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Properties, performance and practical interest of
the widely linear MMSE beamformer for

nonrectilinear signals

Pascal Chevalier, Jean-Pierre Delmas and Abdelkader ©Oukac

Abstract

Widely Linear (WL) Minimum Mean Square Error (MMSE) estiritat has received a great interest these
last twenty years for second order (SO) noncircular sigrialshe context of radio communications networks,
it has been shown in particular that WL MMSE receivers allawviiplement Single Antenna Interference
Cancellation (SAIC) of one rectilinear interference, sashBinary Phase Shift Keying (BPSK) or Amplitude
Shift Keying (ASK) interference, or of quasi-rectilineantérference, such as Minimum Shift keying (MSK),
Gaussian MSK (GMSK) or Offset Quadrature Amplitude Modiolat(OQAM) interference, hence their great
interest for Global System for Mobile Communications (GSé4Jlular networks in particular. However, one
may wonder whether WL MMSE receivers remain attractive f@r $oncircular nonrectilinear interferences,
not so scarce in practice. The purpose of this paper is m&rdnswer to this important question by giving, in
a self-contained and unified way, some new insights into #febiour, properties and performance of the WL
MMSE beamformer in the presence of arbitrary noncirculgnais and interference which are not necessarily
rectilinear. It is shown in particular that, surprisingiL MMSE receivers lose their practical interest for
strong interferences which are not rectilinear. This btle@ugh thus generates a new open problem for the
choice between linear and WL MMSE receiver correspondinthéodetection of rectilinearity (and/or quasi-
rectilinearity), instead of noncircularity, in a given sgiobservation. Although this question is out of the scope
of this paper, we finally propose preliminary tools based tindbsource separation methods to solve this

problem.
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. INTRODUCTION

WL MMSE estimation have received a great interest thesawastty years for SO noncircular (or improper)
[27] signals [28], [7], [11], [12], [13], [6], [21], [25], [B]. In the context of radio communications networks
using rectilinear modulations such as BPSK or ASK modutegif29], it has been shown in particular in [7],
[11], [12], [13], [21] that the WL MMSE receiver allows to infrgment SAIC of one intra-network interference
in contrast to linear MMSE receiver. This SAIC concept caspabe implemented for radio communication
networks using quasi-rectilinear modulations, i.e., mations whose complex amplitude can be considered,
after a derotation operation, as a filtered version of almeetr modulation, such as MSK, GMSK or OQAM
modulations [29], hence its great interest for GSM netwankparticular [31], [26].

However, one may wonder whether WL MMSE receivers remaiactive for SO noncircular interferences
which are not rectilinear, nevertheless not so scarce iatipea Such signals may correspond, for example, to
frequency bins of speech signals as discussed recently, if2]br to rectangular QAM modulations [29], which
may present a potential interest in multi-user contexte@ated with WL receivers, similarly to the avantages
of ASK over QAM modulations presented in [24], [21]. An othetample of nonrectilinear noncircular signal
seen by the receiver appears after the SO statistics estimater a finite interval duration, of a rectilinear or
a quasi-rectilinear (after a derotation) signal having a mero frequency offset [8].

The scarce papers dealing with WL receivers in the preseieereircular nonrectilinear signals correspond
to [1], [2] for noise reduction of speech signals and to [228], [9], [10] for radiocommunications. Papers [22],
[23] limit the analysis to a specific case corresponding tetunes of Pulse Amplitude Modulated (PAM), i.e.,
rectilinear, and QAM, i.e. SO circular, signals. Papers [2]], written by the authors, are conference papers
associated with the present paper which introduce spassehe materials of the paper. Moreover the absence
of guiding line in [9], [10] to enlighten the breakthroughtlween rectilinear and noncircular nonrectilinear
strong interferences may prevent the reader of these p&peesch the main message.

In this context, the purpose of this paper is mainly to giveaiself-contained, coherent, unified, guided and
progressive way, some new insights, some of which are bedoinrom the conference papers [9], [10], into
the behaviour, properties and performance, in terms ofutu$mnal to Interference plus Noise Ratio (SINR)
and Symbol Error Rate (SER), of the WL MMSE beamfomer in oreevaluate its practical interest for
noncircular signals and interferences which are not ieetl. It is proved in particular that, surprisingly, WL
MMSE receivers lose their practical interest for strongiférences which are not rectilinear. This breakthrough
thus generates a new open problem for the choice betweear larel WL MMSE receiver corresponding to
the detection of rectilinearity (or quasi-rectilineajjtynstead of noncircularity, in a given noisy observation.

Although this question is out of the scope of this paper, wallfinpropose preliminary tools based on blind
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source separation methods to solve this problem.

This paper is organized as follows. After the introductidrsome hypotheses and data statistics in section
II, section Ill recalls the WL MMSE beamformer and presentsne of its properties and performance in
arbitrary SO noncircular context. A detailed analysis efperformance and practical interest for noncircular
nonrectilinear signal and/or interferences is presentedeiction IV. Section V describes preliminary tools
for rectilinearity (or quasi-rectilinearity) blind detgan. Finally section VI provides a discussion and some

concluding remarks.

II. HYPOTHESES AND DATA STATISTICS
A. Hypotheses

We consider an array df narrow-band (NB) sensors and we denotexis) the vector of complex amplitudes
of the signals at the output of these sensors. Each sensssusnad to receive the contribution of a signal of
interest (SOI) corrupted by a total noise (potentially cosgd of interferences and background noise). Under

these assumptions, the observation vegi@) can be written as follows
x(t) = s(t)s +n(t) (1)

wheres(t) corresponds, to within a potential frequency offset, to chemplex amplitude of the SOI, assumed
to be zero mean and potentially SO noncircudais the steering or the channel vector of the SOI (whose first
entry is constrained to be one) amdt) is the total noise vector assumed to be potentially SO nouleir
and statistically uncorrelated with the S@(t). Note that model (1) seems to assume propagation channels
with no delay spread, which occurs, for example, for freeceppropagation (spectrum monitoring from
plane, unmanned aerial vehicle or satellite) or flat fadihgnmels (spectrum monitoring in some urban radio
communications situations). However, it may also take atoount propagation channels with delay spread for
which uncorrelated multipaths are processed as particuti@rfering sources.

In order to introduce WL filtering in the following, we definbe extended observation vect(t) dof
[x”(t),x"(t)]", whereT and H means transpose and transpose and conjugate, respedtisatg (1) we
obtain:

X(t) = s(t)81 + 5" ()8 + 0(t) = S 5(t) + n(t), @)

wherefi(t) < [n7(t),n® (1)]7, 5 & [sT,00]7, 5, & [0, sH]T, 0y is the N x 1 null vector,S < [5;,5)]

ands(t) € [s(1), s*(1)]7 .
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B. SO statistics

The SO statistics (SOS) of(¢) which are exploited in the following, correspond to matsid®, and C,
defined by

R, ¥ <ExO)x?#)]>% rss? + R, (3)

C. = <E[x(t)xI(t)] >4 Ts7s8s. + Ch, 4)

where< . > denotes the time averaging operatiowith respect ta, over the window—Tp/2, Ty /2], s def

E[|s()]?] > is the time averaged power of the SOI received by the first@mens e E[s(t)?] > /s o
|vs|e??s such thatd < |ys| < 1, is the time averaged SO noncircularity coefficient of thel S&n by the
receiver,R,, %< En(t)n*(t)] > andC,, e E[n(t)n” (¢)] > are respectively the time averaged correlation
and complementary correlation matrices of the total nasgpectively. The receiver will see a SO noncircular
total noisen(t) (resp. SOls(t)) only if the matrix C,, (resp.,vs) iS not equal to zero. The SOI is seen as
rectilinear (resp., SO circular) if and only 5| = 1 (resp.~s = 0), whereas it is seen as SO noncircular and
nonrectilinear if (0 < || < 1).

The SOS ofx(¢) which are exploited in the following correspond to the malR; defined by

R; €< ER(Z" (1)) >< SR:S" + R, ()

whereR; % < ER(t)5" (t)] > and where the matriR; % < E[n(¢)a” (t)] > can be written as

R, C,
R; = . (6)
C. R,

Ill. THE WIDELY LINEAR MMSE BEAMFORMER
A. Presentation and Adaptive Implementation

The WL MMSE beamformer [28], [11], corresponds to the WL fil& whose outputy(t) def whix(t)

minimizes the time-averaged MSE criterion defined by
MSE[w] =< E[|s(t) — wix(t)[!] > . (7)
It is straightforward to show that the vectér minimizing (7) is defined by
Fnmse & R;'r; s, (8)

wherer; g e E[x(t)s*(t)] >. Note that when(x(t), s(t)) are jointly SO circularwyvse reduces to the

linear MMSE beamformer [28]wvise def R;'r, s with r def E[x(t)s*(t)] >. In practical situations,

!Note that the signals are not necessarily SO stationary.
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R; andr; , are not known a priori and have to be estimated from a traiseguence using a Least Square

estimation approach [11].

B. Enlightening interpretation

We give in this section, for SOI with arbitrary noncircutsirproperty, an enlightening interpretation of the
WL MMSE beamformer, initially introduced in [9], allowingotunderstand its better behavior with respect
to both the Capon’s beamformer [3], [4] and the WL Minimum idace Distorsionless Response (MVDR)
beamformer introduced in [8]. To this aim, let us note that &SOI which is seen as SO noncircular, i.e.
such thaty, # 0, s*(¢) is correlated withs(¢) and contains both a SOI and an interference component. To
compute the SOI component of(¢), let us consider the Hilbert space of random processes tavifinite
time-averaged power and fitted with the inner prod(eft), v(t)) e El[u(t)v*(t)] >. It is then easy to
compute the orthogonal projection sf(¢) onto s(t) for the previous inner product. It is straightforward to

show [8] thats*(¢) can be written as

$7(8) = 7es() + [mo(1 = |21 (), (9)

where< E[s(t)i%(t)] >= 0 and< E[|is(t)|?] >= 1. It is also easy to verify from straightforward manipulato
of (9) that < E[s(t)is(t)] >= [ms(1 — |7s?)]"/? and < E[i2(t)] >= —+;. Expression (9) shows that, for a
given time-averaged useful input powey, the time-averaged power of the SOI componentdt) is equal
to 7,|vs|? and increases withy,|. In particular for a rectilinear SOI{s| = 1), s*(t) = e~2:5(t) and s*(t)
totally corresponds to the SOI, whereas for a SO circular 8Qk 0), s*(t) = wi/Qis(t) and s*(t) totally

corresponds to an interference for the SOI. Using (9) injon@ obtain
%(t) = (1)1 + 758 + [ma(1 = B201V2is(0)82 + () < s(0)5, + 1, (1), (10)

wheres, © 5 +7/5, = [s7,vsH]T andii, (£) % [my(1— |72]1/2]is(£)8, +1i(t) are respectively the equivalent
extended steering vector of the SOI and the global noise oaet, uncorrelated witk(t), for the extended
observation vectok(t). Using (10) into (8), we finally obtain

Ts
1+ 78y R s,y

Ty

wanise = msR; 'S, = Rg} Sy (11)

where Ry, e E[n,(t)nf (t)] > is the time-averaged correlation matrix f,(¢). Denoting by wyrvpr,
the WL MVDR beamformer that minimizes the time-averagedpatipowerw!’ R;w under the constraint

wils, =1, it is straightforward to verify thafrvpr, is defined by

~ def —~ 1~ 71— 1~ ~ 1~ 1~
Wumvpr, = [55R;'S,]T'R;TS, =[5 Rﬁ.}s’Y]RﬁjS’Y' (12)
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We then deduce from (11) and (12) that similarly to the linBBWSE beamformer which is colinear to the
MVDR beamformer, the WL MMSE beamformery sk is colinear to the WL MVDR beamforme#ypr,

and we obtain: I
TS Rﬁ7 S,

1+ ns7 Ry sy

WMMSE = WMVDR, - (13)

Note that the MVDR beamforme®,ypr, depends on botk and~s and keeps the whole SOI component
contained inx(¢) contrary to the WL MVDR beamformer introduced in [8], whiclimimizesw R;w under

the constraintv’s; = 1 andws, = 0 and which is defined by

Wavor, = R;'S[SPR;'S]'f = R 'S[STR;'S|'F, (14)
wheref % [1,0]T. This beamformer does not depend gnand nulls completely the*(¢) part of the SOI
component ofk(¢). Moreover, while the implementation & \yvpr, requires the knowledge or the estimation
of s andR;, that of wyypr, requires the knowledge or estimation of bath s andR; or, to within a scalar,
the use of a training sequence which is correlated with and not correlated with the total noise. Finally,

note that bothwyypr, andwyvpr, fit the well-known Capon’s beamformer [3], [4], defined by

def S 1
woaron = [sTR; s 'R Ts = "R, 'SR, s, (15)
when respectively the total noise is SO circul@},(= 0) and both the SOI and the total noise are SO circular

(vs =0 andC,, = 0).

C. WL GSC Structure

It can be easily verified that the WL beamformefvpr, has an equivalent WL Generalized Sidelobe
Canceller (GSC) structure [17] depicted on Figure 1, whegeis an2/N x 1 deterministic WL spatial filter
such thatw)'s, = 1 and its output is given by (t) def {;Vv]@i(t). F is a full-rank (2N — 1) x 2N blocking
matrix verifying F's, = 0oy and whose output corresponds to t2éV — 1) x 1 vectorz(t) aef Fx(t), wg is
the (2N — 1) x 1 WL spatial filter which generates the output(t) dof wz(t) and which minimizes the time-
averaged power of the outpytt) def yf(t) — ya(t). More precisely, under the previous assumptions, it can be
verified that the equivale2tN x 1 WL spatial filter,wgsc, which generates the same outpy(t,) def v?zgsci(t),
from the extended observation vectoft) is defined by (12). We finally remark that for both SO circul®IS

(vs = 0) and total noiseC,, = 0), the WL GSC structure is the linear functional scheme dediin [17].

D. General SINR Performance

1) General SINR computation and link with MSE criterion:

From (10) it is easy to compute the ratio of the time-avergueaers of the SOI component and the associated
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global noise component at the output of an arbitrary Tl Wlefil&, referred to as the SINR at the output of

w, defined by
WS, 2

[W] = wHR; W

(16)

It is easy to verify that the WL filters which maximize this put SINR are collinear tavynsg and wyrvpr,

Using (11) to (15) into (16), we obtain the SINR at the outputhe previous beamformers given respectively
by:

def ~ def ~ ~ A~
SINRyuse =  SINR[Wause] = SINRmvpr, = SINR[WavDR,] = 782 Rﬁjsm (17)
def ~ T
SINR = SINR|w = , 18
MVDR, [WMVDR, ] FISHR_1S] 1f (18)
SINRcapon = SINR[(WEapon, 07)7] = mes? R 1s. (19)

Using the fact thatwcapon, Wavbr, and warypr, minimize the output powew !’ R;w under different

constraints that are included, the inclusion principlewadi us to prove that generally
SINRcaron < SINRmvDr, < SINRMyvDR, = SINRMMSE (20)
Moreover, inserting (10) into (7) and using (16), we obtdia general relation
MSE[w] = 7, <|1 —wHs >+ @) : (21)

which shows in particular that the WL filtek which minimizesMSE[w] under the constrain&’’s,, = 1 is
also the WL filterw which maximizesSINR[w| under the same constraint, which corresponds/igypr, -
This shows that under the constraﬁfthgV = 1, SINR maximization and MSE minimization are equivalent
criteria, which gives a physical interpretation of the SikifRerion (16) in terms of MSE minimization. Without
the con;%traintv?#’fg7 =1, (21) shows that MSE minimization is no longer equivalenSIdlIR maximization,
but the WL filter, wyivsg, which minimizesMSE[w| also maximizesSSINR[w]| but is not the only one. From

the previous results, we obtain

Ts 1

MSE[w = = , 22
(Wavor,| SINRmmse 82 ngl'sv7 (22)
which is greater thadSE[wynsg] defined by
MSE[% — g —rd Rlrs, = Ts — s , 23
[ MMSE] m G ’ 1+ ﬂ-sgng:jg'y 1 4+ SINRyvisE ( )

and which tends towartISE[wyvse] as SINRyvse > 1.
2) SINR computation as a function pf;|:

To evaluate the impact, on the performance, of the SO nonlanity coefficienty, of the SOlI, it is necessary
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to computeSINRyvisg as a function ofy,| for an arbitrary total noise. From (6), we derive tlfa};l can be

written as

., | A D
D* A~

where theN x N Hermitian matrixA and complex symmetric matrild are given by [11]
A £ [R,-C,R;'CH (25)
D £ —AC,R: . (26)

Finally, substituting (24) into (17) and (18), we get, afs@me straightforward manipulations

s Ds* 4 s As|?

SINR = HAs(1 2) 4+ 2Re(y's Ds*) — 27
MMSE = s |$7 As(1 + |7s|7) + 2Re(7s" Ds”) [ms(1 — [72)] T + s As (27)
and
H *|2
I |s" Ds*|
SINRMVDR1 = T |:S As — W} . (28)
The variations oSINRynvse @s a function ofy,| are analyzed in the next section.
3) SINR analysis:
In the particular case of a SO circular SGL & 0), (27) reduces to
H *|2
_ H [s"Ds*[® | _
SINRMMSE = s [S As — m} ; s =0, (29)

which is always greater thafINRyvpR,, itself greater tharsINRcapon for SO noncircular total noise, and
which tends tSINRyvpr, aswss’? As > 1. Hence the interest ofyvsg for a SO non circular total noise,
even for a SO circular SOI.

In the particular case of a rectilinear SQY4 = 1), (27) reduces to

SINRMMSE = 27 [SHAS — \SHDS*\ cos Qw] : lvs| = 1, (30)

wherey & (bq, — 2¢s + m)/2 and whereg,. is the phase ofi; def sHpgr — |ds|e® . Expression (30) is

nothing else than the SINR at the output of the WL beamformeatyaed in [11], which allows SAIC of one
rectilinear interference.

Finally, for SO noncircular nonrectilinear SOI, i.e., fab#rary values of|vs| such that0 < |vs| < 1, two
cases corresponding th = 0 andd; # 0 must be considered.

When d; = 0, which occurs for a SO circular total nois€,{ = 0) or whens is in the kernel ofD*,
it is easy to verify from (27) thaSINRynisg becomes an increasing function pf;|, hence the increasing
interest ofwynse as|vs| increases. The minimum value 8INRynsg, obtained fory, = 0, corresponds to

78R, 1s = SINRcapon Whereas the maximum value 8TNRysg is obtained fory,| = 1 and corresponds
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to 2ms’R's = 2SINRcapon, hence a maximal gain of 3 dB with respect to the Capon’'s beansr
obtained for rectilinear SOI.

Whend, # 0, which occurs for a SO noncircular total noig@,( # 0) provided thats is not in the kernel
of D*, it can be shown that, fotos 2y < 0 (i.e., —7/2 + 2km < ¢q. — 205 < 7/2 + 2km, with k integer),
SINRyvmse becomes an increasing function pf;| lower and upper-bounded by (29) and (30) respectively,
hence the increasing interestwf sy as|ys| increases. However, fens 2y > 0 (i.e.,7/2+2km < ¢g.—2¢5 <
37 /24 2km, with k integer), there exists a value [pf;|, noted|v; i (1), such thaBINRyvsk iS a decreasing
function of |y,| for 0 < |vs| < |vsmin(¢)| and an increasing function dfys| for |vs min(¥)| < |7 < 1.
This shows in this case the existence of a noncircularityficdent modulus|~s ,in(¢)| > 0 which minimizes
SINRymwse, Which could seem a bit surprising and which shows, in thgecthe increasing interest @fyivse
as|vs| moves in the vicinity of either O or 1.

To get more insights into the practical interest of the WL MBMgeamformer with respect to the Capon’s and
the WL MVDR; beamformers, we analyse, in the next section, for arbit&®ynoncircular SOI, performance
of the three previous beamformers, in terms of maximal nurolbénterference to be processed, output SINR
and SER, in the presence of potentially noncircular retdr and nonrectilinear interferences plus background

noise.

IV. PERFORMANCE OF THEWL MMSE BEAMFORMER IN THE PRESENCE OF NONCIRCULARS Ol AND/OR

INTERFERENCES
A. Total noise model

We assume in this section that the total noisg,, is composed oP statistically uncorrelated and potentially
SO noncircular NB interferences plus background noise.dditlese assumptions, the total noise veat@)

can be written as follows

P
n(t) =Y my(t)jp + ny(t), (31)
p=1

whereny(t) is the background noise vector, assumed zero-mean, fatjd0 circular, Gaussian and spatially
white; m,,(t) andj, correspond to the complex amplitude, assumed potenti@ip&circular and the steering or
channel vector (whose first component is equal to one) offarencep, respectively. Under these assumptions,

matricesR,, and C,,, can be written as

P

R, = Y m i) +ml (32)
p=1
P

C, = Z"Tp’}/p jpjz;7 (33)
p=1
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10

wheren, is the mean power of the background noise per serlsa;the N x N identity matrix; m, e
E[|m,(t)?] > is the time averaged power of interferenceeceived by the first sensor;, e E[mg(t)] >

/s = |p|e?i®r such thatd < |y,| < 1, is the time averaged SO noncircularity coefficient of ifeeencep.

B. Maximal number of interferences to be processed

We deduce from (9) that a nonrectilinear SOI generates ceefénence inx(t), whereas a rectilinear SOI
does not generate any interferencexift). Applying (9) to interferencer, we deduce in a same way that a
nonrectilinear interference generates two uncorrelated interferences(it), whereas a rectilinear interference
p only generates one interference xf¢). As a consequence, noting. and P, the number of rectilinear
and nonrectilinear interferences i{t), respectively, such thak, + P,, = P, the WL MMSE beamformer
(with its interpretation as a WL MVDR beamformer subject tsiagle constraint) has the2\v — 1 degrees
of freedom to rejectP,, + P, + 1 — (1 — |vs|) interferences ik (¢), where(.) is the Kronecker symbol
such thaté(z) = 1 if z =0 andd(z) = 0 if = # 0. Hence, the maximal number of interferencés,., that
may be rejected (or completely nulled in the absence of hdiggthe WL MMSE beamformer is such that

2N —1=2P,, + P, +1—0(1 — |vs]), which gives, withP,,,... = P, + Py,
Praz=N—1+(P. +6(1—|v]))/2 with 0 <P, < P (34)

and which means that

N_lgpmaxSQ(N_1)+6(1_|’YS|)S2N_1' (35)

In particular P4, is minimal and equal taV — 1 whatever the noncircularity property of the received sesrc
if at most one source (SOI or interference) is rectilinearthis case, the exploitation of the potential SO
noncircularity of the sources, through the use of the WL MM&tamformer instead of the Linear MMSE
or the Capon’s beamformer, does not allow an increase of tingber of interferences to be processed. This
increase is possible arg,,,, > N —1 only if at least two sources (SOl and/or interferences) acélinear. This
increase is maximal if all the interferences are rectilingathis caseP,,,, = 2(N — 1) for a nonrectilinear
SOl andP,,,., = 2N — 1 for a rectilinear SOI, which shows that the WL MMSE beamforratows SAIC
(Pmaz = 1 for N = 1) only if the SOI is rectilinear in the presence of a rectiinenterference, situation
analyzed in detail in [11]. We deduce from this global anighytbat the key property allowing an increase
of the number of interferences to be processed by the WL MM&&miiormer with respect to the Capon’s
beamformer is the potential rectilinearity of the lattardanot simply their SO noncircularity, which shows off

a first time the breakthrough between rectilinear and nditirezar interferences.
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C. SINR for one and two interferences

We analyse in this section, for rectilinear and nonrec#nSOI, the practical interest of the WL MMSE
beamformer in the presence of one and two strong nonciraolairectilinear interferences through an analytical
study of the output SINR (9).

1) Rectilinear SOI and one strong interference:

a) Strong rectilinear interference:

For a rectilinear SOI and one strong (ﬁf (3131)m1 /n2 > 1) rectilinear interference, (27) becomes :
SINRyMsE = 2€5(1 — ]aLS\Q cos? )); e1 > 1, v = |ml =1, (36)

whereasSINRcapon andSINRyvpr, are given by

SINRcapon = €s(1 — | 4]?); €1 > 1, o s| # 1, Vs, V1, (37)
2
«
SINRMVDR1 X € <1 — %) ; e > 1, |’Yl| =1, |a173| 75 1, Vs. (38)
,5

In these expressions, % (s”s)r, /na, o1 def ifs/(sfs)1/2(3115,)1/% and+), appearing in (30), takes the

value = [¢p1 — ¢ + Arg(s™j1)]. Expression (36), which has also been obtained in [11], shibwat in this
case, the WL MMSE beamformer discriminates the sources §qmdkially (for N > 1) and by phase, allowing
in particular SAIC contrary to WL MVDR and Capon’s beamformers which discriminate sources dlyatia
only (for N > 1).

b) Strong nonrectilinear interference:
For a rectilinear SOI and one strong nonrectilinear interiee (y;| # 1), provided that|o; | # 1,
SINRMmvDR, =~ SINRcapon given by (37), whereaSINRyvise =~ 2SINRcapon. In this case SINRyvvise
is twice the SINR at the output of Capon’s and WL MVPReamformer due to the exploitation of the SO
rectilinearity of the SOI, but is not greater than the SINRha output of the WL MMSE beamformer for a
SO circular interference. This shows the relatively weadcpcal interest to take into account the potential SO
noncircularity property of a strong interference which @ rectilinear or not far from being rectilinear.

2) Nonrectilinear SOI and one strong interference:

a) Strong rectilinear interference:
For a nonrectilinear SOI and one strong rectilinear interiee,SINRcapon and SINRyyvpr, are still given
by (37) and (38) respectively whereas we deduce from (24269, (32) and (33) tha$INRymvsg becomes

(L + 19?2 = lon,sf?) = 21sllon s cos 20 + 2€5(1 — |ys*) (1 — |o o)

SINRMmMSE ~ € 39
: 2+ el — WP = [ara) 9
For a weak {; < 1) nonrectilinear SOI, this expression reduces to:
SINRausk & €s[(1 + [ys[*) (1 — |ar,s[*/2) — |yslavr ] cos 2¢]; a>1nl=Le <1, (40)
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which shows, as already pointed out in Subsection IlI-D3 dor£ 0, that whencos 2y < 0, SINRywmse
is an increasing function ofys|, lower-bounded by (1 — |a 5|?/2) obtained forys = 0, which is much
more greater thaBINRcapon and SINRyvpr, for high values of\aLSP. This shows in this case the great
interest to take into account the potential noncirculaotythe SOI in addition to the rectilinear character of
the interference. Moreover, whets 2¢y) > 0, as also already pointed out in Subsection 11I-D3 #r#£ 0,
their exists a valugys min(¥)| of |vs|, given here byys min(¥)] = |a1.s|* cos2¢/(2 — |aq s[*), such that
SINRausk is a decreasing function dfys| for 0 < |vs| < |vsmin(¢0)| @and an increasing function of| for
|Ys,min (V)] < |vs| < 1. USINg |vs,min(¥)| into (40), we deduce that in this casdNRyvisk is lower-bounded
by:

SINRMMSE Vs min (V)] & €5 (1 = a1 6[?/2) [1 = |ars|* cos? 20/(2 = | 4], (41)

which still corresponds te,(1 — |a; 5|*>/2) for weak values ofcos 2¢) and which shows again, at least for
high values ofia; 4|2, the interest to take into account the potential nonciritylaf the SOI in addition to the
rectilinearity character of the interference.

For a strong {; > 1) nonrectilinear SOI, expression (39) reduces to (38) wieatle/;| # 1 and|«a; 5| # 1,
which shows an increasing SINR gain toward 3 dB with respedCapon’s beamformer ds; ;| increases
toward unity and which shows again the practical interedake into account the rectilinear character of the
strong interference.

b) Strong nonrectilinear interference:
Finally, for a nonrectilinear SOI and one strong nonrewidir interferenceSINRyvpr, =~ SINRcapon given
by (37), whereas we deduce from (24) to (26), (32) and (33) $ShERynvise becomes:
vs?
1+ es(1 = |ys)?)(1 = fan,s[?)

SINRMmmse =~ SINRcapon (1 + > i sl ALl # Lea > 1 |as| #1,

(42)
which is an increasing function ofys| varying from SINRcapon Obtained for a SO circular SOl to
2SINRcapon Obtained for a rectilinear SOI. Nevertheless, for a strorgprectilinear SOl such that
es(1— |75/ (1 = |a1.s[*) > 1, SINRmumse =~ SINRcapon, Which shows the relatively weak practical interest
to take into account the potential SO noncircularity propef both strong SOI and interference which are not
rectilinear.

3) lllustrations for one and two interferences:
To illustrate the previous results related to the weak (fegpeat) interest to take into account the potential
noncircularity of a strong nonrectilinear (resp. recefm) interference, we consider that a uniform linear array
(ULA) of N omnidirectional sensors, equispaced half a wavelengtint,apeceives a background noise, a
SOl and an interference whose directions of arrival (DOA)hwespect to broadside are equalftoand 6,

respectively.
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Under these assumptions, Figure 2 shows, for= 2, the variations ofSINRcapon, SINRmvpr, and
SINRyvse a@s a function offv;| for several values ofy;s| equal to 0, 0.5, 0.95 and 1 respectively. For this
figure, ms/m2 = 20dB (strong SOIl),m/n, = 20dB, ¢s = 0°, ¢1 = 60°, 6, = 0° and #; = 30°. Note
increasing performance of the WL beamformerg-as$ increases and the limited interest to take into account
the noncircularity property of a nonrectilinear interfiece whatever the noncircularity property of the SOI. Note
also the limited interest to take into account the SO nontarity property of a nonrectilinear SOI, whatever
the SO noncircularity property of the interference. Notgoakeven forja; 4| # 1, very good performance and
strong gains in performance of the WL MMSE beamformer witbpext to Capon’s beamformer when the
SOI and interference are rectilinear with a sufficient phdiserimination between the sources, and a strong
decrease of this gain as soon as one of the sources is no lewjiinear.

Figure 3 shows the same variations as Figure 2 butrfo, = —20dB (weak SOIl),m/n2 = 20dB,
¢s = 0°, ¢ = 45°, 05 = 0° andd; = 10°. As |ay 5|? is high, note strong performance gains of the WL MMSE
beamformer with respect tSINRcapon and SINRyypr, for high values ofy; | whatever the value ofys].
Note also the gain of 3dB for a rectilinear SOl and nonrewir interferences and much weaker gain values
for both nonrectilinear SOI and interference.

To complete these results, we consider the same scenano Bgytire 2, but for a SOl whose SNR is equal
to ms/n2 = 10 dB, at which we add a second interference, assumed to béimeatiand such thaty = 60°,
mo/m2 = 20dB and ¢, = 80°. Under these assumptions, Figure 4 shows,Nok 2, the same variations as
for Figure 2. Note the poor performance of Capon’s beamforue to the overconstrained array. Note both
very good performance and strong gain in performance ofwlieWL beamformers with respect to Capon’s
beamformer as soon as the two interferences are rectiliNede a strong decrease in performance of the two
WL beamformers as soon &s;| decreases below 0.9, i.e. as soon as one of the two intecEgestrongly
loses its rectilinear property. Nevertheless, despitefdioethat the array is overconstrained, still note the not
so bad performance of the WL MMSE beamformer with respedh¢oQapon’s beamformer whateves | and

|vs| due to the presence of the rectilinear interference 2.

D. SER for interferences and background noise

We show in this section that the main message of the previeasos, deduced from an output SINR
analysis and related to the weak interest to use WL MMSE beamnar for strong noncircular nonrectilinear
interferences, remains valid from an output SER analysighiB aim, we do some assumptions in Subsection
IV-D1, we present the receivers used for demodulation ins8ation IV-D2, we compute output SER for BPSK
SOl in Subsection IV-D3 and discuss and illustrate outpuR 3& both BPSK and QPSK SOI in Subsection
IV-D4.

1) Hypotheses:
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a) Observation model:

To evaluate the SER performance at the output of the WL MMS&ntiermer, we assume that the SOl is
linearly digitally modulated and that a conventional Maxim Likelihood (ML) demodulator is inserted at the
output of the WL MMSE beamformer before decision of the SQhbygls. For comparison perspectives, we
also consider Capon’s and WL MVDQRbeamformers in addition to WL MMSE beamformer. To simplifiet
analysis, we assume that the SOI and thénterferences are linearly modulated, have common 1/2 Myqu
pulse shape filters, carriers and symbol rate and furthermaoe perfectly synchronized. In the absence of
frequency offsets, assuming an ideal symbol rate samplirgsampled observation vectors at the output of a

matched filter to the pulse shape filter can be written as:

P
x(kT) = poe’ ars + Y pperby iy + 0y (kT), (43)
p=1

whereT is the symbol periodx(kT') is now the sampled observation vector at the output of themeatfilter;
n,(kT') is the sampled background noise vector whose power is equgl, ta;, andb, ; are the symbols:
of SOI and interference (1 < p < P) respectively. Bothu,'s and b, ;’s are assumed to be i.i.d. sequences
with potentially different distributions, and, b; , andb;; are statistically independent for# j; 1, and p,
are scalars which control the received power of the SOI ataiferencep, respectively(, and(, are channel
phase terms which control the received phase of the SOI aederencep respectively. Definingr, def E|ax|?]
andmy, ), f E[|b,.x|?] the power of SOI and interferengesymbol, respectively, we can write; = u27, and
Ty = p2myy. Defining v, € Ela?]/ma € |yale?® andyy, © BB, m, € pple?@r, we can write
Vs = 7a€” = |7ale*?, andry, = v,467 = |y,|e*?r, hencelys| = al, [l = hpl, s = da + ¢ and
bp = bbp + Cp-

b) U-V QAM interferences:
To limit the developments, we assume that the SOI may casrespo either a BPSK|{s| = 1) or a QPSK
(vs = 0) SOIL. Moreover, to take into account in our SER analysisrfatences having arbitrary values of SO
noncircularity coefficient, we assume that interferepasorresponds to a rectangule-V QAM modulation
with UV states where integér may be evenl( = 2v) or odd (V' = 2v + 1) whereas integel/ is necessarily
even U = 2u). More precisely ifb, = b, +ib; ;. is aU-V QAM symbol, whereb,.,, andb; ; are the real
and imaginary part o, respectively, assumed to be statistically independenath ether, then, ; may take
the valuest1,+3, ..., £(2u — 1) whereash; ;, may take the values1,+3,...,£(2v — 1) if V = 2v and the
values0, +2, +4, ..., +2v if V = 2v + 1. In particular, alU—1 QAM modulation is a rectilinear modulation
corresponding to d&/-ASK modulation, which reduces to a BPSK modulation for= 2. A 2—2 QAM
modulation is a SO circular modulation corresponding to éSRPnodulation. It is straightforward to prove,

after elementary computations which are not reported hbad,the powers,, of a U—V QAM symbol b, is
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such that

m = [4(u® +v?) —2]/3 for U=2u and V = 2u, (44)

m = [4u®+4v(v+1)—1]/3 for U=2u and V =2v+1 (45)

whereas the SO noncircularity coefficient, of a U-V QAM symbol b, is such that

2(u? — v?)
= = 7 for U=2u and V =2 46
o 22 + v2) — 1 B " (49)
2
— -1
v = du” — do(v +1) for U=2u and V = 2v+ 1. (47)

du? + (v +1)—1
Expressions (46) and (47), which are new, show that it isipest generate values af, comprised between 0
and 1 by appropriately choositigandV. This will be useful to generate noncircular nonrectilinegerferences
for the computer simulations considered in Subsection #/-D
2) Receivers:
To present more in details the different receivers usedimgaction for demodulation purpose, we compute,

from (43), the sampled extended observation vector defized b

P P
i(kT) - :U'sezfs akgl + Mse_igs az §2 + Z Mpezgpbp,k jp,l + Z Mpe_lgpb;;,k jp,2 + ﬁb(kT)v (48)
p=1 p=1

whereti,(kT) © [ (kT), nf (KT)]”, o1 % 17,057 andj,.» ' [0%,j7]7; The sampled outpuy(kT) %

wHx(kT), of the WL beamformefv is then given by

P P
y(kT) = arag + asay, + Z Bp,1bp.k + Z Bp,2by, i + 1, (49)
p=1 p=1

def i~ T~ def i o~ T~ def i~ def il ~H~ def
wherea; = ,use’CSstl, Qg = pge Cwhs,, Bp1 = Mp€Z<PwHJp,1, Bp2 = Wpe ZCPWH.]pg andn;, =

wHn, (kT). The conventional MLSE receiver for demodulationagf built from (49), generates;, given by
ap = Arg,, Min[|y(kT) — aqnax — a2a1’2|2], (50)

which gives, for BPSK SOlI,
ay, = Sign (Re[a™y(KT))]) (51)

wherea = a; + as.

3) SER computation for a BPSK SOI:
The SER computation for a QPSK SOl is a bit tedious and we lind@tanalytical SER computation to BPSK
SOI. Results for QPSK SOI will be presented in the next sadtiom Monte Carlo Simulations. For a BPSK

November 7, 2013 DRAFT



16

SOl, the input,z(kT) def Re[a*y(kT)], of the sign detector (51) is given by

P
2(kT) = o’ ax + Y Re[Bpby ] + 1z (52)
p=1

def def , o . .
wheres, = o*f,1 + a3, 5 and wheren,, = Re[a*ny| is zero-mean and Gaussian distributed with variance

S

72 ~ * * *
= e} (I w][* + Re[a™ (wi' w3 + wi'w)]) (53)

wherew < [wi wl]T. Using the symmetry property of the considet@dl QAM constellation, it can be

shown, after some straightforward manipulations, thatS3E®R at the output of the sign detector is given by

P al?2 — P
SER — H 1 Z 0 <| | Zp:l Re(ﬁpbp,k:)> ’ (54)

U,V; o
p=1 PP (blyk,...,bpyk) 2z

whereU,, andV), are integer such that interferengeas U,—V,, QAM modulated,(b; 4, ...,bp) denotes all the

Hf ﬁ interferenceP-uples symbols and whei@(u) is the function defined by

Qu) < / \/12_7Te“§dv. (55)

Note that for a single BPSK interference, (54) correspondsxpression (54) of [11].

4) SER lllustrations:

In contrast to Gaussian interference and linear receitleegehavior of SINR and SER, computed in Subsection
IV-C and IV-D3 respectively, are not directly related. Themaf this subsection is then to verify whether the
results obtained in Subsection IV-C for output SINR ard sdlid for output SER.

For this purpose Figure 5 and 6 show, for a BPSK and a QPSK SpEkatively, the variations of the SER
at the output of Capon, WL MVDRand WL MMSE beamformers as a functionof/n-, for different values
of (U1, V1), when the total noise is composed of a circular Gaussiakdgsaand noise and ong;—V; QAM
interference such that,/ne = 20dB, 6, = 0°, 6; = 30°, ¢s = 0°, ¢; = 60° and whenN = 2 sensors
equispaced half a wavelength apart. For BPSK SOI, the SERrigpuoted from the closed-form expression
(54) whereas for QPSK SOI the SER is computed from Monte Gsinmlations from 100 000 realizatiohs
The chosen values olJ(, 1) correspond to (2, 2 = 0), (4, 2) (1 = 0.666), (6, 2) (1 = 0.804), (10, 2)
(v1 =0.941) and (2, 1) ¢; = 1). Figure 5 shows, for a rectilinear SOI, substantial penmnce gains of both
the WL MMSE beamformer and the WL MVDRbeamformer with respect to Capon’s beamformei~as$
approaches unity, displaying the practical interest t@ tako account the potential SO noncircularity property

of both the SOI and a strong interference which are rectiliner almost rectilinear. Note also in this case

2Note that for QPSK SOlI, the MLSE receiver (50) gives four dieri areas in the complex plane where the Gaussian noisyammp
is noncircular. Consequently the derived closed-form esgion of the SER is composed 2D integrals with no engineering insights
that can be numerically calculated by approximations, only
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similar performances of the two WL beamformers due to theaidbe ML receiver from the output of these
beamformers which takes a decision from the real part of thipud in both cases. Moreover, Figure 5 shows
almost similar performances of the three beamformersdaanoves away from unity, displaying the relatively
weak practical interest to take into account the potent(@l rdncircularity property of a strong noncircular
interference which is not rectilinear or almost rectiline€dame conclusions are obtained from Figure 6 for a
SO circular SOI. These results finally show that the main kigns related to the weak interest to use WL
MMSE beamformers for strong noncircular nonrectilineaeiferences done from the output SINR analysis

are still valid from an output SER point of view.

V. RECTILINEARITY AND QUASI-RECTILINEARITY BLIND DETECTION
A. Context

It has been shown in the previous sections that there is nantegest to use WL MMSE beamforming when
some kind of rectilinearity is not hidden in the observasioAs a consequence of this result, the priority to
evaluate the interest of WL MMSE beamforming is to try to detbe potential presence of rectilinear sources
in the observations before beamforming processing. Failigwthis work, the detection of rectilinearity, instead
of SO noncircularity, thus becomes a new problem of praktitarest which has not yet been investigated
to the best of our knowledge and which remains completelynopespite the fact that this problem is far
from being trivial, we propose in this section a preliminangthod to detect the presence of rectilinearity (or
quasi-rectilinearity) in circularly Gaussian noisy ohsdions. We first recall the observation model and the
statistics used by the proposed method. Then we presentrendhable to detect a rectilinear source corrupted
by potential other sources and background noise and we ateabome of its performance. Finally we briefly

discuss the problem of quasi-rectilinearity detection.

B. Model and Statistics

1) Model:
We assume in this section that the complex observation Kedt, is composed of/ statistically independent
and potentially SO noncircular NB sources plus backgrouaiden It corresponds to a noisy instantaneous
mixtures of M statistically independent, NB and potentially SO nondacisources and can be written as:

M
x(t) = 3 sm(t)am +my(t) L As(t) + my(t) (56)

m=1
whereny(t) is the background noise vector, assumed to be zero-medionsty, SO circular, Gaussian and
spatially white;s,, (¢) anda,, are the complex envelope (to within a potential frequenéyetf and the steering
(or channel) vector of the source respectively;A is the so-calledV x M mixing matrix whose columns

are thea,, vectors ands(¢) is the so-called\/ x 1 source vector whose components are 4hét) (1 < m <
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M). We denote byM, and M, the number of rectilinear and nonrectilinear sources sty such that
M.+ M,, = M. As we only propose a preliminary method to detect rectritg in the observation vector (56),
we limit our analysis to overdetermined mixtures of sourmeswvhich M < N. The case of underdetermined
mixtures of sources, for which/ > N, requires further developments which are not presentelisnpaper.

2) Statistics:
The SO statistics of the observations which are exploiteithénfollowing correspond to the temporal mean of

the first and second correlation matricesxdt), defined by

R, ¥ <Ex@®x"(t)]>=ARAT + I € R, + I (57)
Cs

© < Bx()xT ()] >= AC,AT, (58)

where 7y is the power of the background noise per antenRa, Lo E[s(t)s (t)] > and C; e

E[s(t)s” (t)] >, diagonal under the previous hypotheses, are the tempesw of the first and second correlation

matrix of s(¢) respectively andR,, o

AR A" is the temporal mean of the first correlation matrix of the
mixed sources. Note that the eleme}itg] of matricesR, andC;, denoted byR[i,i] andC;|i, i| respectively,
are such thaR;[i,:] is the input power of the source per omnidirectional antenna, denoted by and
C;li, 1] = v:Rs[i, 1], where~; is the SO noncircularity coefficient of source

In a same way, the fourth order (FO) statistics of the obgiemva which are exploited in the following
correspond to the temporal med®,, of the first quadricovariance matrix af(t) whose elements are defined
by Q.[i, j, k, ] e Cum(z;(t), 2} (t), z3(t), z:(t)) >. Using (56) and assuming th@, [i, j, k, ] is the element
[N(i — 1)+ 5, N(k — 1) +{] of matrix Q,, we obtain the expression of the latter, given, under theipus
assumptions, by

Q:=(A®A")Qs(A® A*)H = cm(am ® ag,)(am ® a;kn)Hv (59)

E

m=1

where Qs is the temporal mean of the first quadricovariance matrix sft), ¢ =<

Cum(s;(t), s7(t), s (t),si(t)) > and® corresponds to the Kronecker product.

)

C. A preliminary method to detect rectilinearity

1) Philosophy of the method:
The philosophy proposed in this paper to blindly detect &lineear source in the observation (56) from a given
number of observation snapshdts consists, for each value of the source number estinﬁepomprised
between 1 andV (since M is not known a priori):

o to blindly separate tha/ mixed sources which are assumed to be presexttn from a wellknown blind

source separation method of instantaneous mixture of esuteveloped these last twenty years [20],
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« to estimate the SO noncircularity coefficients,;, of all the outputsi (1 < i < J\/Z) of the associated

separator;

« to compare, for each separator outpyl < i < ﬁ), [70,i| to a threshold3 (K, J\?) whose value, which

depends orK and J\/Z, the chosen separator and the noisy mixture of sources, usdidn of the false

alarm rate we have chosen a priori;

« to declare detection of rectilinearity when ofig ;| is beyond the threshold (X, ]\7).

2) Steps of the method:

The mathematical steps of the method described previouslgammarized hereafter :

« Initialisation of the number of source estimatéf = 1

« Blind source separation of thel mixed sources which are assumed to be presexrtin We choose here

the JADE method presented in [5] whose different steps amararized hereafter:

Empirical sample estimatiorf{m(K) [15], of R, from the K observation snapshotgkT.), (1 <

k < K), whereT, is the sample period;

Prewhitening of the observation vectot&T,), (1 < k < K), by the pseudo-invers@,, of a square-
root of f{xS(K), an empirical estimate oR,_ of rank M, computed fromﬁw(K) and M. This
pre-whitening operation aims at orthonormalizing the sewsteering vectors so as to search for the
latter through a unitary matrikJ, simpler to handle. We denote bykT,) def fx(kTe), (1 <k <K),
the K M x 1 whitened sampled observation vectors;

Empirical estimatioan(K) [15], from the K observation snapshotgkT,), (1 < k < K), of Q.,
the first quadricovariance matrix aft));

Blind identification, bny, of theU matrix so as to jointly diagonalize the weighted eigenmatrices of
QZ(K), associated with th/ eigenvalues having the greatest modulus, where the weaightsspond
to the eigenvalues themselves;

Blind identification, A, of the mixing matrixA from U andF;

Building of the V x M blind source separatdi/\\f = ﬁ;l(K)K and generation of thé{ M x1
output vectorgy(kT,) = WHx(kTe), (1 < k < K), containing, for each samplg the M separated
sources respectively. The componeérdf y(k7.) is denoted byy; (k7).

o SO noncircularity coefficient estimation of the outputs loé separator: For each output(l < i < 1\7),

of the separatoﬁf, estimation, from the K output samplegkT.) (1 < k < K), of the SO noncircularity

coefficient ofy; by 7, ; defined by

K K
Foi = 3 _YKT)) Y lyF(KT))| (60)
k=1 k=1

« Potential detection of rectilinearity:
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— Choice of a threshold; (K, J\/Z), ensuring a given false alarm rate
- If T%J-| > B(K, J\/Z) for a particular value of:

o Rectilinearity detection

o End of the method
— If Jye| < B(K, M) forall i (1 <i< M) and if M < N:

o Replace]\? by M +1 and reiteration of the steps of the method
— If Jyei| < B(K, M) forall i (1 <i < M) and if M = N:

o No rectilinearity detection

o End of the method

3) Performance of the method:
To briefly illustrate the performance of the proposed methesl consider that a uniform linear array (ULA) of
N omnidirectional sensors, equispaced half a wavelength,apaeives a background noise and two statistically
independent NB sources. The sources are either BPSK f{neeti) or QPSK (SO circular) sources having the
same symbol duratioft’ and the same raised cosine pulse shaped filter with a roj-offhe two sources are
synchronized to each other. The sourae(m = 1,2) has a DOA with respect to broadside equaldtg, a
phase on the first sensor equaldg and a Signal to Noise ratio per antenna equat,tg/'n,. Three scenarios
corresponding to (QPSK, QPSK), (BPSK, QPSK) and (BPSK, BPSirces respectively are considered in
the following. For all of these scenariod, = 2, T, =T, p = 0.3, #; = 30°, 65 = 80°, ¢p1 = 40°, po = 80°,
m1/n2 = my/ne = 10dB. Note that the SNR of the sources are chosen not too stmregrify the ability of
the proposed method to detect rectilinearity in the obdenmva even in relatively difficult situations.

Under these assumptions, Tables 1 to 3 show, for one raalizat each of the three previous scenarios, for
several values of¢ and for all the possible values af (i.e., M=1or 2), the maximum value quyo,i| over
all the outputs of the separatar € i < J\?), denoted by, maz (K, J\?)]. For each coupleX, ]T/[\), we note a
relatively weak value of7, paq (K, ]\//_7)| with respect to one for scenario 1, for which no rectilineaurse is
present, and a value ¢, ;4 (K, J\?)] greater than 0.87 foM = 2 for scenario 2 and 3, i.e., in the presence
of at least one rectilinear source. These results thus sfusweach couple K, J\?), the existence of a high
contrast of value$y, yq. (K, ]\//_7)| between scenario 1 and scenarios 2 and 3, even increasingedatively
high values ofK" (K > 100) andM = 2. This high contrast of value§, q. (X, J\?)\ between the absence and
the presence of rectilinear sources jointly with a thinnealgsis, out of the scope of this paper, would allow
to choose, for each couplé( J\/Z), a threshold3 (K, J\/Z) ensuring a good probability of rectilinearity detection
for scenarios 2 and 3, a poor probability of rectilinearigtettion for scenario 1 jointly with a relatively low

false alarm rate in all cases, hence the interest of the gezpmethod.
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D. A preliminary method to detect quasi-rectilinearity

The philosophy proposed in this paper to detect a rectilityean the observation (56) can be extended to
detect quasi-rectilinear sources such as MSK, GMSK or OQANMrees to within some adaptations of the
method. Indeed a quasi-rectilinear source is a source wd@ohbe written as a filtered version of a rectilinear
source after a derotation operation by/”, whereT is the symbol duration for MSK and GMSK sources and
half the symbol duration of the associated QAM modulationG@QAM source (see [11], [31]). In this context,
the method proposed in Section V-C has to be adapted to takedcount both the derotation and the filtering
operation.

The derotation operation requires the a priori estimatibth® symbol rate of each source, which correspond
to the first non zero cyclic frequency of the first correlatimmction of the source. Thus, a first adaptation
of the method is to implement a first step of cyclic frequeneyedtion in the first correlation matrix of the
observations. Such cyclic detectors have been proposedxtimple in [16] by Gardner. Once these cyclic
frequencies of the observations have been estimated, gshb® symbol durations of the sources are available.
For each of these possibilities, corresponding derotatetroations (for potential MSK, GMSK or OQAM
modulations) may be built and may correspond to the inputh@fmethod proposed in Section V-C.

The filtering operation requires the use of blind source ispes able to process convolutive mixtures of
cyclostationary sources instead of instantaneous mixtufer this reason, separators such as JADE become
useless and have to be replaced by more sophisticated s@aaparators such as those developed in [18], [19].

With these modifications, the philosophy developed in $ec¥-C may still be used to detect quasi-

rectilinearity in the observations but at the price of a leigbomplexity.

VI. SYNTHESIS AND CONCLUSION

In this paper, enlightening properties and performancéerms of output SINR and SER after demodulation,
of the Time Invariant (TI) WL MMSE beamformer in the presemdeéSO noncircular SOI and/or interferences
which are not necessarily rectilinear have been presemtesl selfcontained, coherent, unified, guided and
progressive way. One property of the WL MMSE beamformer eomg its collinearity with a WL MVDR
beamformer (called WL MVDR) which steers a beam in the virtual direction of an extendedrgg vector
s, which depends on both the true channel or steering vestand the SO non circularity coefficien,,
of the SOI. An equivalent GSC structure of this WL MVBRemformer has been described in the paper.
This allows in particular to implement the WL MMSE beamfomiem either the knowledge of a training
sequence which is correlated with the SOI and not correlaiddthe total noise (as in radiocommunications)
or, to within a constant, the knowledge or the estimation ofhls and +, (as for spectrum monitoring
applications). Besides, under the constra?zﬁﬁV =1, it has been shown in the paper that SINR maximization

and MSE minimization are equivalent criteria which both gretes the WL MVDR beamformer. Despite
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the fact that the WL MMSE beamformer always increases thputyterformance with respect to the linear
MMSE beamformer (or the Capon’s beamformer) for SO nontarc80I and/or interferences, whatever the
number N of antennas, it increases the number of sources to be peatdssondN — 1 only when at
least two of the received sources (SOI and/or interfergnaes rectilinear. In particular, it allows SAIC in
the presence of a rectilinear SOI and one rectilinear ieterfce. These results confirm in particular the well-
known practical interest to take into account the poter&falnoncircularity property of a rectilinear or an almost
rectilinear interference. However a performance analysibie presence of either arbitrary SO noncircular or
rectangular QAM modulated interferences, in terms of battpot SINR and SER, shows, at least for a strong
SOl, the relatively weak practical interest of the WL MMSEabd@ormer for strong noncircular nonrectilinear
interferences. This breakthrough between rectilinearrattircular nonrectilinear strong interferences, which
does not seem to be well-known by the scientific communitys thenerates a new open problem for the choice
between linear and WL MMSE receiver corresponding to theat&in of rectilinearity (or quasi-rectilinearity),
instead of noncircularity, in a given noisy observationthalgh this question is mainly out of the scope of this
paper, we have proposed preliminary tools based on blintce@eparation methods to solve this problem. An
other consequence of the previous breakthrough for radimmuanications networks using rectilinear or quasi-
rectilinear modulations associated with optimal TI WL béammers, is that it is then crucial to estimate and
to compensate, with a precision depending on the trainingesgce and burst duration, the different frequency
offsets of the source before their processing. This precisias been evaluated precisely and recently in [14]
for BPSK links whose burst structure is similar to that of GSMrther results will be presented elsewhere for
MSK, GMSK and OQAM modulations and applied to radiocommatians networks using these modulations

such as the GSM or VAMOS network for example.
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Figure 2. SINRcaproON, S|NRMVDR1 and SINRmse = SINRMVDR2 as a function Of|’)/1| for N =2, P=1 71'5/7]2 = 20dB,
1 /m2 = 20dB, 0, = 0°, 61 = 30°, ¢s = 0°, ¢ = 60°, |7s| = 0, 0.5, 0.95, 1.
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Figure 3. SINRcapoON, S|NRMVDR1 and SINRvse = SINRMVDR2 as a function O'ﬂ’}/1| for N =2,P=1 71'5/7]2 = —20dB,
m1/m2 = 20dB, 6, = 0°, 61 = 10°, ¢ = 0°, ¢1 = 45°, |ys| =0, 0.5, 0.95, 1.
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Figure 4., SINRcaproON, S|NRMVDR1 and SINRmse = SINRMVDR2 as a function Of|’)/1| for N =2, P =2 71'5/7]2 = 10dB,
m1/n2 = w2 /n2 = 20dB, 6, = 0°, 6, = 30°, 62 = 60°, ¢s = 0°, 1 = 60°, g2 = 80°, |y2| =1, |ys] =0, 0.5, 0.95, 1.
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Figure 5. SER-APON, SERVIVDRI and SERmise = SERMVDR2 as a function Ofﬂ's/ng for a BPSK SOI,N = 2, P =1
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Table 1.

Table 2.

Table 3.

K=10| K=20| K=40 | K=80 | K =100 | K =1000
M=1]| 0.395 0.026 0.071 0.081 0.162 0.033
M = 0.420 0.139 0.114 0.150 0.226 0.032

30

[Fo,maz (K, J/W\)| as a function of K and M for scenario 1: (QPSK, QPSKWY =2, M = 2, T. =T, p = 0.3,
7T1/’I72 = 7T2/’I72 = 10dB, 91 = 300, 02 = 800, (bl = 400, ¢2 = 800.

K=10| K=20| K=40 | K=80 | K =100 | K =1000
M=1| 0.863 0.380 0.512 0.521 0.556 0.460
M=2]| 0.897 0.873 0.882 0.902 0.901 0.912

[Fo,maz (K, ]\7)| as a function ofK and M for scenario 2: (BPSK, QPSK)N = 2, M = 2, T. = T, pu = 0.3,
71'1/7]2 = 71'2/7]2 = 10dB, 91 = 300, 92 = 800, d)l = 400, QZ52 = 800.

K=10| K=20| K=40 | K=80 | K =100 | K = 1000
M=1| 0.209 0.088 0.437 0.113 0.057 0.152
M=2| 0979 0.939 0.894 0.936 0.939 0.908

[Yo,maz (K ]\7)| as a function of K’ and M for scenario 3: (BPSK, BPSK)N = 2, M = 2, T.

71'1/7]2 = 71'2/7]2 = 10dB
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, 01 =30°, 02 = 80°, ¢p1 =40°, ¢2 = 80°.
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