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Abstract

We consider the convergence of the approximation schemes related to Itd’s
integral and quadratic variation, which have been developed in [13]. First,
we prove that the convergence in the a.s. sense exists when the integrand is
Holder continuous and the integrator is a continuous semimartingale. Second,
we investigate the second order convergence in the Brownian motion case.
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1 Introduction

We consider a complete probability space (2, F,F;, P), which satisfies the
usual hypotheses. The notation (ucp) will stand for the convergence in prob-
ability, uniformly on the compact sets in time.

1. Let X be a real continuous (F;)-semimartingale. In the usual stochastic
calculus, the quadratic variation and the stochastic integral with respect to X
play a central role. In [10], [11] and [12], Russo and Vallois extended these
notions to continuous processes. Let us briefly recall their main definitions.

Definition 1.1 Let X be a real-valued continuous process, (F;)-adapted, and
H be a locally integrable process. The forward integral fot Hd~ X is defined as

¢
/Hd_X—hm ucp) /H Xusre — Xu) du,
0

if the limit exists. The quadratic variation is defined by
1 t
[X]: = lin%(ucp)—/ (Xure — Xo)? du
€e— € Jo
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iof the limit exists.

In the article, X will stand for a real-valued continuous (F;)-semimartingale
and (H;)¢>o for an (F;)-progressively measurable process. If H is continuous,
then, according to Proposition 1.1 of [10], the limits in (1.1) exist and coincide
with the usual objects. In order to work with adapted processes only, we
change u+ € into (u+€) At in the above integrals. This change does not affect
the limit (cf (3.3) of [13]). Consequently,

t
/HudX fhrn (ucp) /H (utepnt — X, )du (1.1)
0

and
2

1 t
< X >= lir%(ucp)—/ (X(HE)M — Xu) du (1.2)
€e— € Jo

where fot H,dX, is the usual stochastic integral and < X > is the usual
quadratic variation of X.

2. First, we determine sufficient conditions under which the convergences in
(1.1) and (1.2) hold in the almost sure sense. Let us mention that some results
in this direction have been obtained in [2] and [5].

We say that a process Y is locally Holder continuous if, for all T > 0, there
exist o €]0,1] and a finite (random) constant Cy such that

Y, = Y,| < Cylu—s|® Vu, s€[0,T], as. (1.3)

Our first result related to stochastic integral is the following.

Theorem 1.2 If (Hi)i>o is adapted and locally Hélder continuous, then

1 t
lim — H (X(utepnt —Xu)du:/ H,dX,, (1.4)
0

e—0 €
in the sense of almost sure convergence, uniformly on the compact sets in time.

Our assumption related to (H;) is simple but too strong as shows item 1 of
Theorem 1.7 below. In [5], a general result of a.s. convergence of sequences
of stochastic integrals has been given. However it cannot be applied to obtain
(1.4) (see Remark 2.3).

We now consider the convergence of e-integrals to the bracket of X.

Proposition 1.3 If X is locally Holder continuous, then

1 t
lim = [ (Xron — Xu)’du =< X >, (1.5)
0

e—0 €



in the sense of almost sure convergence, uniformly on the compact sets in time.
Moreover, if K is a continuous process,

t

1 t
lim = | Ku(X@ron — Xu)’du = / K,d <X >,, (1.6)
0

e—0 € 0

in the sense of almost sure convergence.

3. Under the assumptions given in Theorem 1.2, we have an approximation
scheme of / Hd X, which converges a.s. According to Remark 2.1, the (a.s.)

rate of convergence of is of order ¢*, when X has a finite variation and H is a-
Holder continuous. Therefore, it remains to determine the rate of convergence
when X is a local martingale. This leads to introduce

1 1 t t
AdH 1) = — [E/o Ho(X(usone —Xu)du—/o Huqu} L t>0  (L7)

where H is a progressively measurable and locally bounded process.

In order to study the limit in distribution of the family of processes (AE(H )t >
O) as € — 0, a two-steps strategy has been adopted. First, we consider the

case where X = H = B and B denotes the standard Brownian motion.

Second, using a functional theorem of convergence we determine the limit

of (Ac(H,t),t > 0). Note that in [2], some related results have been proven.

a) Suppose that X = H = B. In that case, using stochastic Fubini’s theorem
(cf relation (4.8) with & = 1) we have:

A (B, t) = —=W.(t) + R:(B,1),

1 u

= — B’u,_BSd7 18
i) (BB 08)

mwzlamma, G.(u)

and
YB.t 1 s 1)B.dB
R = — -— dB.
6( ’) \/E/O (6 )

From Lemma 4.4, the process R!(B,-) does not contribute to the limit since

RY(B,") uep) 0, as € — 0. Therefore, the convergence of A (B, -) reduces to
the one of W.. We determine, more generally, in Theorem 1.4 below the limit
of the pair (We, B).

Theorem 1.4 (W,(t), By)i>o converges in distribution to (cWy, By )0, as € —

0, where W is a standard Brownian motion, independent from B, and 0 = %

b) We now investigate the convergence of (A.(H,t)):>0. We restrict ourselves
to processes H of the type H, = Hy + M; + V, where
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1. Hy is Fy-measurable,

t
2. M, is a Brownian martingale, i.e. M; = AydBs, where (A;) is pro-

0
gressively measurable, locally bounded and is right-continuous with left-

limits.

3. V is a continuous process, which is Hélder continuous with order o > 1/2,
vanishing at time 0.

t
Note that if V, = / vsds, where (v;)¢>0 is progressively measurable and locally

0
bounded, then above condition 3 holds with o = 1 and in that case, (H;) is a
semimartingale.

As for X, we assume that it is a Brownian martingale with representation :
t
X :/ ®(u)dB,, t>0 (1.9)
0

where (®(u)) is predictable, locally bounded and right-continuous at 0.

From now on,

(W) denote a standard Brownian motion independent from (B;),

and
1
oi=—.
V3
Using functional results of convergence (Proposition 3.2 and Theorem 5.1 in
[4]) and Theorem 1.4, we obtain the following result.

Theorem 1.5 1. Forany0 <ty <--- <t,, the random vector (A.(Hy, t1),
..., A(Ho, t,)) converges in law to UHOQD(O)(NO, . ,NO), where Ny is
a standard Gaussian r.v, independent from F.

2. If V 1is a process which is locally Holder continuous of order a > %, then
A(V,t) converges to 0 in the ucp sense as € — 0.

¢
3. If M, = / AsdBg, then the process (A(M,t))i=o converges in distribu-
0
tion to (o f(f Ay @(uw)dWy,)i=0 as € — 0.

4. If Hy = 0, M and V are as in points (2) — (3) above, then (A (M +
Vit))i=0 converges in law to (o f(f Ay @ (uw)dW,,)i=0 as € — 0.

Let us discuss the assumptions of Theorem 1.5. As for item 2, the conclusion
is false if v < 1/2. Indeed, if we take V; = B, then, t — V; is a-Hélder with
a < 1/2, however, as shows Theorem 1.4, the limit of (AE(V, t)) equals (o)



and is not null. Tt is likely too strong to suppose that (H;) is a semimartingale
: we can show (see Proposition 1.6 below) that (A.(H,t), ¢ > 0) converges in
distribution where H; = h(B;) and h is only supposed to be of class C'. Note
that in this case (H;) is a Dirichlet process. However, if (H;) is a stepwise
and progressively measurable process then, we have the convergence in law
of the finite dimensional distributions of (Ae(H ), t > 0) but this family of
processes does not converge in distribution (see Theorem 1.7 below).

Next, we consider the convergence of A (h(B),-) for a large class of functions
h. A function h : R — R is said to subexponential if there exist C7,Cy > 0
such that

|h(z)| < Cre®2ll 2 e R (1.10)

Proposition 1.6 Suppose that h is a function of class C' such that h(0) =0
and ' is subezponential. Then, (A.(h(B),t), t > 0) converges in distribution

¢
as e — 0 to (O’/ W (Bg)®(s)dWs, t > 0).
0

According to Exercise 3.13, chap. V in [8] we have :
¢
h(B;) = E(h(By)) +/ H(t,s)dB,, t>0
0

where H(t,s) = ¢(t, s, B) and ¢(t, s, x) := E(W(x + Bi_,)).

Consequently (H (t,s), 0<s < t) is progressively measurable but depends on
t, therefore item 3 of Theorem 1.5 cannot be applied.

c) We now focus on the case where (H;) is a stepwise and progressively mea-

1
surable process. We study the a.s. convergence of — / H, (X (ue )AL — Xu)du
€Jo

towards / H,dX, and the convergence in distribution of A.(H,-) as € goes
0
to 0.

Theorem 1.7 Let (a;)ien be an increasing sequence of real numbers which
satisfies ag = 0 and a, — oo. Let h,(h;)ien be 1.v.°s such that h; is F,,-
measurable, h is Fy-measurable. Let H be the progressively measurable and
stepwise process:

Ht = h][{t:()} + Z hi][{te]ai,ai+1]}'

i>0

1 t
1. Suppose that X is continuous, then, —/ HS(X(5+E)/\t — X,)ds converges
€ Jo

t
almost surely to / H,dX,, uniformly on the compact sets in time, as
0

e — 0.



2. Suppose h = 0 and X s defined by (1.9). Associated with a sequence
(N)ien of i.i.d. r.v's with Gaussian law N (0,1), independent from B
consider the piecewise and left-continuous process:

Ly = 0—<h0(1)(0)N01{0<s§a1}+Z(hi_hi—1)®(ai)Ni1{ai<s§ai+1})a s>0
i>1
and Zy = 0.

Suppose that ® is right-continuous at any point a;. Then, for any fixed
times 0 < 51 < -+ < Sy,

((By, 52 0), (AdH. 1), -, AH, 5,))
converges in law to ((Bs, s > 0), (Zsl, e ,an)) as € — 0.

A weak version of Theorem 1.7 has been given in Section 6.3 of [1].

Note that the family of processes (AE(H ), t > O) cannot converge in the
Skorokhod space to a right continuous process (Zo(t), t> 0). Indeed, accord-
ing to Theorem 1.7, the map ¢ €]0,a1[— Zy(t) should be constant and not
null. This contradicts the fact that Z,(0) = 0.

In [10], convergence in distribution of sequences of stochastic integrals are
considered. We discuss in Remark 4.2 the link between Rootzen’s result and
ours.

4. Let us finally present our result of convergence in distribution related to
the quadratic variation.

Let us consider
( ) 1 1 t t
APK t)=— |- | Ku(Busorn — Bu)?d —/Kud 1.11
€ ( ) ) \/E |:€ /0 ( (ut-e)At ) u o ul, ( )
where(K) is locally bounded and progressively measurable.

Proposition 1.8 Let (K,) be a predictable, right-continuous with left limits

and locally bounded process. Then, (Ag)(K, t))i=0 converges in distribution to
(20 fot K.dW,) >0, as € — 0.

5. Let us briefly detail the organization of the paper. Section 2 contains the
proofs of the almost convergence results, i.e. Theorem 1.2 and Proposition 1.3.
Then, the proof of Theorem 1.4 (resp. Propositions 1.6, 1.8 and Theorems 1.5,
1.7) is (resp. are) given in Section 3 (resp. Section 4).

In the calculations, C' will stand for a generic constant (random or not). We
will use several times a stochastic version of Fubini’s theorem, which can be
found in Section IV.5 of [8].



2 Proof of Theorem 1.2 and Proposition 1.3

We begin with the proof of Theorem 1.2 in Points 1-4 below. Then, we deduce
Proposition 1.3 from Theorem 1.2 in Point 5.

1. Let T > 0. We suppose that (H;):>o is locally Holder continuous of order
o/ and we study the almost sure convergence of

1 t t
I(t):= —/ Hy(Xwon — Xu)du to I(t) := / H,dX,,
€ Jo 0

as € — 0, uniformly on ¢ € [0, 7.

By stopping, we can suppose that (X;)ox<r and < X > are bounded by a
constant.

Let X = Xo+ M 4+ V be the canonical decomposition of X, where M is a
continuous local martingale and V' is an adapted process with finite variation.
It is clear that I.(t) — I(t) can be decomposed as

1 t t
L) —I(t) = (E /0 Ho(Musoyne — M,)du — /0 HudMu)

1 t t
+ <_/ Hu(‘/(que)/\t - Vu)du - / Hudvu) .
€ Jo 0

Then, Theorem 1.2 will be proved as soon as I.(t) — I(t) converges to 0, in
the case where X is either a continuous local martingale or a continuous finite
variation process.

We deal with the finite variation case in Point 2. As for the martingale case,
the study is divided in two steps:

1. First, we prove that there is a sequence (€, ),en such that I (t) converges
almost surely to I(t) and ¢, — 0 (see Point 3 below).

2. Second, we show that I.(t) converges almost surely to 0, uniformly for
t € 10,7T] (see Point 4 below).

2. Suppose that X has a finite variation, writing X (y4on — Xu = flfuﬁ)/\t dX,
and using Fubini’s theorem yield to:

t s
L) —I(t) = / (1 / Hudu—Hs> ix.,
0 € J(s—e)t
t 1 s tAe _
_ / (_/ (Hu—Hs)du) dXs—/ ‘"5 H.ax..
0 € (s—e)t 0 €

Using the Hoélder property (1.3) (in the first integral) and the fact that H is
bounded by a constant (in the second integral), we have for all ¢ € [0, T]:
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T 1 s € _
-1 < [ (— / 0H|u—s|“du)d|X|s+ | e,
0 € J(s—e)+ o €
< Cpe|Xlr + C(IX]. - X]). (2.1)

Consequently, I.(t) — I(t) converges almost surely to 0, as € — 0, uniformly
on any compact set in time.

Remark 2.1 Note that (2.1) implies that :

t X s+e - Xs t
sup ’/ HSLCZS—/ H,dX,
0 € 0

0<t<T

< Ce*

when (Hy) is a-Holder continuous and X has finite variation.

3. In the two next points, X is a continuous martingale. We proceed as in
step 2 above: observing that X, o — Xy = fu(uﬂ)/\t dX, and using Fubini’s
stochastic theorem come to

L) — I(t) = /0 t (% /() Hydu — H) ix.. (2.2)

Thus, (Ic(t) — I(t))icpo,r is a continuous local martingale. Moreover, E(<
I. — I >;) is bounded since H and < X > are bounded on [0, 7.

Let us introduce p = 2 + 1. This explicit expression of p in terms of «
will be used later at the end of Point 4. Burkholder-Davis-Gundy inequalities
give:

T 1 s 2 g
E| sup |L(t) —I(t)]P | <, E / (—/ H,du — Hs) d< X >,
t€[0,7] 0 € J(s—e)t

The Holder property (1.3) implies that:

(1-a)
a2

1 S
- / H,du— H,
€ Js—ot

1 S
- / H,du— H,
(

€ J(s—e)t

1 S
< g/ |H, — Hy|du < Cpe®, €< s,
S—e€

—s
¢ |Hs| < Ce®, s<e.

1 S
< —/|Hu—Hs]du—|—
€ .Jo

€

a) Suppose that in (1.3), Cy < C for some C. Consequently,

1 S
sup —/ H,du— H,
€ J(s—ep+

0<s<T

< Ce* (2.3)

and

E < sup |1.(t) — [(t)|p) < CePE[< X >p]2 < CeP,

te[0,T

8



Then, for any § > 0, Markov inequality leads to :

P ( sup |L(£) — I(t)] > 5) & (2.4)

t€[0,7] oP

Let us now define (€,)nen+ by €, = n~e for all n > 0. Replacing € by €, in
(2.4) comes to:

P sup |I., (t)—I(t)] >0 | < gn’z.
t€[0,7] P

Since Z n~? < 00, the Borel-Cantelli lemma implies that:

n=1

lim sup |[.,(t) —I(t)] =0, a.s. (2.5)

M= (0,7

b) Using localization and Lemma 2.2 below we can reduce to the case where
Cy is bounded by a constant. That implies (2.5).

Lemma 2.2 Let (Y;) be an adapted process and locally Hélder continuous with

index ae. Then for any [ €]0, a there exists a continuous and adapted process
(Lip(Y,t)) such that

|Yu_YU| SL@p(Y,t)|U—U|’6, u,v € [07t]
Proof of Lemma 2.2. Set :

Lip(Y,t) := sup |Y(u,v)|, t>0

0<u,w<t
v Yu - Y;) .
where Y (u,v) := Tu— o when v # v and 0 otherwise.
u—v
Lemma 2.2 follows from the continuity of Y. [

4. For all € €]0,1], let n = n(e) denote the integer such that € €]e,i1, €,].
Then, we decompose I (t) — I(t) as follows:

Le(t) = I(t) = (Le(t) = L, (1) + (L, () — I(1)).

(2.5) gives the almost sure convergence of I (t) to I(t), uniformly on [0, T].
Therefore, the a.s convergence of I.(t) — I(t) to 0 , uniformly on [0, 7], will be
obtained as soon as I.(t) — I, (t) goes to 0, uniformly on [0, 7.

From the definition of I (t), it is easy to deduce that we have:

1 t t
Ie(t) - I€n <t> = E (/ HUX(que)/\tdu - / HuX(u+en)/\tdu)
0 0

1 1 t
+-—— / Hu(X(quen)/\t - Xu)du .
€ € 0

9



The changes of variable either v = u + € or v = u + ¢, lead to

1 t+e
L)~ T t) = - / (H, . — H, ) Xypydv (2.6)
€, — € t
( / (H, . — H,) dev) +R(8),
€€p o

where we gather under the notation R.(t) all the remaining terms. Let us

observe that R.(t) is the sum of terms which are of the form * fab ...dv where
la —b] <€, —€or <%— é) f:...dv where |a — b| < €,. Since H and X are

bounded on [0, 7], we have

€n —

|IR(t)] < C vVt € [0,T]. (2.7)
€
By Hélder property (1.3), we get
|Hy—e — Hy—,| < C(e, — €)%, |Hyo, — Hy| < Cye. (2.8)

Since X and H are bounded, we can deduce from (2.6), (2.7) and (2.8) that:

I1.(t) — 1. (1)] < C<(€" il B C el _66"), vie[0,7).  (2.9)

€ €€y

Using the definition of ¢,, easy calculations lead to :

— — @ —o — @ —a
€ o Cnt, (€, —€) < o2 ),a’ (€, — €)€s <ni A O
€ € €€n
Note that p = % + 1 implies that % —a < 0. As aresult, I.(t) — I, (t)
goes to 0 a.s, uniformly on [0,77], as € — 0. [ ]

Remark 2.3 Let (H;) be an progressively measurable process. Suppose for

simplicity that (X;) is a local semimartingale. Let (e,) denote a sequence of

decreasing positive numbers converging to 0 as n — oo. Applying Theorem

2 in [5] to (2.2) gives the a.s. convergence of sup |l (u) — I(u)| to 0 as
0<u<T

n — oo, provided that

1 u
Z ( sup ‘Hu - e_/ H.dr
n J{(

77,21 OSUST u—en)+

2
) <00, a.s. (2.10)

Suppose that (Hy) is locally Holder with index . According to (2.3), relation
(2.10) holds zfz ed < 00. To simplify the discussion suppose that €, = 1/n”,

n>1
with p > 0. Obuviously, the previous sum is finite if and only if pa > 1.

10



Note that inequality (2.9) permit to prove the a.s. of I, (u) as soon as

. €, — €)° . €, — €)EX . €E—E€
hmu:hmwzhm ~=0.
n—oo € n—o00 €€y, n—o00 €
Since € varies in [€,.1, €,], then
(€n — €)° (€n — €ny1)”
< .
€ €n+1
It 1s easy to prove that
(€n — €ng1)® P~
~ n — oo.

—_pn?
€nt1 n{i+pla=p

Therefore p has to be chosen such that (1+p)a—p >0, i.e. p < 1L. Recall
-«

«

1
that p > 1/a, then — < ] This condition is equivalent to o > ag =
a

V5 —1

that « belongs to 10,1[. Finally, our Theorem 1.2 is not a consequence of

Theorem 2 of [5].

—

This inequality is not necessarily satisfied since it is only supposed

5. In this item X is supposed to be a locally Holder continuous semimartingale.
Note that replacing X by X — X does not change (1.5). Therefore we may
suppose that X, = 0.

It is clear that %f(f(X(que)/\t — X, )*du equals

1 t t t
. { /0 X2 ondu — /0 XZdu — 2 /0 Xo(X(uront — Xu)du] :

Making the change of variable v = u + € in the first integral, we easily get :

1

t 1 tAe 2 t
_/ (X(que)/\t - Xu)Qdu = Xt2 - = / Xﬁdv - = / XU(X(u+e)/\t - Xu)du
€Jo €Jo €Jo

Since X is continuous, 1 [ X2dv tends to 0 a.s, uniformly on [0, 7]. There-

fore, it can be deduced from Theorem 1.2 :

1 t t
lir% = | (Xron — Xu)?du = X7 — 2/ X dX, (a.s.).
=0 € Jo 0
It6 ’s formula implies that the right-hand side of the above identity equals to

< X >,

Replacing (u 4+ €) At by u + € in either (1.5) or (1.6) does not change the
limit. Then, identity (1.5) may be interpreted as follows : the measures
%(Xu—i-e — X,)%du converges a.s. to the measure d < X >,. That implies
the a.s. convergence of %fg Ky(Xwteont — Xu)?du to fg K,d < X >,, for any
continuous process K. [

11



3 Proof of Theorem 1.4

Recall that W,(t) and G(t) are defined by (1.8). We study the convergence in
distribution of the two dimensional process (W.(t), B;), as € — 0.

First, we determine the limit in law of W.(¢). In Point 1 we demonstrate
preliminary results. Then, we prove the convergence of the moments of W,(t)
in Point 2. By the method of moments, the convergence in law of W,(t) for a
fixed time is proven in Point 3. We deduce the finite-dimensionnal convergence
in Point 4. Finally, Kolmogorov criterion concludes the proof in Point 5. Then,
we briefly sketch in Point 6 the proof of the joint convergence of (Wc(t)):>o
and (B;):>o. The approach is close to the one of (W(t)):>o.

1. We begin by calculating the moments of W,(¢) and G.(u). We denote by

£ the equality in law.

Lemma 3.1 F [|G€(u)|2} = (“?—36)302. Moreover, for all k € N, there exists a
constant my, such that E [|G€(u)]k} <my, Yu = 0,e > 0.

e)r in (1.8). Then,

Proof. First, we apply the change of variable s = u — (u A
v < u) and the scaling

using the identity (B, — By—+;0 < v < u) = (By;0 <
property of B, we get

Ge(u)é u/\e \/u/\e/ B.dr.

Since fol B,.dr £ oN, where 02 = 1/3 and N is a standard gaussian r.v, we

obtain o
uNe)z
e e S 3.)
Taking k = 2 gives E [|Ge(u } = th? 2 Using u A e < € and (3.1), we get
E[|G(uw)[¥] < my, with my = o*E [|N| } n

Lemma 3.2 For all k > 2, there exists a constant C(k) such that

ES

Vt>0, E “We(t)ﬂ < O(k) t5.
Moreover, for k = 2, we have

E [(We(u) — We((u— €>+))2i| <o, Yu>0.

Proof. The Burkhélder-Davis-Gundy inequality and (1.8) give

([ Gy )] |

E[[Wt)] < e(i)E

12



Then, Jensen inequality implies:

(/Ot (Ge(u))Qdu> ’;] <t3lE l/ot G (u)]* du} _

Finaly, applying Lemma 3.1 comes to

E

E [\We(tﬂk} < c(k)muts.

The case k = 2 can be easily treated via (1.8) and Lemma 3.1:

B [(Welw) = Wel(u - 9)7] = /( E[(G.(v))?] dv,

u—e)t
= / 02—(U 3€> dv < o’e.
(u—e)t €
]
2. Let us now study the convergence of the moments of W,(t).
Proposition 3.3
lim [(W()*] = E [(eW)™], V¥neN,t>0. (3.2)
Proof. a) We prove Proposition 3.3 by induction on n > 1.
For n =1, from Lemma 3.1, we have:
t t A€)3
E [(We(t))ﬂ :/0 E [(Ge(u))ﬂ du :/0 o2 (u 636) du.
Then, E [(W(t))?] converges to ot = E[(cW})?].

Let us suppose that (3.2) holds. First, we apply It6’s formula to (W.(t))*"">.

Second, taking the expectation reduces to 0 the martingale part. Finally, we
get

(2n+2)(2n+1)

E[Ww)™?] = =2

/0 E[(W.(w)* (C(w)?] du.  (33)
b) We admit for a while that
E [(We(u))zn (Ge(u))Q] — 0’F [(UWU)Q”} , Yu>=0. (3.4)

Using Cauchy-Schwarz inequality and Lemmas 3.1, 3.2 give:

E (W)™ (Gw)?] < E[(W.(u)™] B [(G.(w)"]
<

VvV C(dn)u?my < A/ C(4n)myu™.

13



Consequently, we may apply Lebesgue’s theorem to (3.3), we have

lim B [(W()/""?] = (2””)2(2”“)02 /0 E [(0W,)*"] du,
~ 2n+2)2n+1) 440 L o(2n)!
= 5 ot /ou Wduv
%wﬁ)w = E [(eW)™"™].

¢) We have now to prove (3.4). If u = 0, F [(We(O))Qn (GE(O))Q] =0 =
o2E [(oWo)*"]. If u > 0, it is clear that:
B (W)™ (Gu(w)?] = B [(Willu— 0")™ (Gu(w)] + &w), (35
where
ew) = B [{Waw))” = (Wel(w = )"} (Gelw))’]

Since G¢(u) is independent from F, ¢+, we have

B (Wel(u = /") ™ (Gew))?| = B [(Wel(w = )| B [(Ge(w)?].
Finally, plugging the identity above in (3.5) gives:
B [(Wew))" (Ge(w)?] = B [(We(u)™"] B [(Ge(u)?] +&(u) + & (w),
where
&) = E[(Wel(w =)™ = We(w)™"] B [(Ge(w))?]

Lemma 3.1 implies that E [(Ge(u ))2} tends to 0% as € — 0. The recurrence
hypothesis implies that E [(W,(u ))2"] converges to F [(0‘WU) "l as e — 0. It
remains to prove that & (u) and & (u) tend to 0 to conclude the proof.

The 1dent1ty a — " = (a—b) 27" aFb? 1R implies that & (u) is equal to
the sum 3 3" Sk(e, u), where

Sele,u) = B [(Welu) = We((u — €)%)) (Ge(w))® (W) F(Wel (u — €)+))2 71+
Applying four times the Cauchy-Schwarz inequality yields to:

Sieu)l < [E(Wilw) = Wel(w— ")) [B(Gew)]*
% [E<W€(u))8k}% [E(WE((U _ 6)+))16n—8—8k]% )
Lemmas 3.1 and 3.2 lead to
1S(e, u)| < C(R)T" 2+/e, Yu € [0,T).

Consequently, & (u) tends to 0 as € — 0. Using the same method, it is easy to
prove that & (u) tends to 0 as e — 0. |

3. From Proposition 3.3, it easy to deduce the convergence in law of W,(t) (¢
being fixed).

14



Proposition 3.4 For any fizred t > 0, W(t) converges in law to oW, as
e — 0.

Remark 3.5 Using stochastic Fubini theorem we have

We(t):}\/g/ot</0“ (v_(u_€>+)+d3,,>dBu-

We keep notation given in [7]. Let us introduce the function f. :

1

fe(u,v) := J(U —(u— 5)+)+1{0§v§u§t}'

Consequently W(t) = J3(fe).
It 1s easy to prove that

(s = [ ([ rwora)an=S+155 1o

Therefore

lim ”fe”Af = oVt
e—0

Proposition 3 in [7] ensures that W.(t) converges in distribution to oW, as
e — 0 if and only if

lim F.(s1,59)%ds1dsy =0 (3.6)

=0 J0,02

where .
F€<81, 32) = / (fe(u7 Sl)fﬁ(”? 52) + fe(Sh u)f6(827 u))du
0

Identity (3.6) can be shown by tedious calculations. This gives a new proof of
Proposition 3.4.

Let us recall the method of moments.

Proposition 3.6 Let X, (X,,)nen be r.v’s such that E(|X|*) < oo, E(]X,|F) <
oo, Vk,n € N and

- E X2k =

limkﬁm% < 00. (3.7)

If for all k € N, lim,, .o, E(X*) = E(X*), then X,, converges in law to X as
n — oo.

Proof of Proposition 3.4. Let t > 0 be a fixed time. The odd moments of
We(t) are null. By Proposition 3.3, the even moments of W,(t) tends to oW;.
Since oW, is a Gaussian r.v. with variance o/, it is easy to check that (3.7)
holds. As a result, W,(t) converges in law to aW;. [ ]

4. Next, we prove the finite-dimensionnal convergence.
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Proposition 3.7 Let 0 < t; < ty < -+ < t,. Then, (W(t1),...,We(t,))
converges in law to (oW, ..., oW, ), as € — 0.

Proof. We take n = 2 for simplicity. We consider 0 < t; < t, and € €
10,21 A (ta — t1)[. Since t; > €, note that (u— €)™ = u — € for u € [t1,ts]. We
begin with the decomposition:

t2

1 u
W.(ty) = W.(t — B, — B,)ds | dB,, + R!(t1,ts),
( 2) ( 1) + 6\/E t1+€ ([J—e( ) 8) + €< ' 2)

where R!(t,t) = ﬁ fttlﬁe (fu“_€(Bu — Bs)d3> dB,. Let us note that W(t;)

is independent from e%& Lt12+e (f;_e(Bu — Bs)ds> dB,,.

Let us introduce B = By, — By,,t > 0. B’ is a standard Brownian motion.
The changes of variables v = t;+v and r = s—t; in fttlig (fuu_g(Bu — Bs)ds> dB,
leads to

We(tg) - We(t1> + @6<t1, tz) -+ R?(tl, tQ) —+ Rel(tl, tg), (38)

where

1 f2mh ! / ’ /
Ot ) — e\_ﬁ/o (/( )+(BU—BT)dr> iB,

1 € v
R2(t),t)) = —= (/ B;—B;dr>dB;.
) = = [([@m-m
Straightforward calculation shows that F [(Ri (tl,tg))2:| and F [(R?(tl,t2)>2]

are bounded by Ce. Thus, R!(t;,t,) and R!(t1,t5) converge to 0 in L?*(Q).
Proposition 3.4 gives the convergence in law of ©.(t1,t2) to o(W;, — Wy, ) and
the convergence in law of W,(t1) to oW;,, as € — 0.

Since We(t1) and ©(t1,ts) are independent, the decomposition (3.8) implies
that (We(ty), We(t2) — We(t1)) converges in law to (oW, o(Wy, — Wy,)), as
e — 0. Proposition 3.4 follows immediately. ]

5. We end the proof of the convergence in law of the process (We(t)):>o by
showing that the family of the laws of (W (t)):>0 is tight as € €]0, 1].

Lemma 3.8 There exists a constant K such that

E“We(t)_we(sﬂﬂ gK’t_5|27 0<5<t7€>0-
Proof. Applying Burkhélder-Davis-Gundy inequality, we obtain:

(/: (Ge(u))Qduf] < cft—s) /:E [(Ge(u))] du.

B [[W.(t) - Wi(s)|'] < cE
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Using Lemma 3.1, we get E [[W,(t) — We(s)m < emy(t — s)? and ends the
proof (see Kolmogorov Criterion in Section XIII-1 of [8]). |

6. To prove the joint convergence of (W(t), Bt)i>o to (6 Wi, Bt)i=0, we mimick
the approach developed in Points 1-5 above.
6.a. Convergence (W.(t), B;) to (¢W,, B;), t being fixed.

First, we prove that

lim E(WP(t)B}) = E((cW;)?B}), p,q € N. (3.9)

e—0

Let us note that the limit is null when either p or ¢ is odd.

Using [t0’s formula, we get

Bl B =270 0+ M9 6 + pga(t, o),

where
it = [ BIW.P7 BYUCw)] du
aat.) = [ BV By du
as(t e) — /0 E [(W.(u))" BI'G.(w)] du.

To demonstrate (3.9), we proceed by induction on ¢, then by induction on p,
q being fixed.
First, we apply (3.9) with ¢ — 2 instead of ¢, then we have directly:

lim as(t, €) — /0 E [(oW.,)"] E [BT?] du.

e—0

As for a4 (t, €), we write

-2

(W)’ = (We(w))" > = (Wel(uw—)))" ™ + (We((u—e)"))"
q __ q __ q q
Bl = Bl B(ufe)+ + B(u%ﬁ.
We proceed similarly with as(t, €). Reasoning as in Point 2 and using the two
previous identities, we can prove:

t
lim o (,€) = o / E [(eW,)""?] E[BY) du and lim a3t €) = 0.
€— 0 e—
Consequently, when either p or ¢ is odd, then lim. .o ;(t,e) = 0, (i = 1,2)
and therefore:

lim E(WP(t)B}) =0 = E((cW;)?By}).

e—0
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It remains to determine the limit in the case where p and ¢ are even. Let us
denote p = 2p’ and ¢ = 2¢’. Then we have

t
—2)! ) ! /
limay (t,€) = / 02,(p—)up “lgp2 /q u? du
0 o 2Hp' —1)! 27 (¢')!

_ (p — 2)' q' o’ptp/+q/
201 (p = D@ (P + ') ’

t | —2)!
. _ p P p’ (q ) qlfl
figoat.e) = /2 I Py R

_ p' (q — 2)' g-ptp/+q/_
L () (g = DY + )

Then, it is easy to deduce

| p! rq!
p Q1 p4p
lim 7 [(We(1))” BY] = o, " 2 (@)

t' = E[(cW,)") E[B]].

Next, we use a two dimensional version of the method of moments:

Proposition 3.9 Let XY, (Y,)nen(Xn)nen be m.v. whose moments are finite.
Let us suppose that X andY satisfy (3.7) and thatVp,q € N, lim,,_,o, E(XFY?)
= E(XPY%). Then, (X,,Y,) converges in law to (X,Y) as n — oc.

Since W; and B, are Gaussian r.v’s, they both satisfy (3.7). Consequently,
(We(t), By) converges in law to (cWy, B,) as € — 0.

6.b. Finite-dimensional convergence. Let 0 < t; < t;. We prove that
(We(t1), We(te), By, By,) converges in law to (oW, 0Ws,, By, By,). We apply
decomposition (3.8) to We(t2).

By Point 6.a, (W,(t1), By, ) converges in law to (cWy,, By, ) and (O (t1, ta), By, —
B;,) converges to (cWy, — oWy, By, — By,). Since (Oc(t1,t2), By, — By,) is
independent from (We(t1), By,), we can conclude that (W (1), We(t2), By, Bt,)
converges in law to (oW, ,cW,,, By, By,). |

4 Proofs of Theorems 1.5, 1.7 and Proposi-
tions 1.6, 1.8

1. Convergence in distribution of a family of stochastic integrals
with respect to V..

Denote C'([0,77]) the set of real valued and continuous functions defined on
0,7]. C ([O,T]) equipped with the uniform norm is a Banach space. Set
B.([0,T7]) the Borel o-field on C([0,T]). Let D([0,T]) be the space of right-
continuous functions with left-limits equipped with the Skorokhod topology.
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Consider a predictable, right-continuous with left-limits process (I',) such that

(I', W,) converges in distribution to (I',cW), € — 0. (4.1)
In (4.1), the pair (T, W,) is considered as an element of D([0,T]) x C([0,T7).

Proposition 4.1 1. Let F': <Q><C([0,T]), o(By,u > 0)®BC([0,T])> —

R be a bounded an measurable map and such that for any w, F(w,-) is
continuous. Then :

lim E(F(-, W) = E(F(-,cW)). (4.2)

e—0
t
2. Under (4.1), the process (/ FudWE(u)) converges in distribution to
0 t>0

¢
(0‘/ Fuqu) as € — 0, where (I'y) is independent of (W,,).
0 t=0

Proof of Proposition 4.1 1) Denote H the set of o(B,,u > 0)-measurable
and bounded r.v.’s A such that

lim B(A6(W,)) = E(A8(oW)) = E(A)E(8(aW)), (4.3)

where © : C([0,T]) — R is continuous and bounded.

It is clear that H is a linear vector space. Let (An, n > 1) be a sequence of
elements in ‘H which satisfies

a) (An, n > 1) converges uniformly to a bounded element A
either
b) n — A, is non-decreasing and the limit A is bounded.

Since

we have
E(AB(W.))~E(A6(eW))| < CE(|A=Au|)+| E(4,0(W) ~E(A,0(aW))|

Consequently, A € H.

Consider the set C of r.v.’s of the type f(B,,---,B:,) where f is continu-
ous and bounded. Theorem 1.4 implies that C C H. Then, (4.3) is direct
consequence of Theorem T20 p 28 in [6].

According to Proposition 2.4 in [3], relations (4.3) and (4.2) are equivalent.
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2) Denote Fy : D([0,T]) x C([0,T]) — R a bounded and continuous function.
Property (4.1) is a direct consequence of item 1 of Proposition 4.1 applied with

Flw,w) = Fy((Ts(w),0 < s <T),w), weC([0,T]).

Recall that W, is a continuous martingale, which converges in distribution to
oW as € — 0. Then, by Proposition 3.2 of [4], W, satisfies the condition of
uniform tightness. Consequently, from Theorem 5.1 of [4] and (4.1), we can
deduce that for any predictable, right-continuous with left-limits process I,

/ [ dW(u) converges in distribution to o / L dW (u).
0 0

Remark 4.2 1. The convergence in item 1 of Proposition 4.1 corresponds
to the stable convergence, cf [3].

2. According to relation (2.2), we have

t s
A (H, 1) = i/ 1/ Hydu— H, ) dB,.
\/E 0 € (s—e)t

Let us apply the general result obtained in [9]. Let (€,) be a sequence of
positive numbers converging to 0 as n — oo. For any t > 0, suppose :

1 t 1 s 2
—/ (—/ Hydu — HS> ds rt), n—ooo  (4.4)
€n Jo €n J(s—en)t

1 A Y
sup / <—/ H,du — HS) ds| L 0, n—oo (4.5
0 €n (s—en)t

0<r<t v/€n
where (7(t)) denotes a continuous process and (P) stands for the con-
vergence in probability.

Then, from Theorem 1.2 in [9] we can deduce that

and

(A (H, 1), t>0) "L (W(r(t) t>0), n— oo (4.6)

where (W) is a standard Brownian motion independent from (7(t)).

t
Suppose that (Hy) is of the type H, = H, +/ AydBg + V;, where (Ay)

0
and (V;) satisfy the assumptions given in Theorem 1.5. Note that

t t
(0/ A dW,, t > 0) @ <W(O’2/ Aidu), t> O).
0 0
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Therefore (4.6) suggests to prove (4.4) with
t
T(t) :== 02/ Adu, t>0.
0

We have tried without any success to directly prove (4.4) and (4.5). In
the particular case Hy = By, the calculations are tractable. Theorem 1.2
in [9] may be applied : (AGR(BJ), t > O) converges in distribution to
(cWy, t > 0), as n — oo. However, this result is not sufficient to have
the convergence of (Aen(H, t), t > O) since we need the convergence of
(Aen (B,1), Bt) and the convergence of the previous pair of processes is
not given by Theorem 1.2 in [9].

2. Some preliminary results related to the proof of Theorem 1.5.

Lemma 4.3 Let (§€(t),t > 0) be a family of processes. Suppose there exists a
increasing sequence (T,,),>1 of random times such that T, T oo as n — oo and
for any n > 1, (ée(t ANT,),t > O) converges in the ucp sense to 0, as € — 0.
Then (fe(t),t > O) converges in the ucp sense to 0, as € — 0, i.e. for any

T >0, sup |&(s)] — 0 in probability as e — 0.
0<s<T

Lemma 4.4 Denote (K;) an progressively measurable process which is right-
continuous at 0, Ko = 0 and locally bounded. Set :

1 tN\e
RNK, 1) = %/0 KS(E —1)dB,, t>0. (4.7)

Then (RY(K,t),t > 0) converges in the ucp sense to 0.

Proof of Lemma 4.4. Since (K}) is locally bounded there exists a increasing
sequence of stopping times (7},),>1 such that T,, T oo as n — oo and |K(t A
T,)| < n, for any t > 0. Then, according to Lemma 4.3 it is sufficient to prove
that (RL(K,t),t > 0) converges in the ucp sense to 0 when (K;) is bounded.
In that case, using Doob’s inequality we get :

E( sup (RUK1)*) < §E</OEK(S)2(f —1)%ds) < C sup B(K(s)?)

t€[0,T) € 0<s<e

where 1" > 0.
Recall that (K) is bounded, s — K(s) is right continuous at 0, K(0) = 0, then
the dominated convergence theorem implies that lim ( sup E(K (5)2)> = 0.

=0 \ p<s<e

This proves that sup |R2(K, t)‘ goes to 0 in L?(). [
te[0,T

Note that under (1.9), relation (2.2) implies that :
A(H,t) = A(H,t)+ RNH®,t) (4.8)
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where A (H,t) has been defined by (1.7) and

A(H,t) = Eiﬁ /0 t ( /(:_€)+(Hs - Hu)ds> ®(u)dB,. (4.9)
|

3. Proof of Proposition 1.8. Recall that A® (K, ¢) is defined by (1.11).
Using [t0’s formula, we obtain:

(s+e)nt
(Bissont — Bo)? =2 / (B — B)dBy + (s + ) At —s.
Reporting in Ag)(K ,t) and applying stochastic Fubini’s theorem lead to
t
AP(K.) =2 [ KdW.(u) + RO + B2,
0

where

2 t u
) = — Ky — K,)(B, — Bs)ds| dB,
r) = 2 [ K. B
1 t
R:(t) = ——= Ky (t — s —€)ds.
0 = e[ K- o

Note that Proposition 4.1 (with I' = K') ensures the convergence in distribution
of / K,dW(u) to a/ K,dW (u).
0 0
Since s — K is locally bounded, then lir% sup |R*(t)| =0 a.s.
€Y ¢elo,1]

To prove that R} (uep) 0, we may assume that K is bounded (cf Lemma 4.3).

Using the Cauchy-Schwarz and Doob inequalities, we obtain successively :

B( suwp (R)?) < ¢ TE((/( (Ks—Kust—Bu)ds)Q)du

e3 Jo

0<t<T . u—e)t
< ¢ du/ VE((, — K))E((B, — B,)Y)ds
€ Jo (u—e)t
T
< C/ ( sup  E((K, — Ku)4)>ds
0 s<u<(s+e)At

Since K is bounded and right-continuous, then the term in the right-hand side
of the above inequality goes to 0 as € — 0. ]

4. Proof of Point (1) of Theorem 1.5. Using (4.8) we have :

Ac(Ho,t) = Ho(Ad(1,t) + RN®,t)) = HoR (P, 1)
= Ho®(0)N. + HoR!(® — @(0),1)
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where € < t and ) .
U

N, = — - —1)dB,, < t.

v RCERE

The r.v N, has a centered Gaussian distribution, with variance

sy [ (2

According to Lemma 4.4, R} (® — ©(0), -) P as e — 0.

5. Proof of Point (2) of Theorem 1.5. Since (H;) = (V) is continuous and

Vo = 0 then, Lemma 4.4 applied with K = ®H implies that R!(®H, ") e
as € — 0.

Let T > 0. According to Lemmas 4.3 and 2.2, we may suppose that & is
bounded and :

1
Vs — V4| §C|u—v|3, u,v € [0,T],0 > 5

As a result,

1 /"
— (Vs — V,)ds
Ve Ju-o,

E( sup (AG(V, t))2> < CePPt

te[0,7)

1 u
Cls —ul’ds < CeP2

<
h 6\/E u—e

and

Using (4.8), item 2 of Theorem 1.5 follows.

6. Proof of Point (3) of Theorem 1.5.

t
a) Recall that M; = / A,dB, and
0

&(M,t):—i ([ (M, — M,)ds ) ®(u)dB,.
eve Jo (u—e)t

Let s < u, we have

M, — M, = A(u—e)+ (Bu - Bs) + / (Ar - A(u—e)+)dBr-
Using (1.8) we get :
. t
B0 = [ A o)+ RO+ B0, (410)
0
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where
R2(t) = — /O (Ao, — Ay )(w)dW, (u)

and

R =—L [ (/( (r— (u—e€)}) (A — A(u_e)+)dBr) B(u)dB,.

€veEJo u—e€)4

b) Suppose for a while that R? and R? converge in the ucp sense to 0, as ¢ — 0.
Then, Proposition 4.1 with I' = A implies that the convergence of A (H,-) to

/A D(u)dW,. Notethat/A(I)( VAW, = /A B(u)dW, a.s.

c) Let us prove that R? converge in the ucp sense to 0. The proof related
to R? is similar and easier; it is left to the reader. From Lemma 4.3, we can
suppose that (Au,O <u < T) and (<I>(u),0 <u < T) are bounded. Then,
using Burkholder-Davies-Gundy and Holder inequalities we get :

C r “or—(u—e 2
3 2 < + _
E<O§£T B) ) o€ E (/o { /( € W A(u_e)+>dBr}

u—e€)4

X P(u )2du>

<= / dul / M(AT = A(u€)+)dBr}2>
< _/ du/u ; T_ “_E>+> E((Ay — Ay, )?)dr
< C’/ sup ((AT — ANu—o),) ))du

(u—€)+<r<u

Using the dominated convergence theorem and the fact that t — A; has left-
limits we can conclude that the right-hand side in the above inequality goes
to 0 as € — 0. Consequently, sup |R>(t)| goes to 0 in L3(12).

0<t<T

7. Proof of Proposition 1.6
From (4.8), we have :

Ac(h(B),t) = Ac(h(B),t) + R (M B)®, 1)

where

A (h(B),t) = ei\/z /Ot (/(:_6)+ {h(B,) - h(Bu)}ds) O (u)dB,.
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WB) —hB) = (BB [ K (B 0B~ B)as
= (Bs - Bu)h/O(Bu)

+(B, — By) /1 {h/(Bu +0(B, — B)) — h’(Bu)}dH
then,
A (h(B),t) = — /t W (B,)®(u)dW.(u) + R! (h(B)®,t) + R:(t)

where (W, (u)) is the process defined by (1.8) and

R(1) = %/Ot{%/(:_EH(BS—BU)[/Ol{h’(BquG(BS—Bu))

—h’(Bu)}dH] ds} ®(u)dB,.

Using Proposition 4.1 (with I' = A/(B)®) implies that / h'(B.)®(u)dW(u),
0

converges in distribution to 0/ h'(B,)®(u)dW (u), as € — 0. Since h(0) = 0,

0
Lemma 4.4 may be applied : R} (h(B)®, -) (tep) 0, as € — 0. We claim that R?
has the same behavior. By localization and Lemma 4.3 we may suppose that
® is bounded. Using Doob’s and Holder inequalities we obtain :

B swp (B(0)°) < &ZG)/OT{/(U \/E([BS—BU]‘l)ds}du

0<t<T € u—e)y

< C6(W,e)

where

5(6,€) = \/ sup E({o(B.+0(B. ~ B.) —6(B.)}').

0<60<1,0<u—e<s<u<T

It can be proved that lir% d(¢,€) = 0 as soon as ¢ is subexponential. As a

result, sup | R?(t)| goes to 0 in L*(Q) as e — 0.
t<T

8. Proof of Theorem 1.7

a) The a.s. converges comes from the continuity of ¢ — X, and the identity
1 t i—1 1 ajt1+e 1 aj+e
- / Hy(Xope — Xo)ds =Y hy | - / Xods — ~ X.ds
€ Jo : € Ja,, €

]:O aj
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1 t+e 1 a;+e
+h; (—/ Xeds — — Xsds>
€ Jt € )

a;

where a; <t < a;y; and ¢ > 0.

b) Let us deal the convergence in distribution. Recall that we supposed that
X = B. Using the definition of A.(H,t), identity (2.2) and easy calculations
we get :

AJH,t) = ho{cb(O)GO(e) +RY(® - cb(o),e)}, 0O<t<an0<e<t

where R} (® — ®(0),¢) has been defined by (4.7) and

Gole) == %/OE (g - 1>st.

More generally when t €|a;, a;11], € < (t — a;) A (a; — a;—1) and i > 1, we have

A(H, ) = A(H, a;) + (hy — hioy) (®(a;)Gi(e) + RY)

with .
1 UTE s 5 — qy
Gile) = — ( i 1) B,
@ = (=
1 [Ytc /s —q

B

7/ ( - 1) (®(s) — ®(as))dB,
As a result for any ¢ €|a;, a;41] we have :
Ae(H, t) = ho@(O)Go(E) + (hl — ho)@(@l)Gl(E) + -t (hz - hz_l)(b(az)G,(e)

+(hi — hi_1) R}
where
€< (a1—ao)/\---/\(ai—ai_l)/\(t—ai). (411)

Recall that ® has been supposed to be right-continuous at a;, then Lemma

4.4 may be applied : ﬁi (uep) 0, as € — 0. As a result, the term ﬁi gives no

contribution to the limit of A (H, ).

Note that G;(e) is a Gaussian r.v. with variance 0 = 1/3 and under (4.11)
the r.v.’s Gy(€), - - - , G;(€) are independent and

115% E(B,Gi(e)) =0, Vs>0.

Item 2 of Theorem 1.7 follows.
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