vo F(u,w)d™w = 0.
0

This is a corollary of the following Lemma:
Lemma 17. Let F € 02’4(AT) be a mon-anticipative functionals such that F,VF,V?F,V?F

are C’I?’l(AT) non-anticipative functionals satisfying the Assumptions @ for all g < 1. Let
w e Q([0,T],RY) N CY2=([0,T),RY). Fort < s e " we have

F(s,ws) — F(t,wy) = /ts DiF(u,wy)du + V, F(t,w) (w(s) — w(t))

VR () (9(9) = w(0))? + VAR (L) (wls) = w(0)° + of]s 1)

Proof. Let us first consider the case where V,F(t,w;) = 0, VZF(t,w;) = 0, V3 F(t,w;) = 0.
Then, if we set

W(r) = F(r,w,) — /07” DF (u,wy)du, r€]0,T]

Now, note that in the proof of Proposition when estimating the difference W (s) — W(t) we
only used the conditions V,F(t,w;) = 0, V2 F(t,w;) = 0, V2 F(t,w;) = 0. Therefore, using the
same estimates as in the proof of Proposition [15| we obtain that there exists o > 1 such that

[W(s) —W(t)| <C|s—t|* +sup|DF(u,wy,) — DF(u, wiv)||s — .

Thus
F(s,ws) — F(t,w) — /t DF(u,wy)du = W(s) — W(t) = o(|]s — t|).

Let us now consider the general case. For the given path w € Q-([0,77,R%) N c2= ([0, 1)),
we consider an auxiliary functional F, defined for a path = € D([0,T],R%) by

F(u,z,) = F(u,z,,) — Vo, F(t,w) (x(u) —w(t))
s 1

3!
It is easy to check that F satisfies the assumptions of Proposition with V,F(t,w;) = 0,
VZE(t,w) =0, V3F(t,w;) = 0 and DF(t,w;) = DF(t,w;) Thus, as proved above

—%ViF(t,wt) (@(u) = w(t)) VEE(t,we) (w(u) —w(1))*.

F(s,ws) — F(t,w) = /ts DF (u,wy)du + o(]s — t|),

and the result follows. O
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