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Abstract
In this paper we deal with the long time existence for the Cauchy problem associated to BBM-type Boussinesq
systems of equations which are asymptotic models for long wave, small amplitude gravity surface water waves.
As opposed to previous papers devoted to the long time existence issue, we consider initial data with nontrivial
behaviour at infinity which may be used to model bore propagation.
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1 Introduction

1.1 The abcd Boussinesq systems

The following systems of PDEs were introduced in [4] as asymptotic models for studying long wave, small amplitude
gravity surface water waves:

{ (I —ebA)Om +divV + aediv AV +ediv (nV) =0, (1.1)

(I —edA) OV +Vn+ceVAnp+eV - VV =0.

In system (1.1), € is a small parameter while for all (¢,z) € [0, 00) x R™:

n=n(tz) eR,
V=V (tz) e R
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The variable 7 is an approximation of the deviation of the free surface of the water from the rest state while V'
is an approximation of the fluid velocity. The above family of systems is derived from the classical mathematical
formulation of the water waves problem. In many applications the water waves problem raises a significant number
of difficulties from both a theoretical and a numerical point of view. This is the reason why approximate models
have been established, each of them dealing with some particular physical regimes.

The abed systems of equations deal with the so called Boussinesq regime which is explained now. Consider a
layer of incompressible, irrotational, perfect fluid flowing through a canal with flat bottom represented by the plane:

{(z,y,2) : z=—h},

where i > 0 and assume that the free surface resulting from an initial perturbation of the steady state can
be described as being the graph of a function 1 over the flat bottom. Also, consider the following quantities:
A = maxg y ¢ |n| the maximum amplitude encountered in the wave motion and [/ the smallest wavelength for which
the flow has significant energy. Then, the Boussinesq regime is characterized by the following parameters:

2
a—%,ﬂ—(%) s=2 (12)

which are supposed to obey the following relations:
akl, f<land S~1.

Supposing for simplicity that S = 1 and choosing ¢ = o = 3, the systems (1.1) are derived back in [4] by a formal
series expansion and by neglecting the second and higher order terms. Actually, the zeros on the right hand side of
(1.1) can be viewed as the O (¢?) terms neglected in establishing (1.1). The parameters a, b, ¢, d are also restricted
by the following relation:

1
atbtetd=z. (1.3)

Asymptotic models taking into account general topographies of the bottom were also derived, see [10]. In this
situation, one has to furthermore distinguish between two different regimes: small respectively strong topography
variations. In [9] time variating bottoms are considered. A systematic study of asymptotic models for the water
waves problem along with their rigorous justification can be found for instance in [12]. Let us also point out that
the only values of n for which (1.1) is physically relevant are n = 1, 2.

The study of the local well-posedness of the abcd systems is the subject under investigation in several papers
beginning with [4] where, besides deriving the family of systems (1.1), it is shown that the linearized equation near
the null solution of (1.1) is well posed in two generic cases, namely:

a<0,¢<0,b>0,d>0 (1.4)
ora=c>0and b>0, d>0. (1.5)

In [5], the sequel of [4], attention is given to the well-posedness of the nonlinear systems and of some other higher
order (formally, more accurate) Boussinesq systems. Other papers that are dealing with the well-posedness of the
abed systems, for some cases that are not treated in [5], are [2], [6], [11].

The rigorous justification of the fact that systems (1.1) do approximate the water waves problem has been
carried on in [7] (see also [12]). In this paper, the authors prove that the error estimate between the solution of
(1.1) and the water waves system at time ¢ is of order O (szt). It is for this reason that on time scales larger than
0] (5’2) the solutions of (1.1) stop being relevant approximations of the original problem.

The above error estimate result, leads to consider the so-called long time existence! problem which we will
explain now. First of all, global existence theory of solutions of (1.1) is for the moment not at reach. Indeed, the
only global results known are available in dimension 1 for the case:

a=b=c=0,d>0,
which was studied by Amick in [1] and Schonbek in [17] and in the more general case

b=d>0,a<0, c<O,

labbreviated l.t.e. in the following
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which is somehow not satisfactory because one has to assume some smallness condition on the initial data, see
[5]. Second of all, as we mentioned above, systems (1.1) are reliable from a practical point of view only on time
scales smaller than O (5‘2) and, as it turns out, on time intervals of order O (5‘1) the error estimate remains of
small order i.e. O (). We also mention that on time scales of order O (5’1/2), systems (1.1) behave like the linear
wave equation thus, existence results where the solution lives on such time scales are not susceptible of having any
predicting features. Also, at time scales of order O (5_1) the dispersive and nonlinear effects will have an order one
contribution to the wave’s evolution.

All the above considerations have led people to consider the l.t.e. problem which consists in constructing
solutions of (1.1) for which the maximal time of existence is of formal order O (5’1). Except for the one-dimensional
previously mentioned cases, the first long time existence result was obtained in [15] for the case

a,c<0, b,d>0
and for the so called BBM-BBM case corresponding to
a=c=0, b,d>0. (1.6)

The proof adopted in this paper relies on the Nash—Moser theorem and involves a loss of derivatives as well as a
relatively high level of regularity. The l.t.e. problem received another satisfactory answer in [16], see also [14], where
the case (1.4) was treated and long time existence for the Cauchy problem was systematically proved, provided that
the initial data lies in some Sobolev spaces. In [8], we used a different method, from the one applied in [16] and
[14], which is based on an energy method applied for spectrally localized equations, in order to obtain l.t.e. results
for most of the parameters verifying (1.4). In particular we managed to lower the regularity assumptions needed
in order to develop the l.t.e theory. When considering small variations of the bottom topography the methods
presented in [14], [16] and [8] adapt without to much extra effort. Regarding the strongly variating bottoms, l.t.e.
results can be found in [13].

The difficulty in obtaining such results comes from the lack of symmetry of (1.1) owing to the endivV term
from the first equation of the abcd-system . Because of the dispersive operators —ebAQd; + a div A, —edAd; + cVA,
classical symmetrizing techniques for hyperbolic systems of PDE’s are very hard to apply.

The starting point of the present work is the paper [6] where results pertaining to bore propagation are established
for the BBM-BBM case, (1.6). The l.t.e. problem has been studied for initial data belonging to Sobolev function
spaces H® with the index of regularity satisfying (at least):

n
s> -+ 1.
2
This corresponds to initial perturbation of the rest state that are essentially localized in the space variables. Indeed,
when s is chosen as above, H® is embedded in Cy the class of continuous bounded functions which vanish at infinity.
Because bore-type data manifest non trivial behavior at infinity, one must of course change the functional setting
of the initial data. It is exactly this issue that we address in the following: the l.t.e. problem for initial data which
can be used to successfully model bore-propagation. As far as we know, these are the first 1.t.e. results for data
that are outside the Sobolev functional setting. More precisely, the methods that we employ here will allow us to
construct solutions of some abed systems which live on time intervals of order O (5’1) where, for the 1-dimensional
case, we might consider general disturbances modeled by continuous functions® n3” such that:
lim 57 (z) = 9+

m o™ (@) = e
In the two dimensional setting, the situation in view is that of a 2-dimensional perturbation of the essentially
1-dimensional situation, more precisely we consider:

{ P (z,y) = ng” () + ¢ (,y),
VOQD (Ia y) = (u(lJD (I) + Y1 (Ia y) y P2 (xvy))

where we ask

lim |¢(z,y)|=0and lim |¢;(x,y)]=0fori=1,2.

[(z,y)|—o0 [(z,y)]—

2with some extra regularity on its derivative
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Let us point out that in some sense, the change of the functional setting in order to study bore propagation
corresponds in solving a Neumann problem. Indeed, solving (1.1) with an initial data in Cy amounts in solving
a Dirichlet-type problem whereas solving it with initial data which is bounded with its gradient belonging to Cy
amounts to solving a Neumann-type problem.

1.2 The main results

In the present paper we will focus our attention on the so called BBM-type Boussinesq systems of equations:

{ (I —ebA) 8y7j + div V + e div (7V) = 0, (1.7)

(I —edA)3V +Vij+eV-VV =0,

where the parameters b, d obey:
b,d > 0.

We address the long time existence problem for the general (1.7) system with initial data that can be used to model
bore-type waves. Before stating our results, let us fix the functional framework where we are going to construct our
solutions.

We fix two functions y and ¢ satisfying:

VEER™, X(§)+ Y @(279¢) =1,

Jj=0

(see Proposition 4.1 from the Appendix) and let us denote by h respectively h their Fourier inverses. For all v € &,
the nonhomogeneous dyadic blocks are defined as follows:

Aju=0 if j< -2
A_qu=x(D)u=hx*u, (1.8)
Aju=¢ (277D)u=21 [ h(2%)u(z—y)dy if j>0.

Let us define now the nonhomogeneous Besov spaces.
Definition 1.1. Let s € R, (p,7) € [1,00]. The Besov space By, . (R") is the set of tempered distributions u € &’

such that:

< 00.
e (z)

lullsg, = || (27 185ull5.), s

In all that follows, unless otherwise mentioned, the j-subscript for a tempered distribution is reserved for denoting
the frequency localized distribution i.e.:

Uj n&t. Aju. (19)
Remark 1.1. Taking advantage of the Fourier-Plancherel theorem and using (4.9) one sees that the classical Sobolev
spaces H*® coincide with B3 ,.

Remark 1.2. Let us suppose that s € RT\N. The space B3, coincides with the Holder space Clls=181 of bounded
functions u € L™ whose derivatives of order |a| < [s] are bounded and satisfy

0% (x) — 8%u (y)] < Clz —y|" ™ for [¢ —y| < 1.

For all s € R, we define?:
sp=s+sgn(b),
{ sa = s + sgn(c). (1.10)
Let us denote by
Xpar (R") = B3, (R") x (Bg, (R"))" .

3Here, we use the convention sgn (z) = % for x # 0 and sgn (0) = 0.
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For any € > 0, we consider the norm:

10V, = [ @0 0.V)), ], ) here
2 2
U7 (77,V)=/<|77j|2+5b > loeml*+ X |V +ed X oV )
k=1,n k=1,n k,l=1,n

]Rn
The space
By p (R") = {(0,V) € L (R") x (L (R"))" : (94, V) € X; 7} ¥k € T}

endowed with the norm

2
161 Vg, = 101Vl + | D2 1O, 06V s

keT,n

is a Banach space. An important aspect is that the space Ep g (R) admits functions that manifest nontrivial
behavior at infinity, see Remark 1.3. Our first result, pertaining to the 1-dimensional case is formulated in the
following theorem.

Theorem 1.1. Let us consider s € R, r € [1,00) such that s > % or s = % and r = 1. Let us consider

(n0,uo) € Ej 4, (R). Then, there exist two real numbers €9, C both depending on s,b,d, and on ||(no, uo)|| g=n and

,a, b,d,r
a numerical constant C' such that the following holds true. For any e < g, System (1.7) supplemented with the
initial data (no,uo), admits an unique solution (7°,a°) € C ([O, g} 7Elf,d,r)' Moreover, the following estimate holds

true:

sup (|7 (1), (DDl gee + sup 07 ()] < C (0, u0)l e -
tef0,<] " te[0,<] @

Remark 1.3. Let us give an example of function that fits into our framework but is not covered by previous works
dedicated to the long time existence problem. A reasonable initial data for modeling bores would be:

et — e
Mo () = tanh (x) := prp—
which is smooth and manifests nontrivial behavior at +o0, i.e.
xlirrgo 1o () =1 and IEIPOO no () = —1.

One can verify that tanh € ﬂElf’gll , but does not belong to any Sobolev space H?®.
s>0

Let us consider o > %, s > 1 with the convention that whenever there is equality in one of the previous relations
then r = 1. We denote by M} the space of (1,V) € C (R?) x (C (Rz))z such that there exists (n'P,V1P) €
E7 ;. (R) and (n*P,V?P) € X3, (R?) for which

{ n(z,y) =n'P (x) +n*P (,9), (1.11)
Vi, y) = (VP () + V2P (2,y) , VZP (2,9)) '

for all (z,y) € R%. Let us introduce i : B4 (R)—=C (R?*) x (C (R2))2 such that for all (z,y) € R? we have:
i((n,w)) (2,y) = (n(z), (u(2),0)).

Of course, because of the fact 4 (El()T,d,r (R)) NX5ar (R?) = {0}, the functions appearing in the decomposition (1.11)

are unique. For all € > 0, let us consider on Mli ir’ the norm
100 V)laggze = 1012 V2 ey + 102 V22 s -

It is easy to see that (ng'jr, ||HMI;‘d5) is a Banach space. We can now formulate the result pertaining to the

2-dimensional case:
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Theorem 1.2. Let us consider s,0c € R, r € [1,00) such that

s>2o0rs=2andr =1 (1.12)
and 3 .
0>s—|—§ (mdo—§€R\N. (1.13)

Let us consider (1o, uo) € Ef . (R) and (¢,¢) € X, (R?). Then, there exist two real numbers g9, C' both
Byl T (¢, 1/))||Xs @) and a numerical constant C such that the following

depending on s,b,d, and on ||(no,uo)|
holds true. For any e < gq, system (1.7) supplemented wzth the initial data

{770 _770()+¢(I5y)7

0 - uo(x)ao)_'—w(xay)v

admits an unique solutzon 77 V‘E 6 C ( b i T) Moreover, the following estimate holds true:
sup (] (1) V* (1) ||Mms,s) + s (10 @)l~) < C (100 w0) gz + 16,6 e )
tef0,€] bdr tef0,€]

The results presented in Theorems 1.1, 1.2 are a by-product of a general result that we obtain later in the paper
(see Theorem 2.1 ). The method of proof consists of conveniently spliting the initial data into two parts and of
performing energy estimates on a slightly more general system than (1.7). The estimates are a refined version of
those obtained in [8] and they allow us to handle the fact that the bore type functions do not belong to L?.

1.3 Notations

Let us introduce some notations. For any vector field U : R™ — R™ we denote by VU : R" — M, (R) and by the

n X n matrices defined by: ‘
(VU);; = 0:U7,

In the same manner we define V2U : R” — R” x R” x R" as:
2 2 17k

We will suppose that all vectors appearing are column vectors and thus the (classical) product between a matrix
field A and a vector field U will be the vector?:

(AU)" = AU,
We will often write the contraction operation between V2U and a vector field V' by
(VU V), =05Utvh
If U,V :R" — R" are two vector fields and A, B : R™ — M,,(R) two matrix fields we denote:
UV =U'V', A: B = Aj;Bj,
<MWN:/WWJA&H:/&ﬁ“
U2 = (U, Uz [AllLe = (4, 4) s

HV%W;:i/VU:VU:i/ﬁ%UﬂQ

Also, the tensorial product of two vector fields U,V is defined as the matrix field U ® V : R® — M,,(R) given by:

UeV),=UV.

4From now on we will use the Einstein summation convention over repeted indices.
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2 Some intermediate results
The method of proof of the main results naturally leads us to study the following system:

(I —ebA) o+ divV 4+ ediv(nWy + hV 4 V) = ef,
(I —edA)OV +Vn+e(Wo+ V) - VV +eV - VW3 =¢g (S (D))
M=o = Mo, Vit=0 = Vo

where ¢, 5 € [0,1] and D = (no, Vo, f, g, h, W1, Wa, W3). The above system captures a very general form of weakly
dispersive quasilinear systems. Let us consider s € R such that

n n
s>§+1ors:§+1andr:1. (2.1)

Let us fix the following notations:

U2(0) = 1000, V; )22 + < | (VBVns (), vavy; )|
CORY [CReAD P BRAORS (AN e OB [HORTON o
Wa(t) = Ih @)l + IR Oy, + 10Ol + Ty (I0V: )] + VWi @), ) -

(2.2)

In order to ease the reading we will rather skip denoting the time dependency in the computations that follow. We
are now in the position of stating the following;:

Theorem 2.1. Let us consider b,d > 0, two real numbers with b+ d > 0, (p1,7) € [2,00] X[1,00), p2 such that

111
;o p 2
and $,Sp,84 > 0 as defined in (2. 1) and (1.10). Let us also consider (f,g) € C([0,T], B3, x (BSJ)H), h €
C ([0,T],L>) with Vh € C([0,T],Bs ), &:h € L>*([0,T],L>) and for i = 1,3 consider the vector fields W; €
C ([0, T, (L>)") with VW; € C ([0, T7], (B phr)n). Then, for all (no, Vo) € B3', x (B;fr)n, writing
D =(no, Vo, f, g, h, W1, Wa, W3), there exists a T € (0,T] such that Sc (D) admits an unique solution (n,V) €
C (0,7, B3, x (Bs)"™) with (9, 8;V) € C ([O,T],B;;”%g“” x (B;;l”sgnd)n). Moreover if T* € R* is such
that

T*
/ U (7)dr < oo, (2.3)
0
then the solution (n,V') can be continued after T*.

Of course, in what the existence and uniqueness of solutions of S. (D) is concerned, the results presented in
Theorem 2.1 are not optimal. However, the aspect that we wish to emphasize in this paper is the possibility of
solving the above system on what we named long time scales and with regards to this matter the extra regularity
is necessary in order to develop the forthcoming theory. The next result is the main ingredient in proving the L.t.e.
results announced in Theorem 1.1 and Theorem 1.2.

Theorem 2.2. Let us fir (no,Vo) € Xi,4,. For e € (0,1] we consider (f,9°) € C([0,7°], Bs, x (B;m)n),
he € C([0,T¢], L>) with Vhe € C ([0,T7], By, ), 0:h* € L ([0,T¢], L) and for i = 1,3 we consider the vector

fields W¢g € C ([0, T¢], (L>)") with VW§ € C ([0, T¢], (B3 ) ). Assume that

p1,7"

sup sup W:(7)<oo, sup sup F: (1)< oo,
e€[0,1] 7€[0,T¢] e€[0,1] T7€[0,T¢]

where

3
W (8) = 11 () pee + 19 (), + 1005 @)l e+ (1OVF @)l + VW (D), )

i=1
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and

Fg () = [1(f<(1), 9° (1))

We denote by D= (no, Vo, f¢, 9%, h¢, W5, W5, W5).Then, there exist two real numbers g, C both depending on

5,1,0,d,||(n0, Vo)l x5t , sup sup WE(r), sup sup F:(r) and a numerical constant C = C (n) such that
bdir 2gl0,1] T€[0,T7] e€[0,1] T€[0,T]

the following holds true. For any e < eo, the mazimal time of existence T:,,. of the unique solution (n°, V<) of

system S; (D°) satisfies the following lower bound:

s -
B3 .

ef. C
Te. > T¢ " min {TE, ?} . (2.4)
Moreover, we have that:
sup [|(n° (8),VE ()llxse + sup (1077 ()]l e < C (1) [ (00, Vo)l e - (2.5)
te[o,Ts] hhT o te(0Ty] ner

Of course, when the data D¢ does not depend on ¢ we obtain the following:

Corollary 3. Let us fir (no, Vo) € Xj 4, and s and p1 as above. Also, consider (f,g) € C ([O,T],Bir X (BiT)n),
h € C([0,T),L>) with Vh € C([0,T],Bs, ), Oh € L>®([0,T],L>) and for i = 1,3 consider the vector fields

p1,7"
W; € C([0,T],(L>)") with VW; € C ([O,T], (B;M)n). We denote by D = (no, Vo, f, g, h, W1, Wa, W3).Then, there
exist two real numbers g9, C' both depending on s,n,b,d,||(no, %)ng‘; , sup Wi (1), sup Fs(7) and a numerical
A rel0,T) r€[0,T]

constant C = C (n) such that the following holds true. For any e < €o, the mazimal time of existence TC,,. of the
unique solution (n°, V<) of the system S. (D) satisfies the following lower bound:

Te. > T " min {TE, Q} . (2.6)
€
Moreover, we have that:
sup 167 (8),VEllxoe + sup [0 Ol o < C () [0, Vo)l e - (2.7)
tel0,T¢] T tel0,T¢] T

Remark 2.1. The choice of s according to relation (2.1) ensures that we have the following embedding: B3, — LP?
and B3, < L°°. In particular, we also have
U(t) <n Us (1),

a fact that will be systematically used in all that follows.

Remark 2.2. The explosion criterion (2.3) implies that the life span of the solution does not depend on its possible

extra regularity above the critical level Bf 1+ '

The plan of the proof of Theorem 2.1 is the following. First, we derive a priori estimates using a spectral
localization of the system (S. (D)). Then, we use the so called Friedrichs method in order to construct a sequence of
functions that solves a family of ODE’s which approximate system (S (D)). Finally, using a compactness method
we show that we can construct a solution of the system (S. (D)). Theorem 2.2 is obtained using a bootstrap
argument.

2.1 Proof of Theorem 2.1
2.1.1 A priori estimates

Firs of all we will derive a priori estimates. Thus, let us consider (n,V) € C ([0,T], By, X (B;dr)n) a solution of
(8- (D)). As announced, we proceed by localizing the system (S: (D)) in the frequency space such that we obtain:

{ (I —€bA)0snj + div V4 eVn; (W1 + BV) +e (h+ Bn)divV; = ef; + eRyj, (2.8)

(I —edA) 0V +Vn; +e(Wa + BV) - VV) = eg; + cRyj,
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where

{ Rij = B[V, A;] Vi + [Wi, Aj] Vi + B0, Aj]divV + [h, Ayl divV — A; (VRV) = A; (ndiv W), (2.9)
Ry = [(Wa+ BV) - V. 5,1V — &, (V- VIV), |

We multiply the first equation of (2.8) with n; and the second one with 1 + ae (h + 8n) V;, we add the results
and by integrating over R™ we obtain that:

7
[/77]2+5b|V77j|2 + (1 +ae (h+ pn) (V7 +edVV; :VVJ-)] =31

i=1

| =

1
2

U

:
where:
7=~ [(essmymaivy;— [ (1+as 0o+ 60) Vv,

7= < [ Vn; Wi+ 5V)
T3 = —e (Wa+ V) - VV;, (1 +ae (h+ Bn) V)2,
—g/fjnj+s/(1+oes(h+ﬁ77))9jvja
E/lenj+a/(1+as(h+ﬁn))R2jVja

1 1
Ts = 0 (Vs (Och + BOm) Vi) 12 — §ad52 (VVj, (8ch + B0en) VVj) 2,
Ty = —ade® (9, VV;,V (h+ Bn) @ V) 2.

S
|

Ts

Here, we use « as a parameter in order to obtain the desired estimates from a single "strike". Indeed only the
values « € {0,1} will be of interest to us and, as we will see, & = 0 will give us the estimate necessary to develop
the existence theory while o = 1 will lead to an estimate that is the key point in finding the lower bound on the

time of existence.
Let us estimate the T;’s. Regarding the first term, we write that:

7= (et snymaivy; - [ (1+as e+ o) Vi

—ac [ (Vh+ 89n) Vs~ (1= ) [ (5n+ by div;
< asC (IVhl . + B 190l ) Il 2 1Vi o

+ CMUJ? (W,+BU)

max(v/b, vd)

2 (l1-—a)ve

Let us bound the second term:
€ . .
T =< [ (Wat 8V) Viny < 5 [ (laiv Wil + B div Vi)

< ZU? (W+BU). (2.11)

N ™

Using the Einstein summation convention over repeated indices, the term Tj is treated as follows:
T3 = —e (W2 + BV) - VVj, (1 +az (Bn+h) Vj) 2

_ . / (14 ac(Bn + b)) (BV™ + W) 0, VFVE
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- % /am (14 ae(Bn + h)) (BV™ + W3) VEVE
g
2
%Uf (IWall oo + BVl oo + e [[(Bn, 8Yn, b, V)| oo [[(BV, YV, Wa, VIW2)]| )

/ div (1 + ae(8n + b)) (BV + Wa)) |V

IN

€
< U7 (ws + AU +ae (WS+[3U)2) . (2.12)
Next, we bound the term T} :

T4zs/fjnj—l—a/(l—i-aa(h—i—ﬁn))gﬂ/}

<ellfillpz Inillpe + €@+ ag bl + aBe |0l L) 95l 2 Vil 2
< eC277%¢; () U;Fy (1 + ae (W, + BU)) . (2.13)

Treating the fifth term is done in the following lines. First we write that:
Ts = E/lenj + E/(l +ae (h+ Bn)) Ry, V;
< EOUj (1 + ae (Ws + ﬂU)) (HRUHLQ =+ ||R2jHL2) . (214)

Next, let us estimate the remainder terms R;; and Ry;. In order to do so, we apply Proposition 4.6 and Proposition
4.1 from the Appendix in order to get:

1Ryl < 27752 (8) {5 IVVI Lo IVl gy + BVl e VV ] g0 +
VWAl e V0 g2 + IVl oz VW51 +
BVl e HVVHB;;I +BIVVIlz V] B3t +
VR oo 1YV gg=1 + IV V] s (V]| gt +

IVl e 19V gt + Vs [Vl +
v WAl 9] g+ ] s i W31, ) (2.15)
and consequently: _
[Ryjll . < C277°¢ (t) (WU + Us W + BU)).
Proceeding as above, we get a similar bound for Ry;. Thus, we get that:
Ts < eC277°¢ (1) U; (1 + ae Ws + BU)) (WU + Uy (W + BU)) (2.16)

When o = 0, Ts = Tr = 0 and we are in the position of obtaining the first estimate. Combining (2.10), (2.11),
(2.12), (2.13) and (2.16) we get that:

d —Js
EUf < VECU? W + BU) +eC277°U; (Fy + WU + U (W + BU)) . (2.17)

Time integration of (2.17) reveals the following:
¢
Us () £ U; 0) + VEC | Uy (r) 0. (7) + BU () dr+
0

VeC /O 27976 (1) (Fs (1) + W (1) U (1) + U (1) (Ws (1) + BU (7)) dr.

10
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Multiplying the last inequality with 27¢ and performing an ¢" (Z)-summation we end up with:
t t
Us (t) < Us (0) + \/EC'/ F, (r)dr + \/EC'/ W (1)U (1) dr
0 0
t
+ VEC / U, () W, (7) + BU (7)) dr.
0

t t

< U (0) + \/EC'/ Fs(T)dr + \/EC'/ Us (1) Ws (1) + BU (1)) dr. (2.18)

0 0
Obviously, relation (2.18) and Gronwall’s lemma imply the explosion criteria.
Let us now bound the term T§:
1 1
Ts = —50e (Vy, (9ih+ BOm) Vi) 12 — §a€2d (VV;, (0h + BOm) VV) 2
< acU3 (10 oo + B10in]l o) -
Using the first equation of (S. (D)) we write:
On=e( —ebA) " f—(I—ebA) " div(V +e (Wi +hV + nV))

and using again relation (2.1) combined with the fact that (I —ebA)™" has at most norm 1 when regarded as an
L? to L? operator, we obtain that:

10| e < Hg (I —bA) ™" f — (I — ebA) " div (V + e (gWy + AV + BW))‘

B2,
<e Hf“Bgm + ”V”BS,T +el|nWi +hV + ﬂﬁVHB;W
<< fllpy, +IVlisy + Bl VIR, +<lmV)]
+e ”(777 V)”Lpz ”(th VW1)HB;1”1T

< C(Us + eFs +eUs (W5 + BUS)). (2.19)

B, [ (R, W) oo

Thus, putting togeter the last estimates, we find that:
Ts < acU? (WS + BU, +eBF, +e (W, + ﬂUS)Q) . (2.20)
Finally, let us estimate the last term:
Tr = —ade? (0,VV;, V (B + 1) @ Vi) o < ade® [0 VVill 2 [Vill 2 (BI1VAl oo + [V o) -
Using the second equation of (S; (D)) we write that:
OVV; =e (I —edD) "V (g) — (I —eA) " V2n; —e (I —eA) " VA; [(Wy 4 BV) - VV]
—e(I—eA)""VA; (V- VW)

and because (ed)? (I —edA)™" V and ed (I — edA) ™" V2 have O (1)-norms when regarded as operators from L? to
L?, we can write that

ed 09V 12 < C 3V lgsllya + sl o+ 22VANA; [(Wa + BV) - WV 1+ EVE A (V- IWR)] 1)
< C'max {1, \/a_d} (Uj + 2*jsc§ (EFS +e(Ws + BUS)2)) )
Thus, we get that:
Ty < aeU2 (W + BU) + asC279%c4 (1) U, (EFS (W + BU) + Uy (W + BUS)Q) : (2.21)

Let us consider a = 1. Putting together estimates (2.10)-(2.16) we get that:

d
= [/ 2 +eb |V + (14 ¢ (n+ h)) (V2 +£dVV - vvj)] < eCU? (sﬁFS F W, + BUS + & (W + BUS)2)

+eC27%¢; () Uj (Fs (1 + & (W5 + BUy)) + Us (Ws + BU,) (1 4+ (Ws + BUY))) . (2.22)

11
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2.1.2 Existence and uniqueness of solutions

We are now in the position to prove the existence and uniqueness of solutions for system (S. (D)). We will use the
so called Friedrichs method. For all m € N, let us consider E,, the low frequency cut-off operator defined by:

Epf=F" (XB(o,m)f) :

We define the space
L2 = {f cL?: Suppr B(O,m)}

which, endowed with the ||-|| .-norm is a Banach space. Let us observe that due to Bernstein’s lemma, all Sobolev
norms are equivalent on L2,. For all m € N, we consider the following differential equation on L2 :

atn:Fm(nuv)u
OV = Gy (0, V), (2.23)
Nt=0 = ]E’mTIOv ‘/\tZO = ]Em‘/Oa
where (F,, Gy) : L2, x (L2))" — L2, x (L2,)" are defined by:
Fo (0,V) = —E,, ((1 — ebA) " [div V + ediv (W + RV + BnV) — af]) , (2.24)
G (0, V) = —En, ((1 —edA) T [Vt e (Wo+ B) - VV + £V - VW5 — Eg]) : (2.25)

It transpires that due to the equivalence of the Sobolev norm, (F,,G,,) is continuous and locally Lipschitz on
L2 x (Lfn)n Thus, the classical Picard theorem ensures that there exists a nonnegative time T},, > 0 and a unique

solution (™, V™) : C* ([0, T;,), L2, x (L2,)"). Let us denote by
1
2 2
L2> ’

Thanks to the property E2, = E,,, we get that the estimate obtained in (2.18) still holds true for (p™, V™), namely:

00 = (I @, A @01 + ¢ | (VIv a7 () Vav A v o)
v 1) = || v )

7Um (t) = H(T/mvvnmv vavvm)”LmﬁLPz .

JEL||gr (7)

U™ () < U™ (0) + v/2C /O F, (7) dr + vZC /0 U™ (7) (U™ (7) + Ws (7)) dr

t
0

<Us(0)+ \/EC/ (Fs (T) + W2 (1)) dr + \/EC/O (0 (7'))2 dr.
We consider .
T' = sup {T >0: \/EC'/ (Es (1) + W? (7)) dr < U, (O)}
0

and

T =sup{T >0:U, (1) <3Us(0)}.
Gronwall’s lemma ensures the existence of a constant C' = C (s, b, d) such that:

) c .
T >ming ————, 1" b =T
- { VUL (0) }
and thus, the sequence (7™, V™) e C ([0, T], B3, x (B§2T)n) is uniformly bounded i.e.
(™, V™)l < 3Us (0). (2.26)
From the relation

o™ = —E,, ((I —bA) T [div V™ 4+ e div (Wi 4+ V™ 4 By V™) — sf])

12
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and from (2.26) we get that the sequence (9yn™),, cy is uniformly bounded in B;;l on [0,T]. Next, considering for
all p € N a smooth function ¢, such that:

Supp ¢, C B(0,p+1),
¢p =1 o0n B(0,p)

it follows that for each p € N, the sequence (¢,n™),, cn is uniformly equicontinuous on [O,T] and that for all

€ [O, T], the set {¢,n™ (t) : m € N} is relatively compact in B, 1. Thus, the Ascoli-Arzela Theorem combined
with Proposition 4.5 and with Cantor’s diagonal process prov1des us a subsequence of (™), . and a tempered
distribution n € C ([0, T, S”) such that for all ¢ € D (R™):

¢n™ — ¢ in C (0,71, B3..") .

Moreover, owing to the Fatou property for Besov spaces, see Proposition 4.3, we get that n € L™ ([O, T], B;jr) and
thus, using interpolation we get that:
¢n™ — ¢ in C ([0,T], B3,") (2.27)
for any v > 0. Of course, using the same argument we can construct a V &€ L™ ([O, T} , (B§2T)n) such that for any
¥ € (D(R™)™:
eV = v inc (0,71, (B3 )" (2.28)
for any v > 0. Also, by the Fatou property in Besov spaces we get that (n,V) € L* ([0, 7] , B3!, X (B;dr)n) We
claim that the properties enlisted above allow us to pass to the limit when m — oo in the equation verified by n™

and V™. Let us show on two examples, how this process is carried out in practice. Let ¢ € D (R™) and let us write
that:

‘ [odiv(om = mwi)

- /( W1V¢‘ ‘/ ) (S,W7) v¢‘ ‘/ ) ((Id — S,) W1) Vo

IA
—
<)

3

- 77) (SqWI) Vo| +C H(Id - Sq) Wh ”BZT,IT H(??’” - 77) V(ZS”B;S:}

IA
—
<)

3

- 77) (SqWI) Vol +C H(Id - Sq) VWIHB;I’T ||(77m - 77) V¢HB£, -

< /(nm—n) (SgW1) Vol + C||(Id = Sg) VWil g, ("™ o2 + 1Ml 12 ) VOl 2

< |[ (= n) (SW2) V| + CUL ) |1 = ) TWall s, [Vl (229)

The fact that the first term of (2.29) tends to zero as m — oo is a consequence of (2.27). The second term tends
to zero as ¢ — oo owing to the fact that VW, € B, . Let us also show how to deal with the nonlinear terms. We
write that

‘/aﬁdiv (v —nV)‘ - ‘/(nmvm —av) w‘ < ‘/nm (v —v) w‘ + ‘/(n’” ) vw‘

< CIV"V6 = VO0l s I lay s + | G =) V99

By, T ‘/ (™ —mn) VW‘

Byt ’/ (™ —mn) VW‘ : (2.30)

< C|V"Vé - VY

gt I

< CU(0) |[V™Ve¢ —VVg|

The first term of (2.30) tends to zero as m — oo, owing to relation (2.28). In order to show that the second term
of (2.30) tends to zero as m — oo one proceeds exactly like we did in (2.29).
Recovering the time regularity of (1, V) is again classical. One can show for example that for all j € Z we have

Sine ¢([0,7],Bs,)

13
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and by using energy estimates:
i = Syl a3y = 0

As for the uniqueness of solutions let us consider (n', V1), (n?,V?) two solutions of (S. (D)). The system verified
by
(0n,0V) = (n* = 0>,V =V?)
is the following:
(I — ebA) 8,6m + div 6V + e div (&Wvl + iusv) —0,
(I —edA) 8,6V + Vén+ Wy - V6V + 0V - VW5 = 0 (2.31)
Nt=0 = Oa ‘/|t:0 = Oa
with B ~
h:h+ﬁn27 W1:W1+BV17
Wy = Wo +BV1, Ws =Ws +[‘3V2.
Let us multiply the firs equation of (2.31) with d7 and the second one with 6V such that by repeated integration
by parts, one obtains:

Ysury <o (5 Hdiv VNI/lHLm te Hdiv WZHLM) U2 (1) (2.32)

Vel 197,

! {\/57 \/E} SU (t)

+C (e HVV%HL +
with
U2 (2) 2 [ @n, 6V + | (675m, dToV) .
As 60U (0) = 0, uniqueness follows by Gronwall’s Lemma and thus the proof of Theorem 2.1 is achieved.

2.2 The lower bound on the time of existence

In this section we prove Theorem 2.2. Let us consider (1o, Vo) € X} ;, and let us denote by

t.
R§ "= 1100, Vo)llx; = -

Then, according to Theorem 2.1, for all € > 0, there exists an unique maximal solution of S, (D¢) which we denote
by (n° (t),Ve(t)) € Xj 4, We introduce the following notations:

U2(et) = | (0, V7 ). +< || (VBvns (), vavvy )|

_ (2.33)
10 (6),VE @Dl = Us 6,8) = || (27U (,) 1oy

£ (2)

Let us consider

T; = sup {T €[0,7¢]: sup ||[(n° (¥),V® (t))HX;‘j,T < (1 + eﬁ) Rg} ,

te[0,T]
and
€0 = min {01, €02, €03, €04} ,
where . )
€01 = T - - E y €02 = 1 ) ; ()’
4C1(l+e\/7)R0+4 sup sup [|hf(7)]l oo 2(1+e\/7)R0+2 sup sup  WE(T)
€€[0.1] refo, 7€) €clo.1] refo, 7€)
(1+e\ﬁ)R8+ sup sup Wf(T)
o €€l0,1] refo, 7€) o 1
€03 = 2 sup sup FZ(7) » €04 = 2(1+e\ﬁ)R})+2 sup  sup WE(r)’
€€[0,1] refo,T¢] €€(0.1] r¢[o,7¢]

14
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where (7 is the constant appearing in the embedding BQ%) 1 = L>1ie

£l < Callfl 3

Let us put
- RY 1 1
C = mi 2 - . 2.34
P 360 sup sup FE(1)"16C (14 eV/T) R}’ 16C sup  sup W3 (7) (2:34)
£€(0,1] T€[0,T¢] £€(0,1] r€[0,T2]
where C' is the universal constant appearing in (2.22). We claim that for all € < ¢
T > min{g,T‘E} .
€
Let us suppose that this is not the case. Then there exists an € > 0 such that
C
T; < min{g,Ta} . (2.35)
We begin by writing that
1 7
1 <l4e(@® (t,z)+h° (L)) < 7
for all (¢,2) € [0,T¢] x R™, owing to the fact that
9 S €01- (236)
Thus, denoting by
2 2
N7 (e,t) := /Rn (15)" (&) +eb|Vn5 ()] + (L +e(n° (t) + h° (¢ (]VE] )+ edVVy (t) : VV; (t))
we see that for all ¢ € [0,T¢] we get that:
1
SUi (e,) S Nj (e,t) < % U, (e,1). (2.37)
Recall that according to (2.22) we have that:
d
a]\]j2 (e,t) < eCU; (e, t) (sF;‘ (t) + WE (t) + U, (e,t) + e (WE (t) + Us (e, t))2) (2.38)
+€C27jsc§ ) Uj (e,t) Fs () {14+ W (t) + Us (e,1))} (2.39)
+EC2*jsc§ W) Uj (e,t) Us (e, t) W () + Us (e,8)) {1+ (W5 (1) + Us (e, 1)) } (2.40)
and using (2.37) we get that:
U (e.t) < V7T, (e +2gc/ ) (£ () + W (1) + U (2.7) + 2 ON% (1) + s (,7))°)

+2€02j5/0 ¢ (FS (1) (L+e W3 (1) + Us (6,7))) + Us (6,7) W5 (1) + Us (6,7)) (L + £ W5 (1) + Us (6, 7)))) -
(2.41)

Multiplying (2.41) with 2/ and performing an ¢" (Z)-summation we end up with

Us (e,t) < VTU; (g,0) + 2eC /Ot FE(r) (14 (WE (1) + U, (g,7))) dr

15
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+ 450/0 U, (e, 7) (EF; (1) + WE (1) + Uy (e, 7) + & (W2 (1) + Us (e, T))Q) dr

<VTR5+3¢CT¢ sup sup F°(r)
£€l0,1] T€[0,T¢]

+4eC /t U, (e, 7) (EF; (7) 4+ WE (1) + Us (6,7) + & W + Us (e, 7'))2) dr, (2.42)
0

owing to the fact that € has been chosen such that:

9 S £02- (243)
Using the definition of C' we get that
RY R§
T: < - —— < ) - 2.44
* " 3eeC sup sup Fi(r)  3eeC sup sup FE (1) (244)
£€l0,1] T€[0,T%] £€[0,1] 7€[0,T%]

and consequently, we get that:

£€[0,1] 7€[0,T%]

Us (g,t) < (6*1 + ﬁ) RS + 8sC ((1 + eﬁ) RS+ sup sup WS (7—)> /Ot Us (e,7)dr, (2.45)

where we have used that ¢ < eo3 respectively € < eo4. The estimate (2.45) along with Gronwall’s Lemma imply
that:

£€l0,1] 7€[0,T¢]

Us (e,t) < (e_l + \ﬁ) Rj exp (SECTf <(1 + exﬁ) RS+ sup  sup W< (T))) .

Owing to
1 1 1
T < — min , _
* e 16C (1 + eV/7) R} 160521[31)1%?31;5} W (7)
1
<

8eC <(1+e\ﬁ) R+ sup  sup Wf(f))

£€l0,1] T7€[0,7¢]
we obtain that
sup Us (e,t) < (1 + e\/?) R;
te[0,7°¢]

which in view of the time continuity of (1, V) is a contradiction. Thus, our initial suppositions is false. Thus, if

€ < gp we get that
- . e
T; > min T,; .

sup (7 (1), V= (1)l x5, < (L+ev7) B (2.46)
t€[0,T¢] sy

By the definition of T we have that

Observe that according to the uniform bounds of (2.46) and relation (2.19) we get that

sup [|0n° ()] e < 20" (1 + eﬁ) Rg,
te[0,7¢]

where C” is the constant appearing in relation (2.19). This ends the proof of Theorem 2.2.
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3 Proofs of the main results

3.1 The 1d case: proof of Theorem 1.1

In the following lines we prove the 1-dimensional result announced inTheorem 1.1. For the reader’s convenience,
let us write below the system:

I — €bd2,) 0yij + Oy + €0, () =

(I —edd2,) 0y + 0,1 + cudy i 0 (3.1)

Nt=0 = Mo, Ujt=0 = Uo-
The strategy of the proof is the following. First, we split the initial data into low-high frequency parts i.e. :

(10, u0) = (A—17m0, A—1u0) + ((I — A—1) 0o, ({ — A—1) uo)
Gl ) + (")

We solve the linear acoustic waves system with initial data (ni°*,uf™). Searching for a solution (7, @) of (3.1) in
the form (1 + nr,u + ur) we observe that in fact (n,u) verifies a system of type (S¢ (D)). In view of the uniform
bounds (with respect to time) of (1, ur) we obtain the existence of the pair (1, u) as a consequence of Corollary 3.
Finally, we prove the uniqueness property by performing classical L?-energy estimates with respect to the system

of equations governing the difference of two solutions with the same initial data.
Owing to Bernstein’s Lemma (4.1) we have:

(6 ug™) || e < Ca [l (0, 10) | e (3.2)

Moreover, it transpires that (nglgh, glgh) € Xj 4, and that

high  high
| (" o)

Let us consider (ng,ur) € C ([O, ), B 4, (R)) the unique solution of the linear acoustic waves system:

< C2 [[(0zmo, azuo)”x;g}f : (3.3)

5,6
b,d,r

O + Ogur, = 0,
Dyur, + amy, = 0, (3.4)

_ ylow low
NLjt=0 =Mo"~ » UL|t=0 = U

which is given explicitly by the following relation:

{217L(t,:1c) (g™ (z+t) +mi™ (@ — 1) + (uf™ (z+t) —ui™ (z — 1)), (3.5)
2ur, (t,x) = (M (x+ 1) — it (z — 1)) + (ulf™ (z 4+ 1) + uff™ (z — 1)) '

for all (¢,z) € RTxR. From (3.5) we conclude that:

lmz (8)ur, )] < 2C1 (100, u0) |
1@eie (£),sur (1) g < 2C1 (@0, Do)y _ (3.6)

for all o > 0. In particular, we also have

[(ne (), ur (t))“E;’;m < 2C1 || (no, UO)HE;’; (3.7)

for all t > 0. Let us consider:
fL = _nLamuL - uLa;ET/L bagxx
agrL = —uLﬁmuL — d@i’mm.

Owing to the fact that (7, %) is supported in a ball centered at the origin, we obtain that

12 (898 )., < Cs {0, wn)ll e W@emns Datun) g+ 1@enn, Ouur) e N(@oins Dtin)
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+b[[0eurl,, +d HaganHBs,T}

< Cy @0, 0ut0) 1 gy (10, o)l + 1(@aio, Buio)ll g _ ++) (3.8)

Owing to the uniform bounds of (7, ur, fr,gr) announced in (3.6) and in (3.8) we can apply Corollary 3 with
p1 = 2, po = oo in order to obtain the existence of two positive reals ¢, C' depending on s, b, d and the norm of the

initial data such that for any ¢ < g9 we may consider (n°,u®) € C ([O, <], le,d,r) the solution of

(I — sb(?%m) O + Ozu+ €0, (Nur + nru+ nu) =efr,
(I —dd,) dpu+ Dpn + € (u+ur) dpu +udyur, = egr, (3.9)

____high __high
Mt=0 =T = » Ult=0 = Yo

which satisfies

A high  high
sup (167 (6), 05 O)llzs . + 100 W)l ) < | (" o] .
te[O,%] o Xpld,r

< CCy ||(dzmo, Do)l s-1.e (3.10)
for some numerical constant C. Considering
n=n"+nL, u=u"+ur
we see that (7°,u°) € C ([0, 0), B} 4.r (R)) and for all ¢ € [0, £] we have that:

G (8) ()2 + 1008 (D)

U
< (0) " (D) gge + 100r” (D)e + 11010 (8) s () s+ 190, (1)

<204 (0, u0) [ g+ 10wtur, (D] o + CCs [(Beo, Buto) -1

<Cs ”(UO’UO)”E?,’S,T ;

where we used (3.6), (3.7) and (3.10).
Proving the uniqueness of the solution is done in the following lines. Let us suppose that (ﬁl, ﬂl), (772,@2) €

C ([O, T) ,E§7d)r> are two solutions of (3.1). Then, we observe that:

(I —€bd2,) 8,67 + 00U + €0, (u'dn + 7*6u) = 0,
(I —dd2,) 8,6t + 0,60 + ' 8,00 + edud, u* = 0, (3.11)
0Mje=o0 = 0, OtUjp—o = 0.

Writing the first equation of (3.11) in integral form we get that
t
67 (t) = / (I- gbaiz)*l (9200 + 670, u" + ' 0,00 + 7° 0,00 + 0ud,n°) dr
0
and because

00T + 070, " + ' 0,61 + 720,01 + 6ud,n* € L* (R)

we get that
67 € H**#®) (R),

Similarl
’ ou € H?*%e"4 (R).

Thus, multiplying the first equation of (3.11) with 47 and the second one with 6% and using Gronwall’s lemma will
lead us to the conclusion (67, @) = (0,0) on [0, T]. This ends the proof of Theorem 1.1.
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3.2 The 2d case: proof of Theorem 1.2

For the reader’s convenience, let us rewrite below the problem that we wish to solve:

(I —ebA) 047 + div V + e div (7V) = 0,
(I —edA)O,V +Vij+eV-VV =0,
M=o (x,y) =10 () + ¢ (,y),
Vie=o (2,y) = (uo () ,0) + 1 (z,y) -
According to Theorem 1.1, there exist 9, C'P > 0, depending on o,b,d and the norm of the initial data
(110, u0) such that for any e < 9 we may consider (n*'? u='P) e C ([0, CTID], Ef (R)) the unique solution of the

1-dimensional system (3.1) with initial data (g, ug) and

(3.12)

sup |[(n*'P (), ustP (f))HEg,;T + sup 0™ P (#)]| o < Ch (0, wo)ll gz (3.13)

clD »d,
te[0,9=] te[0,%—]

with C’l some numerical constant. Let us observe that if we consider

{ 05 (tz,y) =n'P (t,2),
‘/15 (t5 €, y) = (ulD (tvx) s 0) )

for all (¢,z,y) € [0, CTID] x R2, then:

(I — ebA) dynf + div VE + e div (S V) = 0,
(I —edA) O,V + V5 +eVE - VVE =0,

€

77%,5:0 (ZE, y) =T (I) ; V1|t:0 = (U‘O (:E) ) O)

_s
Observe that we have 9,7 (t) € Bg;l (R) < B% .2 (R). Let us observe that for all (z1,41),(z2,y2) € R? such
that

o1 —ws|* + gy — " < 1

the following holds true

V5 (8 21, 91) — Vs (2, y2)] = [0en™'P (8, 21) — Dun™' (8, 22)|
3

<C Hawa,w (f)HB"*%(R) |z — x2|(“—%)—[0—§] .
3

Using the fact that BZO_O%O (R?) = co—3.0-5-[0—3] (R?), see Remark 1.2 and relation (1.13), we get that Vn5 (¢) =
(8xn=1P (t),0) € Bs, . (R?) with

1955 O3, aoy < C 10077 ()] g - (3.14)
Similarly, we get:
IVVEllp, (re) < C ||amu511D||B§,;1(R) . (3.15)
It is also clear that:
H(T]i V1€)||L°°(]R2) = H (n€,1D7u€,lD) HLao(R) and ”atanLm(]R?) = Hatng)lDHLoo(R) ) (316)
and thus, using (3.14), (3.15), (3.16) respectively the uniform bounds of (3.13), we get that:
sup  sup (1005 1)V ()| gy + 1705 (8. VVE O)llpe_ay )+ 50 1905 ()]s
e€0,e0] tE[O,ClTD] ) telo, ClsD
< Call(mo, o)l et - (3.17)
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Let us consider the system:
(I—ebA)on+divV +edivinVE+nfV +1nV) =0,

(I —edA) O,V + Vi +e(VE+ V) -VV +£V - VVE =0,
Ni=0 = ¢, Vit=o = .

Using the uniform bounds of (17, Vy)... and owing to Theorem 2.2, there exist two real numbers c?P < o,

g1 < go depending on s,0,b,d and 0n7||(770,u0)||E§,; + [I(¢, %)l xz1  such that for any & < &1 we can uniquely

construct (na’zD, V€’2D) eC ([O, g], le’dﬂ) and, moreover,

{sup | | (n=2P (t), V2P (t))ngg < Cs (H(no,uo)HE;g T ||(¢71/))ng’§T) (3.18)
tefo,c22 i @ -

€

where C3 is numerical constant. Then, we see that defining

i (tx,y) =0t (6 x) + 0P (L2, y),
Vet z,y) = (us*lD (t,x) ,O) +VER2D (¢, y)

for all (¢,z,y) € [0, CzD] x R? is a solution of (1.7) which, by construction, belongs to Ml:j,r- Moreover, owing to

(3.13) and (3.18) there exists a constant Cy such that:

1 V) gz < Ca (Im0su0) e+ 11668z ) -

We proceed by proving the uniqueness property. Consider two solutions (7 + ¢, (u’ + ¥i,44)) € C ([O, T); My ’ds)r)

with the same initial data and we introduce the following notations:

on=mn"—n*du=u" —u?
0 = ¢! — ¢*, 09 = 1 — 2.

For any pair p € C ([0,7];S (R?)) we get that:
/ / (60 4 66¢) (I — ebA) d;p + / / (e(On+d¢) (u' + 1) + (L4 (n® + %)) (Su+ 0vh1)) Oup
0 R2 0 R2
+/ / (e (On+d¢) v + (142 (0 + ¢%)) 61p2) Dyp — / (60 (t) + 8¢ (1)) (I — ebA) p(t) = 0. (3.19)
0 JR2 R2

Taking for any m € N*
p" (t @, y) =

p(t,x)x (%)

1
m
with p € C ([0, T];S (R)) and x € S(R) we find that

t t
/ / 5 (1 — bd2,) 0, + / (eonu® + (1 + en?) 6u) 0,
0o JR o Jr
Proceeding similarly we get that for any p € C ([0,7];S (R))

t t t
/ / Su (I —eddZ,) Oup+ / / (6n + eu'du) Opp + / / du (dput — d,u?)
o Jr o Jr o Jr

- /]R Su (t) (I —edd2,) 1(t) = o(m) when m — co.
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We thus recover that the pair (dn,du) € C ([O, T); Ef 4., (R)) is a solution of

(I — €byz) 0;0m + Drbu + €0y (Snut + n?du) = 0,
(I — £dOyy) Op0u + Opn + euldydu + edudyu? = 0, (3.20)
57’]‘,5 0—0 6U‘t 0—0

According to Theorem 1.1 this implies that (67, du) = (0,0). It follows that

(I — ebA) 0,66 + div 69 + e div (6t + ¢201p) = 0,
(I —edA) 0o + Vip + et - Véh + e6vp - Vop? = 0, (3.21)
0¢|i=0 = 0, 04— =0,

which by Theorem 2.1 implies that (d¢, d¢) = (0,0). Thus we obtain that the two solutions coincide.

Remark 3.1. In the case when b > 0 and d > 0 a stronger result holds in the sense that one may prove stability
estimates in L (R?) x (L*® (Rz))Q. This is done by observing that for [ = 1,2 we have:

FL <1 +5l|€|2> c It (RQ)

4 Appendix: Littlewood-Paley theory

see for instance [6], page 606.

We present here a few results of Fourier analysis used through the text. The full proofs along with other comple-
mentary results can be found in [3]. In the following if  C R™ is a domain then D (€2) will denote the set of smooth
functions on Q with compact support and S will denote the Schwartz class of functions defined on R™. Also, we
consider 8’ the set of tempered distributions on R”.

4.1 The dyadic partition of unity

Let us begin by recalling the so called Bernstein lemma:

Lemma 4.1. Let C be a given annulus and B a ball of R™. Let us also consider any nonnegative integer k, a couple
p.q € [1,00)” with p < ¢ and any functions u,v € LP such that Supp(2) C AB and Supp(?) C AC. Then, there
exists a constant C' such that the following inequalities hold true:

[} n(i-1
sup 9%l < X ull, (4.1)
respectively
CTF N ol < sup 07050 < CEFAF ol (4:2)

loe|=
Next, let us introduce the dyadic partition of the space:

Proposition 4.1. Let C be the annulus {{ € R™ : 3/4 < |{] < 8/3}. There exist two radial functions x €
D(B(0,4/3)) and ¢ € D(C) valued in the interval [0,1] and such that:

VEER", x(&)+ Y (2778 =1, (4.3)
>0
Ve e R™\{0}, > p(277¢) =1, (4.4)
JEZL
2 < |j —j'| = Supp(p(277-)) N Supp(p(277 ")) = 0 (4.5)

j > 1= Supp(x) N Supp(p(277-)) =0
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the set C = B(0,2/3) + C is an annulus and we have

j—§|25=2Ccn2'C=0. (4.7)
Also the following inequalities hold true:
n 1 2 2(0—j
VEER", 5 <O+ ¢t <1, (48)
j=0
1 )

R" - < 2(277¢) < 1. 4.

Ve € \{0},2_;6%@( £ < (4.9)

From now on we fix two functions x and ¢ satisfying the assertions of Proposition 4.1 and let us denote by h
respectively h their Fourier inverses. The following lemma shows how to reconstruct a tempered distribution once
we know its nonhomogeneous dyadic blocks (see (1.8)).

Lemma 4.2. For any u € S’ we have:
u = ZAju in S’ (R").
JEZ
4.2 Properties of Besov spaces

The following propositions list important basic properties of Besov spaces that are used through the paper.
Proposition 4.2. A tempered distribution u € S’ belongs to B . if and only if there exists a sequence (cj)j such
that (2jscj)j € ("(Z) with norm 1 and a constant C' (u) > 0 such that for any j € Z we have

[Ajullp, < C (u)c;.
Proposition 4.3. Let s,5 € R and r,7 € [1,00].
e B, . is a Banach space which is continuously embedded in S’

e The inclusion B, C By ; is continuous whenever § < s or s = § and 7 > r.

We have the following continuous inclusion B; 1 CCoP(C L™).

(Fatou property) If (uy),y is a bounded sequence of Bj . which tends to u in S’ then u € B . and

HUHB;T < limninf H“nHBgm :

If » < oo then

lim lu— Sjull 5, =0.

Proposition 4.4. Let us consider m € R and a smooth function f: R™ — R such that for all multi-index «, there
exists a constant C,, such that:
VEE R [0°F ()] < Ca (14 g™

Then the operator f (D) is continuous from B, . to B, ™.

Proposition 4.5. Let 1 <r < o0, s € R and € > 0. For all ¢ € S, the map u — ¢u is compact from B3 ,. to B;;a.

The next result deals with product estimates in nonhomogeneous Besov spaces.

Theorem 4.1. A constant C exists such that the following holds true. Consider a real number s > 0 and any

(p,p1,p2,P3,Pa,T) € [1,00]6 such that
1 1 1 1 1
-—=— 4+ — = —+ —.
p  p1 P2 pP3 P4
For any (u,v) € LP? x (Lp4 N B;M) such that Vu € B;;} we have:

ol gy < Noll g 0lly, + IV eulggr 0] 0

All the above statements are given or immediate consequences of the results presented in [3], pages 107 — 108.

5Cy is the space of continuous bounded functions which decay at infinity.
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4.3 Commutator estimates

This section is devoted to establish commutator-type estimates both in homogeneous and in nonhomogeneous Besov
spaces. We begin by stating the following basic, yet very useful lemma:

Lemma 4.3. Let us consider  a C! function on R such that (1+ ||)@ € L'. Let us also consider p,q € [1, 0]

such that:
1 1 1
—=—-+-<1
r p q
Then, there exists a constant C such that for any Lipschitz function a with gradient in LP, any function b € L? and

any positive A:
1[0 (A"'D) ,a] b]| . < CAT"[[Val| L, 16]] 0 -

In particular, when 6 = ¢ and A\ = 27 we get that:

1145, albll . < C277 [[Vall s, [l 0 -

Proposition 4.6. Let us consider s > 0 and (p, p1,7) € [1, 00]3 such that p < p;. Also, let us consider two tempered

distributions (u,v) such that u € BY!  (R"), Vu € L>* (R") N B;~! (R™) and Vv € LP? (R") N B, (R") where M
11

is some strictly negative real number and p% = = We denote by

R; = [Aj,u]0% = Aj (u0%v) — ul;0%,
where a € T, n. Then, the following estimate holds true:
12 1 R)ll 0 )

Proof. The main ingredients of the proof are Lemma 4.3 and the Bony decomposition of the product into the
paraproduct and remainder. For the definitions and some properties we refer to [3] pages 106-108. We begin by
considering

oy Ss IVl oo V0l goor + [Vl Lo [Vl

s—1 .
Bpl""

u=u—S_1u

R; = ._21:6 R

and we write that

where
le = Aj (Tgaav) - TﬂAJHO‘v, R? = Aj (Taavﬂ) 5
R3 = TAjaavﬂ,, R;l = AjR(’a, 8%}) 5
R; = R (4,A;0%). RS =[A;,S_1u] 9*v.

We begin with R!. We notice that (2" ||S;_1GA;0%||; « € (> and
g j L) 1> 1

| @ Si-raa0o) ) < Clullpy _ V0]l

lZ—lew

such that the series Y, | Sj—1u0%v is convergent. Thus, owing to Lemma 4.3 we may write that

9is HR;HLT’ < Z 9(i—Dsgls H[Ajasl—lﬂ] AlaaU”Lp <C HVUHLOO Z 9(i=1)(s=1)9l(s—1) HAlVUHLP )
[j-11<4 li—i|<4

From Young’s inequality we conclude that

(2 11,

() Ss IVl e ||VU||B;;1 ‘

Let us pass to R7. We have that:

20 |R2||,, < >0 20702l 0%l L, < ClIVUllpe Y. 2070528 A,
l7-1<4 li—1]<4
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S O HVUHLW Z 2(j_l)s2l(s_1) ”AIV{J’HLH .

li—ll<4

From Young’s inequality we conclude that

(2 1721,

NS

éT
The third term is treated similar:

27 ||R3||, < Y0 20Tl S 0% A, < C IV, Y 20705210 AV,

J HLP —
=<5 7—I<5

Because s > 0 we can apply Young’s inequality and obtain that

(21711,

@) Ss IVl s HVUHBg;lT .

As for the fourth term

9Js ||R;JfHLP < Z 9(i—Dsgls [N - HAlaav <C Z 9(i—Dsgl(s—1) 1AV o HAlaav
j—1<5 j—1<5

Because s > 0 we can apply Young’s inequality and obtain that:

| 1=31,.)

< _
iy S 19l 1905

In a similar manner we get that:
Ss [IVull oo [Vl gy -

| 1851,

Finally, the sixth term is treated as it follows. First we write that there exists a integer Ny such that:

er(z) ™~

[Aj,s_lu] ov=3 [Aj,s_lu} Nv= Y [Aj,s_lu} A

>-1 [1—34]<No

This comes from:

Supp (4; ($-1udi070) ) € 2ien (B (0, ;) + 2lc) c 2/en?! (B (0, §) +c)

and from the fact that B (O, %) + C is an annulus. Thus from Lemma 4.3 we get that :

2 RS, < 3220700026 |95y A0,
and consequently
s 6
H(zJ ”R HLP) o (Z) Se Vel e ”vaB}jfrl ‘
By putting together the estimates for R},R?,R%,R,R?, RS, we end the proof of Proposition 4.6. O
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