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Abstract

We establish a local function version of a classical result claiming
that a bivector field on a manifold M is Poisson if and only if cotan-
gent paths form a coisotropic set of the infinite dimensional symplectic
manifold of paths valued in T*M. Our purpose here is to prove this
result without using the Banach manifold setting, setting which fails in
the periodic case because cotangent loops do not form a Banach sub-
manifold. Instead, we use local functions on the path space, a point of
view that allows to speak of a coisotropic set.
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1 Introduction

For every symplectic manifold S, both loop and path spaces with values
in S comes equipped with natural symplectic manifold structures (certainly,
infinite dimensional, which raises concern about the meaning of ”symplectic”
in that context, but we can make sense of this affirmation by using local
functions). Since the cotangent space T*M of a manifold M comes equipped
with a symplectic form, paths and loops valued in T*M are in particular a
symplectic manifold. In this section, our purpose is give a definition making
sense, with local functions:

1. of a Lie bracket on local functions on loops or paths valued in T%M,

2. of what we mean by coisotropic subset of the space of loops or paths
in T*"M.

Then we intend to show that a bivector field is Poisson if and only if a certain
subset (called cotangent paths) of the space of paths in T*M is coisotropic.

Let us say a few words on the history of this result, which is now a
classical result of Poisson Sigma models.

To our knowledge, it was first establish by Shaller and Strobl in Equation
(10) of [14], generalized and implicitly stated as an equivalence by Kliméik
and Strobl in Equation (7) in [13]. More precisely, the authors of [13] prove
a more general result for WZW manifolds, also called Poisson manifolds
with background or twisted Poisson manifolds [I5]; also, the authors of [13]
do not use the word coisotropic, but simply give functions whose zero locus
are cotangent paths and prove that their Poisson bracket is zero on this
zero locus if and only if the (twisted) Jacobi identity holds. Of course, this
computation is also the crucial point of the proof presented in this article,
and, indeed, we shall compute and exploit the same very brackets later on.
Note that, strictly speaking, this computation is not sufficient to show that
cotangent paths form a coisotropic sub-manifold. The ideal generated by
these functions is a priori smaller than the ideal of all functions vanishing on
cotangent space, so we can not, using Equation (7) in [13], exclude that there
might be local functions vanishing on all cotangent paths whose bracket does
not vanish when evaluated at a cotangent path.

Later on, this result was made mathematically very precise and exploited
fruitfully by Cattaneo and Felder who used C'-paths valued in T*M, a set
that comes equipped with a Banach manifold structure. In [6], the result,
stated with the language of coisotropic subset, was announced. A complete
proof appeared in [5]. Using the Banach manifold setting, they show that
coisotropic paths do form a sub-Banach manifold of the Banach manifold of
C'-paths valued in T*M which happens to be coisotropic if and only if 7
is Poisson. Unfortunately the arguments presented in [5] fails for loops (see



Section below). The issue may seem quite technical: cotangent loops do
not form a submanifold, although is it certainly coisotropic, for = Poisson, at
each cotangent loop around which cotangent loops do form a submanifold.

This result, at least the ”if” part, is used in [7] to reconstruct a star
product on the initial Poisson manifold. It is also shown in [4] that the
symplectic groupoid, if it exists, is obtained by symplectic reduction of this
coisotropic submanifold. This theorem is also extended to Courant algebras
in [2]. Also, in [I8], one the author of this article has intended to character-
ize Poisson bivectors among bivector fields through the properties of some
Lagrangians: for instance, [I8] introduces a Lagrangian, inspired by Poisson
o-models, whose stationary points are quasi-Hamiltonians (which is slightly
weaker than cotangent paths) if and only if 7 is Poisson.

Our purpose here is to prove or reprove the characterization of Poisson
bivectors among bivector fields whose history has been described above by
working with local functions on the set of smooth paths, for which the
Banach manifold setting can be avoided. By doing so, we claim that we are
able to deal with periodic paths and non-periodic paths altogether, while
the Banach manifold setting only works for non-periodic paths.

In this paper, we only consider the case where M is an open subset of
R™ which does not lead to any loss of generality. The paper is organized
as follows. Section [2] is devoted to the study of local functionals on two
subsetsof the set of all smooth paths, namely semi-free paths and loops, and
to the definition of a Lie bracket on those, see Equation (2)). In the course
of Section [ coisotropic subsets are defined (and we insist that we define
coisotropic subsets, not coisotropic submanifolds). The main objective of
this paper is to show Theorem (resp. 25]) which states that a bivector
field is Poisson if and only if semi-free (resp. periodic) cotangent paths form
a coisotropic subset of the set of semi-free (resp. periodic) paths in 7M.
In Section Bl we prove Theorem (for semi free paths). Section [ deals
with the periodic case and we prove Theorem in the first Section A1
In Section 2], we give an example showing that C2 1(M ) is not a Banach
manifold in general.

2 Local functionals on subsets of paths

The space B of smooth paths valued in a manifold N is a Fréchet mani-
fold [17], and indeed inherits a topology modeled on the Fréchet topology,
but we intend to avoid this infinite manifold setting by dealing with local
functions (also called local functionals). Those functions can be defined for
arbitrary source and target manifolds (see Equations (8-9) [12] for instance,
or Theorem 10.4 in [I7]), but we are only interested in the case I = [0, 1]:



Definition 1 A R-valued function F on B is called local when there exists,
an integer k € N and a R-valued smooth function f from the manifold J*N
of k-jets of maps from R to N:
Fr: B — R
a — [, f(JFa(t))dt,

with J*a(t) € JEN being the k-th jet of a at t. We denote by F(R) the
vector space of local functionals.

When N is an open subset of R"™, the definition can be simplified:

Definition 2 A R-valued function F on B is called local when there exists,
an integer k € N and a R-valued smooth function f from N x RF" such that
F = Fy where

Fp: P — R
a — [if(tal),d®),...,aP(t))dt.
Remark 3 For a local functional F' the function f such that Fy = F is not

unique. For example, when N = R, consider a function f of the form:

_ dg (q’ql7"'7q(k)7t)
f = dt
_ dg (q’ q’,---’q(k),t) (1) dg (q,q’,...,q(’“),t)

>0

wz’thg(q,q’,...,q(k),p,p’,...,p(l),t) =0 fort=0 andt=1. It is clear that
Fy =0 although f # 0.

One can enlarge slightly Definition [I] and call local functions functions
on B such that every element of ¥ admits a neighborhood in which they are
of the form Fy for some function f defined on the space of jets, see [3]. We
do not need this extension at the moment. We now define local functions
on subsets (not necessarily submanifolds in any sense) of 3.

Definition 4 A function on a subset B of P is called local when it is the

restriction to this subset of a local function on B. We denote by F(B) the
vector space of local functions on .

We are mainly interested on two subsets of the set of smooth paths:
periodic smooth paths and semi-free smooth paths. Periodic smooth paths
or loops are just those paths whose values and k-th order derivatives at ¢ = 0
and t = 1 coincide for all k¥ > 0. Loops can be seen as smooth maps from
S1 to N and shall be denoted by £. When N = E — M is a vector bundle,
we call semi-free paths and denote by q? the smooth paths a € 3 valued in
FE that



1) starts from the zero section ie. a(0) = 0 € Eyq) (with ¢ : I — M
being the base path of a, i.e. the image of a through the natural
projection E — M),

2) arrives at zero section i.e. a(l) =0 € Eyy),

3) whose k-th order derivatives at ¢ = 0 and ¢ = 1 are all equal to zero
for all £k > 1.

From now, and until the end of this section, N is T*M with
M an open subset of R".

We identify T*M with M x R™, and the canonical projection T*M — M
(of the cotangent bundle onto its base) with the projection onto the first
component:

(q,p) = q for all ¢,p € R™.

The isomorphism 7*M ~ M x R™ allows to write a = (g,p) where ¢ and
p are paths in M and in R" respectively. The path ¢ — ¢(t), which is the
projection of a on the base manifold M, is the base path.

A function F' on 3 with values in R is therefore local when there exist
integers k,1 € N and a smooth function f from M x I x RE+D" to R such
that F' = Fy where

Fpo B - R
a=(q.p) — [;f(ta®),d®),....q"E),pt),r1),....p0())dt.

Also, in view of the definition above, semi-free paths q”s are those paths
a = (q,p) € P such that p(0) =0, p(1) = 0, and the k-th order derivatives
of ¢ and p vanish at ¢t =0 and ¢ = 1 for all £ > 1.

We now intend to define the following two items:

1) the gradient of a local function,

2) the Poisson bracket of two local functions. It is important to notice
that local functions F () on semi-free paths (or local functions F(£)
on loops) do not form an algebra, since it is not stable by product,
hence this Poisson bracket is in fact a Lie bracket: we keep this name,
however, because it extends to a Poisson bracket in the algebra gener-

ated by F(3) or F(£).

We begin by defining the gradient of a local functional F' € F(3) on
P at a semi-free path or a loop a = (¢,p) € ‘i’f By a wector tangent to
B at a point a € P, we simply mean a function §, € C°(I,R™ x R™). In
view of the decomposition T*M = M x R", we write d, = (04,9,) where
84,0, € C®(I,R™). A wector tangent to P at a € P is a vector d, = (d,, )



tangent to P such that &j(t),d,(t) vanish together with all their derivatives
at t =0 and t = 1. A vector tangent to £ at a € £ is a vector tangent to
a € P such that §, € C°(SH,R™ x R").

This name of tangent vector comes from the easily checked property
that for all € € R small enough, the path ¢ — a(t) + €d,(t) is an element of
B,P, £ (depending on the context) and d, is the derivative at e = 0 of this
expression

Lemma 5 For any local function F on q”3, there exists one and only one
element V,F = (Ap, Bp,a%, ak) € C>(I, R™ x R") x (R™ x R") satisfying
that for any tangent vector 6, = (34, 6p) of P:

9 Plate, = /(AF,5q>dt+/<Bp,5p>dt
dE I I

e=0
+ <a}:,5q(1)> — <a%,5q(0)> )

where (.,.) is the canonical scalar product of R™. We call this quadruple the
gradient of F at a.

Proof. The gradient is clearly unique if it exists because the restriction to
| —€,1 — €] of §; and J, can be chosen to be arbitrary smooth functions.

For the existence and an explicit formula for V,F' choose a function f
as in the definition (2)) such that F' = F;. By definition of a local function,
we have for all small enough e:

F(a+€dy) = /f <q + €dg, ... g+ eé(gk),p + €dp, . .. U+ eé},”,t) dt.
I

of
op)

)OI'

the gradients of the function f with respect the variable ¢ or p(J )

- /<<aq’ ‘ <af’ ) g 0)
<a£ > 9 > . +<a‘9€),5<z>()>>dt

of _dof _yped or
/1<<8q_dt8q’+"'+( 1) 4iF 9 a(t),6q(t) dt

of dof dbaf
+ /I<<a—p—aa—p/++( 1) dtlap(l)>‘ (),6p(t)>dt

!That is, the tangent vector of 3, ‘ﬁ or £ coincides with the tangent cone.

dF (a—i—eé)

_|_
0
ap

_l’_




of a1 af
+ <<0’+ +( 1)kdtk 18q(k)> a(1) 5‘1(1)>

of pdiloaf
_ <<a—q,+...+( 1) 2= 18(1()) (0),5q(0)>.

To complete the previous computation, we simply used a successive integra-
tion by parts. By identification we obtain that (Ap, Br) exist and are given
by:

0 k9
Ar(t) = (85 iy ot 1)kdtkaq<];>>‘a(t) (1)
l
Br) = (-85 -+ V)| att)”

O

Remark 6 We saw in Remark([3 that, given a local function F, the function
f such that F' = Fy is not unique. However, the gradient at a given point
of the local function F is defined in a manner which is independent from
the function f. In particular, the above expressions for Arp and Br do not
depend on the choice of f. Notice that these expressions are linear in f.

For loops, a similar proof yields the following statement:

Lemma 7 For any local function F' € F(L), there exists one and only one
element Vo F = (Ap, Br) € C®(S', R" xR") satisfying that for any tangent
vector 8q = (0¢,6p) to £:

Fla+ed,) = /[(AF75q>dt+/I<BF75p>dt-

e=0

where (.,.) is the canonical scalar product of R™. Moreover Ap and B are
given by (). We call this pair the gradient of F at a.

We define [IT,[14] a Lie bracket on local functions F, G € F() or F(£)
as follows:

{F.G} (a) = / ((Ar, Ba) — (Ag, Br))dt. 2)

where Ap, Bp, Ag, Bg are as in Lemmas [ and [ above. Although local
functions do not form on algebra, we call this Lie bracket the canonical
Poisson structure. It is of course, up to a minor difference of setting, the
Poisson bracket that appears in [4,[13].

Remark 8 The canonical Poisson structure is not symplectic on ‘3: it ad-
mits Casz'mz'r functions For instance, for all smooth function f on M the
function F(a fl af ))dt (with q the base path of a) is a local func-

tion on P by definition. Smce we have F(a) = f(q(1)) — f(q(0)), it satisfies



Ap = Br = 0. Hence for all local function G, we have {F,G} =0, i.e. F
is a Casimir.

We define cosiotropic subsets in an algebraic manner:

Definition 9 A subset C of B or £ shall be said to be coisotropic if and
only if local functions vanishing on C are stable under the canonical Poisson
structure given in Equation (2).

3 Non-periodic case

We introduce cotangent paths [89].

Definition 10 Let (M, 7) be a manifold equipped with a bivector field . A
smooth path a from I = [0,1] to T*M is a cotangent path for 7 if it satisfies:

(@ = 20, 3

where q, called the base path of a, is the projection of a onto M. We denote
by Cy: the set of semi-free cotangent paths and by C3 the set of loops which
are cotangent paths.

3.1 Theorem and proof

Again, we assume M C R" is an open subset, so that paths a in T*M are
pairs ¢, p of paths in M and R"™ respectively, ¢ being the base path of a. We
describe a bivector field on R™ by a n x n skew-symmetric matrix:

whose coefficients are smooth functions from M to R denoted by m;;, for
all i,7 € {1,...,n}. For t — ¢(t) a path in M, we denote in general by
Tijlgr) the value of this function at the point ¢(t) € M. Of course, the s-th
component of Wit) (p(t)) is 2274 Tsjl gt i (1)- '

The set of cotangent paths can be characterized by local functions.

Remark 11 A path a € ‘i’.'( is cotangent if and only if it is zero when eval-
uated on every local function of the form:

Fro@) = [ 10 {3 7l a0 - 222 ) et (@)
j=1




associated with the function on the space of 1-jets given by fs(t,q,q¢',p,p’) =
f@&) (X521 msjl,pj — a5 ), where 1 < s < n and where f is a smooth function
from I to R vanishing att =0 and t = 1.

We intend to prove the following result that we invite the reader to com-

pare with the similar Equation (10) in [14], Equation (7) in [13], Theorem
1.1 in [5] or Theorem 3.1 in [6]:

Theorem 12 Let w be a bivector field on an open subset M C R™. The
set Cr of semi-free cotangent paths is a coisotropic subset of the set B of
semi-free paths if and only if m is a Poisson bivector.

This result is a consequence of the two Propositions [I3] and [I8 that
establish a sense then its reciprocal.

Proposition 13 If the set C; of cotangents paths is a coisotropic subset of
the set B of semi-free paths, then 7 is a Poisson bivector.

We start by a lemma:

Lemma 14 Let f a smooth function in C*(I,R) and 1 < s < n. The
gradient VFy s = (A, , Br, ) of the function Fy s defined in Remark[I1 at

a point a = (q,p) € P is given by:

n a7"'5' . O
Zj:l (9Q1J a(t) p](t) :
o 0
Ap, = 1O | Lica gl |y O [ HS O 1| e
0
n  Ong; . :
ijl Iqn q(t) p](t) 0
and:
7TSl‘q(t)
Br,, = f(t) :
7TS"’q(t)

Proof. The demonstration is given by a direct calculation. For all tangent
vector to P, i.e. all elements §, in C*°(I,R™ x R™), we write:

dq1(t) op1(t)
0 = (8¢, 0p) = : J :
qn(t) opn(t)



for some functions dqy, . .., ¢y, 0p1, ..., 0p, with appropriate boundary con-
ditions. We have:

dqs + €dg,
Fys(a+ €d,) /f ZWSJ|q+56 (pj + €dpj) — —a dt.

Differentiating the previous expression at ¢ = 0, and using integration by

parts:
7Tsn| t) 5p1 (t)
dF 5 al
dFys(@ + €0a) = /f(t)< : , : >dt
dE =0 I : :
77871‘ 5pn(t)
n (97rs
T 5t (0t
I
n - Omy A dgn(t)
Z]:l Iqn a(t) p](t)
[ 70800t = £1)60.(1) + £(0)da. 0).
This gives the result by identification. (|

Let 7 be a bivector field, whose associated biderivations on functions we
denote by a {-,-}. Recall that the map:
Jac: C®(M)3 — C®(M)
(f,9,h) — {{fig},h} +{{h f} .9} +{{g,h}, [},

is a 3-vector field, called the Jacobiator of w. It is zero if and only if 7
is Poisson. We refer to [16] for further details. In local coordinates, the

()

Jacobiator is given by:

af dg oh
Jac f’ g’ - ; 1 JT‘S_] axr 8.%'5 8.%']

with:

B " (O ‘ omsj (97T]T
Jrsj_;<3% ki 0qx Thr ¥ Oqr ) ©)

The following lemma follows from Lemma [I4] (and is a particular case of
Equation (7) in [13]):

10



Lemma 15 Let Fy,,G4 s two functions of the form (4)) where f,g are two
smooth functions vanishing at t = 0 and t = 1 in C*°(I,R) and r,s €
{1,...,n} . The bracket {Fy,,Gy s} is given by:

8777“5
3%

{Fpr. G} (a / 0

q(t

/I F)a(t) Z Trilatopi (D)t
j=1

= > glaeyps(8))dt
j=1

at an arbitrary element a = (q,p) of xB.

Proof. By applying Lemma [[4] and Equation (2):

{Fpra Gy (a(1))
- /I F(O9(0msrlatty — 9 (0 (E)rslogondt

Omy Oy
+ Z / [ L piWg(O)mskler —9(t) 2| py (f)ﬂrqu(t)] dt
jk=1 9 4(r) 9. |4r)
The first of these two terms is, since mg, = —y:

— [ w90 + S OF @)mla®)a.

1

An integration by parts gives then:

{Ff,r7 gvs}( (t ))

= /f 57’|q t)dt

. laﬂm
]k 1 O q(t

~ [ st y RCACH

+Z/f [%

k=1

)9O Tskelgey — 9(t) s

87rsj
7Tsk|q(t) - 5—% ®
q

7TT‘]<J|q(t)] dt.
q(t)
Using Equation (@), this completes the proof of Lemma

The following lemma is an immediate consequence of Lemma

11



Lemma 16 For all r,s € {1,...,n}, and for all pair of smooth functions
(f,9) vanishing at t = 0 and t = 1 and all semi-free cotangent path a =

(¢,p) € Cr: i
(Fro Bk @) = [ £09(0)Y roips(t)at,
I =

where J, the Jacobiator, is as in (@)

To conclude that the Jacobiator J is zero, we need a technical lemma:

Lemma 17 For all (q,p) in T*M, there exists a cotangent path a such that
a(1/2) = (¢, p).

Proof. Let (¢,p) be an element of T*M ~ M x R™ where M is open space
of R™. We consider y(t) a solution of the following differential equation
defined for ¢ €]1/2 —¢,1/2 + €[:

who) =0 o a2 =

By construction the map ¢ — (y(t),p) is a cotangent path. We choose an
application ¢ : I —]1/2—¢,1/2+¢[ such that ¢(1/2) =1/2 and ¢'(1/2) =1
whose derivatives at 0 and 1 are equal to zero. Then we consider the path
a:t— (Y()p,y(¥(t))). This path is semi-free by construction and it is
cotangent path, since:

d
Syw) = vy we)
= @ (O)p).
By construction, a(1/2) = (p,q). This shows the result. O

We can now prove Proposition [[3]

Proof. For all (¢,p) € T*M ~ M x R"™, we use Lemma [I7 to choose a
semi-free cotangent path a such that a(1/2) = (¢,p). Then we choose g to be
any smooth function vanishing at 0 and 1 and equal to 1 in a neighborhood
of 1/2 and we chose f = (f4)4>0 an approximation of the Dirac function at
t = 1/2. Then, we have:

d—o0 I

lim [ (fa(t)g(t)) Z Jrsjlqypi(t)dt = Z Jac(m)rsjlqw) Py
p= =1

where p = (p1,...,pn). By Lemmal[I6 we have therefore:
lim
d—o0

({Ffd77"7 Gy} (a)) = Z JGC(W)rsj’q(t)pj-
j=1

12



If Cr is coisotropic, then {Fy,, Gy s} (a) =0, so that

n
> Jrsilaps = 0.
j=1
As g and p are arbitrary, this gives that the Jacobiator J vanishes, i.e. that
7 is Poisson. U
We now prove the reverse implication.
Proposition 18 If 7w is a Poisson bivector, then Cy is coisotropic.

We start by a definition.

Definition 19 Leta = (¢,p) € T*M ~ M xR"™ a semi-free cotangent path.
We say that the vector (8,,6,) € C®(I,R*™) is tangent to C at the point
a if there exists a path a. = (qe,pe) valued in Cr where q.(t) and pe(t) are
smooth functions in t and € such that:

1) qo = q and py = p,

2) 4
dele:O
cone of C™ at a the set of elements tangent to C..

ge = 04 and %lezope = 0, We denote by TCy and call tangent

A priori it is not obvious that T'C™ is a vector space. This is true, however, in
view of the following lemma. Let us introduce a notation. For all u,p € R",

we denote by:

ont
8—q (u)(p)

the derivative of ¢ — 7%|,(p) in the direction of u. Equivalently, it is the
derivative in the direction of u of the n x n-matrix 7#, to which we apply
p € R™

Lemma 20 Let a = (q,p) € Cr a semi-free cotangent path and §, =
(04,0p) € C®°(I,R™ x R™) a vector tangent to P at the point a € Cr. We

have 0, € TCx if and only if $(6,) = %(5,1)(1)) + 77#(51,). In particular
TC is a vector space.

Proof. Let a = (¢,p) € Cr a semi-free cotangent path and (d4,6,) €
C>(I,R?") a vector tangent to Cy at the point a. We consider p, = p + €6,
and ¢.(t) the flow of the differential equation:

qg = ﬂ-qe(t) (pg) with qE(O) = y(ﬁ),

where y(e) is as y(0) = ¢o and y'(0) = §,(0). For all ¢, the path ¢t —
(ge(t),pe(t)) is a cotangent path in C by construction. Also, since p + €4,

13



vanishes together with all its derivatives at t = 0 and ¢t = 1, so does %qe,
so, for all €, the path ¢t — (ge(t),pe(t)) is semi-free. Also, by construction

. dge :
again, we have (go,po) = (¢,p) = a. Hence £ (qe,pe)._, = ( i 670,5;)) is
tangent to C at a. Since we have by construction:

dqe
i 7 (pe),

it turns that
d (dg _ on* (dg.
dt \ de |, Y de
dge

Since 9, and r

dp
# [ Zte
e:O) (p) - Trq ( dE

satisfy the same differential equation with the same

620) + 7 ().

initial value, they are equal. In conclusion, §, = (d4,9,) € TCr. O

Let ¢ be the assignment given by:

o: C°(ILLR*xR") —  C(I,R") -
(¢, p) = q(t) =7, ().

Of course, C, is the restriction to semi-free paths of ¢~1(0). The differential
of ¢ is given by:

d‘P(‘qu 5p) = 5:1 - _(5q)(17) + 77(512)-

Remark 21 By Lemma [20, for all a € C;, the tangent cone T,C is the
kernel Ker(dap) of the differential of ¢ at a.

The application ¢ of () is an application that can be defined for (¢q,p) in
H(I,R™ x R"). It is then valued in L?(I,R"). In fact, if ¢ € H'(I,R")
then ¢ is bounded and consequently ﬂ'(ﬁt) is bounded independently of ¢ € I.
Since p € H'(I,R"), we also have that p € L?(I,R™) and consequently
7% (p) is also in L2(I,R™).

Remark 22 Let F € F(P) a local function vanishing on Cr and a € Cy.
We know that d, F(04) is zero if 0, € TCyr, in particular dF(6,) = 0 if 64 €
Kerd,p. By the Hahn-Banach theorem, there is an element H € L*(I,R™),
such that the following diagram is commutative:

dad

H(I,R" x R") L*(I,R™)

do F (H,.)
R

where {(.,.) is the natural scalar product of L*(I,R™).
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From Remark 22] we deduce the following lemma:

Lemma 23 Let F € F(B) a local function vanishing in Cr, let a = (q,p)
a cotangent path and §q = (¢, 0p) a tangent vector to SPB. Then there exists
a smooth function H : I — R™ such that the components Ap, Bp of the
gradient of F' at a are given by:

{AF(t) = _H/(t)+g_g*‘q(t)(p(t)vH(t)) (8)
Bp(t) = a#|,pH(t)

where g—g* is at a given q € M the bilinear assignment on R™ given by:

or* on
(5l o) ==(5

for all a, B, u € R™,

Proof. From the diagram (22)) we know that there exists a function H €
L*(I,R"™) such that for all §, = (J,,0,) tangent to P at a with §, = 0 in
neighborhoods of 0 and 1, we have:

(U)(ﬁ)7a> ,

q

daF(éqa‘Sp) = /I<H,da¢(5qa5p>)dt

(94)(p) — 7T#5p> dt

" » (5q)(p)>dt+ /I <7T#H, 5p> at

— /I<—H’+(;—Z*(p7H)75q>+/I<7T#(H)a5p>dt-

Here H' is the derivative of the function H in the sense of distributions. By
definition of the gradient, we find an identification (in the sense of distribu-
tions) which is precisely Equation (). Since Ap is a smooth function, and
H is in L*(I,R™), H' is in L*(I,R") and therefore H is in H'(I,R"). In
particular, it is continuous which implies that H is differentiable and, by an

immediate recursion, H is a smooth function. By construction, Equation

(®) holds. O
Last, we need to reinterpret Lemma 24t
Lemma 24 Let f a smooth function in C®°(I,R) and 1 < s < n. The
gradient VFy = (AFf’S,BFﬁS) of the function Fy g defined in Remark[11] at
a point a = (q,p) € P is given by:
on*

AFf,s = f;(t) - 8_(] © (p(t)vfs(t))
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and

where

0
fs = f(t) — (s-th term,)

Now we prove the Proposition [I8]
Proof. Let F a local function vanishing in C; and a = (q,p) € Cr. By
Lemma [23] there exists a smooth function H = (hq,...,h,) in C*°(I,R")
such that: (8) holds true. By comparing Lemma [I4] and Lemma 24, we see
that F' and — > | F},, ; have the same gradient at the point a.

Hence, for F,G a pair of local functions vanishing on Cj and for all
a € Cy, there exists a family of smooth functions (Fj,G;) where 7 is a in
index between 1 and n such that:

n n
n n
Ae==210 Ang,j Be=—2j Be,, ;-

Consequently, in view of Equation (2):

n

{F.G}(a) = > {F},Gg ;) ()

ij=1
By Lemma [I5] if 7 is Poisson, then this Poisson bracket is zero evaluated

at all cotangent semi-free paths. This implies that {F G} (a) = 0 and
completes the proof. O

4 Periodic case

4.1 Theorem and proof

From now on, we turn our attention to the case of smooth loops valued in
the cotangent space of a manifold M. Recall from Section [2] that smooth
loops are denoted by £ and that local functions on £ are restriction to £ of
local functions on . Recall from Section B that C2 " stands for loops which
are cotangent paths, that are simply referred as cotangent loops.

Theorem 25 Let w be a bivector field in M C R™. The set C;?l of cotangent
loops is a coisotropic subset of the set £ of smooth loops valued in T*M if
and only if w is a Poisson bivector.
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We now devote the rest of this section to a proof of this result. As in the
semi-free case, we first turn our attention to the case where M is an open
subset of R,

Remark 26 Theorem 2] is inspired by Theorem 1.5 in [5], where a similar
result is stated for loops of class C*. The statement seems to us to be slightly
incorrect. More precisely, Theorem 1.5 in [0] states that the set Cfl of
cotangent loops is a coisotropic submanifold of £ of loops of class C* valued
in T*M if and only if m is a Poisson bivector. Unfortunately, Cfl may not
be a Banach submanifold (see Section [{.2) so that we can only speak of a
coisotropic subset.

One sense of the proof of theorem 28] goes exactly as in the non-periodic
case: if the set C2 " of cotangent loops is a coisotropic subset of the set £ of
smooth loops valued in T* M, then 7 is a Poisson bivector. The proof of the
semi-free case (i.e. Proposition [[3]) can be adapted step by step and, using
the functions introduced in Remark [IT] we arrive at a conclusion similar to
Lemma

Lemma 27 For all r,s € {1,...,n}, and for all pair of periodic smooth
functions (f,g) € C®(S',R) and all cotangent loop a = (q,p) € C5:

{@W@ngluwwwzywmmw@
j=1

But Lemma [I7] has to be adapted:

Lemma 28 For all (q,p) in T*M, there exists a cotangent loop a such that
a(1/2) = (¢ p)-

Proof. Let (q,p) a element of T*M ~ U x R™ where U is open space of R".
We consider y(t) a solution of the following differential equation defined for
tejl/2—e1/2+¢[:

@ =20 o g1/ =g

By construction the maps t — (y(t),p) is a cotangent path. Define an
application ¢ : St —]1/2 — €,1/2 + €[ such that ¢'(1/2) = 1 and ¥(1/2) =
1/2. Then consider a : t — (¢'(t)p,y(¥(t))). This is a periodic cotangent
path, since:

dy((t))

U= Sy ew)

7 (2 (t)p).
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and by construction a(1/2) = (p, ¢). This shows the result. O

The rest of the proof of the ”if” direction in Theorem 23] goes exactly
as in the semi-free case. Let us now establish the other direction, similar to
Proposition [I8t

Proposition 29 Let 7 be a bivector field in M C R™. If if m is a Poisson
bivector, then the set Cfl of cotangent loops is a coisotropic subset of the
set £ of smooth loops valued in T*M.

The difficulty is that, as we shall see in Section [4£.2] cotangent loops do
not for a submanifold in general, so that it is complicated to characterize
local functions vanishing on it, and their gradients. The idea of the proof,
however, is that cotangent loops are a disjoint union, indexed by symplectic
leaves of 7, of cotangent loops over a given symplectic leaf. Now, we shall
prove that for every symplectic leaf, the cotangent loops over that leaf form
(an infinite dimensional equivalent of) a Lagrangian submanifold and is a
coisotropic subset. Let us be more precise. For S a symplectic leaf of ,
denote by C2 1(S) cotangent loops whose base paths are valued in S. By
construction, the base path of a cotangent path is valued in some symplectic
leaf of 7, it can not ”jump” from a symplectic leaf to an other one; hence:

o =[] cs'(9),
SeSs

with S the set of symplectic leaves of w. Since an arbitrary union of
coisotropic subsets is a coisotropic subset, Proposition 29, and therefore
Theorem 28] follows directly from the following result.

Proposition 30 Let m be a Poisson bivector field in M C R"™ and S a
symplectic leaf. Then C’fl(S) s a coisotropic subset.

From now on, we fix a symplectic leaf S, and we fix some sub-bundle j
of TM|g in direct sum with 7'S:

TM|s=j& TS5,
then we decompose T*M|g as a direct sum:
T*M|s=h ot

with € := Ker(n?) and h = j* (i.e. covectors vanishing on j)). Also, we use
(.,.) the canonical scalar product of R™ to identify tangent and cotangent
spaces of M to R™. Of course, the restriction of 7# to the symplectic leaf
S is of constant rank, which justifies the definition of £. By construction,
7# restricts to a vector bundle isomorphism between § and T'S. For any
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cotangent loop a = (p, q) over the symplectic leaf S, the tangent space of £
at the point a can therefore by identified as quadruples (u,v, k,h) making
the following diagram commutative:

(u7v7k7h)

St TSojotah (9)

\ l
S

i.e. quadruples (u,v,k, h) in C®(SY, TS)@C>(S',j)DC> (S, £)C> (S, b)
over the base path ¢ : S' — S. Let us relate this identification with the
obvious identification of an element §, € T,£ as a pair §, = (§4,9,) €

C>®(S1,R") x C°°(S',R"), which arises from the identification T*M =
M x R" C R™ x R™. It is clear that

d0g=u+wvandd,=h+k (10)

From now on, elements in T, £ shall simply be denoted as quadruples of the
form (u,v,k,h) with the conventions above. To start with, we intend to
prove the following result:

Lemma 31 For all a = (q,p) € Cx(S) tangent cone of CEI(S) at a is the
subspace of T,£ made of all (u,v,k,h) € To£ with v=0 and

Th =u — ——(u)(p). (11)

In particular, for every maps v and k from S* to respectively T'S and € over
q:S' — S, there exists an element in T,Cy(S) of the form (u,0,k, h)
Notice that neither u' nor %(u)(p) are a priori sections of T'S, but their
difference has to be a section of T'S.

Proof. For every a = (¢,p) € Cr(S) and every one-parameter family
ae = (ge,pe) of elements in Cr(S) with ap = a, the derivative at e = 0 of
e is a loop valued in T'S (over the loop ¢). This already proves that the
derivative at € = 0 of a, is of the form (k,h,u,0). Now, by differentiating
at € = 0 the relation:

qe - ﬂ-qepE

we obtain Condition (II). This gives one part of the proof. We now prove
the converse. Consider an element in T, £ of the form (u,v, k&, h) with v =0
and where h and u satisfy Condition (III). Since v = 0, and since S is a
manifold, the exists a one-parameter family ¢. of loops valued in S with
go = q whose derivative with respect to e at e = 0is u € quo(Sl, TS). Since
7# : h — TS is one-to-one, there exists, for every €, an unique loop p, valued
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in b such that 7771% Pe = ¢.. The henceforth obtained family a, = (g, pc) is one-
parameter family valued in C(S). Of course, adding to p. an arbitrary loop
k valued ., we still obtain a one-parameter family valued in C(S) that we
still denote by a.. Moreover, upon choosing k such that kg+ho = p (which is
always possible since TM|g = €@ h),the henceforth obtained family of loops
ac goes through a = (¢, p) at e = 0 and is valued in C(S). According to first
part of the proof, the derivative at e of this family of loops is of the form:
(u,0, k, il) where h and u satisfy Condition (), which implies that h = h,
since h and u also satisfy Condition (1) and 7% is one-to-one. In general,
we do not have k = k, but, since we can add to a. any one-parameter family
of loops k. valued in ¢ provided that ky = 0 and still get one-parameter
family of elements in C(.S) through a = (g,p), we can obtain such a family
whose derivative at € = 0 is (u, v, k, h). O

There is a natural skew-symmetric bilinear assignment on 7' which,
under identifying the identification of an element d, € T'C as a pair (d4,9,) €
C>®(SH,R")x O (S, R") is given, for all 5, = (84, 0py ) and Say = (849, ps),
by:

By 0ay) = / (Bpr602) — (B G,

where (.,.) is the canonical scalar product of R"™. The next lemma gives
the expression of the skew-symmetric bilinear assignment w when J,, and
dq, are expressed as quadruples (uq,v1, k1, h1) and (ug, ve, ko, he), as in (@),
respectively.

Lemma 32 For all a = (q,p) € £, for every two §,, = (u1,v1,ki,h1) and
day = (u2,v2, ko, ha) in T,L, we have :

(O 8as) = /5 (s v9) — (i, v1) + (b, ) — (ho, u)) dt.

Proof. The proof simply follows from the fact that j and § are orthogonal
one to the other by construction, and from the skew-symmetry of i
TxM — T,,M at all m € M, which implies that its image (which is T'S) is
orthogonal to its kernel (which is €). O

Also, we need a characterization of the Jacobi identity:

Lemma 33 A bivector field m on M C R" satisfies the Jacobi identity if
and only if for all covectors ay,aa,p € TXx M ~ R"™ at some point m € M,
we have:

on on on
(T T ee) = T e ) = = (G-t an) o) )
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Proof. It follows from Equation (@) that the Jacobi identity is equivalent
to:

Lemma 33 then follows by skew-symmetry of 77 . O

We can now prove the following lemma, which should be interpreted as
meaning that T,C2 ' (S) is Lagrangian for w, i.e. that CJ ' (S) is a Lagrangian
submanifold.

Lemma 34 For all a = (q,p) € C5'(S) a cotangent path over S.
1. For all §1a,d2a € C;SI(S), we have w(d1a,d2a) = 0.

2. Conversely, every 61a € To& such that w(d1a,02a) = 0 for all dsa €
T,C5'(S) is an element in T,CS' (S).

Proof. For any two dq, = (k1,h1,u1,v1) in T(flﬁ and 0,4, = (ko, ha, ug, v2)

in C5'(S) (which means vy = 0 while hg,uy satisfies Condition (II) by
Lemma [31]), we have in view of Lemma

W(0ays0a,) = /Sl(<h17u2>—<h27u1>—(k2701>)dt

_ [51 ((hom#(@2)) = (o, 7% (o0 > kQ,v1>) dt

= —/51 (<7r#(h1),a2> - <7r#( /51 ko, v1)d
- -/ <<W#<h1>,a2> - <dd% - %wz)(m,al» dt
_ /51<k2,v1>dt

_ _/51 (w# (b))

N /S1 <d7ﬁ:§5a2) B ng# (77#(042))(]7)7041>dt_ /Sl</<:2,v1>dt,

where «a;,i = 1,2 are functions on S' valued in h which are over the base

loop ¢ and satisfy W#(ai) = u;. Also, the fact that hs, us satisfies Condition
() has been exploited between the third and the fourth equality. In turn,
this yields:

w(5a175a2) = _/Sl <k277)1>dt—/51 <7T#h1,a2>dt
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b [ (22) 4 8 ) - 2 o), Yt
_ _/51 <k:2,v1>dt—/51 <7r#h1,a2>dt
+ /S 1 <w# <ddit) + %w#p)(%) - %<w#<a2>><p>,a1> dt.

Re-arranging terms, by using the Jacobi identity in the form of Lemma B3]
and the skew-symmetry of 7#:

(0 00) = —/Sl<k2,vl>dt—/Sl<ﬂ#h1,a2>dt—/51<"%,w#a1>dt
b [ (B ) - O ) ) Yt

dr#ay

= — ko, v dt—/ T hy, a dt+/ <a,7>dt

/Sl< 2 1> Sl< 1 2> Sl 2 dt

on#
o [ (Gt e yar
du on#

_ #p _ dua 0" _
_ /5 <7T m- S+ (ul)(p),a2>dt

- /1<k2,?}1>dt.
S

This last identity proves both items in the result: first, the vanishing of
wW(d4y,0a,) 1s automatic when hy,u; satisfies Condition (IIJ) and v; = 0.
Also, if w(d4,,04,) vanishes for all J,, € TaC;rgl(S), it means that, since
ko, o can be chosen to be an arbitrary periodic sections of §j over the loop
g by Lemma [BT] it implies that hj,u; satisfies Condition (III) and v; = 0,
i.e., in view of Lemma &Il again, that 0o, € T,C5' (S9). O

4.2 Periodic cotangent paths are not a submanifold

In Theorem 1.5 in [5] and Theorem 1.3 in [6], it is claimed that the result
proved for Cr(M), i.e. 7it is a coisotropic submanifold of the Banach mani-
fold of all C''-paths valued in T M if and only if 7 is a Poisson bivector”, still
holds true for loops, i.e. for C2 1(ZM ). We are afraid that this generalization
is problematic: it is certainly true that C5 ' (M) is coisotropic in some sense,
but it does not seem to true in general that it is Banach manifold.

Counter-example 35 There exists a Poisson manifold (M, ) and a cotan-
gent path on it such that the tangent cone TaC’f1 of cotangent loops is not
a vector space.
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This forbids cotangent loops from being a Banach submanifold (defined, in
the Banach setting, as in Definition 3.2.1 of [I] for instance - a definition
large enough to include inverse image of regular values of smooth maps,
which are themselves defined as being points where the differential of the
submersion is onto and splits):

Lemma 36 Let C C B a Banach submanifold of a Banach manifold. For
all ¢ € C, the tangent cone at ¢ is a vector space.

We now construct our counter-example explicitly. We will show that for
M = R?, equipped with local coordinates (z,y) and the following Poisson
bivector:

0

there exists a periodic cotangent path ¢ and two elements of the tangent
cone u,v € TCCEI(M) such that u +v ¢ TCC;?l (M).
First, let us characterize periodic cotangent paths in this case. The

equation defining cotangent paths, namely ¢’ = 772%) (p), reads:
2'(t) = z(t)b(t) and ¥/ (t) = —z(t)a(t) (13)

with the understanding that ¢(t) = (z(¢),y(t)) and p(t) = a(t)dz + b(t)dy.
We consider the following cotangent path ¢ € C’f ' (M), which is periodic
because it is constant:

c: St — T*R?~R?xR?
t —  (0,0) x(0,0).
We now construct two elements in the tangent cone at c of TCCEI(M )

Consider the one-parameter family of periodic cotangent paths ¢ — g. and
the one-parameter family of periodic cotangent paths e — h. given by:

ge = (€,0) x (0,0) and h. = (0,0) x (0,¢).

For all fixed e, this is a cotangent path, which is periodic because it is

d
constant. We set v = %—(:) ddh; Let us show that

and v =

e=0
u+v ¢ TCCEI(M ). Assume we are given a l-parameter family of paths
(xe(t),ye(t), ae(t), be(t)) valued in C;?l(M) whose derivative at € = 0 is equal
to u + v, we have:

e=0"

dee(t)| _ .o dbe(d)

de |, €

=1 and _dye(t) =0 and dac(?)

e\t =0
e=0 de e=0 de e=0
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For all € small enough and for all ¢ € [0,1], the strict inequalities x(t) > 0
and be(t) > 0 hold. Sense these 1-parameter family of paths takes values in
cotangent paths, by Equation (I3]), we have:

dx(t)
dt

= x(t)be(t) > 0.

But this forbids z(¢) from being a periodic function in ¢, since a periodic
function can not be strictly increasing, hence the contradiction. We conclude
that the path z.(¢) is not periodic, hence v+ v is not in the tangent cone at
c.

Remark 37 It is certainly true that cotangent loops defined over the reg-
ular part of a Poisson manifold form a Banach submanifold and that this
submanifold is coisotropic. This implies that its closure (for the Banach
topology) is a coisotropic set. But it deserves to be noticed that cotangent
loops defined over the regular part of a Poisson manifold are not a dense sub-
set of cotangent loops, so it does not seem to be easy to prove (an equivalent
in the Banach setting of) Theorem [23 with such a method.
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