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Abstract

Robust heteroclinic cycles in equivariant dynamical systems in R* have been a sub-
ject of intense scientific investigation because, unlike heteroclinic cycles in R3, they can
have an intricate geometric structure and complex asymptotic stability properties that
are not yet completely understood. In a recent work, we have compiled an exhaustive
list of finite subgroups of O(4) admitting the so-called simple heteroclinic cycles, and
have identified a new class which we have called pseudo-simple heteroclinic cycles. By
contrast with simple heteroclinic cycles, a pseudo-simple one has at least one equilib-
rium with an unstable manifold which has dimension 2 due to a symmetry. Here, we
analyze the dynamics of nearby trajectories and asymptotic stability of pseudo-simple
heteroclinic cycles in R4

1 Introduction

It is known since the 80’s that vector fields defined on a vector space V' (or more generally a
Riemannian manifold), which commute with the action of a group I' of isometries of V', can
possess invariant sets which are structurally stable (within their I' symmetry class) and which
are composed of a sequence of saddle equilibria &;,..., &y and a sequence of trajectories k;,
such that x; belong to the unstable manifold of &; as well as to the stable manifold of &,
for all ¢ = 1,..., M where &y;.1 = &. These objects are called robust heteroclinic cycles



and under certain conditions they can be asymptotically attracting. Robust heteroclinic
cycles have been considerably studied in low-dimensional vector spaces [7, 2]. Although
their properties and classification are well established in V' = R3?, the case of R* appears
to be much richer and yet not completely investigated. In [8] the so-called simple robust
heteroclinic cycles were introduced, which can be defined as follows. Let A; denote the
isotropy subgroup of an equilibrium ;. The heteroclinic cycle is simple if (i) the fixed point
subspace of A;, denoted Fiz(A)), is an axis; (ii) for each j, &; is a saddle and &;, is a sink in
an invariant plane Fiz(3;) (hence ¥; C A;NA41); (iil) the isotypic decomposition! for the
action of A; in the tangent space at ¢; only contains one dimensional components. In [13]
we have found all finite groups I' C O(4) admitting simple heteroclinic cycles (i.e. for which
there exists an open set of I'-equivariant vector fields possessing such an invariant set). We
have also pointed out that the definition of a simple heteroclinic cycle in former works [8, 9]
had omitted condition (iii), which was implicitly assumed. If this condition is not satisfied,
then the behaviour of the heteroclinic cycle turns out to be more complex, because there
exists at least one equilibrium §; at which the unstable manifold is two dimensional and,
moreover, is invariant under a faithful action of the dihedral group D, for some k£ > 3. We
called heteroclinic cycles satisfying (i) and (ii) but not (iii) pseudo-simple.

The aim of the present work is to investigate the dynamical properties of pseudo-simple
heteroclinic cycles in R*. We shall therefore consider equations of the form

x = f(x), where f(yx) =~vf(x) for all y € I', I € O(4) is finite (1)

and f is a smooth map in R*, and which possess a pseudo-simple cycle.

Our main result stated in Theorem 1, section 3, is that if I' C SO(4), then the pseudo-
simple cycle is completely unstable. Namely, there exists a neighborhood of the heteroclinic
cycle such that any solution with initial condition in this neighborhood, except in a subset
of zero measure, leaves it in a finite time [11]. Then we aim at analyzing more deeply what
the asymptotic dynamics can be in a neighbourhood of the heteroclinic cycle. We do this
by focusing on specific examples. In Section 4 we introduce a subgroup of SO(4) which is
algebraically elementary, however possessing enough structure to allow for the existence of
pseudo-simple heteroclinic cycles. This group is a (reducible) representation of the dihedral
group D3. Hence, I' is algebraically isomorphic to D3. In this example, the cycle involves
two D3 invariant equilibria, & and &, such that for both the linearization df(&;) possess
a double eigenvalue with a D3 invariant associated eigenspace, one being negative and the
other being positive (unstable). We show that when the unstable double eigenvalue is small,
an attracting periodic orbit can exist in the vicinity of the I'-orbit of the heteroclinic cycle,
the distance between the two invariant sets vanishes as the unstable eigenvalue tends to
zero. This result is numerically illustrated by building an explicit third order system for
which a pseudo-simple cycle exists. In the next section 5 we extend the group I' by adding
a generator which is a reflection in R*. The resulting group is isomorphic to D3 x Z, and
possesses the same properties for the existence of a pseudo-simple cycle. We show that in

IThe isotypic decomposition of the representation of a group is the (unique) decomposition in a sum of
equivalence classes of irreducible representations.



this case the cycle is not completely unstable anymore, but asymptotically fragmentarily
stable [11] instead. This means that the cycle is not asymptotically stable, however in its
any small neighbourhood there exists a set of positive measure, such that any solution with
initial condition in that set remains in this neighbourhood for all £ > 0 and converges to the
cycle as t — oco. This result is then illustrated numerically.

In Section 6 we present another example of a group in SO(4) admitting pseudo-simple cycles
with a more complex group structure and acting irreducibly on R*. The theorem of existence
of nearby stable periodic orbits proven in Sec. 4 holds true for the same reasons as in the
D3 case. We then investigate numerically the asymptotic behavior of trajectories near the
cycle and show that periodic orbits of various kinds can be observed as well as more complex
dynamics when the unstable double eigenvalue becomes larger.

In the last section of this paper we discuss our findings and possible continuation of the
study.

2 Pseudo-simple heteroclinic cycles

In this section we introduce the notion of a pseudo-simple heteroclinic cycle and notations
which will be used throughout the paper.

2.1 Basic definitions

Given a finite group T' of isometries of R*, let 3 be an isotropy subgroup of T (the subgroup
of elements in T which fix a point in R*). We denote by Fiz(X) the subspace comprised of
all points in R*, which are fixed by .

Note that (i) if ¥ C A C T, then Fiz(A) C Fiz(2); (i) v - Fiz(X) = Fiz(yXy™!) for any
vyel.

In the following we shall assume the [-equivariant system (1) admits a sequence of isotropy
subgroups A; CI', j =1,..., M, such that the following holds:

(i) dimFiz(A;) =1 (axis of symmetry). We denote L; = Fiz(4A;).
(ii) On each L;, there exists an equilibrium §; of (1).

(ii) For each j, L; = Pj_1 N P;, where P; is a plane of symmetry: P; = Fiz(X;) for some
¥; CAj. We set Py = F.

(iv) & is a sink in P;_; and a saddle in P;. Moreover, a saddle-sink heteroclinic trajectory
r; of (1) connects &; to &1 in P; (j = 1,..., M). Note that ry connects &y to & in
Py

Conditions (i) - (iv) insure the existence of a robust heteroclinic cycle for (1). We denote
by J; the Jacobian matrix df(§;). Since L; is flow-invariant, J; has a radial eigenvalue r;
with eigenvector along L; and by (iv) we have r; < 0. Moreover (iv) implies that in P;_y, J;
has a contracting eigenvalue —c¢; (¢; > 0), while in P; it has an expanding eigenvalue e; > 0
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corresponding to the unstable eigendirection in that plane. The remaining eigenvalue ¢; is
called transverse, its associated eigenspace is the complement to P;_; & P; in R*.

Definition 1 We say that the group I' admits robust heteroclinic cycles if there exists an
open subset of the set of smooth I'-equivariant vector fields in R™, such that vector fields in
this subset possess a (robust) heteroclinic cycle.

In order to insure the existence of a robust heteroclinic cycle it is enough to find m < M
and v € I" such that a minimal sequence of robust heteroclinic connections & — « -+ — &, 11
exists with &,41 = v& (minimal in the sense that no equilibria in this sequence satisfy
& =7/E forsomey' € ' and 1 < 4,5 < m). It follows that v* = 1 where k is a divisor of M.

Definition 2 The sequence & — - -+ — &, and the element v define a building block of the
heteroclinic cycle.

The asymptotic dynamics in a neighborhood of a robust heteroclinic cycle is what makes
these objects special. A heteroclinic cycle is called asymptotically stable if it attracts all
trajectories in its small neighborhood. When a heteroclinic cycle is not asymptotically
stable, it can however possess residual types of stability. Below we define the notions, which
are relevant in the context of this paper, see [11]. Given a heteroclinic cycle X and writing
the flow of (1) as ®,(z), the J-basin of attraction of X is the set

Bs(X) ={z € R"; d(®(x),X) < for all t > 0 and tligl d(®4(z), X) = 0}.

Definition 3 A heteroclinic cycle X is completely unstable if there exists 6 > 0 such that
Bs(X) has Lebesque measure 0.

Definition 4 A heteroclinic cycle X is fragmentarily asymptotically stable if for any § > 0,
Bs(X) has positive Lebesque measure.

2.2 Simple and pseudo-simple heteroclinic cycles

Recall that the isotypic decomposition of a representation 7" of a (finite) group G in a vector
space V is the decomposition V = VW @ ... @ V) where 7 is the number of equivalence
classes of irreducible representations of G in V and each V) = Tiy; is the sum of the
equivalent irreducible representations in the j-th class. This decomposition is unique. The
subspaces V) are mutually orthogonal (if G’ acts orthogonally).

Then the following holds [13].

Lemma 1 Let a robust heteroclinic cycle in R* be such that for all j: (i) dim P; = 2, (ii)
each connected component of L; \ {0} is intersected at most at one point by the heteroclinic
cycle. Then the isotypic decomposition of the representation of A; in R* is of one of the
following types:

1. Ly et V; @ W; @ Ty (the symbol & indicates the orthogonal direct sum).
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2. L; ot Vi ot WA/; where VIA/; =W, ®T; has dimension 2.
3. Lyt ‘7} @&+ W, where ‘73 =V; ® T} has dimension 2.

In cases 2 and 3, A, acts in VIA//] (resp. \Z} as a dihedral group D, in R? for some m > 3.
It follows that in case 2, e; is double (and e; = t;) while in case 3, —c; is double (and

—c; =t;).

Definition 5 A robust heteroclinic cycle in R* satisfying the conditions 1 and 2 of lemma
1 s called simple if case 1 holds true for all j, and pseudo-simple otherwise.

Remark 1 Definition 5 implies that any pseudo-simple heteroclinic cycle in a I'-equivariant
system (1), where I' C SO(4), has at least one 1 < j < M such that ¥; = Zy, with k > 3.

Remark 2 An order two element o in SO(4) whose fized point subspace is a plane P must
act as —Id in the plane P+ fully perpendicular to P. Nevertheless, to distinguish it from
other rotations fixing the points on P, we call o a plane reflection.

3 Instability of pseudo-simple cycles with I' C SO(4)

In this section we prove the following theorem:

Theorem 1 Let & — ... — &y be a pseudo-simple heteroclinic cycle in a I'-equivariant
system, where I' C SO(4). Then generically the cycle is completely unstable.

Proof: Following [8, 9, 11, 12], to study asymptotic stability of a heteroclinic cycle, we
approximate a ”first return map” on a transverse (Poincaré) section of the cycle and consider
its iterates for trajectories that stay in a small neighbourhood of the cycle.

In section 2.1 we have defined radial, contracting, expanding and transverse eigenvalues of
the linearisation J; = df(§;). Let (u,?,w,§) be coordinates in the coordinate system with
the origin at &; and the basis comprised of the associated eigenvectors in the following order:
radial, contracting, expanding and transverse. If ¢ is small, in a d-neighbourhood of &; the
system (1) can be approximated by the linear system

U= —rju
U= —¢jv
w = e;w (2)

Here, (u,v,w,q) denote the scaled coordinates (u, v, w,q) = (@, 0,0, (j)/é~ In fact a version
of the Hartman-Grobman theorem exists [2], which allows to linearize the system with a C*
(k > 1) equivariant change of variables in a neighbourhod of ¢; if conditions of nonresonance
are satisfied between the eigenvalues (which is a generic condition here).



Let (ug,vo) be the point in P;_; where the trajectory x;_; intersects with the circle
u? +v* =1, and h be local coordmate in the line tangent to the circle at the point (ug, vg).
We consider two crossections:

™ = {(hw.q) : Bl Jwl.lg) < 1)

and (out)
77 (out . _
H;™ = {(u,v,w,q) : [ul,|v], |q\§1 w = 1}.

Near §;, trajectories of (1) with initial condition in H ) hit the outgoing section H; i

after a time 7, Which tends to infinity as the initial Condltlon comes closer to Pj_ The

H™ — H (ml associates a point where a trajectory crosses H ](Tl) With the

global map z/zj ;
point where it previously crossed H jo D It is defined in a neighborhood of 0 (in the local
coordinates in H ](-om)) and is a diffeomorphism. The first return map is now defined as the
composition g = gps 0...0 g1, where g; = 1;]' o gz~5j.

As it is shown in [14, 11], in the study of stability only the coordinates that are in PjL
are of importance. By ¢; and ¢; we denote the maps qz~5j and @/?j restricted to le (to be more
precise H{"™ = P, N H{™ and H™ = P} H™).

Now, by definition a pseudo-simple cycle has at least one connection x; : & — &1 such
that ¥; = Z;, with £ > 3 (see remark 1). We can assume that j = 1. The equilibria & and
& belong to the plane P; = Fix (3;). We now prove existence of € > 0 such that

o 0 1 0 31 (H{™ (€)) N HY™ () = 0, (3)

where
H{"™(e) = {(w,q) € H™ : |(w,q)| < e} and H"(e) = {(v,q) € HS™ : |(v,q)| <},

Evidently, because of (3) the first return map in Hl(m) (¢) cannot be completed in general,
which implies that the cycle is completely unstable.

To prove (3) we employ polar coordinates (py, 61), resp. (p2,6s), in Hl(om), resp. H2(m)7 such
that v1 = py cosby, 1 = p1sinby, we = pscosly and gz = po sinfy. Due to (2) in the leading
order the maps ¢; and ¢, are

(p1,6h) = ¢1(wr,q1) = (Uo,lwil/ely arCtan(q1/U0,1))7 (4)
(v2,q2) = P2(p2,02) = (vo2(p2 cos B2)>/* tan fy). (5)
In the leading order the global map ¢ : H°" — H{™ is linear. The map commutes

with the group ¥, acting on P as rotation by 27T /k, where k > 3, therefore in the leading
order 1, is a rotation by a ﬁnite angle composed with a linear transformation of p,

(p2,02) = 1(p1,61) = (Ap1, 61 + ©), (6)
where generically © # N7 /k.



Denote

a:é?vlgzk@_]vﬂ/m (7)
and set
0 <& < min (tan %, Vo1 tan %) (8)

Any (wy,q1) € Hfm) (¢) satisfies 1 < ¢, therefore (4) and (8) imply that 6, < a/2. Hence,
due to (6)-(8) |62 — Nw/k| > «/2 for any k. The steady state & has k symmetric copies
(under the action of symmetries o € ¥5) of the heteroclinic connection kg : & — & which
belong to the hyperplanes #; = N7/k with some integer N’s. Due to (5) and (8), the distance
of (v, @2) to any of these hyperplanes is larger than tan(a/2), which implies (3). QED

4 Existence of nearby periodic orbits when [' C SO(4):
an example

We have proved that any pseudo-simple heteroclinic cycle in a ['-equivariant system, where
' €SO(4), is completely unstable. In this section we show that nevertheless trajectories
staying in a small neighbourhood of a pseudo-simple cycle for all ¢ > 0 can exist. Namely,
we give an example of a subgroup of SO(4) admitting pseudo-simple heteroclinic cycles and
prove generic existence of an asymptotically stable periodic orbit near a heteroclinic cycle if
an unstable double eigenvalue is sufficiently small.

4.1 Definition of I' and existence of a pseudo-simple cycle

We write (z1,v1,%2,y2) € R* and z; = x; + 4y;. Let [' be the group generated by the
transformations

pi (21,20) = (21,75 29), K(21,2) = (21, %) 9)

This group action obviously decomposes into the direct sum of three irreducible representa-
tions of the dihedral group Dj:
(i) the trivial representation acting on the component 1,
(i) the one-dimensional representation acting on y; by Ky, = —yi,
(iii) the two-dimensional natural representation of D3 acting on zo = (2, y2).
There are two types of fixed-point subspaces and one type of invariant axis for this action:
(i) Pr = {(21,51,0,0)} = Fiz(p),
(i) P = {(21,0,29,0)} = Fiz(k),
Note that P is T-invariant, while P, has two symmetric copies, Py = pP, and Py = p?P,.

Proposition 1 The group I, generated by p and k (9), admits pseudo-simple cycles (see
Definition 1).



Proof: The proof of existence of an open set of smooth G equivariant vector fields with
saddle-sink orbits in P; and in P, connecting equilibria &; and & lying on the axis L and such
that & is a sink in P, and & is a sink in P;, goes along the same arguments as in Lemma
5 of [13]. We just need to check that the cycle is pseudo-simple. This comes from the fact
that the Jacobian matrix of the vector field taken at & or & has a double eigenvalue with
eigenspace {(0,0, z2,y2)} due to the action of p, which generates the subgroup Zs (negative
eigenvalue at & and positive eigenvalue at &;). QED

By letting I act on the heteroclinic cycle, one obtains a 6-element orbit of cycles which
all have one heteroclinic connection in P, and the other one in P, Py or Py'.

4.2 Existence and stability of periodic orbits

We prove the following theorem.

Theorem 2 Consider the I'-equivariant system

x = f(x,p), where f(yx,p) =vf(x,p) for ally €T, (10)

f:RYx R — R* is a smooth map and T is generated by p and k (9). Let & and & be the
equilibria introduced in proposition 1, —c; and e; be the eigenvalues of df (&;), such that —c;
and ey are double eigenvalues with a natural action of D3 in their eigenspaces and ey and
—cy are the eigenvalues associated with the one-dimensional eigenspace, where the action of
I' in not trivial. Suppose that there exists pg > 0 such that

(i) ea <0 for —pg < p <0 and es > 0 for 0 < p < po;

(ii) for any 0 < p < po there exist heteroclinic connections k1 = (W, (&1)NP)NW,(&) # 0
and ke = (W, (&) N Py) N Wi(&1) # 0, introduced in proposition 1.

Denote by X the group orbit of heteroclinic connections k1 and Ko:

X = (UyeF’Wﬁ) U(U7€F7“2)~

Then

(a) if 3c; < ey then there exist ' > 0 and 6 > 0, such that for any 0 < p < p' almost all
trajectories escape from Bs(X) as t — oo,

(b) if 3c1 > ey then generically there exists periodic orbit bifurcating from X at p=0. To be
more precise, for any § > 0 we can find p(5) > 0 such that for all 0 < p < p(d) the system
(10) possesses an asymptotically stable periodic orbit that belongs to Bs(X).

The rest of this section is devoted to the proof of the theorem. We start with two lemmas
which describe some properties of trajectories of a generic D3-equivariant systems.



4.2.1 Two lemmas

A generic Ds-equivariant second order dynamical system in C is
b= az+ B2 (11)
In polar coordinates, z = re'?, it takes the form

7 = ar+ Br?cos30,

6 = —Prsin36. (12)

We assume that a > 0 and § > 0. The system has three invariant axes with § = K /3,
K =0,1,2, and three equilibria off origin, with » = «/f and 6 = (2k + 1)/3, k =0, 1,2.
We consider the system in the sector 0 < 6 < 7/3, the complement part of C is related to
this sector by symmetries of the group Ds.

Trajectories of the system satisfy

dr _OH—BTCOS?)Q

. 13
de [ sin 360 (13)
Re-writing this equation as
dr n cos30 . «a
a0 " "sin36 ~  Bsin3g’
multiplying it by sin'/? 36 and integrating, we obtain that
0
rsin'/? 30 = —%8(9) + C, where S(0) = / sin~%/3 3046, (14)
0
which implies that
rsin'/3 360 + %5(9) = rosin'/3 36, + %5(6’0) (15)

for the trajectory through the point (ro,6p). Let 6(r;r9,6y) be a solution to (12) with the
initial condition 7(0) = r9 and 6(0) = 6. Then

C = 25(8), where § = li 07 7o, 6).

B
We can re-write (14) as
rsint/?30 = —25(0) + 25(8). (16)
g B
Note, that
I'(1
S(g) = \/?7?1“52?2;’ where I' is the Gamma function. (17)

Lemma 2 Given § > 0 and € > 0, there exists ag > 0 such that for any 0 < a < ag,
O<ro<eand0<6y<m/3

rsinf(r;ro,0y) < e for allt > 0. (18)



Figure 1: Trajectories of the system (12) in the sector 0 < 6 < 7/3.

Proof: Set ap =¢f/4. From (12)

%rsin@:fsin9+9r0089:rsin@(a—ﬁrcos@/Q). (19)
From (14), for 0 < 0y < 7/3 we have lim,_,, 0(r; 19, 6p) = 0, which implies that d/d¢(r sin @) <
0 for large r. Therefore, the maximum of rsin @ is achieved either at t = 0, or at the point
where 2a = frcosf. Since 0 < 6 < /3, at this point rsinf = 2asinf/(5 cos ) < 4a/p < e.
Since 1y < €, we have rsinf < € at t = 0 as well. (The behaviour of trajectories of the system
(12) is shown in figure 1.) QED

Lemma 3 Let 7(ro,6y) denotes the time it takes the trajectory of the system (12) starting
at (ro,0p) to reach r =1 and 9(rgy, 6y) denotes the value of @ at r = 1. Then

(1) T(ro,0) satisfies
7(ro,0) __ ro + Oé/ﬁ

e” =
ro(1+a/B)
(ii) 7(ro,00) satisfies
7(ro,00) > 7(rg,0) for any 0 < Oy < /3. (20)
(11i) 9(rg,00) satisfies
sin'/3 30 (ro, 0p) + %swm, 0y)) = rosin'/3 36, + %5(90). (21)

() Given C >0, f>0 and 0 < 6y < /3, for sufficiently small o and rg

e~ OTrob0) <« 9(rg, 6p).

10



(v) For small o, 1o < o, v' < g and ' < 1

/
|e—CT('r’0+'r’790+0’) - e—CT(T0,90)| < e—CT(T0,90)|T_ + 30,5(00)7—(7"0,80”.
aro

Proof: To obtain (i), we integrate the first equation in (12), where we set § = 0. Since in
(12) 6 < 0" implies 7(r,8) > 7(r,€'), (ii) holds true. The equality (iii) follows from (15).

Since 6 < 0 (see (12)), (iii) implies that 9(rg,6y) < 1 for small o and ro. Therefore

1 Pl ’
¥(ro, bp) ~ 3 (ro sin'/? 36, + %S(Qo)) > 35 <max(a, Bro) min(sin'/3 36, 5(90))> . (22)
Due to (ii), to prove (iv) it is sufficient to show that
e_CT(TO’O) < 19(7”07 00)
Because of (i), for small 7y and «
Cla
e—C’T(’I‘o,O) _ (7"0(1 + Oé/ﬁ)) ~ [(1 . S)l/s]C/(a-{-Bro)’ where s — o .
ro +a/B a + fBry
Since supg.,.;(1 — 5)¥/* = e, we have
e—CT(ro,O) < e—C/max(a,Bro)‘ (23)

Together, (22) and (23) imply (iv).

For r < « the first equation in (12) can be approximated by 7 = ar. Therefore, the
difference A7 (r") = 7(ro +17,60) — (70, 6p) satisfies

roe®70") ~ (ro + 1),

which implies A7(r") &~ 1’ /arg. Hence,
/
e—CT(To-‘y—T’,@o) o e—CT(To,@o) ~ e—CT(To,@o) r . (24)
aro

Consider two mnearby trajectories, 6(r;rg,0y) and 6(r;rg,0p + 6').  From (12),
O(r;ro, 600+ 60") — 0(r;70,00) < ¢ for all t > 0, therefore in view of (iii)
|7(r, 0(r; 19,00 + 6")) — 7(r, 0(r; 10, 60))| _ |30’ Br? sin 30| 3

Lorsin'/3 30| < [30'5(6
|7(r, 0(r; 70, 6p))]| lar + Br? cos 36| <| Q e N (%)l

which implies that
|7(r0, 60 +0") — 7(ro,60)| < |30"S(60)7 (1o, 6o)|-

Hence,
|e=Crro o) _ o=Clrobo) | < |e=Cm(rob)30/ S ()7 (1o, 6| (25)

Together (24) and (25) imply (v). QED

11



4.2.2 Proof of Theorem 2

As in the proof of theorem 1, we approximate trajectories in the vicinity of the cycle by
superposition of local and global maps. We consider g = ¢1920211 : H f(m — H fom), where
the map ¢; is given by (4). The map 1 in the leading order is linear:

(wb Zl) = 1/12(?}2, Z2) = (311U2 + Bi222, Boiva + 32222)~ (26)

Because of (i), for small i the expanding eigenvalue of s depends linearly on p, therefore
without restriction of generality we can assume that e; = p. Generically, all other eigenvalues
and coefficients in the expressions for local and global maps do not vanish for sufficiently
small p and are of the order of one. We assume them to be constants independent of .
From (ii), the eigenvalues satisfy e; > 0, —¢; < 0 and —cy < 0.

For small enough 4, in the scaled neighbourhoods Bj(&;) the restriction of the system
to the unstable manifold of & in the leading order is § = us + 352, where we have denoted
s = wq + iga. As in the proof of theorem 1, (py,6;) and (pa,02) denote polar coordinates
in H{OW) and Hz(m), respectively, such that v; = p;cosby, g1 = p1sinfy, wy = pycosby and
g2 = p2sin . We assume that the local bases near &; and & are chosen in such a way that the
heteroclinic connection & — & goes along the directions arg(6,) = 0 for both j = 1,2, which
implies # > 0. In the complement subspace the system is approximated by the contractions
i = —rou and © = —cyu. In terms of the functions 7(r,#) and J(r, ) introduced in lemma
3, the map ¢, is

(v2,q2) = Pa(p2,62) = (%,267027@%92), sin (o, 62)).

In physical space, there are two heteroclinic trajectories from & to &, with positive or

negative wy, and three trajectories from & to &, with 6, = 0, 27/3 or 47/3. Let Hf‘mt) be

the crossection of the heteroclinic trajectory & — & with positive w;. We take a modified,
compared to (6), map ¥1:

(p2,02) = U1(p1,61) = v(Apy, 01 + O), where v = £/p°. (27)
By choosing s, we obtain

(p2,02) = U1(p1,01) = (Ap1, (—1)'©), where ©' = © + 27s/3 satisfies — /3 < @ < /3.
(28)
According to lemma 3(iv), for small ps and p

e~ e2m(P2:02)  gin J(p2, 02),

therefore we have 19(vs, g2) ~ (Bi2q2, Baag2). For small 6; we have sinf; ~ tanf; ~ 0.
Taking into account (4), (28), lemma 2 and lemma 3(iii), we obtain that

g(p1,01) ~ (Ol (P ABsin'/? 30 + 1S (0))*1/t, Cy(pr AB sin'/? 30 + MS(@)))» (29)
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where C) = vp1371373|B1o|/® and Cy = (—1)11;0_&3*15*3B22. (Here, we have denoted
© = |©’| and the power [ in (28) is chosen in such a way that in (wy, g1) = ¥a¢21b1(p1,0) the
value of w; is positive for small p;.)

(a) From (29), the p-component of g satisfies
9p(p1,01) > Csp>° | where Cy = C (ABsin'/? ©)31/e1,

hence if 3¢; < e; then for any 0 < § < C;jl/(“‘?’cl) the iterates ¢"(p1,61) with initial
0 < p1 < 4 satisfy g7 (p1,01) > 6 for sufficiently large n.

(b) Assume that 3¢; > e;. Since p; = 0 is a solution to

9o(p1,01) —p1 =0 (30)

for g = 0, by the implicit function theorem, the equation (30) has a unique solution p;(u),
0 < g < oy, for some gy > 0 and dry/dp = 3¢,CyuBa—e/agsalen(@) /e at = 0. (In
order to apply the implicit function theorem, we define the function h(p1, i) = p1 —g,(p1,61)
for negative p; by setting h(—pi, ) = —h(p1,p). Note, that g,(p1,61) does not depend
on 6.) Therefore, for small p the fixed point of the map g (29) can be approximated by
(pp, 0,) = (C1(S(©))>1/e1, CyuS(O)). This fixed point is an intersection of a periodic orbit
with H{"". The distance from (pp, 0,) to X depends on i as p>1/¢1 therefore the trajectory
approaches X as p — 0. For a given small § > 0, to find u(J) we approximate trajectories
near k1 and ko by linear (in (v, q) and (vg,qa), respectively) maps, near £ we use the
approximation (2) and near & we employ lemma 2. We do not go into details.

To study stability of the fixed point (p,, 6,), we consider the difference g(py +r', 6, +6") —
g(p1,601), assuming that »" and ¢ are small and (py,6,) are close to (pp,0,). For the maps
U1, Y9 and ¢; we have

¢1(p1 + T/> 91 + 9/) - ¢1(917 01) = (AT/7 9/>7
Vo(va + 0", q2 + ¢') — ¥2(v2, @2) = (Buiv' + Braq', Bo1v' + Bad'), (31)

or(wr +w', g1+ q') — di(wi, 1) = ((Uo,161/61)w?/61_1w/7 (1+ <QI/U0,1)2)_1U0_,%QI)'
Recall that (see lemma 3(v))

T/

ot 1) ) < oo D SOy )] (32)
Kp2
From (21), for small x4 and py < p
19(pa + 17,05+ 0') — I (pa, 02)| = 9*3(pa, 0,) (r' sin'/3 30 + ¢ usin=3 30/ 3). (33)

By arguments similar to the ones applied in the proof of lemma 3(iv), for small z and py the
r.his. of (32) is asymptotically smaller than the r.h.s. of (33). Therefore, combining (33)
with (31), we obtain that for small g and p; < p

9lpr + 1,0+ 8) = gl 00) % (A0 AP0 Ay’ 4 A9,
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where the constants A; depend on vy, €1, ¢1, 8, B2, Ba and O. Since 3e; > ¢y, for small
1 we have

lg(pr + 77,00 +0") — g(p1, 00)] < pi|(r', 6],

and ¢ = min((3c; —e1)/(2e1), 1), which implies that the bifurcating periodic orbit is asymp-
totically stable. QED

Remark 3 In the proof of the theorem we have considered the map g : Hl(‘mt) — Hl(m‘t),

g = 12911, where Yy involves the symmetry v = k'p® and the choice of | and s depends on
© and B15. Hence, depending on the values of these constants, there can exist geometrically
different periodic orbits in the vicinity of the group orbit of the heteroclinic cycle & — & — &
with different number of symmetric copies of heteroclinic connections k1 and ko. The cycle
shown in figure 2 involves two symmetric copies of the connection k1 and one connection
Ko. For a different group I' C SO(4) considered in section 6, we present examples of various
periodic orbits which are obtained by varying the coefficients of the respective normal form,

see figure 4.

4.3 A numerical example

In this subsection we present an example of a I'-equivariant vector field possessing a hetero-
clinic cycle, introduced in proposition 1, where the expanding eigenvalue of df (&) is small.
In agreement with theorem 2, asymptotically stable periodic orbits exist in the vicinity of
the cycle. To construct the numerical example, we start from a lemma that determines the
structure of I-equivariant vector fields (the proof is left to the reader):

Lemma 4 Any I'-equivariant vector field is

. ni =N N3 =N4
21 = Aninonsna 21 21 25 2

s ny zsng N3 N4
2o = Bn1n2n3n4Z1 21 22 22 )

(34)
where Apyngnang 0N Bpinonan, are real, Apinonsn, 7 0 whenever ng —ng = 0( mod 3) and
Biinonsn, 7 0 whenever ng —ny = 1( mod 3).

Keeping in (34) all terms of order one and two, and several terms of the third order, we
consider the following vector field:

21 =a1z1 + asz] + (13,2’% + (142% + as5z121 + agzo2oe + CL7Z%21 “+ agz12929 + agzg’ + aloig
29 = b12’2 + bgzlzg + b3§122 + 5423 + b5222’1§1 + bGngg,

(35)
where

we set a3 + as +as =0, a; = ag = —1, and denote o = a; + ay, o' = a; — as. (36)
The system (34) restricted into L = FixDj is

T = axry — x?,
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which implies that the steady states & with z; = o'/? and & = —&; exist whenever o > 0.
The radial eigenvalues of ; are —2«a. The non-radial eigenvalues of df (&) are

—c¢1 = a; — ag + 2(az — a4)y/a — « along the eigendirection y;

e1 = by + (by + b3)/a + by along the eigendirections xo and ¥y (37)
and the eigenvalues at df (&;) are
ey = ay — ag — 2(az — a4)y/a — « along the eigendirection y; (39)
—co = by — (by + b3)y/a + bsar along the eigendirections xo and yo
The eigenvalues e; and —cy are double.
With (36) taken into account, the restriction of the system (35) into the plane P; is
1 = ary — 2(a3z + ag)yi — z1(2? + y}) — v123 (39)
i = a'yr + 2(az — ag)miys — yi(2] +y7)
and the one into the plane P, is
T = ary + agri — 3 — 1173 + (a9 + ay) s (40)

To = byxa + (by + b3)z129 + b4$§ + b5$%$2 + bﬁx§

In both planes the system has a form which is well-known to produce saddle-sink connections
between equilibria & and &, if certain conditions are fulfilled, see e.g. [1]. A sufficient
condition for existence of a heteroclinic connection & — & in P is

as 4 ay >0, az —ay > 0, az — ag + ((as — as)* + )2 < /2. (41)

The expression for a condition of the existence of a connection & — & in P, is too bulky,
and therefore is not presented.

We choose the values of the coefficients so that the conditions for existence of heteroclinic
connections in P; and P, are satisfied, with & being a saddle in P, and a sink in P, and vice
versa for &. We also choose the coefficients such that the stability condition 3¢; > e; (see
theorem 2) is satisfied.

Finally we adjust coefficients so that the unstable, double eigenvalue e, at &, verifies is small.
The simulations are performed with the following values of coefficients:

a=0.3, o =02, a3 =0.3, ay = —0.05, a5 = —0.25, ag = 0.6,
a7 = ag — —1, g = 01, a190 = 0157 (42)
b1 - 02, bg - —01, bg - —009, b4 - —01, b5 - —1, b@ - —1,

which implies that the eigenvalues are —c; = —0.2041, e; = 0.2834, —cy = —0.4834, e; =
0.0041.
On figure 2 we show projection of the periodic orbit and of the group orbit of heteroclinic
connections, comprising the cycle, on a plane in R* and time series of x; and ;. The
periodic orbit follows two heteroclinic connections & — & in P;, and only one & — & in
P;, see remark 3.

In Section 6 we shall explore numerically the dynamics near the pseudo-simple hetero-
clinic cycle with a more involved symmetry subgroup of SO(4).
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Figure 2: Projection of the periodic orbits (solid line) and of the heteroclinic connec-
tions & — & (dashed lines) into the plane < vi,ve >, where vi = (4,2,4,1.5) and

vy = (2,4,—1.5,4), (a). The steady state & is denoted by a hollow circle and & by filled
one. Temporal behaviour of z; and yy, (b).
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5 Stability of pseudo-simple heteroclinic cycles when
['CcO(4), but ' Z SO(4)

Here we show that presence of a reflection in the group I' can completely change the asymp-
totic dynamics of the system (1) near a pseudo-simple heteroclinic cycle. As in the previous
section we hold on an example, which is built as an extension of the group I' generated by
transformations (9). Let’s introduce the reflection

o (21,22) — (21, 22) (43)

and define I' = T'U ¢I". This group admits the same one-dimensional and two-dimensional
fixed point subspaces as I', therefore it also admits (similar) pseudo-simple heteroclinic cycles.
However, it also has two types of three-dimensional fixed point subspaces:

(1) V= {(:L‘byla'r?a())} = FZJI(O’),

(ii) W = {(21,0,22,92) } = Fiz(ok).

Note that (i) V' = P, @& P, (the invariant planes introduces in Section 4.1) and (ii) V' has
two symmetric copies V' = pV and V" = p?V, while W is a singleton. It follows from point
(i) that if it exists, the heteroclinic cycle lies entirely in V.

5.1 A theorem

Theorem 3 Consider the I'-equivariant system

x = f(x), where f(yx) = ~vf(x) for all y € T (44)

and f is a smooth map. Suppose that the system possesses equilibria & and & and a pseudo-
simple heteroclinic cycle, introduced in proposition 1, where the heteroclinic connection & —
& belongs to the half-plane of Py satisfying o > 0. We assume that 02 f,,/0x3 > 0, where
fz, denotes the xo-component of f. Let —c; and e; be the stable and unstable eigenvalues of
df (&;), respectively, such that —c, and es have multiplicity 2.

Then, for sufficiently small expanding eigenvalue es the cycle is f.a.s. (see definition 4).

We begin with a proof of a lemma about properties of trajectories in a generic Ds-
equivariant second order dynamical system (11), where we assume that o > 0 and g > 0.
Recall, that in polar coordinates the system takes the form (12), the system is considered in
the sector 0 < 0 < x/3, by 7(rg, ) we have denoted the time it takes the trajectory of the
system (12) starting at (ro, fp) to reach » =1 and by 9J(r¢, 6y) the value of 6 at r = 1.

Lemma 5 If0 < 6y < w/6 then U(ro,6y) satisfies

(45)

6 3
sin 39 (rg, Oy) < (TOBCOS?} 0 —i—a) sin 30,.

B cos3by + «
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Proof: From (12),
d
E(rﬁ sin? 36) = 6ar°sin” 30,

which implies that
rO(t) sin? 30(t) = e%"r§ sin” 30,.

Setting ¢t = 7(ro, ) we obtain that
sin 30(7) = €377 sin 36,. (46)

As well, (12) implies that # < 0 and that for 6; < 6, we have 7(r,6;) > 7(r,0). Hence, the
trajectory (r(t),0(t)) starting at r(0) = o and 6(0) = 6, satisfies

#(r(t),0(t)) > 7(r(t),00) = ar + Bcos36yr? for all t > 0.
Therefore, by the same arguments as we employed in the proof of lemma 3(i,ii)

) < rof3 cos 30y + «
ro(Bcos 36y + a)

ecw(m,l?g

(47)
Combining (46) and (47) we obtain statement of the lemma. QED

Proof of the Theorem: We aim at finding conditions such that the first return map
g = Uidihads : H™ — HS™ is a contraction and hence converges to 0 as the number
of iterates tends to infinity. (Note, that here we consider the map Hz(m) — Hg(m), while in
theorems 1 and 2 it was H\"” — H“" ) The local and global maps are defined the same
way, as it was in the proofs of theorems 1 and 2. Because of the reflection o, the constants
©, By and By in (6) and (26) vanish, hence global maps take the form

(p2,02) = Y1(p1,01) = (Ap1,601), (w1, q1) = VY2(va, 2) = (B11v2, B22ga). (48)

Recall, that (pi,6;) and (ps,02) denote polar coordinates in Hfom) and Hém), respectively,

such that vy = py cosby, ¢ = p1sinfy, we = pycos by and qu = posinfy. The map ¢ is given
by (4). The map ¢, is

(v2,q2) = P2(p2,0s) = (Uo,ze_cﬁ(m’@)?tan ¥(p2, 62)).

The composition g = 11 ¢119¢, therefore is

ci/e1
g(pe,bs) = (AUOJ (31100,26_627(”’920 , arcsin(Bays tan 19(,02,92)) ) (49)

The condition 92 f,,/0x3 > 0 implies that the restriction of the system (44) into the
unstable manifold of &, and which is of the form (11), satisfies § > 0. The condition o > 0
is evidently satisfied because of the instability of &, hence we can apply lemmas 3 and 5 to
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estimate 7(pz, #2) and ¥(py, 6>). Denote by let g, and gy the first and second components of
g in (49). From lemmas 3(i,ii) and 5 we can write the estimates

>C102/e162

golp2,0) < C (2522

3 (50)
go(72,02) < arcsin <322 tan (1/3 arcsin {(%) . sin(390)}>)

where C' = Avo’l(BHvo,g)cl/ el 'We show that g, and gg are contractions under the conditions
stated in the theorem.
The function g,(ps,62) is a smooth function of py for all p, > 0. Its derivative is positive
and has the expression

h
o) = po 2B te)
gp(p2) (pQB + 62)h+1p2 )

where we have denoted i = £12. The condition A > 1 implies that lirré g,(p) = 0. Therefore,
p—

there exists 7 > 0 such that g;(pQ) < 1 and g, is a contraction when p, < 7.

To prove that gy is a contraction let us assume that 6, is chosen small enough to allow for the
approximation tan 36y & sin 30y ~ 360, (this is not necessary but simplifies the calculations).
Then

P23 cos 30y + 62)3
0.

0,) < B
g@( 2)_ 22( /8C08362+62

If we chose e; and py small enough (3 is a fixed positive constant), then the factor in front
of 5 is smaller than 1. Therefore, if p, converges to 0 by iterations of g, the same is true for
t». Combining the conditions for g, and go we get the result. QED

Remark that the convergence to 0 of 05 is slow compared to that of p,.

Remark 4 Suppose that, similarly to theorem 2, we consider a f—equivam’ant system which
depends on a parameter u, possesses a heteroclinic cycle for 0 < p < pg and e; = 0 for
1= 0. Then by theorem 3 there exists p; > 0 such that the heteroclinic cycle is f.a.s. for
0 < p < py. Moreover, the condition 0*f,,/0x3 > 0 (which is equivalent to 8 > 0) is always
satisfied in such a system, by the reasons given in the proof of theorem 2. Note however, that
closeness to the bifurcation point, and even smallness of es, are not necessary for fragmentary
asymptotic stability of the cycle.

5.2 A numerical illustration of Theorem 3

The equivariant structure of [-equivariant vector fields is easily deduced from that of T
equivariant vector fields.

Lemma 6 Any I'-equivariant vector field has the form (34) (see Lemma 4) with the following
additional conditions on the coefficients: Apninonsng = Aningnans M4 Brinonang = Broninan, -
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In this subsection we consider the same system (34) as we considered in subsection 4.3.
Because of the presence of the symmetry o (see lemma 6), coefficients of this system satisfy
ag = a1g and by = b3. As in subsection 4.3, we denote o = a; + a9, &' = a; — as and assume
az + ag + a5 = 0 and a; = ag = —1. Therefore, the system is

21 =a121 + a2z + ang + a42% + a52121 + GgzeZ2 — Z%gl — 212929 + ag(Z% + 23)

. - _ _ _ 51
Z9 = bi2g + ba(2120 + Z122) + baZs + bsz02121 + be252s, (51)

The conditions for the existence of the heteroclinic cycle in the invariant space V' are
similar to those given in Section 4.3. It is however interesting to analyze the dynamics in
the invariant space W. Consider the restriction of system (51) into the subspace W:

1 = az1 + a3(23 + y3) — 21 — (23 + 3) + 2a9(23 — 323)
Ty = b1y + 2bow129 4 ba(23 — Y3) + bswax] + bewa (23 + 3) (52)
U2 = biya + 2bax1y2 — 2bs2Ys + bsyax? + bey2(23 + v3).

In the limit by = 0 any plane containing the axis L is flow-invariant by (52). In fact, any
such plane is a copy of P, by some rotation around L. Therefore, whenever a saddle-sink
connection exists in P,, it generates a two-dimensional manifold of saddle-sink connections
in W (an "ellipsoid” of connections). Small [-equivariant perturbations of the system, in
particular switching on by # 0, do not destroy this manifold. If in addition the conditions
(41) are satisfied, then a continuum of robust heteroclinic cycles connecting & and & exists
for the I'-equivariant vector field.

We take the same values of the coefficients as in (42), except that ag = aj;p = 0.1 and
by = bg = —0.6 so that the system is f‘—equivariant.

Note, that when the symmetry o is absent, the heteroclinic cycle is completely unstable
but a nearby asymptotically stable periodic orbit is observed exists, in accordance with the
results of previous sections. When the symmetry o is present, the trajectory starting from
some point in a neighborhood of & asymptotically converges to the heteroclinic cycle (or to
its symmetric copy) as t — 0.

6 Another example with a group I' C SO(4)

The groups which have been considered in sections 4 and 5 had the advantage of allow-
ing for an elementary algebraic description, which gives an opportunity to study in detail
the structure on invariant subspaces and related dynamics. In this section we aim at pro-
viding an example of an admissible group with pseudo-simple heteroclinic cycles, with a
non-elementary group structure. In principle, all such groups can be listed as we did for
admissible groups with simple heteroclinic cycles in [13].

We then build an equivariant system for this group and study numerically its asymptotic
behavior near the pseudo-simple heteroclinic cycle. We begin with a description of the
bi-quaternionic presentation of finite subgroups of SO(4) together with some geometrical
properties of these actions, which we employ to identify invariant subspaces.
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Figure 3: Projection of a trajectory of the system (51) converging to a heteroclinic cycle (solid
line) and of heteroclinic connections (dotted, dashed and dashed-dotted lines, different types
of lines label different group orbits of heteroclinic connections) into the plane < vy, vy >,
where vi = (4, —2,4,1.5) and vy = (2,4, —1.5,4), (a). Projection of this trajectory into the
planes (z1,y1) (b) and (z1,z2) (c).
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6.1 Subgroups of SO(4): presentation and notation

Here we briefly introduce the bi-quaternionic presentation and notation for finite subgroups of
SO(4), which has been used in [13] to determine all admissible groups for simple heteroclinic
cycles in R*. See [3] for more details.

A real quaternion is a set of four real numbers, q = (q¢1,¢2,¢3,q4). Multiplication of
quaternions is defined by the relation

qQw = (w1 — GWa — @3W3 — QuW4, 1 W2 + QW1 + g3W4 — G4W3, (53)
QW3 — QW4 + G3W1 — QaW2, G1W4 + QW3 — ¢3W2 + sy ).

d = (1, —¢2, —qs, —qa) is the conjugate of q, and qq = ¢; + ¢3 + ¢35 + ¢f = |q|* is the square
of the norm of q. Hence q is also the inverse q! of a unit quaternion q. We denote by Q
the multiplicative group of unit quaternions; obviously, its unity element is (1,0, 0,0).

Due to existence of a 2-to-1 homomorphism of Q onto SO(3) (see [3]), finite subgroups
of Q are named after respective subgroups of SO(3). They are:

Z = @"3(cos2rm/n,0,0,sin2rm/n), D, = Zy, ® D>",(0,cosrm/n,sinrm/n,0)
= ((£1,0,0,0)) , T=V& (£5,+3, x5, £3)

O = To \/H(*1,£1,00), I=Ta(Er+1,+",0)

(54)
where 7 = (\/5 + 1)/2. Double parenthesis denote all possible permutations of quantities
within the parenthesis and for I only even permutations of (£7, 1, £771,0) are elements of
the group.

By regarding the four numbers (g1, ¢2, 3, 1) as Euclidean coordinates of a point in R?,
any pair of unit quaternions (1,r) can be related to the transformation q — lgqr™', which is an
element of the group SO(4). The respective mapping ® : Q x Q@ — SO(4) is a homomorphism
onto, whose kernel consists of two elements, (1,1) and (=1, —1). Therefore, a finite subgroup
of SO(4) is a subgroup of a product of two finite subgroups of Q. There is however an
additional subtlety. Let I’ be a finite subgroup of SO(4) and G = & }(T) = {(l;,r;), 1 <
j < J}. Denote by L and R the finite subgroups of Q generated by 1; and r;, 1 < j < J,
respectively. To any element 1 € L there are several corresponding elements r;, such that
(Lr;) € Q, and similarly for any r € R. This establishes a correspondence between L and
R. The subgroups of L and R corresponding to the unit elements in R and L are denoted
by Li and R, respectively, and the group G by (L |Lg; R|Rg).

Lemma 7 (see proof in [12]) Let Ny and Ny be two planes in R* and p;, j = 1,2, be the
elements of SO(4) which act on N; as identity, and on NjL as —I, and @~ 'p; = (1;,r;), where
® is the homomorphism defined above. Denote by (1113); and (rirs); the first components of
the respective quaternion products. The planes Ny and Ny intersect if and only if (1113); =
(rirg); = cosa and « is the angle between the planes.
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Lemma 8 Consider g € SO(4), ®'g = ((cos o, sin av); (cos 3, sin fw)).
Then dim Fix < g >= 2 if and only if cosa = cos 3.

Lemma 9 Consider g,s € SO(4), where ®~'g = ((cos , sin av); (cos o, sin aw)) and
&5 = ((0,v); (0, w)).
Then Fix < g >=Fix < s >.

6.2 The group I' = (D3| Zy; 0| V)

The group (D3 |Zs; @ |V) was proposed in [13] as an example of a subgroup of O(4) ad-
mitting pseudo-simple heteroclinic cycles. It is the (unique) four dimensional irreducible
representation of the group GL(2,3) (2 x 2 invertible matrices over the field Z3). This group
is generated by the elements oy (order 8) and oy (order 2) below:

(0 2 (20
1=\ 92 92 )27\ o1

In quaternionic form its elements are:

((1,0,0,0) ;5 V),

)
((cos(m/3),0,0,sin(r/3)) (1,1,1,1)/2 V),
((cos(27/3),0,0,sin(27/3)) ; (—1,1,1,1)/2 V),
((0,1,0,0) ; (1,1,0,0)/v2 V),
((0, cos(/3),sin(r/3),0) ; (1,0,0,1)/v2 V),

((0, cos(2m/3),sin(27/3),0) ; (1,0,1,0)/v2 V).

Lemmas 8 and 9 imply that the group has two isotropy types of subgroups X satisfying

dim Fix > = 2. They are generated either by an order three element,

6(8, T) = ((COS(W/?’)v 07 07 sin(7r/3)); (17 (_1)Sv <_1)T7 (_1)s+r)/2)’

where 7, s = 0, 1, (the proof that dim Fix < ¢ >= 2 follows from lemma 8) or by an order
two element, a plane reflection

K'<q’ n, t) = (_1)q((07 COS(?”L?T/3), sin(mr/?;), O);pn((O? 0, (_1>t7 1)/\/5) )’
where n = 0,1,2, ¢,t = 0,1 and p is the permutation p(a,b,c,d) = (a,c,d,b). The isotropy
planes can be labelled as follows:
Pi(s,7) = Fix ¥ (s,7), where ¥y (s,7) =< €(s,r) >,
Py(q,n,t) = FixXa(q,n,t), where Xo(q,n,t) =< k(q,n,t) >

I

Each of these plane contains exactly one copy of each of two types of (not conjugate) sym-
metry axes, the isotropy groups of which are isomorphic to D3. They are:

Li(s,r) is the intersection of Pi(s,r), P2(0,0,s+ 1), Py(s+ 1,1,7) and Ps(r,2,r + 1),
Lo(s,r)  is the intersection of Py(s,r), Py(1,0,s+ 1), Pa(s,1,7) and Pao(r + 1,2, + 1).
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(Intersections of P; and P, or of two P»’s follows from lemma 7.) Since N(X;)/3; = Dy, the
axes Lq(s,7) and Lo(s,r) intersect orthogonally.

Now, if
(i) there exist two steady states & € L; and & € Lo;

(ii) & is a saddle and &, is a sink in P, moreover a saddle-sink heteroclinic orbit k; exists
between &; and & in P

(iii) & is a sink and & is a saddle in P,, moreover a saddle-sink heteroclinic orbit ks exists
between &; and & in P,

then there exists a pseudo-simple robust heteroclinic cycle & — & — &. If in addition the
unstable manifold of & in P, is included in the stable manifold of &: (W*(&)NPy) C W*(&y),
then the system possesses a heteroclinic network comprised of two distinct (i.e. not related by
any symmetry) connections & — &; and one connection & — &. With minor modifications
of Lemma 5 in [13], it can be proven that the conditions (i)-(iii) above are satisfied for
an open set of I'-equivariant vector fields. In the following subsection we build an explicit
system with these properties.

6.3 Equivariant structure

Here we derive a third order normal form commuting with the action of the group I' =
(D3 | Zo; ©| V) introduced in subsection 6.2. For convenience, we write the quaternion q =
(g1, 92, g3, q4) as a pair of complex numbers,

u = (u, uz), where u; = ¢y +ige and uy = g3 + igy. (55)
The operation of multiplication (53) takes the form
hu = (h1u1 — hgag, h1U,2 + hgﬁl) (56)

and u = (uy, —ug) is the conjugate of u. For quaternions presented as (55) and points in
R* = C? as z = (21, 22), the action (l;r) : z — lzr~! of (some) elements of T" is

(Lr) |z — lzrt

(217 22) ( 7ri/4 37ri/422)
(21,29) — (e 37“/42 e 3/
(21,22) = —(e 37”/42 e 3T/
(21 ZQ) ( _ﬂ—i/421 + e_ﬂ—i/422 - i\/§(e_”i/421 + e_ﬂi/422
—e™/4z) 4 e/ +1V/3(e™/ 4z, + ™15,

/V2)
r(1,0,1) = ((0, 1,0,0), (0 0, 1, )/\/5)
£(0,0,1) = ((0,1,0,0); (0,0, -1,1)/v/2)

€(0,0) = ((1,0,0, \/’)/27 (1, 1, 1,1)/2)

(57)

24



Using the computer algebra program GAP, we derive from (57) that the cubic equivariant
terms are of the form

zZ2

z _ _ z
( .1 ) = b(lel + 2’222) ( Zl ) + C@l + d@g + 6@3
2
where b, ¢, d, e are real and the maps ©; are cubic expressions of 2, Z1, 22, Zs:

~2 P22 o S )
0. — \/52122 — 32121 + 1212220 — 5212
1 — _ i _ P 3 =2 —
—V3273 — 323% + 1212120 — 3212
o 23 — 3222, + 2iV/3%, 22
2 — _ . _9 _
—23 4+ 32172 + 213237,
o —3V3222 — /32122 + 123 + 3iz2 2,
3 = _ _9 _ . . _
33222y — \/3237, — iz} — 3iz 72

In another arrangement of the cubic monomials, the equations read:

2 = (u+b(2121 + 29%0)) 21 + A2lZ) + icz120% + Bzs + CZ22y + Dz, 23 (58)
Z"Q = (/L + b(lel + 2222))22 -+ AZ%EQ + 1621212’2 — BZi3 — 021222 + DE%EQ
where

A=—-3V3e - ig, B=d+ie, C = —3d+V3c+3ie, D=3(—e+i(2d — \/750)). (59)

We set 1 =1 in order to make the origin unstable.
From (57) we obtain that the invariant planes are:

P5(1,0,1) = Fix (((0,1,0,0); (0,0,1,-1)/v2)) = ("™ *w, w)
P5(0,0,1) = Fix (((0,1,0,0); (0,0, =1,1)/v2)) = (=" *w, w)
Py(0,0) = Fix (((1,0,0,v/3)/2: (1,1,1,1)/2)) = (V26w — /3, w)
and the invariant axes are given by

sy —1+ V2

L1(0,0) = Py(0,0) N Py(0,0,1) = (=™ /4r1e™ r1e™), where e 7

e7r1/4’

and

. 1 2%
Ly(0,0) = P1(0,0) N P3(1,0,1) = (*™/*rye, rpe2), where 2 = t/\g/_le”‘“.

The system (58) restricted onto the axes L; is

2 4
=11 (p 1720+ 2v2¢ — ﬂd — —=e)),

V3 V3
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and onto Loy

Ty = o + 72(20 — 2v/2¢ + 8\/\/__ j— e)).

Therefore, the conditions for existence of the steady states & € Ly and & € Ly are

8\/_ 4 8\/_ 4
\/_ \/_e<0and26 2\/_c+\/_ \/_

respectively. Whenever the steady states exist, the eigenvalues of df(¢;) in the radial direc-
tions are —2u.
By considering the restriction of the system into the subspace Fix (—((0, 1,0, 0); (0,0, 1, —1)/v/2))
we obtain that the eigenvalues of df (&;) and df (&2), associated with two-dimensional eigenspaces,
are

2b + 2v/2c — (60)

2v/212 2v/2r3
At — —‘/3_” (—9¢ + 10v/3d — 2v/6e) and APt = %(9(; —10v/3d — 2v/6¢).  (61)

By considering the restriction of the system into the subspace fixed by ((1,0,0,v/3)/2; (1,1,1,1)/2)
we derive the expressions for the remaining eigenvalues:

32 8V2 32 8v2
NV v v

Necessary conditions for the existence of heteroclinic cycle & — & — & discussed in sub-
section 6.2 are that

A — 2 and  \E = r2(— (62)

NE >0, NP <0, AM <0 and A >0, (63)

6.4 The numerical simulations

The general third order I'-equivariant system is given by (58)-(59). From (60)-(63), the nec-
essary conditions for existence of the heteroclinic cycle expressed in terms of the coefficients
b, ¢, d and e are:

—d < 2V2e <d, c> émax((lO\/gd +2V/6e), (10v/3d — 2V/6e)),

b< émm«mc — 4v/6d + 2v/3¢), (=3¢ + 4v/6d + 2v/3¢)).
We set

1 1
d=1, e= —\/_(d hy), ¢ §(10\/§d+ 2v/6€) + hy, b= §(3\/50— A4V6d + 24/3e) — 1,

where — 1< hy <1 and hy is positive.
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In section 4 we have proved that in a [-equivariant system, for the considered group I' = D3,
an asymptotically stable periodic orbit bifurcates from a pseudo-simple heteroclinic cycle
when the double expanding eigenvalue vanishes. It can be easily shown that the expressions
for local and global maps near a heteroclinic cycle in a (D3 |Zg; O] V)-equivariant system
are identical to the ones given in the proof of theorem 2, with v € (D3| Z2;OQ|V) in (27).
Therefore, the proof holds true for I' = (D3 | Zo; @ | V) that we consider here. The expanding
double eigenvalue is A" = 2v/2hy7?/3, hence we consider small values of hs.

The computations were done for several values of hy, 0.5 < h; < 1. For small enough ho
the attractor is a periodic orbit near the group orbit of heteroclinic connections x; and ks,

X = (Uyerysn) U(UVGFW@Z)-

Three instances of these orbits are shown in figures 4 and 5. Note, that by varying h; we
get periodic orbits with different v’s in (27) (see remark 3).

With the increase of hs the behaviour ceases to be time-periodic, however the chaotic
trajectory stays close to the heteroclinic cycle. The maximal distance of the points of the
trajectory from the heteroclinic cycle increases with hy (see figures 6 and 7).
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Figure 4: Projection of the periodic orbits (solid line) and of the heteroclinic connections
(dashed and dotted lines) into the plane < vy,vy >, where vi = (1,2,1,1.8) and vy =
(2,—1,1.8,—1), for hy = 0.001 and hy = 0.7 (a), hy = 0.8 (b) and h; = 0.92 (c). Steady
states & are denoted by hollow circles and & by filled ones.
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7 Conclusion

Heteroclinic cycles in R* have been extensively studied in the last three decades, however only
recently [13] existence of pseudo-simple heteroclinic cycles has been noticed. The present
paper is the first one where properties of these cycles are investigated. Our main result is
that pseudo-simple heteroclinic cycles in R* are completely unstable under generic conditions
when the symmetry group I' of the system is contained in SO(4). We further analyzed
the asymptotic behavior near a pseudo-simple cycle with a specific group I' such that the
heteroclinic cycle connects precisely two different equilibria. We proved that: (i) when the
unstable double eigenvalue at one equilibrium is close to 0, a nearby stable periodic orbit can
exist under generic conditions, (ii) when I is extended to a group I which is not a subgroup
of SO(4), then the pseudo-simple heteroclinic cycles are fragmentarily asymptotically stable.
These properties have been illustrated numerically. Finally, in the last part of this study
we have considered a more complex subgroup of SO(4), for which the proof of existence of
periodic orbits near the heteroclinic cycles is still valid but which possess a richer structure.
Numerical simulations have shown that periodic orbits can follow different connections along
the group of heteroclinic cycle and that non-periodic attractors in the vicinity of the cycle
can also exist.

We expect that the results of Section 4 can be generalized to other subgroups I' € SO(4),
at least when the unstable two-dimensional manifolds are invariant by the action of D3. We
also intend to look at the case when the two-dimensional unstable manifolds are invariant
under the action of D with & > 3, the considered example being readily modified to I' = Dy.
Arguments of theorem 3 are likely to hold true for other subgroups of O(4), which are not in
SO(4), admitting pseudo-simple heteroclinic cycles. In light of our numerical observations
in Section 6, we think it will be of interest to investigate further the transition to complex
dynamics near a pseudo-simple cycle with symmetry group in SO(4), for groups studied in
this paper, of for different ones.

The definition of pseudo-simple heteroclinic cycles can be generalized to R with n > 4 by
requiring the unstable eigenvalue at one of the equilibria to have dimension of the associated
eigenspace to be larger than one. Evidently, such cycles are not asymptotically stable. The
question whether they can be f.a.s. for I' C SO(n) is yet another open problem.

References

[1] P. Chossat. The bifurcation of heteroclinic cycles in systems of hydrodynamical type,
Journal on Continuous, Discrete and Impulsive System, 8a, 4, 575-590 (2001).

[2] P. Chossat and R. Lauterbach. Methods in Equivariant Bifurcations and Dynamical
Systems. World Scientific Publishing Company, 2000.

[3] P. Du Val. Homographies, Quaternions and Rotations. OUP: Oxford, 1964.

29



0 (b) ; 20000

0
1.

wo o | L L LT L
1 l l l l

we o — — — —|

=1.

10000 (C> ! 20000

Figure 5: Temporal behaviour of z; and z3 for hy = 0.001 and hy = 0.7 (a), h; = 0.8 (b) and

hy =0.92 (c). 20



Figure 6: Projection of the chaotic trajectories (solid line) and of the heteroclinic connections
(dashed and dotted lines) into the plane < vi,vy >, where vi = (1,2,1,1.8) and vy =
(2,—1,1.8,—1), for hy = 0.92 and hy = 0.0015 (a), hy = 0.002 (b) and hy = 0.0028 (c).
Steady states & are denoted by hollow circles and &, by filled ones.

31



Re(z)

Im(z;)

Re(z2)

| | |
e e e

Im(z5)

Re(z)

Im(z)

Re(z2)

Im(z9)

Re(zl)

Im(zl)

Re(z2)

Im(Zg)

50000 (C> ! 80000

| | |
e e e =

Figure 7: Temporal behaviour of z; and z3 for hy = 0.92 and hy = 0.0015 (a), hy = 0.002

(b) and he = 0.0028 (c). 2



[4]

[10]
[11]

[12]

[13]

[14]

[15]

G. Faye, P. Chossat. Bifurcation diagrams and heteroclinic networks of octagonal H-
planforms, J. of Nonlinear Science, 22, 1, 277-326 (2012).

M. Field. Lectures on Bifurcations, Dynamics, and Symmetry. Pitman Research Notes
in Math. Series 356, Longman,1996

M. Koenig. Linearization of vector fields on the orbit space of the action of a compact
Lie group. Proc. Camb. Phil. Soc. 121, 401-424 (1997).

M. Krupa. Robust heteroclinic cycles. J. Nonlinear Science, 7, 129 — 176 (1997).
km95a,km04,0p12,0p13

M. Krupa and I. Melbourne. Asymptotic stability of heteroclinic cycles in systems with
symmetry. Ergodic Theory Dyn. Syst. 15, 121 — 148 (1995).

M. Krupa and I. Melbourne. Asymptotic stability of heteroclinic cycles in systems with
symmetry. II. Proc. Roy. Soc. Edinburgh 134A, 1177 — 1197 (2004).

S. Lang. Algebra, third edition. Addison-Wesley, 1993.

O.M. Podvigina. Stability and bifurcations of heteroclinic cycles of type Z. Nonlinearity
25, 1887 — 1917, arXiv:1108.4204 [nlin.CD] (2012).

O.M. Podvigina. Classification and stability of simple homoclinic cycles in R®. Nonlin-
earity 26, 1501 — 1528, arXiv:1207.6609 [nlin.CD] (2013).

O.M. Podvigina and P. Chossat. Simple heteroclinic cycles in R*. Nonlinearity 28, 901-
926, arXiv:1310:0298 [nlin.CD] (2015).

O.M. Podvigina and P. Ashwin. On local attraction properties and a stability index for
heteroclinic connections. Nonlinearity 24, 887 — 929, arXiv:1008.3063 [nlin.CD] (2011).

G. W. Schwarz. Lifting smooth homotopies of orbit spaces. Publ. Math. I.H.E.S. 51, 37
— 135 (1980).

33



