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Gibbs/Metropolis algorithms on a convex polytope
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Abstract

This paper gives sharp rates of convergence for natural versions of the Metropolis algorithm
for sampling from the uniform distribution on a convex polytope. The singular proposal dis-
tribution, based on a walk moving locally in one of a fixed, finite set of directions, needs some
new tools. We get useful bounds on the spectrum and eigenfunctions using Nash and Weyl-
type inequalities. The top eigenvalues of the Markov chain are closely related to the Neuman
eigenvalues of the polytope for a novel Laplacian.

1 Introduction

1.1 Overview

The Metropolis algorithm and the Gibbs sampler (also known as Glauber dynamics) are often used
together as one of the basic tools of scientific computation. We treat the following example: let €2
be a polyhedral convex set in d dimensions. To sample from the uniform distribution on €2, from
a point x in €}, pick a direction e from a fixed finite collection. Set y = = + ue where u is chosen
uniformly in [—h,h]. If y € ©, move to y. Else, stay at z. Under a mild generality condition
on the set of directions in relation to €2, this Markov chain converges to the uniform distribution
on 2. Our main result gives a sharp determination of the exponential rate of convergence of this
algorithm. It is ce (") with g(h) asymptotic to h?v for v the first non zero eigenvalue of a novel
Laplacian defined on 2 with Neumann condition on the boundary.

Sampling from a convex set is a practical problem. For example, choosing a uniformly dis-
tributed 100 x 100 doubly stochastic matrix [1] or a uniformly distributed 100 x 100 tri-diagonal
doubly stochastic matrix [5]. It is also a basic problem of study in theoretical computer science
[9, 10]. Many algorithms have been proposed and studied. A readable textbook description of the
Gibbs sampler is in Liu [8]. See [6] for a review of rigorous results for the Metropolis algorithm
in finite spaces. The popular hit and run algorithm [2, 11, 15] was introduced for this purpose.
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Hit and run makes long moves and will probably be preferred in practice to the local algorithms
studied here.

Spectral techniques for analysis of the Metropolis algorithm on continuous spaces are developed
in [3, 4, 7]. The proposal distributions there are “ball walks” choosing from the uniform distribution
on the interior of a ball. The discrete set of directions studied here is widely used in practice and
necessitates new ideas. Present problems can also be studied by Harris recurrence techniques
[12, 14] and by the path techniques of Yuen [16]. These give useful results but do not get the sharp
rates on the exponents derived here.

The remainder of this section gives a careful description of the Markov chain and the geometric
connection between the underlying directions and the convex set {2 required for ergodicity. Section 2
gives bounds on the spectrum and eigenvectors using Nash inequalities and Weyl-type inequalities.
Section 3 uses this spectral information to get rates of convergence. Section 4 proves that our
operator (suitably rescaled) converges, in the strong resolvent sense, to a novel Laplace operator on
Q) with Neumann boundary conditions. A similar convergence of the ball walk Metropolis operator
to the usual Neumann Laplacian is a key ingredient of [4, 7]. The final section shows how to modify
the argument to handle a continuous choice of direction.

1.2 Basic definitions

Let © be an open convex polytope in R%, d > 2. Thus there exists linear forms I R? - R, j=
1,...,m and real numbers b; such that

Q:{xeRd, Vi=1,....m, ﬂj(az)>bj} (1.1)

Assume also that €2 is bounded and non empty.
Consider & = {ei,...,e,} a family of vectors in RY. For any j € {1,...,p} we introduce the
operator acting on continuous functions M, j, f(x) = mjp(x) f(x) + K;jnf(x), where

1

Kin(f)(xz) = 2/6[ " lo(x + hte;) f(z + hte;) dt (1.2)

and m;p(z) =1 — Kjp(1)(z).

The local Metropolis operator associated to the family € is

12
== (Kjnf(x) +mjn()f(z)). (1.3)
P =

In the sequel, denote m; = % P mjp and Kj = 1 Z K. Let My(x,dy) be the Markov

kernel associated to this operator. Thls defines a bounded self—adjoint operator on L?(Q). Moreover,
since Mp(1) = 1, | My, ||z2— 2= 1. Thus the probability measure % on §) is stationary. For
n > 1, denote by M;!(x,dy) the kernel of the iterated operator (M},)". For any x € Q, M} (x,dy) is
a probability measure on {2, and our main goal is to get some estimates on the rate of convergence,
when n — 400, of the probability M}'(z,dy) toward the stationary probability VOI(Q)

A good example to keep in mind is the case where () = Ay is the set of N x N doubly stochastic

matrices. In other words,

AN = {(ai7]‘)1<i7]’<1\7, Vi,j, as j > O, Zaik = Zakj = 1} . (1.4)

k k



The set Ay can be viewed as convex open polytope in A = {(@ij)i<ij<n, Yop @ik = > arj = 1}
A good way to sample from Ay is to use the Metropolis strategy in the following manner. Starting
from a matrix A € Ay choose two distinct rows R;, R;, and two distinct columns Cj,,Cj, at
random. Denote i = (1,12, j1,j2) and F' = F(Z) the matrix such that F; j = 8,5, —0i; jo —0inji +0inj-
For h > 0 given, build the family of matrices (A(t) = A + tF(;))te[,h’h}. For any t € R the matrix
A(t) belongs to the set A},. Taking t € [~h,h] at random and keeping the move A — A(t) only
if it results in an element of Ay, we are exactly in the above situation with ¢ = {F(i)}. This
algorithm is used in [1] to study things like the distribution of typical entries or the eigenvalues of
random doubly stochastic matrices.

Let us go back to the general problem. From the definition of Q, a point z € R? belongs to 0

iff there exists a partition I U J = {1,...,m} such that I # () and
Viel, EZ(.%') =b; and Vj € J, Ej(l‘) > bj. (1.5)
Define the following function ¢ : RY — NU {400} by

c(z)=0 ifz e
= +oo if z € RT\ Q (1.6)
=card(l) if x € 0.

To proceed, the following geometric condition is needed; it shows how the generating set & must
be related to the convex set ). Proposition 1.5 shows the condition is equivalent to M} having a
spectral gap.

Definition 1.1. The family € is weakly incoming to the set 2 if for any point xg € 92 there exists
€ >0, 0 € {£1} and e € € such that, for ¢ defined in (1.6),

c(zo + Ote) < c(xp) Yt €]0; €. (1.7)

The following observation is simple and fundamental. Suppose that € is weakly incoming, then
span(€) = R?. Indeed, otherwise there is a hyperplane H = (Rv)* of R? such that span(¢) C H.
Since € is compact, the function = € Q + (x, ) would have a global minimum in some xo € 5.
Since Q is open, Q C g+ HT, where H+ = {y € R%, (y,v) > 0}. As € is weakly incoming, there
is u € span(€) such that ¢(xo + u) = 0. In other words, o + u € QN (xg + H). This contradicts
QCaxo+H +,

Example 1.1. Consider Q the convex hull of on equilateral triangle (ABC) in R? and € = {e1, e}
like on Figure 1. For a €]0,7/3], € is weakly incoming to 2 whereas for a €m/3, 7|, condition
(1.7) is satisfied in every point xo of the boundary excepted in point A.

Remark 1.2. In the above case of doubly stochastic matrices, the set € = {F(i)} is weakly incom-
ing. Indeed, if A is in the boundary of Ay, there ewists i1 and ji such that A; ;, = 0. Since A is
doubly stochastic, there exists ig, jo such that A; j, > 0 and Ajy;, > 0. Let € = min(A;, j,, Aiyjy)/2,
then for all t €]0, €], c(A+ tF (i1,12,j1,j2)) < c(A).

Denote Hy = ker(f;) and let v be the unit vector such that /() > 0 and H,j ={y €
R, £ (y) > br}.



€1
€2
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Figure 1: Weakly incoming condition in the case of an equilateral triangle.

Definition 1.2. Let u € R%\ {0}. The vector u is incoming to Hj, if (u,v;) > 0. Further, u is
strictly incoming to Hy, if (u,vg) > 0; u is strictly outgoing to Hy, if (u,vg) < 0; u is parallel to Hy,
if u € Hy,.

Lemma 1.3. Suppose that € is weakly incoming to 0 and let zo € Q and k = ¢(xg). There eists
r>0and I C{l,...,m} such that §I = k and for B(xzq,r) the open ball of radius r about xy,

QN B(zo,r) = B(wo,r) N (NierH;') - (1.8)

Further, there exists (1, .., Bk € {1,...,p}, a family (0n)n=1,. 1k of numbers in {£1} and a bijec-
tion {1,...,k} 2 n i, € I such that for alln € {1,...,k},

Oneg, is strictly incoming to H;,; (1.9)

Oneg, is incoming to H; , VYm >n.

Proof. Proceed by induction on k = ¢(xg). When k = 0, there is nothing to prove.
Suppose that the property holds true at rank ¥’ < k—1 and let xy € 99 be such that ¢(zg) = k.
By definition of €2, there exists » > 0 and I C {1,...,m} with I = k such that

QN B(zg,r) = B(xo,r) N (NicrH;") (1.10)

Since ¢ is weakly incoming to 2, there exists ¢ € {1,...,k}, 61 = +1, 81 € {1,...,p} and
i1,...,1q € I such that 01eg, is strictly incoming to H;, for n = 1,...,q and 61eg, is parallel
to H; for i € I' :== I\ {i1,...,iq}. By definition of Q there exists z{, close to zp and " > 0
such that B(zf,7") N Q = B(x),r") N (NiepH;"). From the induction hypothesis, there exists
Bgt1s---- 0k € {1,...,p}, Og+1,...,0r = £1 and a bijection {g +1,...,k} > n — 4, € I’ such that
foralln >q+1,

Oneg, is strictly incoming to H;,;

Co (1.11)
Oneg, is incoming to H;,, Ym > n.

and the proof is complete. ]

Corollary 1.4. Suppose that € is weakly incoming to Q). There exist v > 0 and € €]0,1], such that
for all zo € Q, there exists g € {1,...,p} and 0, = +1 such that

x +thgeq € 2 Vo € B(zo,r)NQ, YVt € [0,€]. (1.12)



Proof. The fact that r,e > 0 can be chosen uniformly with respect to zg follows easily from
compactness of 2. The statement is trivial when xg € €. Suppose that z¢o € 0Q2. From Lemma
1.3, there exists r > 0 and I = {i1,... it} C {1,...,p} such that

QN B(zo,2r) = B(zo,2r) N (NierH;') (1.13)
and 0; = £1, 81 € {1,...,p} such that

1€, is strictly incoming to H;,;

- . (1.14)
theg, is incoming to H;,, Vg > 1.
Let x € B(zg,7) N Q and € €]0,r[. Then
<Vi701/81> >0,Viel ==x —|—t61651 € Q. (1.15)

Thanks to (1.14), the left hand side of the above property is satisfied and the proof is complete. []

Proposition 1.5. The family € is weakly incoming to Q) iff 1 is not in the essential spectrum of
My,.

Proof. 1f € is weakly incoming to €2, 1 is not in the essential spectrum of M} thanks to Proposition
2.2 of this paper and Theorem 1.1 in [4].

Suppose now that € is not weakly incoming to £2. This means that there exists zg € 92 such
that (1.7) does not hold. Let k = ¢(z¢). There exists a neighborhood V of g and I C {1,...,m}
with #7 = k such that VN Q =V N (NjerH;). Then, for any § = +1 and any j € {1,...,p}, the
following holds true:

If fe; is strictly incoming to one of the (H;)er,
then fe; is strictly outgoing to one of the (H;)cr.

Otherwise, there is j € {1,...,p} and § = =1 such that fe; is strictly incoming to one of the
(H;)icr and incoming to the other. Then for ¢ > 0 small enough, ¢(z + fte;) < ¢(zo).
Hence, assume that there exists » > 1 such that

e for any j € {1,...,7}, e; and —e; are strictly outgoing to some of the (H;);cr;
e for any j € {r+1,...,p}, e; is parallel to the (H;);c;s.

Recall that v; denotes the unit incoming orthogonal vector to H;. Let W = span(v;,i € I) and

near o use the variable x = 29 + (', 2”) with 2/ € W and 2" € W+. Let x(z') = 111<‘ <1 and for
5 €T

A, h > 0 denote fyn(x) = ()\h)_dim(W)/Qx(f—;L). Since any v € W+ is parallel to the (H;);cs, there
exists Ao, co > 0 such that for all h €]0, 1] and A €]0, Xol, || fanllz2(0) = co-

For any j € {r+1,...,p}, e; is parallel to the (H;);cr. Hence, the function t — fy,(z + hte;)
is constant and (M, — 1) fan(z) = 0.

On the other hand, for any j € {1,...,r} there exists i;,4; € I such that e; is strictly outgoing
to H;; and —e; is strictly outgoing to HZ; Consequently, there exists 7;,d; > 0 such that for ¢ > 0,

z € Qand z — tej € Q = dist(x — te;y, sz) < dist(z, HZ;) — 5t (1.16)
7 1.
r € Qand x + te; € Q = dist(x + te;, H;;) < dist(x, H;;) — 6;t.



Let us compute the potential m;; on the support of fy,. For x € supp(fin), |z;| < Ah for all
Jj=1,...,r. In particular dist(z, H;;) < Ah and dist(z, HZ;) < A\h and thanks to (1.16),

1
1—mjp(z) = / lo(x + htej) + 1o(z — htej) dt
0

§/ dt+/ dtg)\<+).
0<t<dist(z,H;;)/(5;h) 0<t<dist(z,H; )/ (v;h) v 05
J
Finally,
1 T
(L= Mp)fan foan) r2) = ; D A= Mjn) fans Fan) 2
7 (1.18)

1 '
=5 Z/Q (1= mjn(@)) (@) dz < OXllfanllT2(0)-
j=1

Here we used the fact that for any non-negative fonction f, one has (Kjf, f) > 0. Finally, we
conclude by taking A = 27" — 0 as n — oo. Indeed, the functions fy-»; are mutually orthogonal.
Their norm is bounded uniformly from below and they satisfy 0 < ((1 — Mp,) fo-np, fo-np) <
c2—m. O

2 Spectral Analysis of the Metropolis Operator

This section is devoted to the analysis of the spectral theory of the Metropolis operator. For this
purpose, we introduce a Laplace operator associated to the family € to be used as a model. For
any e € R?\ {0} and any smooth function u, define Jeu(z) = 4 (u(x + te))ji=o- Then, consider the
operator Ag, defined by

12
Agu=—Y 02u
Gpjz_; I

D(A@) = {U c HI(Q), A@u S L2,8n7@u|ag = 0}

(2.1)

with 0, eu(z) = % §:1<n(x), €5)0e,;u(x), n(x) denoting the outgoing normal vector to the bound-
ary at point x. If the domain €2 has smooth boundary, the normal derivative is well defined. In the
case where it is Lipschitz, it can be defined by duality in the following way.

Define first the gradient and divergence associated to the family &, by diveu = %Z?:l De; U

for any u = (u1,...,up) and Veu = (9e,u, . .., de,u). Then, define a trace operator v by
ve: {u € (L3(Q))", dive(u) € L*(Q)} — H/2(0Q) (2.2)
and and for v € HY(Q),
. 1
/ dive(u)(@)o(z) dr = — / (u(@), Veo(a))gr dz + / ve(u)olog do(x). (2.3)
Q rJa o0

In particular, for u € H'(Q) satisfying Agu = #diveVeu € L*(2) define 0, culon = ve(Veu) €
H~1/2(9Q) and the set D(—Ag) is well defined. The Dirichlet form associated with —Ag is

p
Eelu) = ;p; /Q 100 u() 2 do. (2.4)

6



Let & be the canonical basis in R?. Then, Ag, = éA where A is the usual Laplace operator
and Eg,(f) = 671d Jo IV f|?dz is the usual Dirichlet form. Since € = {eq,..., ey} spans R?, a simple
calculation shows that there exists a constants C' > 0 such that

C™'E¢,(f) < Eef) < CEe,(f). (2.5)

Then, it is standard to show that —Ag is the self-adjoint realization of the Dirichlet form Eg.
A standard argument using Sobolev embedding shows that —Ag has compact resolvant. Denote
its spectrum by 1p = 0 < 11 < 1» < ... and by m; the associated multiplicities. Observe that
mo = 1. Section 4 shows that h=2(1 — M},) converges to —Ag¢ in the strong resolvent sense so that
eigenvalues and eigenvectors converge; see [13].

The main theorem of this section follows.

Theorem 2.1. Suppose that € is weakly incoming to §2, then the following hold true.

i) There exists hg > 0, 0o €]0, 5[ and a positive constant C' such that for any h €]0,hg], the
spectrum of My, is a subset of [—1+ o, 1], 1 is a simple eigenvalue and Spec(Mp) N [1 — dp, 1]
s discrete.

ii) For any h €]0,ho] and 0 < X\ < doh~2, the number of eigenvalues of My, in [1 — h?\, 1] (with
multiplicity) is bounded by C(1 4 X\)%/2.

iii) For any R > 0 and € > 0 such that vj;1 —v; > 2¢ for vjio < R, there exists hy > 0 such that
one has for all h €]0, hy],

1-M,
Spec ( 52 h) O]O, R] C szl[ljj —& Vi + 6], (2.6)

and the number of eigenvalues of l_hjyh in the interval [v; —e,v; + €] is equal to m;.

A consequence of this theorem is that M}, has a spectral gap g(h) = 1—sup(Spec(Mp)\{1}) > 0
and that limj,_,o+ h~2g(h) = v1. This will be used in the proof of total variation estimates.

The strategy used to prove the first part of Theorem 2.1 is very close to the one given in [4].
First, show that some iterate of the Markov kernel “controls” the random walk on a ball. Next,
this ball walk on the polytope is compared to the same walk on a large torus containing 2. Finally
the information on the torus is transferred back to the original problem.

The proof of the last part of Theorem 2.1 is slightly different from the proof in [4]. Indeed, the
starting point of the analysis in [4] is that for regular function ¢ with normal derivatives vanishing
on the boundary, h=2(1 — T},)¢ is close to —Ag up to the boundary, where T}, is the Metropolis
operator associated to the kernel vol(B(0, 1))_1h_d1|x,y|<h. Here, this property fails to be true.
Suppose for instance that Q C R? and that its boundary is given near (0,0) by z; > 0. Suppose
that e; = (a,b) and e3 = (b, —a) for some a,b > 0. Then

1
-2 _ .
WM = g [ (@) e )
__ 1 (x)/ tdt+O(1) 2.7
- 2R3TY [t|<h,z+te1 €Q 27)

2
1 Ty

= 130 /@ o.an (1) <h2 - CLQ) +0(1).

7



A similar expression holds for M, j and summing these equalities gives

2
h_2(1 - Mh)f( ) 423 <ae1f(0 1'2)1]0 ahl (1'1) <h2 — Z;)
il

+ 070, o) (12 - 1) ) +00) @29

If a =10, Oc, f + Oc,f is proportional to the normal derivative of f and hence, the above quantity
is bounded.

Suppose now that a < b. Then the above quantity is bounded on z7 € [ah,bh] provided
Oe, f(0,22) = 0. Then the same argument on [0, ah| shows that 9., f(0,z2) = 0 also.

In order to avoid these difficulties, we work directly on the quadratic form and show that the
Dirichlet form associated to the Metropolis operator converges to the Dirichlet form of the Laplace
operator with Neuman boundary conditions. The end of this section is devoted to the proof of
Theorem 2.1.

Proposition 2.2. There exists N € N and constants c1,ca > 0 such that for all h €]0, 1]

M}]ZV(:E> dy) = ,uh(CU, dy) + Clh_d1|x—y\<czh dy (29)
where for all x € Q, pp(x,dy) is a positive Borel measure.

Proof. The proof follows the lines of [4]. Denote K} = ;1) Z§:1 K 1, Since for any hg > hy > 0 and
any non-negative function f, hoKp, f > h1 K}, f, it is sufficient to prove the following: there exists
ho > 0, ¢1,c2 > 0 and N € N* such that for all h €]0, hg], one has, for all non-negative continuous
functions f,

Ky (f)(x) > erh™ fy) dy. (2.10)

yeQ,jz—y|<cah

First note that it is sufficient to prove the weaker version: for all 2° € Q, there exist N(2°),a =
a(z%) >0, ¢1 = c1(z0) > 0, c2 = ca(x0) > 0, hg = ho(x) > 0 such that for all h €]0, hol, all z € Q
and all non-negative functions f

o= o) <20 — KD @) 2 an [ F) dy. (2.11)
yeQ,|z—y|<cah
Let us verify that (2.11) implies (2.10). Decreasing a(z) if necessary, it may be assumed that
2a(mg) < r(xo), where r(z¢) is given by Lemma 1.3. Since Q is compact, there exists a finite set
F such that Q C Ugoer{|r — 20| < a(z0)}. Let N = sup{N(zo), zo € F}, ¢; = ming,er ¢;(zo)
and h{, = ming e ho(xo). One has to check that for any 2o € F and any x with |z — zo| < a(z9),
the right inequality in (2.11) holds true with N = N(xo) 4+ n in place of N(z¢) for some constants
c1, ¢2, hg. Moreover, one may assume that hgmax |e;| < ming ep a(zg)/N.
Lete >0, q € {1,...,p} and f, = &1 be given by Corollary 1.4. Then for [z—zo| < (2— 3 )a(z0),
one has

Z 1 JJ xX
YO (@) 2 o K7 (0) / KN £ + htbyes,) dt
d  min(e gt
>t Zma; leg / Fy) dydt (2.12)
P Jo yeQ, [y—z—htbges, |<coh

> it | f(y) dy
yeQ, ly—x|<cah/2

8



since for any ¢ € [0, min(e, WQJ‘%')], {ly —z| < e2h/2} C{ly — 2 — htbgeg,| < coh}. Iterating this
computation n < N times gives (2.10).

It remains to prove (2.11). If zg € Q, the proof is obvious. Indeed, since € spans R?, it is easy
to see that for any 6 > 0, there exists c3, ¢4 > 0 such that for any non-negative function f,

dist(y, 99) > 6h = K(f)(y) > czh™@ / f(z)dz  VyeQ. (2.13)
z€Q, ly—z|<cah
Suppose that zg € 0 and denote k = ¢(xg). Let (ij)1<j<k, (8j)i<j<k, (05)1<j<k be as in Lemma
13. Let 1 =71 > >--- > >0 and 61,...,0; > 0 be such that for all j, v; —6; > 7;41. Let
Gj = [yj — 0j,7;] and G = H§:1Gj- In the following computation, ¢ denotes a positive constant
independant of f and h that may change from line to line. Since f is non-negative,

k
KE(f) (@) 2 p ™ Kpn.. Kpnf(z) > ¢ / P+ hS Oten) dt (2.14)

teAR () j=1

where Ap(z) = {t = (t1,...,txy) € G,VI=1,...k, z + hZézl O;tjes; € Q.
Since f1eg, is strictly incoming to H;,, there exists some constant cs,cg > 0 such that for any
tel,

k
dist |z +h > Ojtjes, Hiy, | > cshty — cgh(ty + -« + ty)
= (2.15)
> csh(yr — 01) — ceh(y2 + -+ + M)
> csh(y —61)/2

by taking vo,...,7y; small with respect to ;. Similarly, by taking ; very small with respect to
vj+1 for j =2,... k, there is ¢z > 0 such that for any j =1,...,k,

J
Y(ti,. .. ,tj) € Gy x -+ x Gy, dist <IL’ + hzeitie@.,]}%d \Q) > crh. (2.16)
=1
Hence,
k
KFf(z) > c/ fle+ hZOjtjegj dt (2.17)
teG ;
7j=1

and for any N > 0

k
KitNf(z) > ¢ KN(f) | z+ hZHjtjegj dt. (2.18)

e =

Combining (2.13), (2.16) and (2.18), there is cg > 0 small enough such that any y € R? such that
|z + hZ;?:l tjes; —y| < csh belongs to 2 and hence

K () > eh / / F(y) dydt. (2.19)
teG |x+h2?:1tjegj—y\<cgh

9



Since, K;ff(y) >p *Knp, ... Knp f(y), then

k
K2k f(2) > ch™@ fly— hz sjep;) dtdsdy (2.20)
(t,s,y)€BR(z) j=1

where

k
Bp(z) ={ (t,s,9) € G x G xRY, |z + hZOjtjegj —y| < egh and
j=1

k
Vi=1,... .k y—h) Osjes €Qp. (221)

j=1
. . k
Using the new variable z =y — h Zj:1 Ojsjes;,
K2k f(2) > ch™@ / f(2) dtdsdz (2.22)
(t,s,2)€Dp, ()
with
k
Dy(z) =< (t,s5,2) e GxGxQ, |[v+ hZ(tj — sj)0jep;, — z| < cgh and
j=1

-1
Vlzl,...,k,z+h29jsjegj €. (2.23)
j=1

Since in the above integral, |t; — s;| < §;, taking the §;’s small enough gives

-1
Dp(z) D (t,s,z)erGxQ,\x—z\<08h/2,Vlzl,...,k,z—i—hZHjsjegjEQ . (2.24)

j=1
Now using (2.16), it follows that
Dp(x) D{(t,s,2) € G x G xQ,|x—z| <cgh/2}. (2.25)
Combined with (2.22), this yields the announced result. O

Following the strategy of [4], introduce the Dirichlet form associated to the iterated kernel M ,’f :

Eni(u) = <(1 - M,’f) u, u> . (2.26)

L2 ()

Also, put Q in a large box B =] — A/2, A/2[? and define an extension map E : L?(Q) — L?*(B)
which is continuous from H'(Q) into H'(B) and vanishes far from . This is possible since 92 has
Lipschitz regularity. Finally, introduce the Dirichlet form on B:

Enlu) = hd / lu(z) — u(y)|? dedy. (2.27)
BxB,|lz—y|<h
Then Proposition 2.2 easily yields the following (see [4] for details).
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Lemma 2.3. There exists Cy, hg > 0 such that for any h €]0, ho] and any u € L*(Q),

En (B(u)) < Co (En () + W [ula(ey) (2.28)
Moreover, any function u € L*(Q) such that

HUH%%Q) +h72{(1 Mh)U7U>L2(Q) <1
admits a decomposition u = uy, + uy with uy, € HY(Q), ||lurllm < C1, and |lugl||z2 < Cih.

We are now in position to prove the first part of Theorem 2.1. First, assume that Mpu = u.
Then, it follows from Proposition 2.2, that

Clh_d/mm e h(u(x) — u(y))? dady < /QXQ(u(x) — u(y))? MY (z, dy) da. (2.29)

On the other hand, the right hand side in the above inequality is equal to &, n(u) which is actually
equal to zero. Hence, u is constant and 1 is a simple eigenvalue.

Using the Markov property of M, }]LV , positivity of uy and the fact that 02 has Lipschitz regularity,
easily yields

H/,l,h”Loo-;Loo = Hh(Q) <1-— clhid H}C-lél/ﬂ 1|zfy|<02h dy <1l- 56 (230)
z

for some d{, > 0 independent of h. Working as in the proof of Theorem 1 in [4] shows that there
exists dy €]0, 3[ such that for any u € L?(Q) and any n > N,

(Mjlu,u) 20y > (=1 + 60)[|ull72q)- (2.31)

Hence, the same holds true for n = 1 with a possibly different .

To show that there is 69 > 0 sufficiently small so that the spectrum of Mj, is discrete in [1—dg, 1]
it suffices to work as in the proof of Theorem 4.6 in [4], using again Proposition 2.2.

Similarly, the Weyl bound on the number of eigenvalues follows from Lemma 2.3 as in Lemma
4.8 in [4]. This proves Part i.

To prove the last part of the theorem, work on the Dirichlet form is needed. In the following,
denote &, = &, 1. Introduce the bilinear form associated with &:

Bp(u,v) = (1 = Mp)u,v)12(0), Yu,v € L*(Q). (2.32)
A standard computation shows that By, (u,v) = %E?Zl B; n(u,v) with

1 /
4h xeQx+te;€Q,[t|<h

Lemma 2.4. Let 0 € C%®(Q) be fived and let (pp,r,) € HY(Q) x L*(Q) be such that I7nllr2(0) =
O(h) and ¢}, converges weakly in H'(2) to some . Then

Bjn(u,v) (u(z) — u(x + tej)) (v(x) — v(x + tej)) dxdt (2.33)

lim h=2By(ry,0) =0 2.34
Jm, n(rn, 0) (2.34)
and .
. —9 o =
Jim 172 B(on.0) = oo | (Vep(e). Veb(a) ., do (2.35)

11



Proof. To prove (2.34), observe that since 6 is smooth,

-1
(1— M;u)0(z) = hT /|t<h e (0(x) — 0(x + te;)) dt
o0 [

(2.36)
tdt + O(h?).
2h /t|<h,:v+tej€§2 ( )

Denoting

0e.0(x)
pn(z) = — / tdt
) 2h [t|<h,z+te; €Q

observe that supp(pp,) C {z € Q, d(x,09Q) < h} and ||pn||z=~ = O(h). Hence ||pp |2 = O(h*/?) and
since ||rpllr2 = O(h), it follows that

h=2B, (1, 0) = B2 (rp, (1 — M;1)0) 2 = (h ™Y1, h ™ pp) 12 + O(R) = O(hY/?) (2.37)

which goes to zero as h goes to zero.
To prove (2.35) observe that

O(z + tej) — 0(x) = ty(t, o)

1 (2.38)
on(z +tej) — on(z) = t/o Oe;on(w +tzej) dz
with (¢, z) smooth and (0, ) = 0,,0(x). Hence
h=2B; 1 (pn, 0) = 4—;3 /$EQ,$+tej€Q deheeion] t266j on(z + tze;)(t, x) dtdzdz
B % /xEQ,x+hu€j €Q,ul<1,2€[0,1] U286j pnle - huzes (o ) dudzde (23

1

4 /x—huzej- €Qz+hu(l—z)e;€Q,|ul<1,2€[0,1]

u286j on(x)(hu, x — huze;) dudzdz.

Taylor expansion of ¢ shows that ¢(hu,z — huze;) = 9¢;0(x) + O(h). Hence, for any 6 > 0 and
any h €]0, 1],

1
2B, (o 0) = / U280, o1 (2)0,,0(z) dudzdz + O(h)
4 x—huze; €Qx+hu(l—z)e; €Q,|ul<1,2€[0,1]
= I5(h) + Js(h) + O(h) (2.40)

with I5(h) equal to the above integral over d(z,09) > § and Js(h) the integral over d(z,09Q) < 4.
Then, by Cauchy-Schwartz, |J5(h)| < C(8)6'/2||¢n|/ 2. On the other hand, for any h €]0, ],

1
Is(h) = /
() 6 Jreq,d(z,00)>6

1
=5 ). 0uen(2),02) de + 0 (8 nln )

Oe; on(1)0e;0() dx
(2.41)
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Given € > 0, it is easy to find 6 > 0 small enough such that for any h €]0, ][, |Js(h)| < € and
|I5(h) — % v Oc; ()0, 0(2x)dx| < e. Now make h — 07, § being fixed, and use the fact that ¢y,
converges weakly in H' to get

hhrn h™ B]h ©n, 0 /8% 0e;0() dx (2.42)

and the proof is complete. O

To complete the proof of Theorem 2.1, denote |Ap| = h=2(1 — M},). Let R > 0 be fixed and
observe that if v, € [0, R] and f;, € L?(Q) satisfy |Ap|fn = vifn and || f)l2 = 1, then, thanks to
Lemma 2.3, f, can be decomposed as f, = wp + rp with |74 72q) = O(h) and ¢p, bounded in
H'. Hence (extracting a subsequence if necessary) it may be assumed that ¢y weakly converges in
H' to a limit ¢ and that v, converges to a limit v. It now follows from Lemma 2.4 that for any
0 € C>®(Q),

& | (Vel @) Vebla))c, do = v(p.0)1: (2.43)

Since 6 is arbitrary, it follows that (—Ag—v)p =0and O, epjpn = 0. In fact, this also proves that
for any € > 0 small, there exists he > 0 such that for h €]0, h¢], one has

Spec(|Ax]) N[0, R] C Uj[v; — €,v; + €] (2.44)

and
fSpec(|Apn|) N[y — €, v + €] <my (2.45)

In fact, there is equality in (2.45). The following proof is a simplification of the one in [4]. Proceed by
induction on j: let € > 0, small, be given such that for 0 < v; < M+1, the intervals I = [vj—€,vj+€]

are disjoint. Let (,u?)jzo be the increasing sequence of eigenvalues of |Ap|, oy = Eé\[:l m; and
(ex)k>0 an othonormal basis of eigenfunctions of —Ag such that for all k € {1+on,...,0n41}, one
has (—A¢ — vy11)ex = 0. As 0 is a simple eigenvalue of both —Ag and |Ay|, clearly vy = o =0
and mo = 1 = §Spec(|An|) N [vo — €, v + €.

Suppose that for all n < N, m,, = Spec(|Ap|) N [vn — €, vy, + €]. Then by (2.44), for h < h,,

Moy = VN41 — €. (2.46)
By the min-max principle, if G is a finite dimensional subspace of H! with dim(G) =1+ on.1,
Moy < sup (| An[t,9) 120 (2.47)
Ped,|[yll=1

Let G be the vector space spanned by the eg, 0 < k < ony1. Then, dim(G) = 1 4+ on4+1 and it

follows from Lemma 2.4, for any k, k' < 1+ on.y1,
1
lim h~ Bh(ek,ek/) = / <V@6k($),V@ek/(l’)>Cp dx. (2.48)
h—0+ 6p Q
Hence

hm h=2By (Y, ¢) = /V@w z)? de < vy (2.49)

for any ¢ € G with ||¢||;2 = 1. Since G has ﬁmte dimension, a standard compactness argument
shows that there exists he > 0 such that for any h €]0, h¢] and any ¢ € G with [[¢]|;2 <1,

h*Bi(v,¢) < w1 +e (2.50)

Therefore iy, , < vny1 + €. Combining this with (2.46) and (2.45) gives my41 = #Spec(|Ap|) N
[VN+1 — €, N1 + €]. The proof of Theorem 2.1 is complete.
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3 Total Variation Estimates

This section gives estimates on the convergence speed of the iterated kernel M (z,dy) towards
its stationary measure V%%Q)' Recall that the total variation || — v[|7y between two probability

measures 4 and v on € is defined by

I = vllry = sup [u(A) — v(A)] (3.1)

where the sup is taken over all measurable sets A. Equivalently,

l—vlev =3 s lulf) ~v(f)l (32)
FeL> || fllpoo=1

Theorem 3.1. Assume that € is weakly incoming. Then there exists C > 0 and hg > 0 such that
for all h €]0, ho] and all n € N, the following estimate holds true, with g(h) the spectral gap studied
in Section 2:

dy

< Ce ), :
ol Ce (3.3)

TV

M (z,dy) —

sup
€N

Proof. The proof is very close to the proof of Theorem 4.6 in [4] and is just sketched for the reader’s
convenience. Observe first that n > h~2 can be assumed, since otherwise the estimate is trivial
thanks to the lower bound on the spectral gap.

Let IIy be the othogonal projector in L?(£2) on the constant functions. Observe that

dy

My (z, dy) — vol()

2 sup
e

= [ M5} = ol oo poc - (3.4)
TV

Using the spectral decomposition of M, let 0 < Ay, < - < Ajp < -0 < h=25y be such that
the eigenvalues of M, in the interval [1 — &y, 1] are the 1 — h%)\; ), with associated orthonormalized
eigenfunctions Mp(ejp) = (1 — h2)\j,h)ej7h.

Then write My, — Ilg = Mp, 1 + My, o + My 3, so that the operators My, 1, My, o have kernels

Mpa(zy)= > (L=hNn)ejn(@)en(y) (3.5)
AL RSAjR<h™e
Mpa(z,y) = > (1= R*Xjn)ejn(@)en(y) (3.6)

h=a<X;,<h=280

where a €]0,2] is a small constant that will be chosen later. Then

2 sup
e

MiGoa) - | < R{LH- (37)

and terms on the right hand side must be estimated.
From (2.30), it is easy to prove that any eigenfunction M (u) = Au with A €]1 — 0, 1] satisfies
lull oo < CR™2|Ju]] 2. (3.8)

As in [4], using in particular the bound on the number of eigenvalues, we show that for n € N,

MR |l oo —oroe + || Myl oo < C((1 = R27%)" 4 (1 = do)")h™>/? (3.9)
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For n > h™2, this implies that
_ 2—«
|ME 5| oo noe + | Ml 5]l Lo oo < Coe™™ (3.10)

It remains to estimate M ,’f - Let E, denote the space spanned by the eigenvectors e;j, such that

Ajn < h™®. Then, thanks to Part i of Theorem 2.1, dim(E,) < h™%/2, As in [4], Lemma 2.3
shows that there exists a > 0 and p > 2 such that for any u € E,,

ul|Fp < Ch™2 (Epn(u) + A |ull32) - (3.11)
This gives the following Nash estimate, with % =2- % > 0:
25 2 20,12 ¥
lull P < Ch™% (Enn(w) + B2 ull72) lull i Vu € Ea. (3.12)

This inequality allows an estimate of Mj,; from L! into L? and this leads to || M} || e <

Ce *N9(h) for k> h=2. As M, is bounded by 1 on L™ it follows that kN can be replaced by
n > h~2 in this estimate, and the proof of Theorem 3.1 is complete. 0

4 Convergence of the Resolvants

Let us denote |Ap| = h™2(1 — M},). Recall Ag from (2.1). This section proves strong resolvent
convergence of |Ay| to Ag. For background and consequences, see [13].

Theorem 4.1. Let z € C\ [0, +o0[ and g € L*(Q). Then

hli%l-‘- H(|Ah’ - Z)ilg - (_AG - Z)ilgHLz(Q) =0. (4'1)

Proof. Let z € C\ [0,4o00[ and g € L?(Q) be fixed. For any h > 0 let f, € L?(Q) be the solution
of (JAp| — 2) fn = g. Hence

1— M,

—2{fhs fu) 2 + <thh7fh> = (9, fn)r2- (42)
L2

Since z ¢ [0, 00 and |Ay| is a positive operator, it follows that || f4||z2 < dist(z, [0,00[) 7 ||g|l 2 is

bounded uniformly with respect to h. It follows from the above equation that there exists Cy > 0

such that

1 full22 + B 2E(fn) < Collgll3.. (4.3)

It now follows from Lemma 2.4 that there exists C' > 0 depending on z and ||g||;2 such that for
any h €]0,1], we can write f, = @p + r, with ||on||g1 < C and ||rp]l2 < Ch. Let f € HY(Q)
and (hg)ren be a sequence of positive numbers such that (pp, )i converges weakly to f in H'. Let

0 € C*(Q2) be fixed. Then

_Z<fhk70>L2 +hl;26hk(fhk70) = <970>L2 (4'4)
and taking the limit £ — oo it follows from Lemma 2.4 that
1 - _
—2(f,0) 2 + 6p/ Vef(z)Vel(z)dr = / g(x)0(x) dz. (4.5)
Q Q

Since 6 is arbitrary, this implies (—A¢ — 2)f = ¢ and Op ¢ Jloo = 0. Since, this is true for any
subsequence (hy), this shows that || fr, — f|/z2 — 0 when h — 0, which is exactly (4.1). O
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5 Some Generalizations

Here we present a possible generalization of the previous results. It is still assumed that Q is a
convex polytope in R?. Suppose that E C R? is endowed with a Borel probability measure p. For

any e € F, define
1
Kepf(x) =2 / f(z + hte) dt (5.1)
2 Jie[-1,1] 0+ htecn

and

th /EE Ke hf )d,u( ) (52)

The associated Metropolis operator is defined by My, f(z) = my(z) f(z) + Kpf(z) with my(z) =
1— Kp(1).

Definition 5.1. Say that (E,u) is weakly incoming to Q if for any xy € 09 there exists € > 0,
6 € {£1} and a measurable subset F' C E such that u(F) > 0 and

c(zo + Ote) < c(xp) vt €]0, €], Ve € F. (5.3)
Lemma 5.1. There exists some measurable subsets Fi,...,Fy C E such that u(Fj) > 0 for all j
and any (f1,...,fq) € H?Zle spans RY. Moreover the sets F; can be chosen with arbitrary small

diameters.

Proof. From the same argument as in remark following Definition 1.1, we can easily see that u can
not be supported in an hyperplane of R%. Let us prove by induction that for k = 1, ..., d, there exists
Fy, ... Fy, C E such that pu(F}) > 0 for all j and for any (f1,..., fx) € H?Zle, rank(fi,..., fr) = k.

If k =1, it suffices to take F; C F'\ {0} with p(F1) > 0, which is possible thanks to the fact
that F' is weakly incoming to €2.

Assume that the property holds true at rank k£ —1 < d. There exists Fi,...Fy_1 C F such that
wu(F;) > 0 for all j and any (f1,..., fk—1) € H?;lle, H = span(fi,..., fr—1) has dimension k — 1.
Since supp(p) is not contained in H, there exists Fj, C F'\ H with pu(Fy) > 0. Then Fi,..., Fj
satisfy the property at rank k.

The fact that we can take diam(F}) arbitrary small can be shown as follows. Let e > 0 and
assume by contradiction that there exists jo such that for any f € Fj,, u(B(f,€) N Fj,) = 0. Then
any compact subset of F)j, would have measure zero, which is impossible since p(Fj,) > 0. O

Introduce the following differential operators associated to the set E:
Ve: H(Q) — L™ (E,L*()) (5.4)
defined by Vgu(e,z) = (Vu(z), e)ca for any (e,z) € E x §;
divg : L™ (E,H'(Q)) — L*(Q) (5.5)
defined by divg f(z) = [p(Vaf(e, x), €)cadu(e) for any z € Q; and
Ag: H*(Q) — L*(Q) (5.6)

given by Ag = %divEVE.
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Define also the following trace operator:

Vg {feL>(E,H(Q),divpf € L*(Q)} — H—%(am (5.7)
by

| At@uon(e) o) = [ dvprap@ ot [ [ fea)Veves dae)  63)
for any v € H*(). Observe that if f € L>®°(E,C(Q)), then

W f (@) = /E (ean(@)) g f (. ¢) du(e) (5.9)

where n(x) denotes the unit outgoing normal vector to the boundary 92 at point x.
For u € H'(2) such that Agu € L?(f), the function f = V gu satisfies divg f € L?(Q2). Hence,
the operator

o fue HY(Q), Apu e LX(Q)) — H~2(59) (5.10)

defined by vhu(z) = 7%V gu(z) is continuous.
Finally, introduce the following quadratic form on H(Q):

Ep(u) = é/E/Q |V gu(e, x)|? dzdu(e) Vu € HY(Q). (5.11)

From Lemma 5.1 it follows that, since E is weakly incoming to {2, there exists some subsets
Fy,..., Fy with arbitrary small diameters and p(F}) > 0 such that any (fi,..., f4) € F1 x--- x Fy
spans R%. Taking the diameter of the F i sufficiently small, it is easy to show that there exists C' > 0
such that for any u € H* (),

1
a”qu%?(Q) < Ep(u) < O||Vull72 o) (5.12)

Then, the operator —Ap = —¢divgVp with domain D(-Ag) = {u € H'(Q), Apu €
L%(Q2), vLu = 0} is the self-adjoint realization of the Dirichlet form €. Moreover, it follows
from (5.12) that —Apg has compact resolvant. Denote its spectrum by vp =0 < v < v < ... and
by m; the multiplicity associated to v;. Observe that mg = 1.

Theorem 5.2. Suppose that (E, ) is weakly incoming to Q, then the following hold true.

i) There exists hg > 0, 0y €]0, %[ and a positive constant C such that for any h €]0, hg], the
spectrum of My, is a subset of [—1+ g, 1], 1 is a simple eigenvalue and Spec(Mpy) N[l — do, 1]
is discrete.

i) For any h €]0, ho] and 0 < X\ < doh™2, the number of eigenvalues of My, in [1 — h?X, 1] (with
multiplicity) is bounded by C(1 + X\)¥/2.

iii) For any R > 0 and e > 0 such that vj11 —vj > 2¢ for vjyo < R, there exists hy > 0 such that
one has for all h €]0, hy],

1— M,
Spec ( 2 h> N0, R] C Uj>1[vj —€,v; + €] (5.13)

and the number of eigenvalues of l—h% in the interval [v; —e,v; + €] is equal to m;.
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Here are two examples of (E, ) which are weakly incoming to 2. The first is the case where
1\P

E ={ey,...,ep} is discrete and p is simply the measure 5 2j=1 de=e;- Then it suffices to assume
that FE is weakly incoming to €2 in the sense of Definition 1.1. Moreover, in that case the conclusion
of Theorem 5.2 are exactly those of Theorem 2.1.

A second example is the following. Let E be equal to the sphere S9! and p = doy be the surface
measure. Assume that p: S9! — R¥ is a continuous function such that Jga-1 p(w)dog(w) =1 and
let p = p(w)dog(w). Then (E, u) will be weakly incoming to € iff there exists a family of vectors
ei,...,ep € supp(p) such that (eq,...,ep,) is weakly incoming in the sense of Definition 1.1. For
instance, if p is strictly positive on S9! then these assumptions are automatically satisfied.

The proof of Theorem 5.2 is very close to that of Theorem 2.1 and only the main steps are

given. The following proposition is a version of Lemma 1.3 adapted to the present setting.

Proposition 5.3. Assume that (E, 1) is weakly incoming to Q, let xg € Q and denote k = c(xq).
There exists € > 0 and some subsets Fy,...,Fy, C E such that u(F;) >0 for alli=1,...,k and

e there exists rg > 0 and I C {1,...,m} with I = k such that

QN B(zo, o) = (mfeIHj> N B(zo, ro); (5.14)

e there exists 01,...,0, € {£1} and a bijection {1,...,k} > n — i, € I such that for any
n=1,...,k and any f, € Fy,

On fr is strictly incoming to H;, (5.15)
and
O frn is incoming to H; Vm > n. (5.16)
Moreover the sets F1,. .., Fy can be chosen with arbitrary small diameter.

Proof. First, it is clear that (5.14) holds true. We prove (5.15) and (5.16) by induction on k = ¢(zp).
For k = 0 there is nothing to prove.

Assume now that the property holds true for all z( such that c¢(zf,) < k — 1 and suppose that
¢(zg) = k. Since (E, u) is weakly incoming to €2, there exists F' C F, 61 € {£1} and ¢ > 0 such
that c(zp + th1f) < c(xo) for all t €]0,¢]. Assume without loss of generality that §; = 1. Since
u(F) > 0, there exists f° € F such that for all p > 0, u(B(f%,p) N F) > 0 and

c(zo +tf) <c(zo)  VfeB(fOp)NF, Vte]o,e. (5.17)
In particular, there exists ¢1 € {1,...,k} and i1,...,75 € I such that
fY is strictly incoming to H;, Yg=1,...,q1 (5.18)

and
f0 is parallel to H;, Vg >q + 1. (5.19)

Let F, = B(fo,p) N F with p > 0 for ¢ = 1,...,q1. Then p(F;) > 0 and it follows from (5.18)
that for p small enough, any f € I, is strictly incoming to H;, . Moreover, thanks to (5.17), any
f € F, is incoming to H; for i € I\ {i1,...,iq }. Then we can use the induction hypothesis with
z( = xo + €fp close to zp such that ¢(z() = k — q1 < k to build Fy 41,...,F;. The statement
concerning the diameter of the F} is a trivial consequence of the construction. O
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Corollary 5.4. Assume that (E,p) is weakly incoming to 0 and let xg € Q. Then there eists
ro >0,€e>0, FCFE with u(F) >0 and 0 € {£1} such that

VfeF, Ve € B(xg,r0) N, Vt€[0,¢], x+t0f € Q (5.20)

Using these results and working as in Section 2 easily proves the following.

Proposition 5.5. There exists N € N and c1,co > 0 such that
M}]LV(x7 dy) = ,U/h(LU, dy) + Clh_d1|x—y\<czh dy (521)
where for all x € Q, pp(x,dy) is a positive Borel measure.

Proof. The starting point of the proof is to observe that for any ¥ € N and any non-negative
function f,

KFf(z) > / o / . Khe - - Kne f(x)duley) . ..du(er) (5.22)

for any Fi,...,Fy C E. Then the proof is the same as the proof of Proposition 2.2. In fact, (2.13)
remains valid thanks to Lemma 5.1. Then we can mimick the end of the proof, using the fact that
in Proposition 5.3 the set F; can be chosen with arbitrary small diameter. Details are left to the
reader. O

Proposition 5.5 implies a lemma analogous to Lemma 2.3 for the operator M} considered in
this section. In particular, any function u € L?(Q) satisfying

lullZz + (1 = Mp)u,w) s <1 (5.23)

admits a decomposition u = ur, +upg with ||ug| 71 <1 and |Jug| 2 = O(h). Using Proposition 5.3
and the generalization of Lemma 2.3 gives Parts ¢ and ¢ of Theorem 5.2.

Part ¢ii is implied by the following lemma (where By, still denotes the Dirichet form associated
to Mp,).

Lemma 5.6. Let 0 € C*°(Q) be fized and let (o, ) € H' () x L*(Q) be such that ||rpl|2q) =
O(h) and @, converges weakly in H*(2) to some . Then

lim A28, (ry,60) =0 5.24
Jim, n(rn: 0) (5.24)
and 1
lim h 2By (pn,0) = / / Vep(e,z)VEb(e, x) dxdule). (5.25)
h—0+ 6 JEJo
Proof. The proof is the same as that of Lemma 2.4. O

Total variation estimates for rates of convergence now follow as in Section 3.
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