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CONJUGACY GROWTH SERIES OF SOME INFINITELY
GENERATED GROUPS

ROLAND BACHER AND PIERRE DE LA HARPE

ABSTRACT. It is observed that the conjugacy growth series of the infinite fini-
tary symmetric group with respect to the generating set of transpositions is
the generating series of the partition function. Other conjugacy growth series
are computed, for other generating sets, for restricted permutational wreath
products of finite groups by the finitary symmetric group, and for alternat-
ing groups. Similar methods are used to compute usual growth polynomials
and conjugacy growth polynomials for finite symmetric groups and alternating
groups, with respect to various generating sets of transpositions.

Computations suggest a class of finite graphs, that we call partition-complete,
which generalizes the class of semi-hamiltonian graphs, and which is of inde-
pendent interest.

Numerical evidences indicate that the coefficients of a series related to the
finitary alternating group seem to satisfy congruence relations reminiscent of
Ramanujan’s congruences for the partition function.

Pour le parfait flaneur, pour l'observateur passionné,
c’est une immense jouissance que d’élire domicile

dans le nombre, dans l'ondoyant dans le mouvement,
dans le fugitif et linfini.

(In Baudelaire, Le peintre de la vie moderne [Baud—63].)

1. Explicit conjugation growth series

Let G be a group generated by a set S. For g € (G, the word length
l;.s(g) is defined to be the smallest non-negative integer n for which there are
S1,52,...,5, € SUS™! such that g = sy55---5,, and the conjugacy length
ka.s(g) is the smallest integer n for which there exists h in the conjugacy class of
g such that {g s(h) = n. For n € N, denote by v s(n) € NU{oco} the number of
conjugacy classes in G consisting of elements g with g s(g) = n (we agree that
0 € N). Assuming that the pair (G, S) satisfies the condition

(Fin) Ya,s(n) is finite for all n € N,
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2 ROLAND BACHER AND PIERRE DE LA HARPE

we define the conjugacy growth series

Cosla) = D vesn)g" = > 59 e N[[q]].

g€Conj(G)

Here ZgEConj(G) indicates a summation over a set of representatives in G of the

set of conjugacy classes of G. The exponential rate of conjugacy growth is
logvg,s(n) |

H, éogj = limsup,, .., note that exp(—H, 5029) is the radius of convergence
of the series C¢ s(q).

In case GG is generated by a finite set S, Condition (Fin) is obviously satisfied,
so that the formal series C s(¢) and the number Héogf are well defined; they
have recently been given some attention, see e.g. [AnCi], [BCLM-13], [Fink-14],
[GuSa-10], [HuOs-13], [Mann—12, Chap. 17], [PaPa-15], [Rivi-10]. The subject
is related to that of counting closed geodesics in compact Riemannian manifolds
[Babe-88], [CoKn—-04], [Hube—-56], [Marg—69].

When S is finite, denote for n € N by o g(n) € N the number of elements
g € G with lg s(g) = n. In this situation, it is tempting to compare the series
Cg.s to the growth series

Las(q) = Y oas(n)g" = > ¢59 e N[[q]] .

geG

For finite series, e.g. for finite groups, we rather write “conjugacy growth poly-
nomial” and “growth polynomial”.

The first purpose of the present article is to observe that there are groups
G which are not finitely generated, and yet have interesting series Cg s(q) for
appropriate infinite generating sets S. Groups of concern here are locally finite
infinite symmetric groups, some of their wreath products, and infinite alternating
groups. We are also led to compute and compare polynomials C¢ s and L¢ g for
finite symmetric and alternating groups, for various generating sets S.

For a non-empty set X, we denote by Sym(X) the finitary symmetric group
of X, i.e. the group of permutations of X with finite support. The support of
a permutation g of X is the subset sup(g) = {x € X|g(z) # x} of X. It is
convenient to agree that, for g, h € Sym(X),

we denote by gh the result of the permutation h followed by g,

such that (gh)(z) = g(h(z)) for all x € X. For example, for X = N, we have
(1,2)(2,3) = (1,2,3), and not (1, 3,2) as with the other convention.
The conjugacy class

Tx = {(z,y) € Sym(X) | z,y € X are distinct} C Sym(X)
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of all transpositions in Sym(X) is a generating set of Sym(X). We consider also
other generating sets, in particular for X = N

Slgox = {(Z’Z + 1) | (S N}’
which makes Sym(IN) look like an infinitely generated irreducible Coxeter group
of type A.

When X is finite, Sym(X) is the usual symmetric group of X. For n > 1 and
X ={1,2,...,n}, we write Sym(n). The sets of transpositions

SO = {(1,2),(2,3),---,(n—1,n)}, T, ={(i,j)|1<i,j<n, i<j}

are particular cases for Sym(n) of generating sets which are standard for finite
Coxeter groups.

In the following proposition, we collect a sample of equalities that appear again
in Proposition 8 in a more general situation.

Proposition 1. Let S C Sym(N) be a generating set such that S C S C Tn.
For everyn > 1, let S, C Sym(n) be a generating set such that S¢°* C S,, C T,,.
Then

(i) Csymm,s(q) = 2o p_op(m)g™ = H;)i1 1_1qj )

in particular the sequence of coefficients of Csym(n),s(q) if of intermediate
growth,

(i) Csym(n) S.(q) = Zk opn k(n )qu
(ZZZ) EZO:(] CSym(n),Sn (q)tn = H]Oil 1_(1]%%] )

where the partition function p(n) and the second equality of (i) are as recalled in
Appendiz B.a, and the number p,_r(n) of partitions of n with n— k positive parts
as in Appendiz B.b. Moreover:

(iv) whenn — oo, the polynomials Csymm),s, (q) of (1) converge coefficientwise
towards the series Csymmy,s(q) of (i).

For example:
Csym(2),5:(q) = 1+,
Csym3),5:(q) = 1+ q+¢°,
Csym(),s. (@) = 1+ q+2¢° + ¢,
() = 1+q+2¢° +2¢° + ¢,
Csym(6),56(¢) = 1 +q+ 2¢> +3¢° + 3¢* + ¢°,
Csymn),s, (@) = 14+q+2¢°+ -+ [n/2]¢" *+¢"" (n>5).

The main ingredients for the proof of Proposition 1 are Observation 2 and
Lemma 3. We use the following standard notation: for an integer n > 0, we

CSym(5 S5 (d
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denote by A = (A1, Ag, -+, Ax) F n a partition of weight n = A\ + Xy + -+ + Ay,
In Proposition 18 of Section 2, we come back to the convergence of Csymn),s, (¢)

t0 Cymm.s(9)-

Observation 2. Let X be a non-empty set, finite or infinite. Denote by |X]| its

cardinality. Conjugacy classes in Sym(X) are in natural bijection with appropri-

ate sets of partitions. More precisely, for each pair (L, k) of non-negative integers

with L 4+ k < |X]|, there is a bijection between the set of partitions of the form

(2.a) A= (A, ) FL
on the one hand, and conjugacy classes in Sym(X) of elements of the form
g = c1¢y - - ¢ € Sym(X) where
¢; is a cycle of some length \; +1>2fort=1,2,...,k,
(2.b) the supports of ¢; and c¢; are disjoint for 7 # 7',

k
and therefore |sup(g)| —k =L = Z A
i=1

on the other hand. In this article,
the length of a cycle is at least 2, unless otherwise stated;

we always make it explicit when we want to consider fized points as cycles of
length 1.

Lemma 3. Consider two integers L,k > 0, a set X of cardinal at least L + k
(possibly infinite), an element g € Sym(X), and the corresponding partition \ = L
as in (2.a) and (2.b) above.
(1) There exist transpositions si,...,sp € Sym(X) such that g = s;---sf
and sup(s;) C sup(g) for alll € {1,...,L}.
(ii) There exist transpositions t1, ...ty € Sym(X) such that g =ty -- -ty if
and only if M > L and M — L is even.
Suppose moreover that X is given together with trees Ty, ..., Ty, with the following
properties: fori € {1,...,k}, the vertex set of T; is a subset of X of cardinality
Xi+1, and these subsets are disjoint from each other. Let {{z1, 21}, ... {zp, 2} }}

be an enumeration of the edges of the forest Ule T;.
(iii) The product h = (xy,2}) - - (zr,x}) is conjugate to g in Sym(X).
We postpone until Section 2 the proofs of these, and of further propositions

in the present section. Before we can state more general cases of some of the
equalities of Proposition 1, we introduce two definitions and provide examples.

Definition 4. For a set S of transposition of a set X, the transposition graph
['(S) has vertex set X and edge set those pairs {z,y} C X for which the trans-
position (z,y) is in S.



CONJUGACY GROWTH SERIES 5

But for their names, these graphs appear in [Serg—93]. It is well-known and
easy to check (Lemma 31) that
ac the group Sym(X) is generated by S
(GO) if and only if the graph I'(S) is connected.
Definition 5. For a set X, a set S of transpositions of X is partition-complete
if it satisfies the following condition:

the transposition graph I'(.S) is connected and,
for every partition A = (A1, ..., A¢) F L such that L + k < |X]|,

['(S) contains a forest consisting of k trees

(PC)

having respectively A\ + 1,..., \x + 1 vertices.
The graph I'(S) itself is partition-complete when S is so.

Example 6. When X = {1,...,n}, sets of transpositions satisfying Condition
(PC) include sets S such that S¢ C S C T,,, and also those for which I'(S) is
one of the Dynkin graphs Do, 1 with n > 2, or E; or Eg.

But if S is such that I'(S) is one of Dy, with n > 2, or Eg, then S does not
satisfy Condition (PC), because Dy, does not contain n disjoint trees with two
vertices each, and Eg does not contain two disjoint trees with three vertices each.

When X is finite, S is partition-complete as soon as the graph I'(S) is semi-
hamiltonian; recall that a graph is semi-hamiltonian [respectively hamiltonian]
if it contains a path [respectively a cycle] containing every vertex exactly once.
Condition (PC) for a graph can be seen as a weakening of the property of being
semi-hamiltonian.

When X is infinite, Condition (PC) is equivalent to (PCy):

S generates Sym(X) and, for all n > 1,
(PCw) the graph I'(S) contains a disjoint union
of n trees with at least n vertices each.

When X = N, here are two families of examples of sets S satisfying Condition
(PCw). The first is that of sets of transpositions of which the transposition
graph contains arbitrarily long segments; this family contains sets S such that
S{* € S C In. For a set of the second family, choose an increasing sequence
(kn)n>1 of positive integers such that ko — kyi1 > kni1 —ky, for all n > 1; define
then S as the set of transpositions (0, k,) and (k,,j) for all n > 1 and j with
kn+1<j <k, — 1, sothat ['(S) is obtained from a star with centre 0 and
infinitely many neighbours k,, by attaching k,,, — k, — 1 vertices to each vertex
k,; thus I'(S) is a tree of diameter 4, with all vertices but one (the origin) of
finite degrees.

On the contrary, the set S§ = {(0,n) | n > 1} does not satisfy Condi-
tion (PCy). Proposition 9 provides the conjugacy growth series for the pair

(Sym(N), Sx).-
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We ignore the existence of a simple criterion for graphs or trees to be partition
complete.

Using Definition 5, we reformulate Lemma 3(iii) an generalize Proposition 1 as
follows:

Lemma 7. Let X be a non-empty set and S a partition-complete set of trans-
positions of X. Let g = c1---¢, € Sym(X) be a product of cycles with disjoint
supports and non-increasing lengths; denote by \y + 1,...  A\x + 1 their lengths,
and set L =S\, so that |sup(g)| = L + k. Then

HSym(X),S(Q) = L.

Proposition 8. Let X be an infinite set and S C Sym(X) a partition-complete
set of transpositions.

(a) The equalities of (i) in Proposition 1 hold true. In particular the series
Csym(x),5(q) does not depend on the cardinality of X, as long as X is
infinite.

For everyn > 1, let S,, C Sym(n) be a partition-complete set of transpositions.
(b) Claims (ii), (iii), and (iv) in Proposition 1 hold true.
For the next proposition, we consider the generating sets of transpositions
S% = {(0,n) € Sym(N) | n > 1} C Sym(N),
SY = {(0,4) |1 <i<n—1} C Sym(n) = Sym({0,1,...,n — 1},
which do not satisty Condition (PC).

Proposition 9. Let S§ C Sym(N) and, for everyn > 1, let S° C Sym(n) be as
above. Then

. 1
(1) Csymn).sg, (@) = 1+Zq3k 2H T—¢

L+q+¢° +¢ +2¢" +2¢° +3q + 49" +5¢° + 6¢° + 9¢'"+
10" + 13¢% + 17" + 21" + 25" + 33¢' + 39¢'7 + 494"+
60¢" 4 73¢”° + 88¢* + 110¢** + 130¢™ + 158¢* + - - -

[n/2)

(”) CSym(n),SO =1+ Z q2k QZPk

Moreover, when n — oo, the polynomzals Csym(ny,s0 of (i) converge coefficient-
wise towards the series CSym(N s¢.(q) of (i).

At the day of writing, the sequence

n‘0123456789101112131415161718
n‘111122345691013172125333949




CONJUGACY GROWTH SERIES 7

of coefficients of the series Cgym(n),s9, () = Yoo o Cng™ of (i) does not appear in
[OEIS]. The equality of (ii) is repeated in Proposition 22 below.

Numerically, the series of Proposition 9(i) converges in the unit disc, and shows
two roots of smallest absolute value, near —0.53 4 0.68:. This makes it unlikely
that the series of Proposition 9 has such a nice product expansion like that of
Proposition 1(i).

Let X be an infinite set, H a finite group, denote by M the number of conjugacy
classes of H, and let W = H {x Sym(X) be the corresponding permutational
wreath product. Let S be a generating set of W containing a set of transpositions
Sx of X generating Sym(X) and satisfying Condition (PCwr) of Section 3.

Proposition 10 (see Proposition 19 below). Let W = H {x Sym(X), S and M
be as above. Then

Cws(q) = <CSym(X)7SX<q>)N - ﬁm

The finitary alternating group of N is the subgroup Alt(IN) of Sym(IN) of
permutations of even signature. Consider its generating set

Sa = {(i,i+1,i+2) € Alt(N) | i € N},

as well as the subset T4 = UgeAlt(N) gSig~! of all 3-cycles. Proposition 11 is
the analogue for the finitary alternating group of N of Proposition 1(i) for the
finitary symmetric group.

Proposition 11. Let S C Alt(N) be a generating set such that S& C S C T%.
Then

Canvy.s(a) = Y p(u)g" > pe(v)g”
u=0 v=0

e
_i:11_qi jzoq k:ll_qk

= 14+ q+3¢* +5¢° + 11¢* + 18¢° + 34¢°
+ 55¢7 4+ 95¢° 4+ 150¢° + 244¢"° + - -

where pe(v) denotes the number of partitions of v € N involving an even number
of positive parts.

For the coefficients of the series of Proposition 11, we have observed numerical
evidences of congruence relations with a flavour of Ramanujan congruences:
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Observation 12. Set Caynys(q) = > neop?(n)q™. Numerally, for n < 3000,
we have

p*(5n+3) = 0 (mod 5),
p*(10n+7) = 0 (mod 5),
p*(10n+9) = 0 (mod5),

pA(25n423) = 0 (mod 25),
p*(49n +17) = 0 (mod 7),
p*(49n +31) = 0 (mod 7),
p*(49n +38) = 0 (mod 7),
p*(49n +45) = 0 (mod 7),
pA(121n +111) = 0 (mod 11)

Remark 13. (i) Let G be a group generated by a subset 7. Then

(k7 = C7) ker(9) = lar(g) forall g€ G
if and only if T" is closed by conjugation, as it is straightforward to check.

(ii) Suppose that G is also generated by a subset S, and assume that T =
Upeg hSh™!. Then

(kr < Kg) kar(9) < kes(g) forall g € G,

but equality need not hold.
For example, if G = Sym(4) and S = {(1,2), (2,3,4)}, then

ker((1,2)(3,4)) =2 < kas((1,2)(3,4)) = 4.
(iii) It is remarkable that we have

(kT = Ks) Kar(9) = ka,s(g) forall g € G,

in many cases of interest here, including

— G =Sym(N) and S as in Proposition 1(i), so that T' = T,
— G =Sym(n) and S = S, as in Proposition 1(ii), so that T"= T,
— G = Alt(N) and S as in Proposition 11, so that T' = T§.

In these cases, it follows that
(Cr =Cs) Cer(q) = Cas(q).

Note however that, in the case of G = Sym(N) and S = SY, and therefore
T = Tn, the series Cg g(q) of Proposition 9 and C¢ r(q) of Proposition 1(i) are
different, so that the equalities (kr = kg) and (Cr = Cg) do not hold.
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Overview. Section 2 contains proofs of Propositions 1, 8, 9 and Lemmas 3, 7.
In Section 3, we write and prove formulas for conjugacy growth series of wreath
products, see Propositions 10 and 19.

Suppose that G is a finite symmetric group Sym(n), and S a system of gener-
ators. When S is either S or T, the polynomial Lg g(q) is well-known, and
is recalled in Proposition 20 below. Indeed, these polynomials make sense and
are explicitely known for all finite Coxeter systems; they appear in many places,
for example [Solo—66] and [Bour—68, exercises of § IV.1], as well as [ShTo-54]. In
Section 4, we compute Csym(n),s(¢q), and compare these polynomials with those for
another generating set, the set S° defined above; this uses lemmas of Section 2,
as well as some facts on derangements recalled in Appendix B.

In Section 5, we present results of analogous computations for finitary alter-
nating groups, and in particular the proof of Proposition 11. In the final Section
6, we discuss the context of Observation 12.

There is a short Appendix A with three lemmas on symmetric and alternating
groups, and a longer Appendix B that is a reminder of various definitions and
identities involving partitions and derangements.

2. Proof of Lemma 3 and 7, and Propositions 1, 8, and 9

We will moreover state and prove a sharpening of Proposition 1(iv), in Propo-
sition 18.

2.a. Proof of Lemmas 3 and 7. As a preliminary step for the proof, consider
a cycle
c = (x1,...,0u41) € Sym(X),

where 1 < p < |X|—1. By Lemma 30 applied p— 1 times (see Appendix A), the
cycle ¢ can be written as a product of u transpositions with supports in sup(c).

If g=rc-- ¢, € Sym(X) is as in Lemma 3, it follows that ¢; can be written
as a product of \; transpositions with supports in sup(g), for all i € {1,...,k},
and therefore that ¢ can be written as a product of L = Zle A; transpositions
with supports in sup(g). This proves (i) of Lemma 3.

With the extra ingredient of Lemma 31, this also proves (iii) of Lemma 3 and
Lemma 7.

Consider now g = t;---tp as in (ii) of Lemma 3. The element g is also a
product of cycles with disjoint supports that we can write ¢; = (¢, 2, . .. ,xii 1)
for i =1,..., k. Define a multigraph G = G(t1,...,ty) as follows: its vertex set
is Vi == UM, sup(t,), and there is one edge between the two vertices of sup(t,)
for each v € {1,..., M}. Observe that Vi D sup(g) = Ule sup(¢;).

Erasing from the product t; - - -t,; those t, contributing to connected compo-
nents of G disjoint from sup(g) does not change this product. We can there-
fore assume that each connected component of G intersects sup(g). For each



10 ROLAND BACHER AND PIERRE DE LA HARPE

ie{l,....,k} and j € {1,...,\; + 1}, the connected component of G containing
x; contains sup(c¢;); it follows that each connected component of G contains at
least one of the sup(¢;) ’s, and therefore that the number of connected components
of G, say vq, is at most k.

Given any finite multigraph with v vertices, e edges, and v connected compo-
nents, e > v — v, with equality if and only if the multigraph is a forest. For the
multigraph G, we have therefore

k
M > Vol —ve = [sup(g)| =k = > A

Moreover, M and L have the same parity, which is also the signature of g.
Conversely, for every M > L with M — L even, g can be written as a product

of M transpositions, for example the L transpositions of (i) and (M — L)/2 times

the product s;s;. This proves (ii) of Lemma 3 O

2.b. Proof of Propositions 1 and 8. We prove the equalities of Proposition 1
in the more general case of Proposition 8.

(i) Let X be an infinite set and S C Sym(X) a partition-complete set of
transpositions. The series Csym(x),s(q) is a sum over partitions A - L as in (2.a)
of Observation 2, and the Contribution of such a partition is qL by Lemma 7.
Hence Csym(x),s5(q) = Y7o p(L)g". Equality with [T i1 T identity
(EP;) recalled in Appendix B.a.

(ii) Consider a positive integer n and a partition-complete set S,, C Sym(n).
Conjugacy classes in Sym(n) are now in bijection with partitions of n as fol-
lows: a partition (u1,...,ux) F n with exactly k positive parts corresponds
to a permutation g = c¢;---¢; where ¢; is a cycle of length p;, and “cycles”
of length 1, i.e. fixed points of g, are now allowed (this is why we use p here
rather than A as above). By Lemma 7, the S,-conjugacy length of such a g is
Ksym(n),S, (9) = Ele(uj — 1) = n — k. Hence the polynomial Cgymn).s,(q) is a
sum over partitions of n (where n is fixed) with exactly k parts (where k ranges
from 1 (long cycles) to n (identity)), and each such partition contributes by ¢"*

Hence Csym(n.s, (4) = Yopey De(n)q" ™ = Y420 Pa-r(n)g.

(iii) Exchanging product and sum, we have

oo o0

_ Zk(k Dbk 03, (k—1) 10,k
S P DI | (e
k=1 k=1 £,=0 01,01,03,..>0 k=1

oo
< Z ngo_lzk(k—n) m
n=0 01,02,03,...>0

042004+ kbt =n
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For n > 0, there is a contribution to the coefficient of " for each sequence
(61,03,03,...) of non-negative integers such that ¢; 4+ 20y + 303 + - - - = n, equiv-
alently for each partition 112¢3% ... of n, with ¢, parts 1, and ¢, parts 2,
and (3 parts 3, ..., equivalently for each conjugacy class in Sym(n). Since
001 + 10y + 203 + - - - is the S,-length of such a conjugacy class, the contribu-
tions to the coefficient of " add up precisely to Csym(n),s, (q)-

(iv) The polynomials of (ii) converge coefficientwise towards the series of (i)
because p,_r(n) = p(k) when 2k < n. See (EP)) in Appendix B.b). O

2.c. A computation of lengths. For the next two lemmas, we agree that
Sym(n) denotes the group of permutations of {0,1,...,n — 1}, and we consider
the generating set SO defined just before Proposition 9.

Lemma 14. Let g = ci¢cy...¢cx € Sym(n), where ¢y, ..., ¢, are cycles (each of
length at least 2) with disjoint supports; set m = |sup(g)|.

m+k if g(0) =0,
bsymm).59(9) < { m+k—2 if g(0)#0.

Proof. Choose i € {1,...,k}. Let p; denote the length of ¢;, and write ¢; =

(.Tl, To, ... ,.I‘M).
If sup(c;) does not contain 0, then

¢ = (0,21)(0,24,)(0, ;1) - - - (0, 22)(0, 1)

and Lgym(ny,s0(c;) < p; + 1. If sup(c;) contains 0, say x; = 0, (this occurs for at
most one value of 7), then

G = (07 xﬂi)(07 xﬂi—l)(07 l‘m_g) T (07 x2)

and eSym(n),Sg (Cz) < M — L.
Since Lym(n),s0(9) < Zle Lsym(n),s0 (ci), the lemma follows. O

Lemma 15. Let g = cica...cp € Sym(n) and m = |sup(g)| be as in the previous
lemma. Then

, m+k if g(0) =0,
sym(n).59(9) = { m+k—2 if g(0) #0,
Ksym(n),s0(9) = m+k—2 as soon as g # id.

Proof. Set L = Lgym(n),s0(9); there exist ry,...,r, € SY such that g = ryry- -7y,
For i € {1,...,k}, there are distinct elements z,... ,xf” € {0,1,....,n — 1}
such that ¢; = (2, 2%, ... ,xii); and g1 + -+ + pr = m. Observe that, for all
i€ {l,...,k} and j € {1,...,}, the transposition (0,z}) occurs in the list
ri,...,rr, at least once.

Suppose first that 0 ¢ sup(g). We know from Lemma 14 that L < m + k. If

one had L < m+ k, there would exist ¢ € {1,..., k} such that (0, x) occurs only
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one time in the list ry,..., 7, for each z € sup(c;); but this is not possible since
0 ¢ sup(c;). Hence L = m + k.

Suppose now that 0 € sup(g); we can assume that z1 = 0. We know from
Lemma 14 that L < m + k — 2. If one had L < m + k — 2, at least one of the
two following situations would hold:

(a) there exists i € {2,...,k} such that (0,z) occurs only one time in the list

r1,...,rp for each = € sup(¢;),
(b) there exists j € {2,3,..., 1} such that the transposition (0, z}) does not
occur in the list ry,...,rp;

but this is not possible. Hence L = m + k — 2, and the formula for fgym ), 50 (9)
follows.

For all g # id in Sym(n), there exists a conjugate h of g such that h(0) # 0 to
which the same computation applies. The formula for Kgymn),s0(g) follows. [

Similarly:

Lemma 16. Let g = cicp--- ¢, € Sym(N), where ¢y, ..., ¢ are cycles (each of
length at least 2) with disjoint supports; set m = |sup(g)|. Then Cgym(Ny, 88, (9)
and Kgym(Ny,sg, (g9) are given by the formulas of the previous lemma.

2.d. Proof of Proposition 9. We record a minor variation of Observation 2,
as follows. Given m > 2 and k > 1, there is a bijection between

a) the set ol partitions ol m wit parts, all at least 2,
h f it f ith & 1l at 1 2
(i.e. partitions of the form p = (pq, ..., pux) F m with gy > -+ > py > 2),

and

(b) the set of conjugacy classes of elements g # 1 in Sym(IN) or Sym(n),
with [sup(g)| = m, which are products of k cycles with
disjoint supports, where moreover m < n in the case of Sym(n)
(i.e. of elements of the form g = ¢; - - - ¢, with length(¢;) = ;).

For each p as in (a), set

V:<V17"'7Vk) = (:ul_lv 7uk_1)|_m_k
which is a partition in k positive parts.

The relevant length of the conjugacy class of g as in (b) is m + k — 2, by Lemmas
15 and 16.
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For (i) of Proposition 9, it follows that

m

Csym(N),sg,(Q) = Z’Vsym(N),sg, (m)q

oo |[m/2]
_ 1+Z Zpk<m_k>qm+k72
m=2 k=1
m=2k

=1+ Z ¢ Zpk(n)q
k=1 n==k
0o k 1
= 1+Zq3k—2H1_qj
k=1 j=1

where the last equality holds by (EPs) of Appendix B.b.

(ii) Similarly:

n |m/2]
Csymmy,s0(q) = 1 + Z Z pe(m — k)gm 2
m=2 k=1
[n/2]
m=2k
"/2J

=1+ Zq% 221%

(Note: 70, pr(i)d’ = X27_opr(j)¢’.) Tt is now clear that these polynomi-
als converge coefficientwise to 1 + Y *_, ,Em/ 2] pe(m — k)g™™*=2 that is to
C(Sym SO (q) U

We end this section with a sharpening of Claim (iv) of Proposition 1; this
applies more generally to the situation of Proposition 8. Let S C Sym(N) be a
partition-complete set of transpositions, and let L be a non-negative integer. Set

Kr(S) = {g € Sym(N) | ksymny,s(g) = L}.

Observe that K (.S) is a union of conjugacy classes in Sym(IN). For g € Sym(IN),
we denote by k, the number of cycles with disjoint supports of which g is the
product.

Lemma 17. Let S, L, and KL(S) be as above.
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(1) Let g € KCr(S). Then |sup(g)| = L+k, < 2L for all g € K1(S). Equality
ky = L holds if and only if g is a product of L transpositions with disjoint
SUPports.

(ii) Let s € N be such that 0 < s < L/2. Then K(S) contains exactly p(s)
conjugacy classes of elements g such that |[sup(g)| = 2L — s.

Proof. (i) Let g € IC.(.S) be written as a product c; - - - ¢, of cycles with disjoint
supports of decreasing sizes. For i € {1,...,k,}, denote by \; + 1 the length of
ci; set A = (A,...,\,), so that A = L by Lemma 7. Since k;, < L, we have
lsup(g9)| = L+k, < 2L. If [sup(g)| = 2L, then \; =1 fori=1,..., k,, and every
¢; is a transposition.

(ii) Let s be such that 0 < s < L/2. We proceed to establish a bijection
between the set of partitions of s on the one hand, and the set of conjugacy
classes of elements g € Sym(N) such that g € K.(S) and [sup(g)| = 2L — s on
the other hand; this will end the proof. As Claim (i) covers the case s = 0, we
could assume that s > 1.

Choose a partition p = (u1,..., pum) F s. Since s < L/2, we have L — s > m.
Set

A= ()\17---7>\L—s) = ([L1+1,...,[Lm+1,]_,...1),

a partition of L with L — (s+m) parts 1. Let g € Sym(IN) be a product of cycles
of lengths A\y + 1,..., A\;_s + 1 with disjoint supports. Then

L—s m
“Sym(NLS(g) = Z)‘j = (ZMJ’) +L—s =1,
j=1 j=1
in particular g € K. (95), and
L—s
sup(g)] = SOy +1) = 2L —s.

1

J

Conversely, choose g € K1(S) with |sup(g)| =2L —s. Let Ay +1,..., A, _s+1
be the lengths, in decreasing order, of the cycles with disjoint supports of which
g is the product; note that A = (A,...,A\p_s) b L. Define a partition p =
(1, pm) by m = max{j € {1,...,L —s}|\; > 2}, and p; = A\; — 1 for
je{l,...,m}. Then ptL—(L—3s)=s. O

Here is the announced sharpening, see Propositions 1 and 8.

Proposition 18. Let S be a partition-complete set of transpositions in Sym(IN)
and, for each m > 1, let S,, be a partition-complete set of transpositions in
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Sym(m). Write Cs(q) for Csymy,s(q) and Cp(q) for Csymm),s.. (q). Then:

lim ——(Coo(q) — Consa(q)) = Zp(g 2i)g

n—00 q""’l

1

1m
n—»00 q""’l

(COO( ) — Conl(q Zp (2t +1))

where p(< 7) :==p(0) + p(1) + - -+ + p(j) for all j € N.

Proof. Note first that, for L, m, k € N, a conjugacy class in K (S) of elements g
such that |[sup(g)| = L + k intersects Sym(m) if and only if L + &k < m.

Let n > 1. Choose an integer k such that 1 < k < "?#. Let C be a conjugacy
class in Sym(IN) such that C C K, «(5).

Suppose that C contributes to the coefficient of ¢"** in C.,(q) and not to the
coefficient of ¢"™* in Cs,,1(q). Equivalently, suppose that, for every g € C, we
have [sup(g)| > 2n+2;if s > 0 is deﬁned by |sup(g)| = 2(n+ k;) — s, this means
that s < 2k—2. Smcek<”—+4ie 3k gﬂwehaves< —i— S"Jrk so that
C is one of the Y22 % p(s) classes Wthh appear in Lemma 17(11). It follows that
the coefficient of ¢"™ in C(q) — Cany1(q) is p(< (2k —2)), so that the coefficient
of ¢*71 in qn—lﬂ(Coo(q) — Cont1(q)) is p(£ (2k — 2)) for k with 1 < k < 2.
Consequently, for given i € N, the coefficient of ¢" in qnlﬂ (Coo(q) — Cont1(q)) is
p(< 2i) as soon as n is large enough.

Similarly, suppose that C contributes to the coefficient of ¢"** in Cy(q) and
not to the coefficient of ¢"** in Cy,(q). A similar argument shows that C is one
of the Eizl p(s) classes which appear in Lemma 17(ii), and finally that, for
i € N, the coefficients of ¢' in #(C’m(q) — C9,(q)) is p(< (2i 4+ 1)) for n large
enough. O

3. Some wreath products

Consider a non-empty set X, a group H, and the permutational wreath
product H 1x Sym(X) := H®) x Sym(X). Here, HX) denotes the group of
functions from X to H having finite support, for the pointwise multiplication, and
the semi-direct product “x” refers to the natural action of Sym(X) on H™) i.e
to f € Sym(X) acting on 1/1 € HX) by ¢ — f(1p) := 1po f~1. The multiplication
in this wreath product is given by (o, f)(¥, g) = (¢f (@), fg), for ¢, € HX
and f,g € Sym(X). There is a natural action of the group H !y Sym(X) on the
set H x X, for which (¢, f) acts by (h,z) — (@(f(2z))h, f(z)); this action is
faithful.

For a € H ~ {1} and v € X, denote by ¢? € H lx Sym(X) the permutation
that maps (h,z) € H x X to (ah,u) if © = u, and to (h,z) otherwise; the
support of ¢f is the set {(h, u)}hen. Observe that (¢y),cp 1}.4cx generates the
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subgroup HX), and that ¢, % are conjugate in H 1y Sym(X) if and only if a, b
are conjugate in H.

For u € X, we denote by H, the set of elements ¢¢ for a € H ~ {1}, and by
Ty the subset | J,ox Hy of H (X): recall that T'x is the subset of all transpositions
in Sym(X). Consider subsets Sy C Ty and Sy C Tx, and define S to be the
disjoint union Sy U S, inside H {y Sym(X). It is again elementary to check that

if there exists © € X such that Sy D H,
(GCwr) and I'(Sy) is connected,
then the group H !y Sym(X) is generated by S.

When X is infinite, we consider subsets of HlxSym(X) of the form S = SyUSx
that satisfy the following condition:

the transposition graph I'(Sx) is connected

and contains for all n > 1 a segment of length n,

(PCwr)

say with vertices 1, xa, ..., Ty,
such that ¢f ,...,¢5 € Sy foralla € H \ {1}.

(The conditions “contains for all n > 1 a segment of length n” and “for all
a € H~ {1}" could both be weakened, but we keep it like this for simplicity.)

Proposition 19. Let H be a finite group; denote by M the number of conjugacy
classes in H. Consider an infinite set X, the wreath product W = H {x Sym(X),
and a generating subset S that satisfies Condition (PCwr). Then
A 1
Cws(a) = | 7—w -
o (=)
Set [1oe, m = Y2, p™M(n)g". For low values of the integer M, the

sequences (p(M) (n)) are well documented. For example, with A000041

n=0,1,2,...
and other similar numbers referring to those of [OEIS], we have:

1,1,2,3,5,7,11,15,22,30,42, ... for (p{V),s0, see A000041;

n

1,2,5,10,20, 36, 65,110, 185,300,481, ... for (p'?),>0, see AO00T12;

n

1,3,9,22, 51,108,221, 429, 810, 1479, 2640, . .. for (p'*),=0, see A000716;
1,12,90, 520, 2535, 10908, 42614, 153960, ... for (p'?),>0, see A005758;
for (p™)),>o when 4 < M <23, M # 12, see A023003 to A023021.

n

See also Section 6 for some congruence relations satisfied by the coefficients p™ (n).

Proof of Proposition 19. In this proof, we write G for Sym(X) and W for H 1x

Sym(X) = HX) x G, and W is viewed as a group of permutations of H x X.
The set of conjugacy classes of W is in bijection with the set of H,-decorated

partitions, as we now describe; see also [Macd-95, Appendix I.B, No. 3]. Here, H,
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denotes the set of conjugacy classes of H; we write 1 € H, rather than {1} € H,
for the class {1} € H. For each n € H,, we choose a representative h, € H;
observe that h; = 1.

First, consider a partition A1) = ()\gl), )\;1), e )\,(:()1)) F ny; and a sequence of
distinct points

xgl) gl)’l, o ,x(l)’l xgl)’Q, xél)’Q, - ,x(l)’z

( ) A§1)+1’ Aél)JFl’
seqp
...... 0RO R0 GOy

k(1)

Consider also for each n € H, such that n # 1 a partition

pulm = (u(n) ,ug ), cee “lg@v)) - n, and a sequence of distinct points
1 1 2 2
D DL x(@?) PROERN () x;@) ’
seq.
(eap) ,:pg )k("),xg)k("), x(@])k(") in X.
k(n)

Assume moreover that xgm’l #+ :Egy/)’ll for all n,4,4,1',7, 7 as above with n # n'.
We denote by Y the finite subset of X of those points that occur either in (seq)
or in (seq,) for some n € H, ~ 1. We allow empty sequences, i.e. some n € H,
with k(n) = 0; indeed this may happen for all n € H,, in which case Y = () and
the element w € W defined below is the identity.

To this family

(T) ()\(1)’ (M(n))neH*\1>
and these choices, we associate an element w € W defined as follows:
w(h,xﬁn ) (h,:z:]H) forizl,...,k(l),jzl,...,)\gl),
w(h, x(l()l’)iJrl) (h, xll)’z) fori =1,...,k(1),
w(h,xg-")’) (h,xﬂr)’l) forz'zl,...,k;(n),jzl,...,ui") 1,
w(h,x("(_i)) (hoh, 2"7)  fori=1,... k(n),
w(h,z) = (h,2) forallze X, z¢Y,

where Lines 3 and 4 of the 5 lines above hold for all n € H, \ 1.

This association shows that the set of conjugacy classes of W is in bijection
with the set of data of the form (). Moreover, if S is a set of generators of W
as in Proposition 19, the conjugacy length of w is

k(n)

HW,S<U}) Z)\(l -+ ZZM

n#l 1=1
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by an argument similar to that used for Lemma 3. Hence ky g(w) = n if and
only if we have Zne .My = n. The coefficient of ¢" in Cyys(q) is therefore
> nem, P(ny). 1t follows that

Cust@) = TT 3t = T ey
nEH, ny=0 k:l
This ends the proof of Proposition 19. U

Remark. There are several ways to establish a correspondence between parti-
tions and conjugacy classes in symmetric groups. For example, when X = N,
in the beginning of the proof above or in Observation 2, a partition such as
(3,3,1) F 7 corresponds to the conjugacy class of

later in the proof above, the same partition corresponds to the conjugacy class
of?

(1,2,3)(4,5,6) € Sym(IN).
This is the reason for which we use one symbol, A, for a partition associated to
1 € H, and a different symbol, pu, for a partition associated to n # 1 in H,.

4. A sample of growth polynomials and conjugacy growth
polynomials for finite symmetric groups

The purpose of the present section is to compute for Sym(n) growth polyno-
mials Lgym(n),s(¢) and conjugacy growth polynomials Csymn),s(q), with respect
to a sample of generating sets S. Our computations rely partly on Lemmas 3 of
Section 1 and 15 of Section 2.

Before this, we review part of what is known in the broader and classical
setting of finite Coxeter groups. Though we will not recall precise statements,
this is strongly related to the topology of connected compact Lie groups and their
homogenous spaces.

Let (W, S) be a finite Coxeter system; set [ = |S|. Denote the correspond-
ing Coxeter exponents by myq,...,my; they are positive integers. The growth
polynomial is known to be

!
(Lw,s) Lw,s(q H +q+-+q™).

This has received much attention; see for example [Solo—66] and [Bour—68, ex-
ercises of § IV.1 and VI.4]. As Solomon observes, the computation of Ly g for
the particular case of the symmetric groups goes back to Rodrigues, in the first

LAt this point, it could be more consistent to include fixed points in cycle decompositions of
permutations, and thus to write (1,2, 3)(4,5,6)(7).
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half of XIXth century (with a different formulation). Set T = |J,cp wSw ™.
The word length ly 1 is sometimes called the reflection length [Cart-72] and the
corresponding growth polynomial is known to be
!
(Lwr) Lwr(q) = H(1 + mq).
k=1
For a group W C GL(V') generated by reflections, define p : W — N by

p(w) =dim(V) — dim({v € V | w(v) = v})

and set Ry (q) = Y, cw @*™. Then Ry (q) = [T._,(1 + myq); this is a special
case of [ShTo-54, Number 5.3|, verified there by inspection, and shown again
more conceptually in [Solo—63]. For a finite Weyl group, it is easy to show that
p(w) = bys(w), see e.g. [Cart-72, Lemma 2|, so that Ly, = Ry, and (Lwr)
holds; this carries over to every finite Cozeter group, see e.g. [Lehr—87]. Other
avatars of these polynomials are discussed in [BaGo—94].

We do not know whether the companion polynomials Cy g, Cy.r have already
been given any attention.

In the next proposition, we particularize Ly s(¢q) and Lw,r(q) to W = Sym(n),
and we provide expressions for the corresponding conjugacy growth polynomials.
In the special case of finite symmetric groups, there is an ad hoc proof for (L)
in Remark 21 and one for (Ly ) in [Harp-91].

Proposition 20. Consider an integer n > 1, the symmetric group Sym(n) and
1ts generating sets

Sgoz = {<172>7<273)7"' 7<n_ 17”)}7
To = {(,j) |1 <id,j <n,i<j}

as in Proposition 1. The corresponding growth polynomial and conjugacy growth
polynomial are

n—1
Lsymmy,scos(q) = [[A+q+--+d").
k=1
Lsym(m.r. () = [ (1 +ka),
k=1

n—1
Csym(n),sgw(Q) = Csymm),1,,(q) = an—k(n)qk,
k=0

where p,_r(n) is as in Appendiz B.b.

Proof. The equalities involving the two products are particular cases of (Lyy,g)
and (Lwr), since the Coxeter exponents of (Sym(n),SS™) are 1,2,...,n — 1.
The equality for Cgypn),scex(q) is that of Proposition 1(ii), and Csymn),r, (¢) is
the same polynomial, see Remark 13. U
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The polynomials Csymn),r, (¢) for small n ’s are given by
Coym2)1:(¢) = 1+4¢,
Csyma,m(@) = 1+q+¢°,
Coyma,r(0) = 1+q+2¢* + ¢,
Csym(o)7(@) = 144 +20"+2¢° + ',
Coym(e),15(0) = 1+q+2¢* +3¢° +3¢" +¢" .
(Compare with the polynomials written after Proposition 22.)

Remark 21. (i) The second polynomial of Proposition 20 can also be written
Lm/2]

n n B
Lsymm,r, (@) = 1+ Z <m) Z dy(m)g™ ",
m=2 k=1

where dj(m) is as in Appendix B.d.
(ii) It is easy to check directly from (i) that we have also

n—1
Lsym(n),1,(q) = H(l + kq),
k=1
as in Proposition 20.

Proof. (i) For m € {0,1,...,n}, there are (:I) subsets of size m in {1,2,...,n}.
For each such subset, say A, and each k € {0,1,...,n}, there are dp(m) permu-
tations in Sym(n) with support A which are products of k cycles with disjoint
supports, and these elements have T),-word length m — k, by Lemma 3. The
growth polynomial of the situation is therefore

mio (2) ;dk(m

To end this computation, we observe that the contribution of m = 0 is 1, that of
m = 11s 0, and dgx(m) = 0 for 2k > n.

(ii) We proceed by induction on n. There is nothing to check for n = 1; we
assume now that n > 2, and that the statement holds for n — 1.

Consider an element g € Sym(n) which is not in Sym(n—1). There is a unique
pair consisting of ¢ € {1,...,n — 1} and h € Sym(n — 1) such that g = (¢,n)h.
This implies that

CSym(n),Tn (Q) = C(Sym(nfl),Tn_l (q> + (n - 1)qCSym(n71),Tn_1 (Q)

Hence

n—1

CSym(n),Tn (Q) = CSym(nfl),an(Q) (1 + (n - 1)Q) = H(l + kQ)

i=1
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by the induction hypothesis. U

The final proposition of this section shows polynomials L and C' for finite
symmetric groups and a third generating set S°, essentially distinct from the
generating sets S¢°* and T;, of Proposition 20 for n > 4. It is convenient to see
Sym(n) as the symmetric group of {0, 1,...,n— 1}; the generating set S° is that
already considered in Lemmas 14 and 15.

Proposition 22. Consider an integer n > 1, the symmetric group Sym(n) and
the generating set S° = {(0,i) | 1 < i < n — 1}. The corresponding growth
polynomial and conjugacy growth polynomial are

n—1 [m/2]
n—1 m
Loymmse(d) = 1+ ( ) S dy(m)g™
k=1

m

m=2
N - (n— 1) Lmz/%d ()2
o =1/ ’
[n/2] n
Csym@n),s0(q) = 1 + Z i Zpk(j)qj (as in Proposition 9).
k=1 =k

For example:
Lsymias9(6) = 1+ 3q+6¢° +9¢° + 5",
LSym(5)7SQ (q) = 14+4q¢+ 12q2 + 3()q3 + 44(]4 + 26q5 + 3q67
Lsym),s(a) = 1+ 5¢ +20¢” + 70¢° + 170¢" + 250¢” + 169¢" + 35¢",

and 2 3 4
Csym(4),sg(Q) =1l4+q+q¢ +q +q,

Coym)0(@) = 1+q+¢ +¢° +2¢" +¢°,
Coym(e),s9(0) = 1+ 0+ + ¢ +2¢" +2¢° +2¢° +¢".
(Compare with the polynomials written after Proposition 20.)

Proof. Let us deal with the polynomial L. Consider first elements g € Sym(n)
with 0 ¢ sup(g). For each m € {0,1,...,n—1}, there are (" ') subsets of size m
in {1,2,...,n — 1}. For each such subset, say A, and each k € {0,1,2,...,m},
there are di(m) elements with support A which are products of k cycles, and
these elements have S°-word length m + k, by Lemma 15. The contribution to
the growth polynomial of elements with 0 ¢ sup(g) is therefore

n—1 m
n—1
m+k
(0 ¢ sup) (") e
m=0 k=0
The contribution of m = 0 is 1 and that of m = 1 is zero; for m > 2, the

contributions of terms with k =0 or k > m/2 is also zero.
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Consider now elements g € Sym(n) with 0 € sup(g). Foreachm € {1,2,...,n},

there are (:;11) subsets of size m in {0,1,...,n — 1} containing 0. For each such

subset, say B, and each k € {1,2,...,m}, there are dy(m) elements with sup-
port B which are products of k cycles, and these elements have S9-word length
m + k — 2. The contribution of these elements is therefore

n

(0 & sup) > (7)) gdk<m>qm+“ .

m=1

As above, the contributions of terms with m = 1 or k£ > m/2 vanish.
The formula for Lgymn),so(q) follows. That for Csymn),s0(q) is a repetition of
part of Proposition 9. O

5. Alternating groups

For a non-empty set X, we denote by Alt(X) the finitary alternating group
of X, i.e. the subgroup of Sym(X) of permutations of even signature. Set

T¢ = {(z,y,2) € Alt(X) | ,y, 2 € X are distinct},
Ug = {(z,9)(z,u) € Alt(X) | z,y,z,u € X are distinct}.
Recall from the introduction that, when X = N, we have defined
Sx = {(G,i+1,i+2) € Alt(N) | i € N},
and we consider also
Ry = {(L,i,i+1) € Alt(N) | i > 2}.
When X = {1,...n} for some n > 3, we write
Alt(n) = Alt({1,2,...,n}),
SA = {(i,i+1,i+2) € Alt(n) |1 <i<n—2},
RY = {(1,4,i+1) € Alt(n) |2 <i<n—1}.
When X is either N or {1,...,n} for some n > 1, we write S§ to denote the
relevant set, either S& or S, and similarly for Ry.

The following lemma is well-known, even if we did not find a convenient refer-
ence.

Lemma 23. With the notation above:
for all n > 3, the sets S and R2 both generate Alt(n);
the sets S& and R both generate Alt(N);
and the set T4 generates Alt(X).

Proof. Let H, denote the subgroup of Alt(n) generated by SZ; we claim that
H,, = Alt(n). The case of n = 3 is obvious; we proceed by induction on n,
assuming that n > 4 and that the claim holds for n — 1.



CONJUGACY GROWTH SERIES 23

The group H, acts transitively on {1,...,n}, because it contains the 3-cycle
(n—2,n—1,n) as well as H,,_; = Alt(n—1). Hence the order of H,, is n times the
index of the isotropy group {h € H,, | h(n) = n}, that is |H,| = n3(n—1)! = inl.
It follows that H,, = Alt(n).

As a consequence, RZ also generates Alt(n), since
(Lii+1,0)(1,i+2,i+1)(1,4,i+ 1) = (i,i+1,i+2) forall i € {2,...,n— 1}.

The claims for S§, R and T4 follow. O

Note that T% U U# is the set of products of two distinct elements of the gen-
erating set Sy of Sym(X). It follows that

1

Kawx),rguugd (9) = §KSym(X)7Sx (9) forall g € Alt(X).

Since, for X infinite, two elements of Alt(X) are conjugate in Alt(X) if and
only if they are conjugate in Sym(X), we obtain the following straightforward
consequence of Proposition 8:

Proposition 24. Let X be an infinite set, and T4, U% as above. Then

CAlt(X),T)’?UU)‘?(Q) = Zp(Zm)qm
m=0

= 142+ 5¢° + 11¢° + 22¢* + 42¢° + 77¢°
+ 135¢" + 231¢° + 385¢” + 627¢'° + 1002¢' + 1575¢*2 + - - -,
where the numerical coefficients are those of the series [OEIS, A058696].

Let X be a set containing at least 5 elements. It is easy to check that U%
generates Alt(X), and it can be shown that

[ maneoraoa(9) i g=id or [sup(g)| > 3,
RAI(X) U l9) = 2 if g is a 3-cycle.

It follows that
Proposition 25. Let X be an infinite set, and U4 as above. Then

Canxyoala) = ¢ —q+ Zp(Qm)qm.

m=0
Remark. For the generating set
Vi = {(i,i+1,i4+2) € Alt(N) | i > 0yU{(i,i+1)(i+2,i+3) € Alt(N) | i > 0},
it can be shown that

CAlt(N),VI(I‘(Q) = CAlt(N),TI(}UUI(}(Q)'

Our next target is to identify Cyyy(x)ra(q)-
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Lemma 26. Let g € Alt(X) and g =ty -- -ty a writing of g as a word of minimal
length L = €xy(x),ra(g) in the generators of T4,
Then t; # tF, equivalently sup(t;) # sup(t;), for all i,5 € {1,...,L} with
i1 7.
Proof. Let g = uy - - -uy; be a writing of g as a word in the generators of T%.
Suppose first that there exist j, k € {1,..., M} with j < k such that u; = uj’l.

If k = j+ 1, then deleting uju;, produces a new Tg-word of length M — 2
representing ¢; if kK > j + 2, then g can be written as

Uy Uiy (UjUjHU;l) e (ujukflugl) U1+ U,y
i.e. g can again be written as a Tg-word of length M — 2 representing g.
Suppose now that there exist j, k € {1,..., M} with j <k such that u;, = u,.

If £ = j+1, then replacing u;u by u;l produces a new Ti-word of length M —1
representing ¢g; if k > j + 2, then g can be written as

-1, -1
Uy« U1 Ujljpy = Up—1Uy Uy Ugy1 - U

and the previous procedure provides a Tg-word representing g of length M — 1.
The lemma follows. ]

For g € Alt(X) a product of cycles with disjoint supports, we denote by k;
the number of cycles of odd lengths > 3 and by 2k, the number of cycles of even
lengths > 2. Note that k, = k;, + 2k for k, as in Lemma 17.

Lemma 27. Let X be a set and S a generating set of Alt(X). Let g € Alt(X) be
a product of cycles with disjoint supports, with k,, k]| as above. Suppose either that
S =T4¢ orthat X is one of N, {1,...,n} for somen > 1, and that S§ C S C T§.

We have .
Car,ra(9) = Kawx),s(g) = §(|Sup(g)| — k).
In the proof below, we write £ for £yx) g and & for kaw(x),s-

Proof of the upper bounds x(g),¢(g) < % (|sup(g)| — k:;) We show the bound for
{(g), and leave it to the reader to check that a minor modification of the same
argument shows the bound for x(g). Whenever convenient, we write k', k" rather
than &, k.

Consider a cycle of odd length, say

Cq = (xla Ty 7$2p+1)
for zy,..., 29,41 € X. We have
Coq = (371, T2, 1’3)(373, T4, 1’5)(375, T, 1’7) T (552p717372p7372p+1)

and therefore {(ca) < p = 1(|sup(ca)| — 1).
Consider a pair of cycles of even lengths with disjoint supports, say

CpCy = (l‘l,ZL'Q, s 7$27’)(y17y27 cee 7923)



CONJUGACY GROWTH SERIES 25

for @y,...,x9r,y1...,y25s € X (where we consider an appropriate conjugate of g
and 2r+2s consecutive integers yi, Yo, . - ., Yas, L1, L2, - - - , To, for the case of k(g)).
We have

Cgly = (Y1, Y2, Y3) (Y3, Ya, Us) - - (Y25—3, Y2s—2, Y2s—1) (Y2s—1, Yos, 1)
(.Tl, T2, .T3)<.§U3, Xyg, .T5) e (x2rf37 Lor—2, x27’71)(x27“717 Loy, y25>
and therefore {(csc,) <r+s= 1 (Jsup(cg)| + [sup(c,)|).
For g = cico- - cprepriiCrran - - Crryopr, Where cq, ..., Cpriopr are cycles with

disjoint supports, ¢, of odd length for 1 < v < k' and of even length for £’ +1 <
v < Kk +2k", it follows that

k/+2k” k/ 2k//

o) < Y te) < o (lsuplea)| ~ 1+ 3 fsup(es)])
v=1 a=1 B=k'+1
= 2 (lsup(o)| — K)

as was to be shown. O

Proof of the lower bounds ((g),x(g) > 3(|sup(g)] — k). For g # id in Alt(X)
such that |sup(g)| < 3, we have obviously 1 = ((g) = k(g) > 3 (|sup(g)| — k,) =
1(3 = 1). We consider from now on an element g in Alt(X) with [sup(g)| > 3,
and therefore with ¢(g) > 1 and k(g) > 1. As above, we continue and deal with

{(g) only.
Suppose by contradiction that there exists g € Alt(X) with |[sup(g)| > 3 and

0) (o) < 5(Isup(e)] ~ k)

suppose moreover that ¢(g) is minimal for the elements for which (b) holds. We
can write

for some t1,...,t, € T¢ with 1 < L = £(g) < 3(|sup(g)| —k}) . By Lemma 26,
we know that the supports sup(t;) are pairwise distinct.

For each i € {1,...,L}, let x;,y;,2; € X be such that t; = (z;,v;,2). Set
Vi =sup(t;) = {wi, ys, zi} and Z; = Uy cjcp jui V-

Claim: We have
(%) YN Z;| > 2 forall i e {1,...,L}.

Upon conjugating g by t;y1---tr, we can assume that ¢ = L for the proof of
the claim.
Let us first check that |Y, N Z;| > 1. Indeed, otherwise, set

(1) h:th‘-
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Observe that £(h) < L —1. We have [sup(h)| = |sup(g)| —3, and also kj, = k, —1,
since the cycle of odd length t; has been deleted in the product defining h. It
follows that ¢(h) < %(|sup(h)| — k},). This contradicts the minimality hypothesis
on g made above; hence |Y, N Zp| > 1.

Let us now show that |Y, N Z.| > 2. Indeed, otherwise, |Y, N Z,| = 1. Let
again h be defined by (1); observe again that ¢(h) < L — 1, and that |[sup(h)| =
[sup(g)| — 2; it can be shown that kj, = k; (details below). It follows that
((h) < % (Jsup(h)| —k},). This contradicts again the minimality hypothesis above;
hence |Y, N Zy| > 2.

Here are the announced details. Let z,y,2 € X be such that Y, N Z; = {z}
and t;, = (x,y, z); Then x is contained in the support of a cycle d of h of length
¢ > 2, and also by Lemma 30 in the support of a cycle ¢ = dt;, of g = hty of
length ¢ + 2. Hence k;, = k.

This ends the proof of the Claim.

Lemma 26 and the claim just proven imply that, for each i € {1,..., L}, there
are x;,v;, 2 € X such that

ti = (xiu Yis Zi)u
Yir 2i € Zj.

Consider the product of 2L transpositions, equal to g, obtained from the product
(bb) by changing each t; to (z;, z;)(x;, y;), say

g = 8182 S2r-152L-

Set S = {s1,...,ss}; define I'(S) to be the multigraph with vertex set V :=
U?il sup(s;), and one edge connecting z,y € V for every j € {1,...,2L} with

s; = (x,y); here, “multigraph” means that f(S) may have multiple edges. On
the one hand, the number of vertices of this graph is bounded below by [sup(g)|;
on the other hand, what we have shown so far implies that the degree of each
vertex of I'(S) is at least 2; it follows that the number of edges of this graph,
which is at least twice its number of vertices, is bounded below by [sup(g)|; in
other words, L > 1[sup(g)|. This is strongly in contradiction with (b); hence the
inequality of (b) is not true, and this ends the proof of the lemma. O

Remark concerning the claim of the previous proof. Consider an element g €
Alt(X) which is a word g = t;---t; in the letters of 7% of minimal length
L = {(g), now with 2 < L < 3(sup(g)| — k). The cardinality |Y; N Zi| can be
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any of 0,1,2, 3, as the following examples show:

go =(1,2,3)(4,5,6) for which

L =2, [sup(go)| —k,, =6—2, and Y1 N Z; =0,
g1 =(1,4,5)(1,2,3) = (1,2,3,4,5) for which

L =2, \sup(g1)|— ki, =5—1, and Yo N Z, = {1},
g2 =(5,6,7)(2,3,4)(1,4,7) = (1,2,3,4,5,6,7) for which
L—3 \sup( o)| =k, =7—1, and Y3N Z3 = {4, 7},
g3 =(1,8,9)(5,6,7)(2,3, )(1 4,7)=1(1,2,3,4,5,6,7,8,9) for which

L =4, \sup(g3)|—k' =9—1, and YyN Z, = {1,4,7}.

Proposition 28 is a minor generalization of Proposition 11. Recall from Ap-
pendix B.c that p.(n) denotes the number of partitions of n € N involving an
even number of non-zero parts.

Proposition 28. Let X be an infinite set and S a generating set of Alt(X).
Suppose either that S = T4 or that X = N and that S§ C S C Tg. Then

Canx)s(q) = ZP(U)Q“ZPe(v)q

25
i=1 q

= 1+q+3¢ +5q +11q + 18¢° + 344°
+ 55¢7 + 95¢° + 150¢” + 244¢™ + - - -

Proof. We write k for kai(x),s-

Let g € Alt(X) be written as a product of cycles with disjoint supports, say &’
of them of odd lengths and 2k” of them of even lengths. Denote by g, the product
of the cycles of odd lengths and by g. the product of the cycles of even lengths, so
that g = goge. Let A® = (A9 Ay by and v@ = (19 W9)) - v be the
partitions such that g, is the product of cycles of lengths 2)\19) +1,..., 2)\55) +1,

and g, the product of cycles of lengths 21/@, .. 2V§i2/, note that [sup(g,)| =

2u + k" and |sup(g.)| = 2v. By Lemma 27, we have

K(g0) =u, K(ge) =v, and k(g) =r(go) + K(ge) =u+v.

The set of conjugacy classes in Alt(X) is naturally parametrized by pairs (), v)
of partitions such that v has an even number of positive parts. (It is important
here that the set X is infinite, otherwise some pairs correspond to two conjugacy
classes in the alternating group). The contribution to C’Alt( X) ( ) of Classes of

elements such that g = g, is therefore o p(u)g* = [, =
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of classes of elements such that g = g, is D)2 pe(v)q” = > 2 ¢¥ 1, ¢ (this

uses Proposition 33); finally Cay(x),s is the product of these two contrlbutlons.
O

Remark 29. (i) Recall from Observation 12 that we denote by
(pA(n))n>0 = (1,1,3,5,11,18,34, 55,95, 150, 244, . . .)

the sequence of coefficients of the series of Proposition 28. At the day of writing,
this sequence does not appear in [OEIS].

(ii)) The sums and products in the previous proposition converge again for
g complex with |¢| < 1. Numerically, the roots of smallest absolute value of
CAlt(N),Tﬁ (q) are simple and located at ~ 0.67 £ 0.43i.

(iii) As in the case of Csym(x),s(q), see Proposition 8(a), it can be observed
that the series Cyyy X),T)‘(‘(Q) does not depend on the cardinality of X, as long as
X is infinite.

6. Congruences a la Ramanujan suggested by experimental
computations

Ramanujan, and later Watson, Atkin, and others, have discovered remarkable
congruence properties for the partition function. The very first of them can be
written as

p(bn+4) = 0 (mod 5),
p(Tn+5) = 0 (mod7),
p(1ln+6) = 0 (mod 11),
p(25n+24) = 0 (mod 5?),
p(125n4+99) = 0 (mod 5%),
p(49n +47) = 0 (mod 7?),
p(121ln+116) = 0 (mod 11°)
See for example [Hard—40] and [Atki—67].
Let .
Cas(q) = H (1= ¢ ZP M)
k=1

be as in Proposition 19. There is an important hterature on congruence proper-
ties of the sequences (p(M) (n))nzo Lo of so-called multipartition numbers. For

example:
pPBn+3) =0 (mod 5),

p®Aln+4) =0 (mod 11).
For information of these properties, we refer to [CDHS-14].
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Like the partition numbers p(n), the coefficients p#(n) of the series C AN, 74 (0)
of Proposition 28 seem to verify extraordinary congruence relations, as was
recorded in Observation 12 of the Introduction.

APPENDIX A. Three lemmas on symmetric and alternating groups

For reference elsewhere, we state here three elementary facts. Recall from the
introduction that, for a,b € Sym(X), we agree that ab denotes b followed by a.
The first lemma is straightforward:

Lemma 30. Let X be a set with at least 3 elements, and a,b € Sym(X) two
cycles such that their supports have exactly one element in common.

Then ab is a cycle and sup(ab) = sup(a) U sup(b). More precisely, if a =
(x1,...,2) and b= (z, ..., Tr1s-1), then ab = (T1,...,Trys_1).

The next lemma is well-known. See e.g. [GoRo—-01, Lemmas 3.10.1 and 3.10.2],
where the proof of (2) is left as an exercise.

Lemma 31. Let X be a non-empty set, S a set of transpositions of X, and T'(.S)
the transposition graph, as in Definition 4.
(1) S generates Sym(X) if and only if I'(S) is connected.
(2) Suppose that X is finite, say of cardinality n, and that T'(S) is a tree. Let
S1,892,...,8,_1 be an enumeration of the elements of S.
Then the product s1So- -+ S,_1 1S a cycle of length n.

Proof. (1) Denote by G the subgroup of Sym(X) generated by S.

Suppose that I'(S) is not connected. Choose a connected component of T'(S),
denote by X; its vertex set, and set Xo = X ~ X;. Then G is a subgroup of
the proper subgroup Sym(X;) x Sym(Xs) of Sym(X), hence S does not generate
Sym(X).

Assume that I'(S) is connected. We have to show that G = Sym(X). Since
this is trivial when |X| < 2, we assume that |X| > 3. Let z,y,z be three
distinct elements in X; observe that (y, 2)(z,v)(y, 2) = (x, z). For two distinct
elements u, v in X, it follows that (u,v) € G by induction on the length of a path
connecting u and v in I'(S). Hence G contains all transpositions of elements of
X, and therefore G = Sym(X).

(2) We proceed by induction on n. Note that the lemma is obvious for n = 2;
suppose that n > 2, and that the lemma holds up to n — 1.

Choose a leaf z of I'(S). There is a unique i(z) € {1,...,n — 1} such that
r € sup(s;(y)). Upon replacing the product s; - - - s,_1 by a conjugate element, we
can assume that s;;) = s,—1. By the induction hypothesis, the product s; - - - 5,2
is now a cycle ¢’ of length n — 1. By Lemma 30, s; - - S, _2S,_1 = ¢/s,_1 is a cycle
of length n. O

The third lemma is a cheap confirmation of the fact that most pairs of elements
of Sym(n) generate either Alt(n) or Sym(n) [Baba—89).



30 ROLAND BACHER AND PIERRE DE LA HARPE

Lemma 32. Let X be a non-empty set with at least 3 elements, a,b € Sym(X)
two cycles, respectively of lengths ¢, m > 2, such that their supports have exactly
one element in common (as in Lemma 30). Let G be the subgroup of Sym(X)
generated by {a,b}.

Then G is isomorphic to the alternating group Alt(¢ +m — 1) if £, m are both
odd, and to Sym({ +m — 1) otherwise.

Proof. Denote by x the element in sup(a)Nsup(b); set y = a~*(z) and z = b~ (x).
The commutator a~'b~'ab is the 3-cycle ¢ := (z,y,z). By Lemma 23 for Ry,
the conjugates of ¢ by the powers of a generate Alt(sup(a)U {z}); similarly the
conjugates of ¢ by the powers of b generate Alt({z} Usup(b)).

Observe that the intersection Alt(sup(a) U {z}) N Alt({z} U sup(b)) contains
¢, and the union Alt(sup(a) U {z}) U Alt({z} Usup(b)) contains a set of 3-cycles
similar to S7%,, ;. By Lemma 23 again, this time for S¢%,,_;, the group G contains
Alt(sup(a) Usup(b)), isomorphic to Alt(¢ +m — 1).

If £ and m are both odd, every element in G has an even signature, hence
G = Alt(sup(a) Usup(b)) ~ Alt({ + m — 1). Otherwise, G is a subgroup of
Sym(sup(a) Usup(b)) in which Alt(sup(a) Usup(b)) is a proper subgroup, hence
G = Sym(sup(a) Usup(b)) ~ Sym(¢ +m — 1). O

This lemma implies for example that the set
{(0,1,2),(2,3,4),(4,5,6),...,(2i,2i + 1,20 + 2), ...}

generates Alt(N). It is a proper subset of the generating set S& introduced in
the beginning of Section 5.

APPENDIX B. Reminder on partitions and derangements

B.a. The partition function. For n € N, let p(n) denote the number of parti-
tions of n. The first values are given by the table

n |01 23456 7 8 9 1011 12 13 14 15
p(n) |1 1 2 3 5 7 11 15 22 30 42 56 77 101 135 176

(more values in [OELS, A000041]).

In our context p(n) is the number of conjugacy classes in the finite symmet-
ric group Sym(n), alternatively the number of conjugacy classes in Sym(IN) of
elements of supports of size at most n. For this reason, the partition function
appears already in Propositions 1 and 9.

It is known since Euler that the generating series for p(n) has a product ex-
pansion

(EP)) > v =TI
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See [Eule—48, Caput XVI|, as well as, for example, [HaWr-79, Section 19.3]. The
equality can be viewed either between formal expressions, or between absolutely
converging sum and product for ¢ € C with |¢| < 1.

There is an asymptotic formula for n — oo

due to Hardy and Ramanujan [HaRa—-18, Formula (1.41)]. For this and more on
p(n) when n — oo, see e.g. [Chan—70, Chapter VII] and [Hard—40, Chapters VI
and VIII]. This shows in particiular that the sequence (p(n)),>o has intermedi-
ate growth, i.e. that its growth is superpolynomial and subexponential.

B.b. Partitions with k parts. For n, k € N, we denote by px(n) the number of
partitions of n in exactly k positive parts, equivalently the number of partitions
of n with largest part k, equivalently the number of partitions of n — k in &
non-negative parts. Whenever needed, we set pi(n) =0 for alln € N and k < 0.
Numbers pg(-) appear in connection with finite symmetric groups, in Propositions
1, 9, 20, and 22.

We have classically

po(0) =1 and po(n) =0 forall n>1,
p1(0 and pi(n) =1 forall n>1,

) =
pa(n) = Ln/ZJ for all n >0,
(n) =

p3(n) = L—(n +6)] forall n >0 [OEIS, A069905],
Pn-a(n) = 2 forall n >4,
Pn-1(n) = pu(n) =1 forall n>2,
pr(n) =0 forall k>n >0,
pe(n) = pr(n —k) +pr_1(n—1) forall n>k>1,
pr(n) = Zpk(n) = p(n) forall n>1,
k=0 =

and the generating function

k
1

EP Epnq":qk”—. forall £>0.

( 2) k(> i:11_qz

n>0
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(Observe that > ope(n)q" = > -, pe(n)q".) Up to the notation, Equality
(EPy) is contained in Number 312 of [Eule-48, Caput XVI].
Moreover, if P(n,t) := Y ,_, pr(n)t*, then

[e.e] [e.e] 1
EP P(n,t)q" = .
e > v =TT

This appears in Number 304 of [Eule-48, Caput XVI], and is used in the proof
of our Proposition 33.

For n,¢ € N with n < 2/, every partition of n — ¢ has at most ¢ parts. Thus
every partition of n — ¢ can be obtained from a unique partition of n in ¢ parts
by substracting 1 from each part. Consequently

(EPy) pe(n) = p(n—¥) for integers n, ¢ such that 0 < ¢ <n <20,
or, setting k =n — £,
(EP}) Pn-k(n) = p(k) for integers n,k such that £k >0 and 2k <n.

The double sequence (pg(n)) gives rise to a generalized Pascal triangle

of which the first rows are:

n>0, 0<k<n

)

)

)
(PTp) po (33 p1

)

) p5(6)  pe(6)

)

OO OO OO o
e e e
W W NN =
B W N~
W N

=

=

B.c. Partitions with even or odd numbers of parts. We denote by p.(n),
respectively p,(n), the number of partitions of a non-negative integer n involving
an even, respectively odd, number of non-zero parts. Working with conjugate
partitions, we see that p.(n), respectively p,(n), is equivalently given by the
number of partitions of n having an even largest part, respectively an odd largest
part. We have the trivial identity p(n) = pe(n) + po(n). These numbers p.(n)
appear in Proposition 28. Their values for n < 15 are given by

n |01 23456 7 8 9 10 11 12 13 14 15
pm)|1 0 1 1 3 3 6 7 12 14 22 27 40 49 69 86
Pon)[0 1 1 2 24 5 8 10 16 20 29 37 52 66 90
pn) |1 1 2 3 5 7 11 15 22 30 42 56 77 101 135 176

see A027187 and A027193 of [OEIS].
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Proposition 33. (1) The generating series of the sequence p.(n) is

o n — C 2k 1
nz%pe(n)q kz%q U=
1 (o 1 =~ 1
- §<H1—qj+]1_[11+q3>
S | P iy
j=1 qm:O

Zpo(n)qn _ Zq%—i—l
n=0

=1 j=1
IR~ T G m?
j=1 m=1
Proof. (1) Using (EP2), we have
00 oo |n/2] 0o 0o
D_pema" =3 > pan)d" = 3> paln)d"
n=0 n=0 k=0 k=0 n=0
0 2k
_ 2k 1
= q Tk
k=0 j=1 q

Also, if P(n,t) := >} _,pr(n)t* as in (EP;), then

(e}

Zpe(n)q” = % (Z P(n,1)¢" + Z P(n, —1)q">
L(yp 1 =
:§<H1—qj+H1+qj>'

j=1 j=1

For the third equality in (1), one way is to refer to [Fine—-88]|: see there Equation
(7.324), Page 6, and also Example 7, Page 39.
The proof of (2) is similar.
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Here is an alternative to citing [Fine-88]. We have

> n - n - n 1 1
(pe(m) = polm) ¢ = 23" pe(m)a” = Y_pm)g" = [] =
q
n=0 n=0 n=0 1
_ ﬁ 1-— qj _ ﬁ(]_ o q2]—1) _ ﬁ 1 ﬁ(l qZk; 1) (1 _ q2k?)
1— q2] 1 — q]

The Jacobi triple product identity reads

IT (1) (1217 ) S ity

=1 n=-—o00

ﬁ(l — 1 - ) = i ()™,
hence - - - o -
> ) —pul) o = I 5 Y o
Finally:

S p)dt = 53 0en) — pom) a4 5 D (peln) + pum) 0"

as was to be shown.

Observation 34. We have

(S ni) = (St = o - [y

J=1

Proof. The left-hand side can be written as
2 2
1(rp 1 | 1 1 |
Z(jl_ll—qj—i_jl_[lJrqj) _Z<H1—qﬂ_]1_[11+q3>
Hl_q2]’

and the claim follows.
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B.d. Derangements that are products of k cycles. A derangement is a
fixed point free permutation. For n,k € N, denote by di(n) the number of
derangements of {1,2,...,n} that are products of k cycles with disjoint supports.
These numbers appear in Remark 21 and Proposition 22.

Lemma 35. With the notation above, we have
(1) do(0) =1 ;
(i) di(1) =0 for all k € N ;
(i11) di(n) = 0 for alln,k € N with k =0 or 2k > n ;
For alln > 2 and k > 1, we have
(v) di(n) = (n —1)(de(n — 1) + d—1(n — 2)) ;
(v) di(n) =30 5 (12)) (@ = Dl dyr(n — a).

Proof. Claims (i) to (iii) are obvious.

For (iv), consider a derangement g of {1,...,n} product of k cycles.

Either n is in the support of a cycle (z1,...,2,1,n) of length at least 3.
Replacing it by the cycle (x1, ..., xy_1) produces a derangement of {1,...,n—1}
product of k£ cycles, and each of the latter is obtained n — 1 times in this way.
This explains the contribution (n — 1)di(n — 1) of the right-hand side.

Or n is in the support of a transposition, say (i,n) with ¢ € {1,...,n — 1}, so
that g is the product of (i,n) with a derangement h of {1, ..., n—1}~{i} product
of k — 1 cycles. For each of the n — 1 possible values of i, there are dy_1(n — 2)
such permutations h, and this explains the contribution (n — 1)dg_i(n — 2).

For (v), a permutation contributing to di(n) is the product of a cycle ¢ of
length a > 2, with n € sup(c), and there are (Zj)(a — 1)! such cycles, with a
derangement of {1,...,n} \ sup(c) which is a product of k — 1 cycles. O

Remark 36. (i) The double sequence (dg(n)),,5¢ o<p<, Sives rise to a generalized
Pascal triangle of which the first rows are: -

do(0) 1
do(1)  di (1) 0 0
do(2) di(2) da2(2) 0 1 0

(PTd) do(3) di(3) d2(3) d3(3) = 0 2 0 0
do(4) di(4) da2(4) d3(4) da(4) 0 6 3 0 0
do(5) di(5) d2(5) d3(5) da(5) ds(5) 0 24 20 0O 0 O
do(6) di1(6) d2(6) d3(6) da(6) 0 120 130 15 O

(i) Besides the relations of Lemma 35, we have also
n n m
¥d d =n! forall neN
(3d) mzo(m)kz:o k(m) = n!  forall n :
which is useful to check numerical values. Indeed, each of the n! permutations g
of {1,...,n} induces a derangement of sup(g). For m € {0,1,...,n}, there are
() subsets of {1,...,n} of size m. Since there are Y, dr(m) derangements
of each of these subsets, we obtain the left-hand side. Relation (3d) reduces to
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do(0) = 1 for n = 0, and to do(0) + do(1) + di1(1) =1 4+04+0 =1 for n = 1.
Otherwise, it can be written

n [m/2]
(3d') 1+ Z (;:L) Z di(m) = n! for all n > 2.
m=2 k=1

The sum d(m) ==Y ;" ,dg(m) = Z,E’Z(/]QJ dr(m) is the number of derangements
of m objects, and there is a classical formula:

for all m > 0; it follows that we have the relations
dim) = mdim—1)+ (=1)™ forall m>1,
d(m) = (m—1)(d(m —1) +d(m —2)) forall m>2;
see e.g. [Stan—97, Example 2.2.1]. The sequence
(d(m))m>0 = (1,0,1,2,9,44, 265, 1854, 14833, 133496, 1334961, ...)
is A000166 in [OEIS].

(iii) Numbers di(n) have some flavour of Stirling numbers. For n,k € N with
0 < k < n, recall that the unsigned Stirling number of the fist kind m
counts the number of ways to arrange n objects into k cycles (here, cycles of
length 1 are included, unlike elsewhere in this article, and this is why entries
in (PTd) are smaller or equal than entries in (PTStir). When n > 1, we have
"] = (n = )["'] + [[71]- See for example [GrKP-89, Page 245] and [OEIS,

A132393]. The generalized Pascal triangle for ([Z is

])nZO, 0<k<n

24 50 35 10 1
120 274 225 85 15 1

1
0 1
0 1 1
(PTStir) 0 2 3 1
0 6 11 6 1
0
0

Note that we have
k
n n )
M -2 (j)d’“‘j(" 4
J=0

Indeed, in the right-hand side, the term with a given value of j counts the number
of contributions to [Z] with j fixed points.
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