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Abstract

In this paper, we apply the optimized Schwarz method to the two dimensional nonlinear Schrédinger
equation and extend this method to the simulation of Bose-Einstein condensates (Gross-Pitaevskii
equation). We propose an extended version of the Schwartz method by introducing a preconditioned
algorithm. The two algorithms are studied numerically. The experiments show that the preconditioned
algorithm improves the convergence rate and reduces the computation time. In addition, the classical
Robin condition and a newly constructed absorbing condition are used as transmission conditions.

Keywords. nonlinear Schrédinger equation, rotating Bose—Einstein condensate, optimized Schwarz
method, preconditioned algorithm, parallel algorithm

Math. classification. 35Q55; 65M55; 65Y05; 65M60.

1 Introduction

We are interested in solving the nonlinear Schréodinger equation and the Gross-Pitaevskii (GPE) equation
by the optimized Schwarz method. A large number of articles and books [16-18] are devoted to this method
for different kinds of equations, for example the Poisson equation [21], the Helmholtz equation [14, 19|
and the convection-diffusion equation [23|. Recently, the authors of [5, 12, 13, 20| applied the domain
decomposition method to the linear or nonlinear Schrodinger equation. More specificaly, in [12, 13|, the
authors proposed some newly efficient and scalable Schwarz methods for 1d or 2d linear Schrodinger
equation and for 1d nonlinear Schrodinger equation. These new algorithms could ensure high scalability
and reduce computation time. In this paper, we extend these works to the two dimensional nonlinear
case.

The nonlinear Schrodinger equation defined on a two dimensional bounded spatial domain Q :=
(1, 2r) X (Ybs Yu), T1s Try Y, Yu € R and ¢t € (0,T) with general real potential V (¢, x,y) + f(-) reads

(1) { iOu+ Au+V(t,z,y)u+ f(u)u =0, (t,z,y) € (0,T) x Q,
u(O,x,y) = uo(x,y)7
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where ug € L%(Q) is the initial datum. We complement the equation with homogeneous Neumann
boundary condition on bottom and top boundaries and Fourier-Robin boundary conditions on left and
right boundaries. They read:

(2) anu = Oa (J;ay) S (:L‘laxr) X {ybvyu}7 anu + Su = 07 (:L'vy) € {:Elaxr} X (ybayu)a

where 0y, denotes the normal directive, n being the outwardly unit vector on the boundary 92 (see Figure
1). The operator S is given by

(3) Su=—ip-u, peRT,
(4) or Su = —i\/i0 + Ar +V + f(u)u,

where I' = {z;, 2.} X (yp, yu). The Laplace-Beltrami operator Ar is 63 in our case. The operator S in
(4) is a pseudo differential operator constructed recently in [2] as an absorbing boundary operator, which
is used to approximate the exact solution of the problem defined on R2, restricted to a bounded space
domain.

L n Yb or

Figure 1: Spatial bounded domain = (27, ) X (Yp, Yu,)-

Recently, the Schwarz algorithms have been applied to the one dimensional linear or nonlinear Schrédinger
equation [13]. If the potential is linear and independent of time, then an interface problem allows to con-
struct a global in space operator. It is possible to assemble it in parallel without too much computational
efforts. Thanks to this operator, a new algorithm was introduced which is mathematically equivalent to
the original Schwarz algorithm, but requires less iterations and computation time. If the potential is gen-
eral, the authors used a pre-constructed linear operator as preconditioner, which leads to a preconditioned
algorithm. The preconditioner allows to reduce both the number of iterations and the computation time.
These new algorithms have been extended to the two dimensional linear Schrodinger equation [12], which
also shows the effectiveness of the new algorithms. In this article, we propose to extend the results to the
2d nonlinear case and to the simulation of Bose-Einstein condensates. Following the naming in [13], we
refer to the algorithm given by (6) as “the classical algorithm” and to the algorithm that will be presented
in Section 3 as “the preconditioned algorithm”.

The paper is organized as follows. We present in section 2 the the classical algorithm and some details
about the discretization. A preconditioned algorithm is presented in section 3. In section 4, we present
the implementation of these algorithms on parallel computers. Numerical experiments are performed in
section 5 and we focused on simulation of Bose-Einstein condensates. The last section draws a conclusion
and suggests some future directions of research.

2 Classical algorithm

2.1 Classical optimized Schwarz algorithm

Let us discretize uniformly with N7 intervals the time domain (0,7"). We define At = T//Nr to be the
time step. The usual semi-discrete in time scheme developed by Duran and Sanz-Serna [15] applied to



(1) reads as

iun — Up—1 + Aun + Un—1 + Vn + Vn—l Up + Up—1

At 2 2 2

Up + Up—1
2

Up + Up—1
2

+ /( )

—0, 1<n<Nyp
where u,(x,y), (x,y) €  denotes the approximation of the solution u(t,, z,y) to the Schrédinger equation
(1) at time ¢, = nAt and V,,(z,y) = V(tn, z,y). By introducing new variables v, = (u, + up—1)/2 with
vo = ug and Wy, = (V,, + Vj,_1)/2, this scheme can be written as

. unfl
(5) Lyxp, = At s

where the operator % is defined by

21
——Up + AUn + Whop + f(vn)vn

Ly, = AL

For any 1 < n < Np, the equation (5) is stationary. We can therefore apply the optimized Schwarz
method. Let us decompose the spatial domain € into N subdomains Q; = (a;,b;),j = 1,2,..., N without
overlap as shown in Figure 2 for N = 3. The Schwarz algorithm is an iterative process and we identify
the iteration number thanks to label k. We denote by vk the solution on subdomain 2; at iteration
k =1,2,... of the Schwarz algorithm (resp u]’n). Assummg that ug n—1 is known, the optimized Schwarz
algorithm for (5) consists in applying the following sequence of iterations for j =2,3,..., N — 1

,,iﬂxvfn Eu]’"_l’ (x,y) € Qj,
(6) anjv] n + S U = anjvf:ll,n + gjv;c:llmﬁ r=aj, Yy € (yb7 yu>7
anjvjn+5 U :0njv‘;€ 117n+S Uj+l n’ :bj7 ye (ybayu)7

with a special treatment for the two extreme subdomains €21 and 2y since the boundary conditions are
imposed on {x = a1} X (Y, yu) and {z = by} % (yp, Yu)

k < .k k < .k
Ony V1, + 507, = 0,2 = aj, Onyvn, +Sjvn, =0, x=by.

Y
<« —
np ny
W Q2 Q3
X
Tr; = ay b1:a2 b2:a3 bgzxr

Figure 2: Domain decomposition without overlap, N = 3.

Various transmission operator S can be considered. The first one is the classical widely used Robin
transmission condition

(7) Robin: Sjv=—ip-v, pe R".

Traditionally, the optimal transmission operator is given in term of transparent boundary conditions
(TBCs). For the nonlinear two dimensional Schrodinger equation, we only have access to approximated



version of the TBCs given by the recently constructed absorbing boundary condition S™

™ e [2, 3] which

we used as the transmission condition
m m

(8) bade © SV = —1i E ay'v+1i E ay'dy'pjs, v =aj,b;.
s=0 s=1

The operator S pade [2, 3] is originally constructed by using some pseudo differential techniques. Numeri-
cally it is approxnnated by Padé approximation of order m

m 21 mm my\—1
TadelV = — \/At+Ap + W+ f(v )UN(—ZZ(I —1—2th d; A—+Ap +W + f(v) +dy) )v,

where I'; = {z = a;,b;} X (yp,yu). The Laplace-Beltrami operator Ar; is dy,, in our case and the constant
coefficients are a' = ew/Z/(m COSQ(@Z_TI)W)), dm = e tan%%), 5=0,1,...,m, 0 = 7. The auxiliary

functions ¢;,, j = 1,2,..., N,s = 1,2,...,m are defined as solution of the set of equations

) (R Ar, + T () + s ) = v, (2:3) € (a3,b5) % (o100

Let us introduce the fluxes l;?’n and r;?’n defined as
njv;%n(aﬁ y) gjv;?,n(ajv y) (TS (yb7 yu)7
Sivhn(b5,9)s Y € (Uby yu),

with a special definition for the two extreme subdomains: l]f,n = rﬁ,m = 0. Thus, the algorithm (6) can
be splitted into local problems on subdomains ;,7 =1,2,..., N

21
.,iﬁvk = Atu]’n 1
(10) 8njv]n+5 v lfn, = aj,

On,; vk +Sv =7k oz =0,

n7 7,n 7,n?

and flux problems

(11) { l;’i:l = —T] 1,n +2$ /U] 1n(bj,1,y)’ ]: 2’3"”’N’

Py = j+1n+25 v]Hn(a]_H,y), ji=1,2,...,N—1.

2.2 Preliminaries related to space discretization

Without loss of generality, we present the space discretization of the semi-discrete Schrédinger equation
defined on the bounded domain (a,b) x (yp, yu),a,b € R

%v—l—Av—l—W(:p,y)v—i—f(v) *Ath( ),

12 v+ Sv=1(z,y), z=a, y € (Yp, Yu),
Onv + Sv=1(2,9), T =5, ¥y € (Yp, Yu),

Onv =0, Yy=up, Y= Yu,

where W (z,y)v + f(v)v plays the role of the semi-discrete potential in (5) and l(x,y), r(z,y) are two
functions. The operator S is Robin or ™, given respectively by (7) and (8).

pade



If f # 0, then the system (12) is nonlinear. The computation of v is accomplished by a fixed point
procedure. If we consider the Robin transmission condition, we take (° = h and compute the solution v
as the limit of the iterative procedure with respect to the label ¢, ¢ = 1,2, ...

_ 2
(E AW+ F(CTY)C = T,

(13) Ol —ip-C1=1, v =a,
OnC?—1ip-Cl=r, x=0.

For the transmission condition S pader We take (° = h and ¢? = 0, s = 1,2,...,m. The unknowns v and
s, 8 = 1,2, ..., m are computed as the limit (with respect to q) of (¢ and ¢Z, s = 1,2,--- ,m, which are
solutions of the following coupled system

(

1 —
(%t+A+W + f(¢h)¢r = Ath
(5 +W+Ar+ d’”)aﬁq S (Sl
1) 0u1— i S a1 +iY T~ 3 —a,

sO sl

an—zZaqu—HZamdmgbq:r z =b.

The spatial approximation is realized with the standard QQ; finite element method with uniform mesh.
The mesh size of a discrete element is (Az, Ay). We denote by N, (resp. N,) the number of nodes in
(resp. y) direction on each subdomain. Let us denote by v (resp. h) the nodal interpolation vector of
v (resp. h), ¢? the nodal interpolation vector of (9, 1 (resp. r) the nodal interpolation vector of I(x,y)
(resp. r(x,y)), M the mass matrix, S the stiffness matrix and My the generalized mass matrix with
respect to fQ Wuogdr. Let MU the boundary mass matrix, S the boundary stiffness matrix and MEV
(resp. ML w) the generalized boundary mass matrix with respect to fr Wogdl (resp. fr v)pdl’). We
denote by @; (resp. @) the restriction operators (matrix) from €2 to {a} X (yp, ys) (resp. {b} X (Yb, Yu))
and Q" = (Ql , Q) where “-T” is the standard notation of the transpose of a matrix or a vector. The
matrix formulation for (13) is therefore given by

1
(15) (A—I—Zp MF + M 1)c _EMh MIQT <r>

where A = zltM S + M. The size of this linear system is N, x N,. If we consider the transmission

condition Spade’ we have
¢! A+iCl,a)-M" By By - Bp\ [(¢
#1 C Dy #
Al 95| = C Dy b3
fors C D) \@h
Mh q—1 1
0 111/14;]1:@ 1) Cq ) MF‘QT <r>
(16) _ 2 o |_ Cq Y i — 0
At :
. q— 1 .
0 f (o) ¢ 0



with

By = —ia™d™M'Q", 1< s <m,
C =-QM",
o
D, = Q(KZMF — ST+ MY, +damMD)QT, 1< s < m.

It is a linear system with unknown (%, ¢1, ..., ¢%,) where ¢ is the nodal interpolation of ¢f on the
boundary and ¢, is the nodal interpolation of ¢s. The vectors v and ¢ are computed by

v=lim {7, ;= lim ¢, s=1,2,...,m.
q—o0 q—o0

In addition, the discrete form of the transmission operator S is given by

Robin: Sv=—ip-v, peR",

(17) ” N e NS mom
pade Sv:—zZasv—i—zZasds Ps-
s=0 s=1

Remark 2.1. The Sg;de transmission condition involves a larger linear system to solve than the one
of the Robin transmission condition. The cost of the algorithm with the S

pade transmission condition is
therefore more expensive.

If the potential is linear f = 0, then from the system (12) we have

21 1
- v v — v - it O T
(18) Robin : <A+2p M >v Ach M Q (r)’
and
\4 Mh r ~1 (1
®1 o | © e (r)
i
1 ade: p2l=21]01]- 0
(19) S A| 02| =
©®m 0 0

Directly from the definition of A, (19) can be written as one equation for v
T -1 21 roT (1
(20) (A—H(;as)-M —;BS]D)S Cs>v:Kch—M Q (r)
Note that numerically, we implement (18) and (19) to compute v (and @5, s =1,2,...,m).

2.3 Classical discrete algorithm

Following what is done for the complete domain €2 x [0, 7], we discretize the equations (10) and (11) on
each subdomain 2; at each time step n = 1,2, ..., Ny. Accordingly, on each subdomain €2;, let us denote
by

o Aj, = %Mj —Sj + M w, where M is the mass matrix, S; is the stiffness matrix, M, w, is the
generalized mass matrix with respect to fQ Wavode,
J

6



. Ml‘:(} the generalized boundary mass matrix with respect to fF‘ Wpvodl, Ml;j the generalized
n J
boundary mass matrix with respect to [ f(v)@¢dl’ where T'; = {& = a;j,b;} X (yp, Yu),
J

e Q;; and Q;, the restriction operators (matrix) from €2; to its boundary {a;} x (y,yu) and {b;} x

(4o, yu) respectively, Q] = (Q],Q],)

e B, Cj, Dj, s the matrix associated with the operator Spade,

k

o v, (resp. u ,,) the interpolation vectors of v . (resp. ufn)

We denote by l;i (resp. r ) the nodal 1nterp01at10n vector of l’g (resp. ’I“;-C’n). The classical algorithm is
initialized by an initial guess of l?m and r%n, j=12...,N. The boundary conditions for any subdomain
€, at iteration k 4 1 involve the knowledge of the values of the functions on adjacent subdomains €2;_;
and 211 at prior iteration k. Thanks to the initial guess, we can solve the Schrodinger equation on each
subdomain, allowing to build the new boundary conditions for the next step, communicating them to
other subdomains. This procedure is summarized in (21) for N = 3 subdomains at iteration k.

k+1
rlfn Vllc _r’fn + 2S(Q1 Tv]_ n) rlijibl
15, K —15,, +28(Q2, i, i) 15
(21) rgm Solve z%n . —I‘2 i n QS(QQ rV ) Comm. k+1
i\ 8 (Quivk ) e

Let us define the discrete interface vector by

kT T Gk 1T
= (e T

gn'
Thanks to this definition, we give a new interpretation to the algorithm which can be written as
(22) gZ-H Rhmgz =I- (I - Rh,n)gﬁ

where [ is identity operator and Ry, is an operator. The solution to this iteration process is given as the
solution to the discrete interface problem

(I —Rhn)gn =0.

Remark 2.2. If f =0, the discretization of (10) on each subdomain is

21 1*
(23) Robin : (Aj’n tip- Mrj)vin _ KZtMu?v”—l MUQT <rjk,n> 7
Js
; Iy DL AT ;
(24)  Spade: (Aj,n Jr@(;:1 ag’) - M7 — ;:1 BjsDj, Cj ) Vi, = KltMujn L —MUQ (rﬁ) ,

3 Preconditioned algorithm

The application of the nonlinear operator Ry, to gk is expensive. In this section, we propose to add a
preconditioner P! in (22), which leads to a preconditioned algorithm

(25) gt =T - P '(I-Rpn)gk



Here P is a non singular matrix. To defined it, let us consider the free Schrédinger equation with a zero
potential V' =0, f = 0. We show in Propositions 3.1 and 3.2 that in this case, the operator Ry, ,, is linear

Ringk = Lngh +d,,

where L}, is a block matrix as defined by (26) and d,, is a vector (the notation “MPI j” is used in the next
section). The matrix £, is independent of the time step n. The size of each block X*!is N, x N,.

MPI 0 MPI 1 MPI 2 MPI N—-2 MPI N-1
~ = ~ =
X2’1 X2,2
X1,4
X3’1 X3,2
X2’3 X2’4
(26) Ly =
XS,S X3,4
XN—l,l XN—1,2
XN,I

xN-13  xN-14

Thus, we propose here
P=1-7L.

Note that since L is independent of time step n, the preconditioner is constructed once and used for all
time steps.

Proposition 3.1. For the Robin transmission condition, assuming that V =0 and f =0, the matriz Ly,
takes the form (26) and Ly, is independent of time step n. In addition, if the subdomains are equal, then

2,1 _ 3,1 _ _ N1 22 _ v32 _ _ yN-12
X =X>""=...=X X =X""=...=X ,

(27) X2,3 — X3,3 = XN7173 X1’4 — X2’4 — .= XN71,4.

Proof. First, by some straight forward calculations using (23) and (21), we can verify that

X0 = -1 —2ip- Qjy(Ajn +ip - M) IMIQ]

b
28) X2 = =2ip- Qju(Ajn +ip - MY)T'MYIQ],,
X% = =2ip - Qjr(Ajn +ip- M) TIMTIQ]),
X0 = —T = 2ip- Qjp(Ajn +ip- M) 'MYQ;
and d,, = (d, ;- d,) ,d) s, ed) )T with

. . ) 21 .
dyji=2ip- Qj_1,(Aj_1, +ip- M) Zuj 1, j=2,3,..., N,
(29) At

. . 129 .
dyjr = 2ip- Qjy11(Aji1, +ip- M) 1Euj+1,n, j=1,2,.,N—1.

Secondly, since V' = 0, then

21

(30) M‘%Wn — 0, Aj,l — Aj72 _ ... = Aj7NT - E

M, —S;,5=1,2,...,N.



Thus, the blocks X7, X72 X753 and X7* are both independent of time step n.

Finally, thanks to the hypothesis of the proposition, the geometry of each subdomain is identical. Thus,
the various matrices coming from the assembly of the finite element methods are the same. Therefore,
we have

My =My =..=My, S;=S;=..=Sy, MI'=M"2=_ =Mr,
(31) Qiri=Q21=...=Qny, Qir=0Q2r=..=Qn,
The conclusion follows directly from (28). O

Proposition 3.2. Let us consider the transmission condition S™ pade- If the potential is zero, then the
matriz Ly, takes the form (26) and Ly, is independent of time step n. In addition, if the subdomains are
equal, then (27) is true.

Proof. The proof is almost same as that of the proposition 3.1. Using (24) and (21) gives
(32)

Xj’l:—I—QQj,l(iin:ag”—Hia;”de]nSC)(Aj,n-i-i(i@gn) J_ZBJS s J) M Qs
=0 s=1
Xm:_sz,(Za +zzamdmm>ms<c)(Aj,nﬂ(ia;”) J—ZIB%JS G MUQ,,
s=1
vaS:—sz,(Za —I—ZZamde]ns(C)(Aj,n—i—i(ia;”) J—ZBJS . ) M5 QT
s=1
Xj’4:—f—2Qj, ( Za —I—ZZamdm]D)]ns(C)(Aj,n—l—i(ia;n) J—ZBJS ]ns )71MF]'Q;‘|:’I‘
s=1

Under these assumptions, we have (30) and (31). In addition, the matrix associated with the transmission
condition S, satisfy

Bl,s = Bg’s = ... = B]\LS, Cl = (CQ = ... = (CN, Dl,n,s = ]D)Qm’s = ... = ]D)qus, S = 1, 2, ...m
and D, s = Q(LM — ST + Ma}n +d™M")QT is independent of time step n since M;}n = 0. O
Intuitively, the free semi-discrete Schrodinger operator without potential is a rough approximation of
the semi-discrete Schrédinger operator with potential:
2 2i
Ktu +Aur Ktu +Au+Vu+ f(u)u

In other words, Vu + f(u)u is a perturbation of the free semi-discrete Schrédinger operator. Thus, the
matrix £ can be seen as an approximation to

I —Rin.

Based on the previous propositions, it is sufficient to compute only four blocks X%!, X22 X?23 and X2
to construct the preconditioner P. It will be shown in the following section that the construction can be
implemented in a parallel way.

4 Parallel implementation

We present the parallel implementation of the classical algorithm (22) and the preconditioned algorithm
(25) in this section. We fix one MPI process per subdomain [22]. We use the distributed matrix, vector
and iterative linear system solver avalaible in PETSc library [6].



4.1 Classical algorithm

The discrete interface vector g,’i is stored in a distributed manner in PETSc form. As shown by (33), r]fyn
is located in MPI process 0, 1¥ and rﬁn are in MPI process j — 1, 7 =2,3,...,N — 1 and r]fv,n is in MPI

Y 7,n
process N — 1.
ri,\ IMPIO
(33) 8n = | % MPI j —1
j7n
;
rk /) JMPIN -1

As shown by (21) for N = 3, at iteration k, véﬁn,j =1,2,..., N is computed on each subdomain locally
and the boundary values are communicated.

4.2 Preconditioned algorithm

Thanks to the analysis yielded in previous section, we can build explicitly £;, with few computations.
For the Robin transmission condition, it is is based on the formulas (28). For the transmission condition
Siades the idea is equivalent, but involves (32). According to the proposition (3.1), the column s of X?!
and X3 are

X2,1eS =—e, —2ip- QQ,l(A]’,n +ip- Mrj)_lMFQQ;l687
X236, = —2ip- Qap(Ajy +ip- M) IM2Q; ey,

where e, = (0,0, ..., 1,...0) € CNT*Ny a]l its elements are zero except the s-th, which is one. The element
MFQQQTleS being a vector, it is necessary to compute one time the application of (A;, + ip - M)~ to
vector. Similarly, we have

X?%ey = —2ip- Qoy(Ajn +ip- Mrj)_lMFQQ{TeS,
Xy = —ey — 2ip- Qo p(Ajn +ip M) TTM™Q; e,

Let us recall that A;, = %Mj —Sj for V=0, f = 0. To know the first N, columns of X210 x22
X23 and X2, we only have to compute 2N, times the application of (A;, + ip - M)~ to vector. In
other words, this amounts to solve the Schrédinger equation on a single subdomain 2N, times to build
the matrix £;,. The resolutions are all independent. Therefore, we can solve them on different processors
using MPI paradigm. We fix one MPI process per domain. To construct the matrix Ly, we use the N
MPI processes to solve the equation on a single subdomain (ex. (0,7") x Q) 2N, times. Each MPI process
therefore solves the Schrodinger equation on a single subdomain maximum

Nipi = [%] + 1 times,
where [z] is the integer part of x. This construction is therefore super-scalable in theory. Indeed, if N is
doubled, then the size of subdomain is divided by two and Ny,p; is also approximately halved.
Concerning the computational phase, the transpose of £y, is stored in a distributed manner using the
library PETSc. As shown by (26), the first block column of £, lies in MPI process 0. The second and
third blocks columns are in MPI process 1, and so on for other processes. In addition, for any vector y,

the vector z := P~ly is computed by solving the linear system
Px=y
with Krylov methods (GMRES or BiCGStab).

10



5 Numerical results

We implement the algorithms in a cluster consisting of 92 nodes (16 cores/node, Intel Sandy Bridge
E5-2670, 32GB/node). We fix one MPI process per subdomain and 16 MPI processes per node. The
communications are handled by PETSc and Intel MPI. The linear systems related to (15), (2.2), (18) and
(19), are solved with the LU direct method using MKL Pardiso library. The convergence condition for

our algorithms is || gfit! — gk ||< 10710 n = 1,2, ..., Ny. The initial vectors are

° g(l) =0 or g(lJ = random vector,
0 : k
o g = klirgogn_l,n =2,3,...,Np.

Since the convergence properties for different time steps n = 1,2, ..., Np are similar, we only consider the
number of iterations required for convergence of the first time step n = 1. As mentioned in [17], using the
zero initial vector could give wrong conclusions associated with the convergence. Thus, the zero vector is
used when one wants to evaluate the computation time, while the random vector is used when comparing
the transmission conditions. The theoretical optimal parameter p (resp. m) in the transmission condition
Robin (resp. g;de) is not at hand for us, we then seek the best parameter numerically for each case.
This section is composed of two subsections. The first one is devoted to the Schrodinger equation. In

the second, we consider the simulation of Bose-Einstein condensates.

5.1 Schroédinger equation

We decompose the physical domain (—16,16) x (—8,8) into N equal subdomains without overlap. The
final time T" and the time step At are fixed to be T'= 0.5 and At = 0.01 in this subsection. We consider
two different meshes

Axr =1/128, Ay =1/8,
Az = 1/2048, Ay = 1/64,

where the size of cell is Az x Ay. The potential and the initial datum (Figure 3) are

V=l ula,y) = et Y0
which give rise to a solution that propagates slowly to the negative side in y direction and undergoes
dispersion. It is possible to solve numerically the Schrodinger equation on the entire domain 2 with the
first mesh (Ax = 1/128, Ay = 1/8) under the memory limitation (32G). We compare in this sub section

the classical and the preconditioned algorithms, as well as the two transmission conditions.

5.1.1 Comparison of the classical algorithm and the preconditioned algorithm

We are interested in observing the robustness, the number of iterations of the first time step, the compu-
tation time involving the transmission condition S ;.. The zero vector is used as the initial vector g!.
We denote by Npope (resp. Npc) the number of iterations required for convergence with the classical algo-
rithm (resp. the preconditioned algorithm). Thope and T}, denote the computation times of the classical
algorithm and the preconditioned algorithm respectively. In addition, we denote by T the computation
time to solve numerically on a single processor the Schrédinger equation on the entire domain.

First, we consider a mesh with Az = 1/128, Ay = 1/8. We make the tests for N = 2,4,8,16,32
subdomains. The convergence history of the first time step is presented in Figure 4 for N = 2 (left) and

N = 32 (right). Table 1 shows the number of iterations of the first time step and the computation times.
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Figure 3: Initial datum |ug].

We can see that all the algorithms are robust and scalable. The number of iterations is independent of
number of subdomains. This independence has already been observed for one dimensional Schrédinger
equation for small N [13, 20|. In addition, the preconditioner allow to reduce number of iterations and

computation time.

102 107
10t p — Classical 10} — Classical
10°} . 10°} % - 1
R --- Preconditioned R --- Preconditioned
107t _ 10ty 1
S 107} S 107}
2 10°} % 10
x 10%f N Z10%h N
g 10°} g 10°
S 6 S s
o 107t o 10
8 107 8 107
< r <
108} 10®
10° | 10°
1010} 1010
10-11 10-11
0 2 4 6 8 10 12 14 16 18 0 2 4 6 8 10 12 14 16 18
Number of iterations Number of iterations

Figure 4: Convergence histories of the first time step for N = 2 (left) and N = 32 (right). The mesh is Az = 1/128,
Ay =1/8.

N 2 4 8 16 32

Nuope 18 18 18 18 18

Npe 6 6 6 6 6
ref 93.7

Thope | 1106.2 | 571.2 | 297.4 | 161.8 | 85.2
Toe 356.2 | 180.5 | 92.1 | 50.3 | 26.6

Table 1: Number of iterations and total computation time (seconds) of the algorithms with the mesh Az = 1/128,
Ay =1/8.
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Secondly, we reproduce the same tests with the mesh Az = 1/2048, Ay = 1/64. The convergence
history of the first time step, the total computation times are shown in Figure 5 and Table 2. The
algorithms are both robust for N = 1024, but not scalable from N = 512 to N = 1024. The classical
algorithm loses scalability since if we use more subdomains used to decompose €2, then more iterations
are required for convergence. Concerning the preconditioned algorithm, the computational time is larger
with N = 1024 compared to N = 512 since the application of the preconditioner increases with larger

N. However, the preconditioned algorithm is much more efficient since it can both reduce the number of
iterations and the total computation times.

10° . . : i i i " 10° i i T
107 — Classical 1 107 — Classical
10t |t . 1 10! . |
1004 Preconditioned| | 100k --- Preconditioned| |
T 10M G E 1004
3 102} 3 1070
ﬁ 103} ﬁ 103
@ 10%1 % o 10%h
5 10°} 5 10°}:
& 10°} & 10°
< 107} 2 107}
108} 1081\
10°} 10°}
10-10 L 10-10 '
10 T 0L
0 5 10 15 20 25 30 35 40 0 20 40 60 80 100 120 140
Number of iterations Number of iterations

Figure 5: Convergence histories of the first time step for N = 256 (left) and N = 1024 (right) with the mesh
Az =1/2048, Ay = 1/64.

N 256 512 1024
Classical algorithm 3582.4 | 2681.5 | 2516.6
Preconditioned algorithm | 596.9 | 376.1 | 441.9

Table 2: Computation times (seconds) of the algorithms with the mesh Az = 1/2048, Ay = 1/64.

5.1.2 Comparison of transmission conditions

In this part, we compare numerically the transmission conditions Robin and Sg;de in the framework of
the two algorithms. The initial vector g here is a random vector to make sure that all the frequencies
are included. The time step is fixed to be At = 0.01 and the mesh is Az = 1/128, Ay = 1/8. Figure
6 and Figure 7 present the convergence histories of the first time step in the framework of the classical
and the preconditioned algorithms with Robin and S;’;de transmission conditions for N = 2 and N = 32
respectively. It can be seen that in the framework of the classical algorithm, the transmission condition

pade allows the algorithm to converge faster, while in the framework of preconditioned algorithm, they
have similar histories of convergence. This observation indicates that the preconditioner P is a good
approximation of the nonlinear operator I — Ry, . The influence of the transmission conditions is elimi-
nated by the preconditioner. In addition, we could confirm the conclusion of the previous subsection: the
preconditioner reduces a lot the number of iterations required for convergence.

5.1.3 Influence of parameters

In this subsection, we study the influence of parameters in the transmission conditions:
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m

e the parameter m (order of Padé approximation) in the transmission condition Pade’

e the parameter p in the transmission condition Robin.

The time step and the mesh are fixed to be At = 0.01 and Az =1/128, Ay = 1/8.

Firstly, we consider the influence of m in the transmission condition Sg;de. We present in Figure 8 and
in Figure 9 the number of iterations in relation to the order of Padé approximation (m) in the framework
of the classical and the preconditioned algorithms. Both of the zero vector and the random vector are

considered as the initial vector in our tests.

e For the classical algorithm, if the initial vector is the zero vector, there exists an optimal parameter
m. This observation is not consistent with our expectations since the higher order should make
the algorithm converge faster. We believe that the zero initial vector gives us some inaccurate
information.

e For the classical algorithm, if the initial vector is a random vector, the number of iterations first
decreases then increases by increasing the order m. We however do not have yet an explanation for
the relation between the convergence and the parameter m, which needs some more investigations.

e The parameter m is not very important for the preconditioned algorithm since the preconditioner
hides the information about the order.
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Figure 8: Number of iterations vs. parameter m for N = 2 (left) and N = 32 (right) in the framework of the
classical algorithm.

Secondly, we study the influence of p in Robin transmission condition. The numbers of iterations
are presented in Table 3 with different p for N = 2 and N = 32 (here only p = 5,10, ...,50 are shown).
Both the classical algorithm and the preconditioned algorithm (Cls./Pd.), as well as the different initial
vectors (zero or random) are considered. As can be seen, for the preconditioned algorithm, the number of
iterations is almost the same in each case. For the classical algorithm, there exists an optimal p for each
case.

In conclusion, the use of the preconditioner allows to reduce both the number of iterations and the
computation time. In addition, the preconditioned algorithm is not sensitive to the transmission conditions
as well as the parameters in these transmission conditions.

5.2 Simulation of Bose-Einstein condensates

In this part, we apply the parallel algorithms to BEC simulation. Before comparing numerically the
algorithms and making dynamic simulation of quantized vortex lattices, we recall some facts about BEC.
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Figure 9: Number of iterations vs. parameter m for N = 2 (left) and N = 32 (right) in the framework of
the preconditioned algorithm.

P N =2 N =32
Zero Random Zero Random
Cls. | Pd. | Cls. | Pd. || Cls. | Pd. | Cls. | Pd.
5 57 6 548 6 57 6 582 6
10 | 35 6 297 | 6 35 6 316 6
15 | 32 6 227 | 6 33 6 241 6
20 | 36 6 200 | 6 36 6 212 6
25 | 41 6 189 6 41 6 200 6
30 | 46 6 186 6 47 6 200 6
35| 53 6 188 6 53 6 204 | 6
40 | 59 6 194 | 6 60 6 211 6
45 | 66 6 208 6 66 6 223 6
50 | 73 6 216 6 73 6 234 | 6

Table 3: Number of iterations vs. parameter p.
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5.2.1 Gross-Pitaevski equation

A Bose-Einstein condensate (BEC) is a state of matter of a dilute gas of bosons cooled to temperatures
very close to absolute zero. Under such conditions, a large fraction of bosons occupy the lowest quantum
state, at which point macroscopic quantum phenomena become apparent. One of the models for BEC is
the Gross-Pitaevskii (GPE) equation [1, 7, 9, 11]|. In this paper, we consider the GPE equation defined
on a bounded spatial domain with the same boundary conditions as (1):

{ iOu+ tAu—V(z,y)u— BlulPu+w- Lu=0, (t,z,y) € (0,T) x €,
U(O, €, y) = UO(x’ y)
The constant 8 describes the strength of the short-range two-body interactions (positive for repulsive

interaction and negative for attractive interaction) in a condensate. The constant w € R represents the
angular velocity, the z-component of the angular momentum L, is given by

L, = —i(x0y — y0y).

(34)

The potential here is

1
V(z,y) = 5 (052" + %% 1 € R,

The GPE equation is a type of nonlinear Schrodinger equation. One of the difficulties in the simulation
of Bose-Einstein condensates derives from the term of rotation. Recently, the authors of [10] introduced a
coordinate transformation that allows to write the GPE equation in this new coordinates as a nonlinear
Schrodinger equation (36) with a time-dependent potential but without the rotation term. Thus, the
algorithms that we presented in the previous sections are applicable for GPE equation. For V¢ > 0, the
orthogonal rotational matrix A(t) is defined by

Alt) = ( cos(wt) sin(wt)) .

—sin(wt) cos(wt)

The transformed Lagrange coordinate (z,y) is then defined as

(35) @) _ A7) <‘§> —AT(H) (”y”) .

In this new coordinate, the GPE equation (34) could be written as

(36) { 0+ AU — Vi(t,Z,9)u — Blul*u =0, t € (0,T),
u(0,%,7) = (T, 7),

where

(37) u(t,z,y) = ult,z,y), Vi(t,z,y) := V(z,y), where (a:,y)T = A(t)(%,@T.

Formally, the only difference between the equation (36) and the Schrédinger equation (1) is the
constant in front of the Laplace operator A. Thus, we could directly apply the domain decomposition
algorithms to the equation (36) on the spatial domain Q = (z;, ;) X (Y, yu). The Robin transmission
condition and the transmission condition ST}, are given by (7), (8) and (9). A minor modification
concerns the constant before the operator Ar; in (9) which is % here.

Once the solution w is computed numerically, it is possible to reconstruct the solution u by (37). At
time ¢, the computational domain of u(t,z,y) is Q = (7, 2,) X (Y, yu) and the computational domain
of u(t,z,y) is A(t)Q (see figure 10). The domains A(¢)S2 for t > 0 share a common disc. The values of
u(t, z,y) within the maximum square (the valid zone) are all in the disc, which could be computed by
interpolation. The valid zone is

(S5 <) x (5, 25)
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Figure 10: (a) The computational domain Q. (b) The domain A(¢)$2 at some different times: ¢ = 0,
t =m/4 and t = w/2 where w = 0.5.

N

5.2.2 Comparison of algorithms

In this part, we fix the physical domain to be Q = (—16,16) x (=16, 16). The initial datum is taken as a

Gaussian 1 ctiagd
U()(:U,y) = me 2 ) (xvy) € R27

where the coefficients are w = 0.4 and S = 10.15. The time step is fixed as At = 0.0001. Firstly, we
use a wide mesh Ax = Ay = 1/32, which generates 1024 x 1024 unknowns on . It is possible to solve
the GPE equation (36) on the complete domain € under our memory limitation (32G) without using the
parallel algorithms (classical or preconditioned algorithm). However, the computation time could be very
long. Thus, we use here a small final time 7" = 0.1. Using the same notations as in the previous sections,
we show in Table 4 the computation times of the two algorithms with Robin and Sg;de transmission
conditions. Since the boundary condition imposed on 2 is associated with the transmission operator, the
reference times T for the two transmission condition are different. In BEC simulation, a small time step
is necessary. According to our experiments, when a small At is considered, a large m in Sg;de transmission
condition is needed to ensure fast convergence. Thus, the use of the transmission condition S;)"ade is much
more expensive than the transmission condition Robin. We can also see that the computation times of

the classical algorithm (7},¢) and the preconditioned algorithm (Tyhopc) are scalable.

N 2 | 4 | 8 [ 16 ] 32
Tref 5.68

Robin, p = 180 | Thepe | 5.68 | 2.66 | 1.28 | 0.68 | 0.33
Toe | 349 | 1.60 | 0.77 | 0.44 | 0.24
Tref 8.41
Trder M =T6 | Thope | > 20 | 10.70 | 7.40 | 5.07 | 4.23
Tpe | 6.30 | 3.52 | 2.30 | 1.68 | 1.37

Table 4: Computation time in hours with the mesh Az = Ay = 1/32.

We make the tests with a finer mesh Az = 1/1024, Ay = 1/64 with the Robin transmission condition

since it has been seen that the implementation with the transmission condition Sg;de is much more
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expensive than with the Robin transmission condition in the context of Gross-Pitaevski equation. The
complete domain is decomposed into N = 128,256,512,1024 subdomains. The computation times are
presented in Table 5. We could see that the both algorithms are scalable. In addition, the preconditioner
allows to reduce the total computation time. However, since the implementation of the preconditioner
consumes memory, the memory is not sufficient in the case N = 128.

N 128 | 256 | 512 | 1024
Thope, p=95 | 19.3 | 8.8 | 5.0 | 2.1
Toe,p=95 | * [23]16] 08

*: the memory is not sufficient.

Table 5: Computation time in hours with the mesh Az =1/1024, Ay = 1/64.

5.2.3 Dynamic simulation of quantized vortex lattices

According to the studies in the previous subsection, we apply the algorithms with the Robin transmission
condition to study the dynamics of quantized vortex lattices for BEC with rotation. In this simulation,
the nonlinear potential and the parameters are

1
V(x,y) = 5(:r2 + %), B =1000, w=0.9.

The initial solution ug is a stationary vortex lattice [4, 7]. The stationary solution ¢ of (34) is defined as
(38) u(t,z,y) = (a,y)e ",

where p is the chemical condensation potential. By substituing (38) in (34), we have

po=—50+ Vo + BloPo — w6,

with the constraint of normalisation
016 = | 106 Pdady = 1.

This is therefore a nonlinear eigenvalue problem. The eigenvalue i can be computed from its corresponding
eigenvector ¢ by

3. ) = sl @)+ [ 160 dody

where

(39) Byl d) = 5 [ (V0 +VIol? + Blol! ~wbl.c)dady,

The ground state of a BEC is defined as the solution of minimization problem, denoted by ¢y,

Epol65) = min By o(0),

where S = {¢| ||¢||]2 =1, Eg,, < oo}.

For our simulation, we take the solution of minimization problem as the datum initial
(40) uO(xa y) = ¢g(337 y)
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It is computed by BESP method (Backward Euler Sine Pseudospectral) 8] using GPELab [4], a matlab
toolbox developed for the computation of the ground states and the dynamics of quantum systems modeled
by GPE equations.

The complete domain 2 = (—16,16) x (—16,16) is decomposed into N = 32 subdomains. We fix the
time step as At = 0.0001. The mesh is Ax = Ay = 1/32. The parameter p here is p = 180. Figure 11
shows the contours of the solution |u(t,z,y)|? at some different times. The solution is illustrated in the
valid zone (—16/v/2,16/v/2) x (—16/v/2, (16 — Ay)/v/2). The total computation time is about 16 hours.

6 Conclusion and perspective

We applied the optimized Schwarz method to the two dimensional nonlinear Schrodinger equation and
GPE equation. We proposed a preconditioned algorithm which allows to reduce the number of iterations
and the computation time. According to the numerical tests, the preconditioned algorithm is not sensitive
to the transmission conditions (Robin, Sg;de) and the parameters in these conditions. In addition, the
parallel algorithms are applied to the BEC simulation. We can obtain an accurate solution by using the
parallel algorithms and the computation time of the preconditioned algorithm is less than the classical
one.

One perspective could be to use a partially constructed I — £, as the preconditioner in the context of
the multilevel preconditioner. The construction and the implementation should be less expensive.
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