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Abstract

The “metric” structure of nonrelativistic spacetimes consists of a one-form
(the absolute clock) whose kernel is endowed with a positive-definite metric.
Contrarily to the relativistic case, the metric structure and the torsion do not
determine a unique Galilean (i.e. compatible) connection. This subtlety is
intimately related to the fact that the timelike part of the torsion is propor-
tional to the exterior derivative of the absolute clock. When the latter is not
closed, torsionfreeness and metric-compatibility are thus mutually exclusive.
We will explore generalisations of Galilean connections along the two corre-
sponding alternative roads in a series of papers. In the present one, we focus
on compatible connections and investigate the equivalence problem (i.e. the
search for the necessary data allowing to uniquely determine connections) in
the torsionfree and torsional cases. More precisely, we characterise the affine
structure of the spaces of such connections and display the associated model
vector spaces. In contrast with the relativistic case, the metric structure does
not single out a privileged origin for the space of metric-compatible connec-
tions. In our construction, the role of the Levi-Civita connection is played
by a whole class of privileged origins, the so-called torsional Newton-Cartan
(TNC) geometries recently investigated in the literature. Finally, we discuss a

generalisation of Newtonian connections to the torsional case.
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1 Introduction

As advocated by Elie Cartan after the birth of Einstein’s theory, the geometri-
sation of gravity induced by the equivalence principle is by no means restricted to
General Relativity [1] (¢f. also [2]). In this light, Einstein’s and Newton’s theories of
gravity both admit geometrical formulations which are, in particular, diffeomorphism
invariant. Since the sixties, the corresponding Newton-Cartan geometry has known
a revival of interest among relativists and geometers (cf. e.g. |3, 4, 5] 6] [7, 8, @] for
early contributions) but it is only recently that Newton-Cartan geometry has been
intensively applied to condensed matter problemﬂ such as the quantum Hall effect
[15] for which it proved a very efficient tool to construct effective field theories or
for computing Ward identities.

As celebrated in the famous quoteE| of Wheeler, there are two facets of the in-
teraction between the geometry of spacetime and the motion of matter. We will
focus on the “kinematical” facet, 7.e. the motion of test particles in a fixed grav-
itational background and will ignore the “dynamical” facet, i.e. gravitational field
equations. In this restricted case, the equivalence and relativity principles strongly
prescribe the geometric structures the spacetime is endowed with. On the one hand,
the equivalence principle imply that dynamical trajectories of free falling observers
are geodesics of a suitable connection, the latter providing a notion of parallelism on
the spacetime manifold. Furthermore, such unparameterised geodesics define a pro-
jective structure on spacetime. On the other hand, the relativity principleﬁ further
dictates the underlying structure group (Lorentzian wvs GalileanED of the reduced
frame bundle. The corresponding invariant tensor(s) define a metric structure on
spacetime. An important issue is the interplay between these two structures: metric
and connection. More precisely, one should answer the following question: What are

the ingredients (e.g. the torsion) one must add to the metric structure in order to

! Among the early applications of Newton-Cartan geometry to condensed matter systems is the
pioneering work [10] on superfluid dynamics. More recently, the related concept of “nonrelativistic
general covariance” was applied to the unitary Fermi gas [11].

24Space[time] tells matter how to move. Matter tells space[time] how to curve.”

3 As emphasised by many authors (e.g. [12]), the so-called “nonrelativistic” theories also embody
the principle of relativity, the only actual (but decisive) difference between Special and Galilean
relativity being the expression of (Lorentz vs Galilei) boosts. Although the terminology “nonrela-
tivistic” is rather unfortunate, we will use it following common practice.

4An exhaustive enumeration of homogeneous kinematical groups [I3] must also include the
(homogeneous) Carroll group (cf. [12] [14]).



fix uniquely the connection? Providing precise answers to this question (sometimes
referred to as the “equivalence problem” in the mathematics literature) for some
generalisations of Newton-Cartan geometry is the main subject of this paper.

In (pseudo)-Riemannian geometry, the answer is well known and provides a clear
relation between the various elements constituting the kinematical content of general

relativity which can be summarised in the following diagram:

Lorentzian
Metric

s X
Levi-Civita __, Qeodesics
Connection 2

Figure 1: Kinematical content of general relativity

Let us briefly make some comments in order to present the logic that will be gener-
alised in the less familiar nonrelativistic case. On top of the triangle sits the metric
structure of general relativity: a Lorentzian metric, i.e. a field of nondegenerate bi-
linear forms on the spacetime manifold. This metric structure uniquely determines
a compatible torsionfree connection known as the Levi-Civita connection (Arrow 1).
This connection provides the spacetime manifold with a notion of parallelism, thus
allowing the definition of a distinguished class of curves: the geodesics (Arrow 2). A
geodesic is thus defined as an autoparallel curve with respect to Levi-Civita’s paral-
lelism, i.e. the tangent vector stays parallel to itself along a geodesic. Alternatively,
the geodesics can be characterised as curves extremising locally the Lorentzian dis-
tance. As a result, the geodesic equation can be obtained as the equation of motion
derived from a Lagrangian density built in terms of the metric structure (Arrow 3).

The relations between these different structures can be abstractly summed up in

a commutative diagram which will be our leitmotiv:

Metric
structure

VAN
Connection —> Geodesics

2

Figure 2: Kinematical content of metrical theories of gravitation

Interestingly, the kinematical content of Newton-Cartan gravity (often referred to as



Newton-Cartan geometry) can be equally described via a similar diagram, with the
important difference that the basic nonrelativistic analogue of the metric structure
consists in a degenerate contravariant metric h*” (a collection of absolute rulers)
whose radical is spanned by a nowhere vanishing 1-form ¢, # 0 (an absolute clock):
h**1), = 0. Connections compatible with such a structure are called Galilean. Two
features of nonrelativistic compatible connections Fl’)y are notably distinct from the
relativistic case.

Firstly, the torsion of a Galilean connection obeys a compatibility condition: its
timelike part is proportional to the exterior derivative of the absolute clock (V 1, =
0 = FE\W]%\ = 9, y)). In particular, torsionfree (I}

[uv] —
are only defined for closed absolute clocks (9%, = 0). Such absolute clocks are

0) Galilean connections

synchronised in the sense that they define a notion of absolute time t (locally, ¢, =
0,t). The simultaneity leaves (¢t = constant) foliate spacetime.

Secondly, the uniqueness of the torsionfree compatible connection is lost. This
arbitrariness has a natural physical interpretation: the above “metric” structure is
too weak to determine the motion of particles. Indeed, motions can be measured
via absolute clocks and rulers, but are not constrained by them. In Newtonian
mechanics, the spacetime is a mere container and one should prescribe force fields
to determine motion.

Diagram [2| suggests to define a richer metric structure (dubbed here Lagrangian
structure) allowing to restore the uniqueness of the torsionfree compatible connection
(Arrow 1). This Lagrangian structure defines a unique Newtonian connection:

Lagrangian
structure

2 X
Newtonian Dynamical
Connection 2~ trajectories

Figure 3: Kinematical content of Newton-Cartan theory

A Newtonian connection endows the spacetime with a notion of parallelism (differ-
ent from the Levi-Civita one) allowing in turn the definition of self-parallel curves,
similarly to the relativistic case. Such curves acquire the interpretation of dynami-

cal trajectories (Arrow 2) for Lagrangians which are of degree two in the Velocitiesﬂ

5This class is natural in Newtonian mechanical systems with holonomic constraints. Recall that



they can be derived from an action principle built in terms of the Lagrangian struc-
ture (Arrow 3). In a sense, the nonrelativistic analogue of the Lorentzian distance
between two events is in fact the value of the action [ £d¢, which is a sort of “La-
grangian distance”.

When the absolute clock is not closed, metric-compatibility and torsionfreeness
are mutually exclusive. Therefore two alternatives open up: consider either non-
Galilean or torsional connections. We will explore these two alternative roads in a
series of papers. In a forthcoming work 2], we will investigate the first option when
the absolute clock is twistless, i.e. obeys to the Frobenius integrability condition
Y0, = 0. In such case, the time units vary for each clock and the measured
time 7 will depend on the observers. Nevertheless, spacetime is still foliated by
simultaneity slices and a notion of absolute time can be defined. We will show
that one can also define a Lagrangian structure in the case of a twistless absolute
clock associated with the action principle [ £dr making use of the measured time
7 instead of the absolute one ¢t. Furthermore, the latter Lagrangian structure is
conformally related to one for a closed absolute clock. Correspondingly, we will
generalise the diagram [3| by defining a torsionfree (non Galilean) connection which is
uniquely determined by the Lagrangian structure (Arrow 1) and projectively related
to a Newtonian connection whose geodesics describe dynamical trajectories (Arrow
2) extremising the corresponding action principle (Arrow 3).

Before addressing this issue, we explore the alternative route in the present paper
by considering generalisations of Newton-Cartan gravity characterised by torsional
connections which have known a recent surge of interest regarding applications in the
geometrisation of condensed matter problems [I6] 17, 18] as well as in the context
of Lifshitz and Schrédinger holography [19] 20]. In such approaches, the torsion is
tuned in order to ensure compatibility with the absolute clock. Of particular math-
ematical interest for us are the works [I8], 20] which exhibit a torsional connection

compatible with the metric structure, while remaining invariant under local Galilean

a dynamical system with Euclidean coordinates ', . .., 29" is said holonomic if its constraints can
be put in the form f¢ (xl, ot t) =0, with & € {1,...,n} and n the number of independent
constraints. The constraints of an holonomic system whose kinetic energy takes the standard form

T= %cilba':aj:b (with a,b=1,...,d+n) can always be solved. Such a system is therefore equivalent
to an unconstrained system with Lagrangian of the form L = 27;;(¢)¢'¢’ + Ai(q)¢" — U(q) (with
i,7 = 1,...,d). The corresponding class of Hamiltonians (of degree two in the momenta) are

nowadays called “natural Hamiltonians”, ¢f. [22].



boosts (called Milne boosts) as it should since a connection is a geometrical object
independent of the frame used to represent it. We extend these torsional Newton-
Cartan geometries and make use of Lagrangian structuresﬁ in order to identify the

necessary data which allows to uniquely fix these connections.

Outline

The plan of the paper is as follows:

In Section[2] we review various geometric structures of nonrelativistic spacetimes.
After a brief reminder of standard definitions and properties regarding relativistic
structures, we switch to the investigation of nonrelativistic ones by emphasising their
points of divergence with their relativistic counterparts. We focus on a nonrelativistic
metric structure (called Leibnizian structure) defined as a manifold endowed with a
degenerate contravariant metric whose radical is spanned by the absolute clock. The
role played by fields of observers in nonrelativistic physics is discussed at length as
well as related objects. We then discuss two restrictions that can be imposed on the
absolute clock, namely closure (Augustinian structure) or the Frobenius criterion
(Aristotelian structure).

In Section [3] we discuss the possibility of endowing nonrelativistic metric struc-
tures with a notion of parallelism, in the guise of a connection. We first focus on
torsionfree connections compatible with the underlying metric structure, thus re-
stricting the scope of the analysis to Augustinian structures. We thus review the
notions of torsionfree Galilean and Newtonian connections, with particular attention
given to the equivalence problem (i.e. the search for structures that uniquely de-
termine a given compatible connection). Apart from the standard characterisation
of Newtonian connections in terms of equivalence classes of field of observers and
gauge 1-forms, this motivation will lead us to review the less standard solution of

the equivalence problem making use of a Lagrangian structure. The latter can be

6Note however that the action principle for the geodesic equation becomes unclear whenever
torsion is involved, so that we will not consider the third arrow of diagram [2] in this case. Let
us remind here some related subtleties in the presence of torsion. Two connections defining the
same parameterised geodesics differ only by their torsion. However, in the presence of a metric, a
torsionful connection defining the same parameterised geodesics as the Levi-Civita connection is
not metric compatible. Conversely, a metric compatible torsionful connection does not define the
same parameterised geodesics as the Levi-Civita connection.



thought of as the proper nonrelativistic analogue of the (pseudo)-Riemannian metric
structure in that it determines uniquely the compatible torsionfree connection.

In Section [4, we discuss the extension of “torsional Newton-Cartan geometry”
[16, 17, 18, 20] to the class of all torsional Galilean connections. Furthermore, we
introduce a torsional generalisation of Newtonian connections. We then discuss
in details the affine structure of the space of torsional Galilean connections and
thereby identify the necessary data which allows to uniquely fix torsional Galilean
connections.

The Section [5] is our conclusion where we briefly summarise our main results
and announce some future ones. In a forthcoming paper, we will show how the
generalisations of Newton-Cartan geometry we have discussed can be obtained as
null dimensional reductions of suitable Lorentzian geometries.

Two appendices close the paper. A detailed discussion of the equivalences be-
tween the Trautman and Duval-Kiinzle conditions is provided in Appendix [A] Ap-
pendix [B] consists in a short review on affine spaces while several technical proofs

have been relegated to Appendix [C]

Notations

Let V be a vector space and v,w € V two vectors. We will denote by v Vw =
T(v@w+w®v) (respectively v Aw = 3 (v®w—w®w)) the (anti)symmetric
product, and similarly for higher products. The (anti)symmetrisation of indices is
performed with weight one and is denoted by round (respectively, square) brackets,
e.g. (I)(;w) = % ((I)HV + @yu) and (I)[;w} = % ((I)#,, — (I)uu)‘

The spacetime manifold will be written .# and is of dimension d + 1. Let V be a
vector bundle over .# with typical fibre the vector space V. By I'(V), we will denote
the space of its sections, i.e. globally defined V-valued fields on .#. For instance,

D(ANPT* ) = QP (M) is the space of p-forms on .



2 Nonrelativistic metric structures

We start by reviewing some standard material about relativistic structures in order

to draw comparison with nonrelativistic ones and fix some terminology.

2.1 Relativistic structures

Definition 2.1 (Riemannian structure). A Riemannian structure designates a man-

ifold endowed with a positive-definite metric.

Although this definition restricts to the case of signature (+,...,4), a similar one

can be given in the (pseudo)-Riemannian case:

Definition 2.2 (Lorentzian structure). A Lorentzian structure consists in a mani-

fold endowed with a nondegenerate metric of signature (—,4+,...,+).

These structures are therefore characterised by a metric structure but, as such, are
not endowed with a notion of parallel transport. This supplementary notion of par-
allelism can be implemented under the features of a Koszul connection| compatible

with the metric structure. We are thus led to define:

Definition 2.3 (Riemannian/Lorentzian manifold). A Riemannian (Lorentzian)
manifold consists in a Riemannian (Lorentzian) structure supplemented with a metric-

compatible Koszul connection on the tangent bundle.

We will retain this terminology in the sequel and use the word “structure” in order
to designate a manifold endowed with a metric-like structure while keeping the term
“manifold” for cases where a Koszul connection is added. However, in the present
case the distinction drawn here is only relevant when the Koszul connection has

torsion due to the following well-known theorem:

Theorem 2.4 (Space of metric compatible connections). The space of Lorentzian

connections compatible with a given Lorentzian structure (A ,g) forms a vector space

"We will prefer the denomination “Koszul connection” to the more widespread designations of
“affine connection” or “covariant derivative” in order to avoid confusion with the slightly different
meanings of these terms in some of the mathematical literature. For the sake of completeness,
let us remind that a Koszul connection on a vector bundle E over .# is a C°(.#)-linear map
V:T'(T.#) — End(T (E) ) such that, for any vector field X € I' (T.#), the endomorphism V x on
the space I" (E) of sections obeys to the Leibniz rule: Vx (fo) = X [f]o + fVxo for any function
f € C=(A) and section o € I' (E). If the vector bundle is unspecified, it will be implicitly assumed
to be the tangent bundle: £ =T.Z.



which is isomorphic to the vector space T (N2T* M & T M) of torsion tensors and

the origin of which is the Levi-Civita connection.

In order to pave the way to the next Section, we now provide a detailed proof
of the previous Theorem in a guise suited for its extension to the nonrelativis-
tic case. We start by recalling that, when no metric structure is involved, the
space of Koszul connections on a manifold .# possesses the structure of an affine
space modelled on the vector space of 2-covariant, l-contravariant tensor fields
DT T* M @ T A). This translates the well-known fact that the difference
between two Koszul connections on the same manifold is a tensor field (an element
of D (T* M @T*M QT.A) ) although a Koszul connection is not. Let (., g) be
a Lorentzian structure and denote & (., g) the space of compatible connections.
The compatibility condition Vg = 0 restricts the difference S =1" — T of two com-
patible connections I'',I' € Z (.4, g) to be such that S,S,’\, g”” = 0. The following
Proposition then holds:

Proposition 2.5. The space 9 (A ,g) of compatible Lorentzian connections pos-

sesses the structure of an affine space modelled on the vector space
V(M g)={SeT (T M QT M TM) | SO ¢”" =0}.

Indeed, given two Lorentzian connections IV, I' € ¥ (., g), the element S =1" —T
belongs to ¥ (4, g). In order to reduce the structure of Z (#,g) from that of an
affine space to that of a vector space, one needs to pick an origin I(l € 9 (M ,g) thus
allowing to put Z (., g) and ¥ (.4, g) in bijective correspondence by representing
each '€ (A ,g) as

r=r+s

where S € ¥ (. ,g). Obviously, such a choice is arbitrary since any element of
9D (M, g) can equivalently be used as origin. However, as is well-known, the Levi-
Civita connection is defined solely in terms of the metric structure and can be taken
as a privileged connection. As we will see, the existence of such a naturally privileged
connection will constitute a major point of discrepancy with the nonrelativistic case.

We now provide a line of reasoning that motivates, retrospectively, the definition



of the Levi-Civita connection, starting with the following Lemma:

Lemma 2.6. The vector space ¥ (M ,g) is canonically isomorphic to the space
D(NT* M QT M).

The term canonical is here understood in the sense that the isomorphism only de-

pends on the Lorentzian structure (., g). Explicitly, it is given by
. 2k . QA A QA
@%(%,g) —>F(/\ T %@T.%) . SyV}_)ﬂuu] _S[,u,u]
while its inverse takes the form

o T (NI QT M) =V (M 9) : Ty = S = Ty + 10,09 I+ T097 I

Proposition [2.5] together with Lemma [2.6] then ensure the following:

Proposition 2.7. The space P (M ,g) of compatible Lorentzian connections pos-
sesses the structure of an affine space modelled on the vector space T (N*T* M @ T )

of tangent-valued 2-forms.

The next step consists in defining an affine map (¢f. Definition |B.3)) denoted
©:9D(M,g) = U (NT* M @T.H) modelled on the linear map o : ¥ (M, g) —
C(N*T* M QT M), i.e. such that

OI")—0[I) =¢I"-T)

for all TV, T" € 9 (M , g). Note that the fact that ¢ is a bijective map ensures that ©
0

is too. In particular, there exists a (necessarily unique) element I' € Ker O, which
0 0

is given by T =T — =1 (O(T)) for any I' € Z (.# ,g). This element I' provides an
origin for & (., g) which thereby acquires a structure of vector space.

From the expression of ¢, a natural choice consists in defining:

* A A

©:9 (M, g) =T (NTMQTHM) : T, ~ T},

Geometrically, the map © associates to each Lorentzian connection its torsion tensor

field. Recall that given a Koszul connection V, the associated torsion tensor field



Tel (NT*# @TA) is defined by its action on vector fields X, Y € T'(T.#) as
T(X,Y)=VxY — VyX — [X,Y].

In components, the previous equality reads T’ f;l, =21

] Given the previous results,

the following Theorem arises as a corollary of Proposition

Theorem 2.8 (Fundamental Theorem of (pseudo)-Riemannian geometry). There is
a unique torsionfree Koszul connection compatible with a given (pseudo)-Riemannian

metric called the Levi-Civita connection.

The Levi-Civita connection thus provides the affine space 2 (#,g) with an ori-
gin, so that the latter acquires a structure of vector space. The map © is thus an
isomorphism of vector spaces which puts the elements of Z (., g) in bijective cor-
respondence with tangent-valued 2-forms T € T (A*T*.# @ T.#). We stress that
Theorem involves no restriction on the metric structure, so that any Lorentzian
structure induces a unique torsionfree Koszul connection. As we will see, this prop-
erty is lost when one deals with degenerate metric structures.

In local coordinates, if one writes V,Y* = 9,Y* + Fwa”, then the components IQ;)V

defining the Levi-Civita connection are the usual Christoffel symbols:
O)\ 1 Ap
F,uu = 59 (augpl/ + 8ugpu - 8pg/u/) . (21)

Note that the Christoffel symbols are canonical, in the sense defined above (the
Christoffel symbols are defined in terms of the metric only). Making use of the
explicit form of the isomorphism ¢! then allows to represent each Lorentzian con-
nection I' € Z (4 ,g) using the Levi-Civita connection by its associated torsion

tensor field T € T (A*T* M Q@ T #) as

1 1
F;‘V = 59/\[) (augpu + 3ugpu - apguu) + 5 T[i\w] + T[(pyu]ga)\gpu + T(’;V}gakgpu] . (2'2)

The previous expression can be reformulated as the Koszul formula:

29(VxY,Z) = X[g(YV,2)]+Y[g(X,Z)] - Z[g(X,Y)]
—i—g([X,Y],Z) —g([Y,Z],X) _g([X7 Z] ,Y) (23)
—|—g(T(X,Y),Z) —g(T(Y,Z),X) —g(T(X,Z),Y)

10



with X, Y, Z e I' (T ).

We emphasise that, given a particular metric structure, there is no restriction on
the possible torsion tensor field T" which can span the whole vector space of vector-
field-valued 2-forms.

We conclude this brief review of relativistic structures by mentioning a special class

of bases of the tangent space:

Definition 2.9 (Lorentzian basis). Let (.#,g) be a (d + 1)-dimensional Lorentzian
structure with nondegenerate covariant metric g. A Lorentzian basis of the tangent
space Tp M at a point x € M is an ordered basis B, = {eo|s,-..,€q|ls} which is

orthonormal with respect to g..

The basis vectors e,|, € T,.#, with a € {0,...,d} thus satisfy the condition
9z (€ales €blz) = Nap, With 1, the Minkowski metric. The denomination Lorentzian
is justified by the fact that at each point x € .#, the group of endomorphisms of
T,.# mapping each Lorentzian basis into another one is isomorphic to the Lorentz

group O(d,1).

2.2 Nonrelativistic structures

As mentioned in the introduction, a distinguishing feature of nonrelativistic space-
times is the existence of a degenerate metricﬂ structure [IJ, 2], in the guise of a con-
travariant degenerate metric (absolute rulers) whose radical is spanned by a given
1-form (absolute clock), which must be separately specified. More precisely, one

defines:

Definition 2.10 (Absolute clock [5 [6]). An absolute clock v on a manifold A is
a nowhere vanishing 1-form ¢ € Q' ().

An absolute clock allows to distinguish between timelike tangent vectors X, € T, .#
for which v, (X,) # 0 from spacelike tangent vectors Y, € T,.# satisfying ¢, (Y,) =
0. The distribution Ker ¢ is the vector subbundle of T.Z spanned by spacelike

vectors.

8Throughout this work, the term “metric” will be used in a slightly broader sense than the
customary one in the physics literature. Namely, we will employ the term to designate a field of
covariant or contravariant symmetric bilinear forms of constant rank being either degenerate or
nondegenerate.

11



Definition 2.11 (Absolute rulers [5], [0]). A collection of absolute rulers on a man-
ifold A endowed with an absolute clock 1) is a positive semi-definite contravariant

metric h € T (V> T#) on M whose radical is spanned by the absolute clock i.e.
Rad h = Span 1. (2.4)

Alternatively, a collection of absolute rulers can be defined as a fieldy € T (V? (Ker ¢)*)
on A of positive-definite covariant symmetric bilinear forms acting on spacelike vec-

tors.

These two definitions can be shown to be equivalent. In components, the condition
(2.4) reads h**1), = 0. Armed with these notions of clocks and rulers, we can now

define the nonrelativistic analogue of a Riemannian structure as:

Definition 2.12 (Leibnizian structure [5, 6, 23]). A Leibnizian structure consists of

a triplet composed by the following elements:

e a manifold A
e an absolute clock v

e a collection of absolute rulers h (or, equivalently, ~)
Such a Leibnizian structure will be interchangeably denoted L (M 1, h) or L (M 1, 7).

As mentioned previously, Leibnizian structures are purely “metric” structures and
as such, do not involve a notion of parallelism. Before addressing nonrelativistic
connections, we must digress a little on the role played by observers in nonrelativistic
physics. This discussion will justify the introduction of two refinements of Leibnizian

structures, namely Aristotelian and Augustinian structures.

2.3 Observers

Amap A: I CR — A4 from a subset I C R of the real line into a manifold .4~ will
be called a parameterised curve on 4", while a 1-dimensional submanifold & of .4
will be called an unparameterised curve on 4. A parameterised curve A : I — €
on an unparameterised curve € will be called a parameterisation of € when \ is

invertible. If the unparameterised curve ¢ on .4 is defined by the embedding]

9In this paper, an embedding will be defined in the weak sense: an injective immersion. There-
fore, strictly speaking a submanifold is here an immersed submanifold.

12



i:% < A then n =70\ is called the corresponding parameterised curve on 4.
In the following, we let .Z (.# ,1),7) be a Leibnizian structure. We start by defining

the notion of (nonrelativistic) observer and its vector field generalisation:

Definition 2.13 (Observer [6]). A (nonrelativistic) observer is a timelike parame-
terised curve n : I CR — 4 : s+ n(s) normalised such that the tangent vector

Ny(s) € Toys) A (deﬁneﬂ as N5y = n.Ds) satisfies:
Un(s) (Nns)) =1, Vs e L. (2.5)

The parameter s will soon acquire the interpretation of (nonrelativistic) proper time

of the observer n (¢f. Proposition [2.16]). In local coordinates, the observer n is a

dzt

= 1. This notion

timelike curve x#(s) with parameterisation chosen such that 1,

can be generalised to define vector fields whose integral curves are observers:

Definition 2.14 (Field of observers [0]). A field of (nonrelativistic) observers is a
vector field N € T'(T#) such that ¢ (N) = 1. The space of all fields of observers
on M is denoted FO (M ,1)).

Definition 2.15 (Proper time [23]). Let € be a timelike unparameterised curve on
M defined by the embedding i : € — . We will call (nonrelativistic) proper time
any function T € C* (€) satisfying dr = i*y.

The fact that the submanifold % is of dimension 1 ensures that the 1-form i*1) is
closed, so that locally there always exists a function 7 such that dr = ¢*¢. Obviously,
this condition only defines the proper time up to a constant. The parameter s in
Definition is closely related to the proper time 7 of the unparameterised curve

associated with an observer:

Proposition 2.16. Let € be an unparameterised curve on A defined by the em-
bedding i - € — M. Let T € C* (€) be a proper time on €.
The parameterised curved n = io X\ defined by the parameterisation A : [ CR — € :

s+ A\ (s) is an observer if and only if.

ToA(s)=s+a, Vsel (2.6)

10The vector D, € TR, is defined by its action on functions f € C* (R) as D, [f] = &L

13



with a € R a constant.

The proof is a straightforward application of the previous definitions.

The proper time on an unparameterised curve is defined up to a constant thus,
without loss of generality one may assume a = 0. In such case, the parameterisation
A is the inverse function of the proper time 7, so that it is natural to identify the
parameter s with the value 7 of the proper time at the corresponding point on the

curve.

Definition 2.17 (Spacelike projection of vector fields [5]). Let N € FO (1)) be
a field of observers. The field of endomorphisms PN : T (T.#) — T (Ker ) defined

PY(X)=X -4 (X)N (2.7)

where X 1s any vector field, is called a spacelike projector of vector fields.

The transpose of a spacelike projector can be defined as the field of linear mapsE]
PN QY () — T (Ann N) defined as PV (a) = a — a (N) 1, with a € Q' (#). In

components, these two spacelike projectors read as: P*, = 0¥ — N*q), = P,M.

2.4 Absolute time and spaces

As such, a Leibnizian structure does not allow generically a global definition of ab-
solute time and space since it only provides a set of local clocks and rulers. This
drawback can be circumvented by restricting the class of absolute clocks. The suit-
able restriction comes in two versions, a weak one and a strong one. Denoting D
the distribution of spacelike hyperplanes D, = Ker v, (Vx € .#), the weak version
consists in imposing that the distribution D is involutive. One is then led to define

what we called an Aristotelian structurd™? as:

Definition 2.18 (Aristotelian structure [24]). An Aristotelian structure is a Leib-
nizian structure whose absolute clock induces an involutive distribution, i.e. satisfies

the Frobenius integrability condition: ¥ A dip = 0.

At each point @ € .#, Ann N, stands for the annihilator of Span N, in T7.# and Ann N
is thus to be understood as the subbundle of T*.# spanned by 1-forms annihilating the field of
observers N.

12Tn the terminology of [23], it would be called a Leibnizian structure with locally synchronizable
absolute clock.
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This supplementary condition ensures, by Frobenius Theorem, that the kernel of 1
defines a foliation of .Z by a family of hypersurfaces of codimension one called abso-
lute spaces. These are the maximal integral submanifolds of D, so that the tangent
space T,.# at each point x of the simultaneity slice is isomorphic to Ker 1. Locally,
the 1-form v can be written as ¢ = Qdt where Q) € C* (.#) is a positive function
called time unit and the function t € C* (.#) will be referred to as the absolute
time. The absolute time has a fixed value on each absolute space. Therefore, abso-
lute spaces can be identified with simultaneity slices ¢ =const. In contradistinction
with ., absolute spaces are Riemannian manifolds since they are endowed with the

positive-definite metric 7. As pointed out in [16], the causal structure of nonrela-

Ker ¢

Observer

Absolute spaces

Figure 4: Foliation of an Aristotelian structure by absolute spaces.

tivistic spacetimes in the non-Aristotelian case is somewhat pathological: indeed, a
Leibnizian structure which is not Aristotelian does not possess a well defined notion
of absolute space, as is clear from the definitions, but the situation is even more
bizarre since all points in some neighborhood are simultaneous to each other. [¥]

Now, let ¢ be an unparameterised curve on .# defined by the embedding i : ¢ —
A . The local condition ¢ = Qdt allows to write dr = i*p = (i*Q) d(i*t), where
T € C® (M) is a proper time on € while i*Q = Qo4 and i*t = toi are the pullbacks
on € of the time unit and absolute time, respectively. Integrating the pullback of

the absolute clock on a curve joining the events A and B, one finds the proper time

131t is very natural to consider two events that can be joined by a spacelike curve to be simulta-
neous. In fact, for an Aristotelian structure, this provides one way to define the simultaneity slice
Y through an event p € .# which cuts any neighborhood B of p in “past” and “future” (while 3
is “present”). However, Caratheodory’s theorem (cf. e.g. [25]) implies that if ¢ A dy # 0 at p
then there exists a neighborhood B of p such that all points are simultaneous (in the sense of the
previous definition) i.e. for any point ¢ of B, there exists a spacelike curve joining p to g.
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interval 74,5 = ff i*1p. Any observer on an Aristotelian structure can make use
of the time unit €2 in order to compare or “synchronise” its proper time 7 with the
absolute time t.

The situation regarding synchronisation is even clearer when considering the more
restrictive case in which the absolute clock is a closed 1-form. We thus define an

Augustinian structurﬁ as:

Definition 2.19 (Augustinian structure). An Augustinian structure is a Leibnizian

structure whose absolute clock 1 is closed.

B This stronger condition allows locally to write ¢ = dt, so that any
observer of an Augustinian structure is automatically synchronisedﬁ
with the absolute time (7 = i*t = toi). Consequently, if the spacetime
is simply connected then two observers sharing the same endpoints

1 2 A, B e .4 will agree when comparing the proper time passed when

going from A to B, since the integral

B B
raen= [ o= [Cdaten =t (B) -t ()
A A
does not depend on the path followed.

Example 2.20 (Aristotle spacetime). The most simple example of a Leibnizian
structure is given by a (d + 1)-dimensional Aristotle spacetime characterised by a

closed absolute clock and flat absolute spaces:

W= dt

v = &;;dx’ V da?

where 7,7 € {1,...,d} and 0;; the Kronecker delta. Equivalently, one may consider

the following contravariant metric: h = §9 52 v 2 (cf. [26]).

In the Aristotle spacetime, time is absolute and space is Euclidean. Obviously,

this spacetime was the only arena where physical events were conceived to take

MWe chose to refer to Augustine of Hippo (also known as “Saint Augustine”) in order to pay
tribute to the role he played regarding the philosophy of time, c¢f. Book X of his Confessions.

15Indeed, in the terminology of [23] it would be called a Leibnizian structure with proper time
locally synchronizable absolute clock.
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place before the breakthroughs of non-Euclidean geometry in the 19th century and
special relativity in the 20th century.
The hierarchy

Augustinian C Aristotelian C Leibnizian

of the three types of nonrelativistic “metric” structures introduced so far is sum-

marised in Table [II

Nonrelativistic structure Absolute clock
Leibnizian Arbitrary v
Aristotelian Frobenius ¢ A dip =0
Augustinian Closed diyp =0

Table 1: Absolute clocks of nonrelativistic structures

2.5 Milne boosts

Consider an Augustinian structure (locally, 1 = dt). One may introduce an adapted
coordinate system z# = (t,z') where the first coordinate is the absolute time and
x' are coordinates on the absolute spaces. In this coordinate system, a field of

observers decomposes as N = % + v a?ci' The integral curves of N are such that

vl = dd—“’ii. By analogy with the proper velocity spacetime vector, a field of observers

is then sometimes called a “velocity vector” (e.g. [15]). For an Aristotelian structure

(v = Q dt), the analogous expression reads N = é (% + vi%) = %% + 0 Bii and
e R ! . .
its integral curves are such that v* = qv' = <= where 7 is the proper time.

Let us turn back to the general case of a Leibnizian structure. Given two fields
of observers N’ and N, their difference V"= N’ — N is a spacelike vector field, i.e.
it belongs to the kernel of the absolute clock, ¥ (V) = 0. Therefore, the differ-

ence V € I' (Ker v) is not a field of observerm This observation prevents the space

16 Rather, it can be thought as the relative spacelike velocity between two fields of observers, e.g.

in the case of some adapted coordinates for an Aristotelian structure, one has N/ — N = ¢? a?ci'
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FO (A ) of all fields of observers F'O (. , ) from being a vector space. However,
FO (A ,1) possesses a natural structure of affine space [23] with associated vector
space I' (Ker v). Consequently the space of field of observers is a principal homo-
geneous space for the additive (Abelian) group I (Ker v), called the Milne group.
In other words, the action of the Milne group I' (Ker ) on the space FO (. ,1) of
field of observers is free and transitive. The action of I" (Ker ¢) on FO (.4 ,1) as
N +— N +V will be referred to as a Milne boost parameterised by the spacelike vec-
tor field V € I' (Ker ¢)[77] Milne boosts are sometimes referred to as “local Galilean
boosts”, denomination that will be justified in Proposition [2.24]

Fields of observers are bestowed upon a greater importance in nonrelativistic physics
in comparison with the relativistic case, since a great deal of structures can only be
defined by making use of a particular choice of field of observers N (thus in a non-
canonical way). Indeed, since the contravariant metric h of a Leibnizian structure is
degenerate, there is no natural covariant metric defined on the whole tangent bundle
T.# (remember that the absolute rulers  are only defined on Ker ¢). However,
the gift of a field of observers N allows to uniquely define a (degenerate) covariant

. N
metric 7y transverse to N as:

Definition 2.21 (Transverse metric). Let & (A ,1),~) be a Leibnizian structure and
N € FO (A ) a field of observers on A . The transverse metric ]f\yf el (V2T )
is defined by its action on vector fields X,Y € I'(T'M) as

Y (X,Y) =~ (PY(X), PV (Y)) (2.8)

where v € T (V? (Ker ¥)") is the collection of absolute rulers and PN stands for the

spacelike projector associated to the field of observers N.

The right-hand side of eq. is well-defined since the image of a spacelike projector
liesin I" (Ker ). The epithet “transverse” is justified by the fact that N € Rad %[, i.e.
VX e (TM): g(X, N) = 0. Furthermore, it is easy to show that the contraction of
]’\yf with the contravariant metric h satisfies the relation: h (]ﬁ\yl (X )> =PN(X),VX €

17 A Milne boost can be alternatively parameterised by a 1-form y € Qt (.Z) (cf. e.g. [10,27,28])
so that the action reads N — N’ = N + h(x). However, it should be noted that this action of
O () is not free. Given a field of observers N, a free action can be recovered by restricting x to
belong to I' (Ann N).
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I'(TA#). In components, we thus have the two relations:

Y NV =0

Yor BN = 68— Nbap,,

o . N
In fact, these two conditions completely determine v, as expressed by:

Proposition 2.22 (¢f. e.g. [0]). Let L (M ,1p,7) be a Leibnizian structure and
N € FO (A %) a field of observers on .# . There is a unique covariant metric
va e T (V2T*. ) satisfying the conditions (2.9)).

As suggested by the superscript, the covariant metric Jf\yf depends on the choice of
field of observers N. More precisely, it can be shown that under a change of field
of observers N — N + V via the Milne boost parameterised by the spacelike vector
field V€ ¥ (M ,1),7), the covariant metric ]f\yf varies as

N N N
7#1/ = fylu,y + 7 (‘/7 V) wu¢u -2 V)\PY)\(#wz/)- (210)

A nonrelativistic avatar of a Lorentzian basis (¢f. Definition can be formulated:

Definition 2.23 (Galilean basis [0]). Let & (4 ,1,7) be a Leibnizian structure. A
Galilean basis of the tangent space T, at a point x € M 1is an ordered basis B, =
{Ng, ez, -.,eals} with N, the tangent vector of an observer and {e1|.,...,eql.} a

basis of Ker v, which is orthonormal with respect to 7,.

Explicitly, the basis B, = {N,, €1z, - - ., €4|} must satisfy the conditions:
Lo (V) = 1
2. Yy (eilz) =0,Vie{l,...,d}
3. Vu (€ilws€jle) = 035, Vi, j € {1,...,d}.

A basis of T # dual to B, = {N,,¢;|.} is given by B} = {1,, 0.}, where the d
one-forms ), satisfy the requirements 62, (¢;|,) = d; and 6., (N,) = 0.

The reference to Galilei in Definition [2.23]is justified by the following Proposition:
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Proposition 2.24 (¢f. e.g. [23]). At each point x € 4, the set of endomorphisms
of Tl mapping each Galilean basis into another one forms a group isomorphic to

the homogeneous Galilei group.

We detail the proof since it clarifies the interpretation of Milne boosts as local

Galilean boosts.

Proof:
Let us denote by T : T,.# — T,.# one of the endomorphisms considered.
Since T maps bases into bases, it must be a vector space isomorphism so that

it can be represented by an element of GL (T,.#) as the invertible matrix

T= (2.11)

where a € R, b,c € R? and R € GL (Rd). Let B, = {N,, e} be a Galilean
basis of T,.#, the basis T (B,) = {N_.,¢.,} reads (dropping the index z for

notational simplicity):

a c’

T (N,e;) = (N,e) = (aN +be;,c] N + Rle;) . (2.12)
b R

Requiring that T (B,) is a Galilean basis (Conditions 1-3 following Definition

imposes that T satisfy:

L. Y (N)=1l=a=1

2. Y (e,)=0,Vie{l,....d} =c] =0

3. Yo (€fpr €50) = 05, Vi, j €{1,....d} = R e O(d).

The set of matrices representing the set of isomorphisms 7' is thus of the form

T = (2.13)
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with b € R?and R € O (d). This set of matrices form a subgroup of GL (T,.#)
isomorphic to the homogeneous Galilei group Galy (d + 1). The homogeneous
Galilei group therefore acts regularly on the space of Galilean basis via the

group action:
{N, 61‘} — {N + bi€i, Rjz-ej} . (214)
[

Proposition [2.24] together with Definition [2.23|can be generalised in a straightforward
way from the tangent space at a point of .Z to the tangent bundle of .Z. A Galilean
basis of T is thus defined as the ordered set of fields B = {N,ey,...,e,} with N a
field of observers and {ey, ..., e,} a basis of I' (Ker ), orthonormal with respect to
v. Two Galilean bases {N’,e;} and {N,e;} are mapped via a local transformation
where R : .# — O (d) parameterises a local rotation and b" : .Z — R? a local

Galilean boost. Explicitly, one has:

N =N + biei
| (2.15)
e, = Rle;

where the first expression is a Milne boost.
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3 Torsionfree Galilean connections

We now switch to the definition of nonrelativistic manifolds, i.e. Leibnizian struc-
tures endowed with a compatible Koszul connection and discuss some of the pecu-

liarities arising, which are absent in the relativistic case.

3.1 Galilean manifolds

It should first be noted that the compatibility condition with the metric-like struc-
ture must apply to both the absolute rulers and clock. One then defines:

Definition 3.1 (Galilean manifold [0]). Given a Leibnizian structure L (M ,1,7),
a Galilean manifold is a a quadruple G (M ,1,~v, V) with V a Koszul connection
compatible with the absolute clock v and rulers ~v. The Koszul connection V 1is then

referred to as a Galilean connection.

When the absolute rulers are formulated in terms of a field h € T'(V2T.#), the

compatibility conditions read
1. V=0
2. Vh=0.

These two conditions can be more explicitly stated as:
1. X[ (Y] =v(VxY), foral X,Y € ' (T #)

2. X[h(,B)] = h(Vxa,B) + h(a,VxpB), for all X € I'(TA) and o, €
QY ().

When the absolute rulers are formulated in terms of a field v € T (V2 (Ker )"), the

second condition can be restated as Vy = 0 or equivalently:
X[y (VW) =54 (VxV,IW) 4+~ (V,VxW) forall X e I'(T.#) and V,W € T (Ker v).

The right-hand-side of the previous equation is well defined since V' € IT' (Ker 1)
implies ¥ (VxV) = 0 (¢f. Condition 1.) which in turn, ensures that VxV €
I' (Ker ¢), for all X € T'(T.#) and V € T' (Ker v).
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In components, these two sets of equivalent conditions read:

v ¢l/ - 0 v v — 0
! = i (3.16)
Vuhaﬁ =0 V,ﬂij =0

where the last equality is written in adapted coordinates x# = (t, z?).

A first peculiarity of a Galilean manifold, in contradistinction with the relativistic
case, is the fact that not all the torsion tensors are compatible with a given Leibnizian

structure, as the following Proposition shows:

Proposition 3.2 (¢f. [6,23]). Let Y (A 1,7, V) be a Galilean manifold and denote

T the torsion of the Galilean connection V. The following relation holds:
V(T(X,)Y)) =dy(X,Y) (3.17)

for al XY e (T ).

In components, relation (3.17) reads ¢, I'
dxt A dz” @ Oy.

f\u y = Ojuty), where the torsion T' decom-

poses as T' = 2 Ff\/w]
In particular, the previous Proposition implies that only Augustinian structures (i.e.
satisfying dip = 0) admit a torsionfree Koszul connection. This is clearly a distinctive
feature of nonrelativistic structures as there exists no such restriction in the rela-
tivistic case. Furthermore, while in the relativistic case, Theorem ensures that a
torsionfree Lorentzian manifold is uniquely determined by the metric structure, in
the nonrelativistic case however, the degeneracy of the metric prevents the gift of an
Augustinian structure to uniquely fix a compatible torsionfree Koszul connection.
As one will see later, this arbitrariness has a natural physical interpretation: the
Leibnizian structure merely encodes the properties of a nonrelativistic spacetime
which would be a mere container where particles can be placed and measured. In
Newtonian mechanics, their movement will be fixed by prescribed forces, a prior:
independent of the Leibnizian structure (usually taken to be flat, i.e. the Aristotle
spacetime of Example . According to the equivalence principle, these dynamical
trajectories acquire the interpretation of spacetime geodesics. In other words, the
arbitrariness in the choice of the external forces prescribed on top of the Leibnizian

structure corresponds to the arbitrariness in the choice of a Galilean connection.
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This freedom is already manifest in the following two paradigmatic examples of

Galilean manifolds:

Example 3.3 (Galilei and Newton-Hooke spacetimes). The Aristotle spacetime
(Example with absolute clock ¢ = dt and rulers v = §;;dz* V d can be sup-
plemented with a flat connection Fﬁy = 0 in order to yield the standard Galilei space-
time [26]. Alternatively, one can endow the Aristotle spacetime with the (equally
compatible) connection I' whose only nonvanishing components are I, = —7_% .
This Galilean manifold is referred to as the Newton-Hooke spacetime (cf. [29] for
a nice introduction to its physical interpretation as a nonrelativistic cosmological
model). The constant k can take the values k = +1 (expanding spacetime), k = —1
(oscillating spacetime) or k£ = 0 (Galilei spacetime). The corresponding force field
is simply the one of a harmonic oscillator for £ = =1, i.e. a force linear in the

displacement (attractive for k = —1, repulsive for k = +1).

3.2 Torsionfree Galilean manifolds

We now characterise more precisely the space of torsionfree Koszul connections com-
patible with a given Augustinian structure by mimicking the discussion of Section
211

Let .7 (A ,7),v) be an Augustinian structure. The space of torsionfree Galilean
connections compatible with . (., 1, ~) will be denoted & (. , 1), ). Recall that,
in the absence of metric structure, the space of torsionfree Koszul connections is
an affine space modelled on the vector space I' (V2*T*.# ® T.#). Now, focusing on
Galilean connections, the compatibility conditions (3.16|) reduce the vector space on

which & (. ,1,~) is modelled according to the following Proposition:

Proposition 3.4. The space 9 (M ,1),7y) of torsionfree Galilean connections pos-

sesses the structure of an affine space modelled on the vector space

V(M) ={SET (VT M @TM) | 1Sy, =0 and S5 =0}

Note that ¥ (. ,1,~) has dimension d(d; U for 4 a (d + 1)-dimensional spacetime.
This is in contradistinction with the relativistic case where the compatibility condi-
tion with a Lorentzian metric reduces the affine space of torsionfree connections to

a single point: the Levi-Civita connection.
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Lemma 3.5. The vector space ¥V (M ,1),7) is canonically isomorphic to the space
O (M) of 2-forms on M .

Again, the term “canonical” designates an object built only in terms of the metric

structure . (A ,1, ). Explicitly, the canonical isomorphism is given by
oV (M) = P (M) SN Fy = —27,,53,N° (3.18)

with N € FO (7)) a field of observers and ]’\yf e T (V2 T* ) its associated trans-

verse metric while its inverse takes the form
@71 : QQ (‘%) = (‘%7 W’Y) : F,LLV = S;)L\u = h)\pw(#Fl/)P'

It can be checked that the expression F),, = —2]’\y[A[#SIj\}pN ? is independent of the
choice of field of observers N, whenever S € ¥ (. ,1), ), so that ¢ is indeed canoni-
cal. Proposition .4 together with Lemma/[3.5]then ensures the following Proposition:

Proposition 3.6. The space 9 (M ,1),7) of torsionfree Galilean connections pos-
sesses the structure of an affine space modelled on the vector space Q2 (M) of 2-

forms.

Explicitly, given two torsionfree Galilean connections I'',T" € Z (4 ,1,7), there
exists a unique F' € Q* (.#) such that:

["=T+ ¢ ' (F) or, equivalently, F' = ¢ (I —T).
Using the explicit form of ¢, the 2-form F' can be expressed in components as:
Fa/D’ =2 ]P\}/]A[av,/@]N)\ + 2 ]’;/IA[QV,B}N)\ (319)

with N € FO (1)) a field of observers and ]f\y[ e T' (V2 T* ) its associated trans-

verse metric. The previous expression suggests to introduce the map
N A
O: D (M) = P (M):V = Fop = =27, VN (3.20)

N
We emphasise that © is non-canonical, hence the superscript. Eq.(3.19) can then

25



be rewritten as

O~ O(T) = o (I' —T) (3.21)

N
so that © is an affine map modelled on the linear map ¢. Following Proposition |B.4

N

the fact that © is an affine map associated to the linear isomorphism ¢ ensures that
N

© endows Z (M ,1),~) with a structure of vector space.

Before identifying the corresponding origin, let us provide a more geometric charac-

N
terisation of the 2-form F appearing in eq.(3.20)):

Definition 3.7 (Gravitational fieldstrength measured by a field of observers). Let
G (M, ,v,V) be a Galilean manifold and N € FO (A ,1) a field of observers. The
gravitational fieldstrength measured by the field of observers N with respect to V is
defined as the 2-form % € Q2 (M) whose action reads

F (X,Y) =7 (VxN,PY(Y)) =~ (VyN, PN (X)) (3.22)

where X,Y € T (T.#) are vector fields on M and PN : T(T.#) — T (Ker 1)
designates the spacelike projector (cf. Definition .

N
Note that the definition of F' is consistent since 1) (N) = 1 and Vi) = 0 ensure that
VxN €T (Ker ¢), VX € I'(T.#). In components, eq.(3.22)) reads [30]

N N
Fog = =27\ VNt

N ,
Expressing the 2-form F' on the Galilean basis { N, e;} (with {1, 60"} the associated

dual basis) leads to the following decomposition:
N N N o
F:2F(N,ei)1/)/\91+F(ei,ej)9’/\9]. (323)

The first term defines a spacelike vector field (]\?[r € I' (Ker ¢) as ]CV4 = % (N,e;) e
(where €' = €;0") called the gravitational force field measured by the field of ob-
servers N. The second term corresponds to the action of % on spacelike vector fields
and will be referred to as the Coriolis 2-form wel (A? (Ker 9)*) measured by the
field of observers N. It is defined as W (VW) = }V? (V,W), with VW e T (Ker v).
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Using eq.(3.22)), these two definitions can be recast in a more geometric way which

justifies further the terminology used:

Definition 3.8 (Gravitational force field and Coriolis 2-form [23]). Let G (A ,1),~, V)

be a Galilean manifold and N € FO (M %) a field of observers. The gravitational
N

force field induced by V on N is the spacelike vector field G € I (Ker ):

N

The Coriolis 2-form induced by V on N is the 2-form Ser (A% (Ker ¥)"), acting
on V,W €T (Ker ¢) af™:

& (V,W) =~ (VyN,W) —~ (V, Vi N). (3.25)

The compatibility condition of the Galilean connection V with the absolute clock ¥
(¢f. Definition ensures that ¢ (VxN) = X [ (N)] =0, for all X € I'(T".#).
This expression ensures ¢ (VyN) = 0, which in turn guarantees that ]C\-]'w is spacelike.
As one can see from eq., the gravitational force field represents the obstruc-
tion of the field of observers N to be geodesic. In turn, for such a field of observers,
free falling objects (i.e. that follow geodesics) appear to experience a gravitational
force field. Similarly, the Coriolis 2-form is related to the “Coriolis force” associ-
ated to rotations of local observers with respect to each other. According to the
decomposition , the gravitational force field (A?[r and the Coriolis 2-form & as-
sociated to the field of observers N encode all the information contained in the
2-form % . Equivalently, this can be seen from the relations ]J:L (N, V) = ”y((]é, V') and
]]*\L(V, W) = & (V, W) for any spacelike vector fields V, W € I" (Ker v).
Armed with the previous definitions, we now can articulate the following important

Proposition:

Proposition 3.9 (Torsionfree special connection [6, 31]). Given a field of observers
N € FO (A 1), there exists a unique torsionfree Galilean connectz’onjlE €D (M, 7)
compatible with the Augustinian structure & (M ,1,7) such that the gravitational
ﬁeldstrength measured by the field of observers N with respect to JIY vanishes. We call

I' the torsionfree special connection associated to N.

8Note that our normalisation for the Coriolis 2-form differs by a factor % from the one used in
[23].
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Torsionfree special connectionﬂ play an important role in the condensed matter
applications of Newton-Cartan geometry (e.g. in [10, [I5]). The space of torsionfree
special connections compatible with an Augustinian structure . (.#, 1, ) will be
denoted %, (A ,1),7). An explicit expression of ? in components is given by (cf.
[6, B31]):

N 1 N N N
Lo, = N9 + 50 (aﬂpu + 05, — apyw) . (3.26)

In physical terms, a Galilean manifold endowed with such a torsionfree special con-
nection decribes a nonrelativistic spacetime where there exists a privileged field (pos-

sibly a class) of “inertial” observers, i.e. measuring no gravitational force field nor

)

Coriolis 2-form. The simplest example is the Galilei spacetime where N = % + 57

with v® constant. In order to account for the general case, the field of forces experi-

enced by N must be separately specified.

Theorem 3.10 (c¢f. [5, 6]). Given a field of observers N, the space D (M ,1,7)
of torsionfree Galilean connections compatible with a given Augustinian structure
S (M), 7y) possesses the structure of a vector space, the origin of which is the

N
torsionfree special connection T, and P (M ,),y) is then isomorphic to the vector

space QO (M) of 2-forms on M .

Once a field of observers N € FO (. 1) has been picked, any torsionfree Galilean
connection I' € & (. ,1),~) can thus be represented as

A N)\ A il
F,ul/ = F;u/ +h pw(,uFu)p (327)

N
where I' € 9 (M ,1),) is the torsionfree special connection associated to N and

N N N
F € O (M) the 2-form defined as F' = ¢(I'—T'). The superscript acts here as a re-

minder of the fact that ZJZL varies whenever one chooses a different field of observers to
pinpoint an origin to & (.# ,1, ). In more physical terms, given a metric structure
on spacetime (seen as a “container”) and a field of observers N € FO (.# 1), the
arbitrariness of choice in the torsionfree compatible connection V is encoded into the

“force fields” (which can be freely specified) measured by these observers. The ter-

9 A Galilean manifold ¢ (.# ,1,~,V) where V is a torsionfree special connection was called a
Newton-Cartan-Milne structure in [28].

28



minology “gravitational fieldstrength” (measured by a background field of observers
N) pursues the analogy between the geodesic equation v"V, v* = 0 (for a field of
observers v) and the Lorentz force via its rewriting as v” %U vt = 2 h””% V7 With
the help of . In the latter equation, the gravitational fieldstrength ]J:L plays
the role of the Faraday tensor while % stands for the torsionfree special connection
associated to the background field of observers N. Accordingly, the gravitational
force field (Ai is the analogue of the electric field, while the Coriolis 2-form & plays
the role of the (Hodge dual to the) magnetic field.

In order to obtain a precise characterisation of the way the representation of I'

gets modified under a change of field of observers, one needs first to understand how

torsionfree special connections are related one to another:

Lemma 3.11. Let N' and N € FO (1)) be two fields of observers related by a
Milne boost parameterised by the spacelike vector field V € T' (Ker ¢) (i.e. N'= N+
V). The gravitational fieldstrength, measured by N, with respect to the torsionfree
special connection le“, associated to N' is the exact 2-form ]\jlfvz —c]lvq)v, 1.e. minus the

NV
exterior derivative of the 1-form ® € QY (.4 defined by:

® : FO (M, ) xT (Ker vp) — Q' (A)
N,V

N 1
(NV) @ =5 (V) = 27 (V1) (3.28)
N’ N
In components, the respective torsionfree special connections I' and I' € % (A, 1, 7)

are related via
N’ N NV
F;),\LV = F;),\Ll/ + h)\pw(u Fu)p . (329)

In more abstract terms, the previous Lemma can be restated by saying that the

Milne group T' (Ker ) acts transitively on the space %y (. ,1,7) of torsionfree
N N NV
special connections via the group action I' = I' + 1 < —dd ), with V' € I (Ker ).

Correspondingly, when one switches the choice of the origin of & (. ,1,~) from
N N
[' to I', the representation of any torsionfree Galilean connection I' € Z (A, 1, )

becomes

A N)\ Ap N N,)\ Ap N
F,uz/ = FW,—Fh ID(MFV)p = Fw,—i-h Q/J(MF,,)p (3.30)
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N N’
where the 2-forms F' and F in Q2 (#) are related according to

N’ N N,V

F=F+db. (3.31)

1: Space of torsionfree

Galilean connections
N N V.N

fa F=F+d®
N / N’ Subspace of torsionfree
re dNi)V =T special connections
Space of fields
[ ] [ ]
N v N/ of observers

Figure 5: Representation change under a Milne boost

Given a field of observers N, this last expression defines an action of the Milne
group I' (Ker v) on the vector space of 2-forms. Since the Milne group acts on both
FO (A ) and Q? (), one can define a group action of the Milne group on the
space FO (M 1)) x Q* (M) as

N N NV
(N, F) o (N+V,F+d<1>) (3:32)

N NV
with N € FO (M, ), F € Q*(#), V € T (Ker ¢) and the 1-form & € Q! (.Z) is
defined in eq.(3.28)).

Definition 3.12 (Gravitational fieldstrength). A Milne orbit in FO (M ) xQ? ()
is dubbed a gravitational fieldstrength. The space of gravitational fieldstrengths will

be denoted
M) X QP (M)
' (Ker v) ‘

7 (ot 4,7) = T
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We note that, since the Milne group I' (Ker ¢) acts regularly on FO (), for
each f € F (M ,1),7) and given any N € FO (.# , 1), there exists a unique element
(N , % in the orbit f, where % € 02 () is the gravitational fieldstrength measured
by the given field of observers N . The corresponding gravitational fieldstrength is

N
the equivalence class [V, F.

Proposition 3.13. The space F (M ,1),7) of gravitational fieldstrengths is an affine
space modelled on V (M 1), 7).

Proof:

We define the following subtraction map:

F (M, y) X F(MApy) — V(M) (3.33)
N N N N
([N,Fg},[N,Fl]) = ! (Fg—Fl) for a given N € FO (M 1) .

This map is well defined since, choosmg a dlfferent field of observers N' = N+V
N N N NV
with V' € T" (Ker ), the difference F2 F1 becomes Fy — F'1 = (Fy + d<I>)
N NV N N
(F1+d®) = Fy—F4. Furthermore, the subtraction map defined above satisfies

Weyl’s axioms defining an affine space, so that .# (.#,1,~) is indeed an affine
space modelled on ¥ (A, 1, 7).

Using this terminology, we can further characterise the affine space of torsionfree

Galilean connections as follows:

Proposition 3.14. The space of torsionfree Galilean connections compatible with
a giwen Augustinian structure possesses the structure of an affine space canonically

1somorphic to the affine space of gravitational fieldstrengths.

Proof:
Let us define the map:

DM y) — f/‘(///,@/),v):Fﬁ[N,g(F)].

Using the subtraction map (3.33)), we compute:

A —AT) = o <é§ () - © (r)) for some N € FO (.4, 1))
_r-or
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where eq.(3.21) has been used. The map A is thus an affine isomorphism
modelled on the identity map in ¥ (4,1, v). O

The former reasonings and the corresponding chain of isomorphisms of vector and
affine spaces will be repeated later on for the generalisation to the torsional case (and
also in similar constructions of our related work [32]). The logic of the argument is

very general and is summarised in Proposition of Appendix [B]

Remarks (on Milne invariance and special connections):

Let us conclude the present Section with some retrospective remarks aiming to draw
comparison with the relativistic case. As noted before, the fact that g is non-
canonical prevents to single out a unique origin which would be the analogue of the
Levi-Civita connection. Rather, the present construction introduces a subspace of
privileged origins (.4 ,1,~) on which the Milne group I" (Ker ) has been shown
to act transitively in Lemma [3.11 We emphasise that the appearance of the Milne
group in this context is a mere consequence of our choice to restrict the origin to
belong to the space of torsionfree special connections. In fact, it is only the explicit
representation of a Galilean connection I' in terms of a given special connection ]1\“[
which depends on the choice of N. More precisely, each of the two terms in the
decomposition depends on N but their sum does not. Indeed, a Galilean
connection is independent from the choice of field of observers N associated with
the special connection JIX used as origin in order to represent it. In this sense, any
Galilean connection is a Milne invariant object. This geometric perspective on the
Milne invariance of nonrelativistic connections might provide a helpful conceptual

tool to readdress the recent discussions on this issue.

One way to partially reduce the ambiguity in the definition of the torsionfree
Galilean connection is to impose supplementary conditions. The following condition

[6, [7] has been proved very useful:

Definition 3.15 (Duval-Kiinzle condition [0, [7]). Let & (4 ,1,~, V) be a Galilean

manifold and denote R the curvature of the Galilean connection V. The Duval-
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Kiinzle condition then reads:

a(R(X,h(B) ;Y)) - ﬁ(R(Y,h(a) ;X)) (3.34)

for al XY € U (T M) and o, B € Q' (M).

This condition on the curvature operator R is written more transparently in com-

ponents as:

with R¥ " = h"? R¥, 5. Appendix [A]is devoted to the study of the curvature

tensor for a Galilean manifold, we discuss in particular some useful identities as well

as classic constraints encountered in the literature, focusing on the torsionfree case.

3.3 Torsionfree Newtonian manifolds

We now turn our attention to the study of torsionfree Galilean manifolds satisfying
the Duval-Kiinzle condition (¢f. Definition [3.15). Let . (.#,1,~) be an Augus-

tinian structure.

Definition 3.16 (Torsionfree Newtonian manifold [0, [7]). A torsionfree Newtonian
manifold N (M 1,7, V) is a torsionfree Galilean manifold whose Galilean connec-
tion satisfies the Duval-Kiinzle condition. The Koszul connection V is then referred

to as a torsionfree Newtonian connection.

The space of torsionfree Newtonian connections will be denoted & (4, 4,7). A

non-trivial result [6l [7] consists in the following fact: the map
K:D (M p,y) =T (T M T MSTMSTAM):T),— R" " y—R"",
despite being non-linear, is an affine map, so that there exists a linear map
OV (M p,y) =T (T MIT" M ST MSTMH)
such that

K@) -K@) =0T ~T), forall I'.\T € 9 (M,,7).
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Since 0 is linear, its kernel, denoted ¥ (A 1), 7), is a vector subspace of ¥ (A , 1), 7).
Moreover, it can be shown [6, [7] that V4 (A 1), 7y) is isomorphic to the vector space
Q2 () N Ker d of closed 2-forms on .#. The explicit form of the isomorphism

V(M b, y) = Q2 (M) N Ker d is obtained by restriction of the isomorphism
oV (MAp,y) = Q2 (M) (cf. eq.(3.18)). The following Theorem, summing up

the previous discussion, can be seen as a specialisation of Proposition 3.6}

Theorem 3.17 (¢f. [6,[7]). The space D (M ,1,7) of torsionfree Newtonian con-
nections possesses the structure of an affine space modelled on the vector space

Q2 () NKer d of closed 2-forms on M .
Furthermore, torsionfree special connections are Newtonian:

Proposition 3.18 (c¢f. [0,[7]). The space Do (A ,1),7) of torsionfree special connec-

tions is a subspace of the space of torsionfree Newtonian connections 9 (M, 7).

A converse statement will be provided in Proposition [3.26] The previous Proposition
N

guarantees that the restriction © : 2 (., 1),~) — Q® (#) N Ker d of the isomor-
phism g) c D (M, y) = QP (M) (cf eq.(3.20)) is itself an isomorphism. In this
light, the Duval-Kiinzle condition can be reinterpreted as a geometric characterisa-
tion for the closedness of the gravitational fieldstrength }VW measured by the field of
observers N. Torsionfree special connections can then be used in order to represent

any torsionfree Newtonian connections as:
N N
A A A
F,ul/ = F;u/ +h pw(,uFu)p (335)

with T' € 2 (#,1,7) a Newtonian connection, g € Yy (A ,2),7) the torsionfree
special connection associated to the field of observers N and % € O (M)NKer d a
closed 2-form.

Applying Poincaré Lemma, one can locally write the closed gravitational field-
strength }VW as an exact 2-form so that there exists a class of 1-forms z]yl e QO (A)
satlsfymg F dA Two equivalent 1-forms A’ and A differ by an exact dlfferentlal
A’ A + df, with f € C® (). Acting on Q' (.#) with the action A > A + df
of the “Maxwell group” C* (.#) will be referred to as a Mazwell gauge transforma-
tion. Locally (i.e. on a simply connected neighborhood), the vector space of closed

2-forms is thus isomorphic to the vector space of Maxwell orbits. We will call a
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Maxwell orbit [A] a principal connection (cf. Section and denote PC (A ,€)
the space of principal connections on .Z .

Now, we let [ﬁ] € PC (A, &) be a principal connection on .# such that g’ = djévl for
any representative jjl € [jjl] We now investigate how [jjl] transforms under a change of
origin. Explicitly, when the origin is switched from the torsionfree special connection
associated with the field of observers N to the one associated with N’ = N + V|
the principal connection [jyl] gets mapped to [%] — [11271 —|—N<i>v], as follows directly from
the transformation of % (cf. eq.) WithNCiDVthe 1-form defined in eq.. The

previous relation thus defines an action of the Milne group I' (Ker 1) on the space

FO (M) x PC (M,€) as
(NJ%O - (AP+VJX+%ﬁ).

Similarly to the Galilean case, one is led to define an additional structure supple-
menting the Augustinian one in order to solve the equivalence problem for Newtonian

manifolds. We define the Newtonian analogue of a gravitational fieldstrength as:

Definition 3.19 (Gravitational potential). Let & (4 ,1,7) be a Leibnizian struc-
ture. An orbit of the Milne group I' (Ker v) in FO (M 1)) x PC (M ,§) is called a

gravitational potential.

In other words, a gravitational potential is an equivalence class where two couples
N’ N

(N " A) and (N , A) are said to be equivalent if there exists a spacelike vector field

V e T (Ker ¢) and a function f € C* (.#') such that

N =N+V
N N NV (3.36)
A=A+d +df.

N N
In a representative (N , A) , the second entry A is called a gravitational gauge 1-form
for the field of observers V.

The space & (M ,,7) = (FO (A, ) x PC (///,5))/F (Ker 9) of gravitational

potentials possesses a structure of affine space modelled on the space PC (A ,¢)
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with subtraction map:

P (M A, y) X P (M,),y) — PC(M,E)
(V1A [N 1))~ [A- 4],

The next Proposition provides a local refinement of Proposition [3.17}

Proposition 3.20. Locally (i.e. on a simply connected neighborhood), the space of
torsionfree Newtonian connections compatible with a given Augustinian structure is

an affine space canonically isomorphic to the affine space of gravitational potentials.

3.4 Variational approach

The present section revisits the equivalence problem for Newtonian manifolds (i.e.
the search for extensions of a given Augustinian structure determining uniquely
a Newtonian connection) by displaying an alternative formulation [9], based on

Coriolis-free fields of observers (¢f. Definition [3.8). We start by stating the fol-

lowing Proposition:

Proposition 3.21. Let N (M 1,7, V) be a Newtonian manifold associated to the
N

gravitational potential [N, [A]} The field of observers Z € FO (M 1)) is Coriolis-

free if and only if

Z=N_h (ﬁ) + R (df) (3.37)

N
for a function f € C* (#) and a couple <N, A) in the equivalence class.

The proof of Proposition [3.21] can be found in Appendix [C]

In the following, we let A" (4, 1,7, V) be a Newtonian manifold associated to the
N

N
gravitational potential [N, [A]] The quantity Z = N — h(A) with N € FO (A ;1))

N N
and A an arbitrary representative of [A] is invariant under a Milne boost (this fact

N
is shown in the proof of Proposition [3.21]), so that the 1-form A can be thought of as

a compensator field, used in order to construct Milne-invariant objects (c¢f. Table
below). Moreover, Proposition ensures that any Newtonian manifold admits

Coriolis-free fields of observers and even provides an explicit way to construct them:
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namely, one can go from any field of observers N € FO (. ,1) to a Coriolis-free field
of observers Z via a Milne boost parameterised by the 1-form y = —?{[. Under such a
Milne boost, the gravitational gauge 1-form jjl for N gets mapped to a gravitational
gauge 1-form fl = %gﬁl/) which is along the absolute clock and where the explicit
form of the function ¢ € C* (.#) is given in:

Definition 3.22 (Gravitational gauge scalar). Consider a gravitational gauge 1-

N
form A for the field of observers N. The function

6= 24 (N) — h(favl, favx) (3.38)

N
is called the gravitational gauge scalar corresponding to A.

This denomination is justified by the form taken by the gravitational force field
(Z} =VyZ = —%h (d¢). As one can see, the gravitational force field measured by
a Coriolis-free field of observers derives from a potential (up to a factor, the scalar
potential ¢). It can be checked that the gravitational gauge scalar ¢ is also a Milne-
invariant object. However, it is not gauge invariant, a point which will be adressed

in details after the following example.

Example 3.23 (Galilei and Newton-Hooke spacetimes). The Augustinian structure
of these spacetimes is composed of the absolute clock ¢ = dt and rulers v = §;; dz* v
dr?. The Galilei and Newton-Hooke spacetimes (Example are also endowed
with a Newtonian connection, the only nonvanishing components of which are T}, =

—T% 2! with k& = 0 for the Galilei spacetime. The field of observers Z = % is

Z
Coriolis-free and measures the gravitational force field G = —%x which derives

from the gravitational gauge scalar ¢ = T%xlxz The gravitational gauge 1-form

Z )
for the Coriolis-free field of observers Z is thus A = #xix’ dt. Notice that the
collection of all Coriolis-free field of observers are obtained from Z by shifting its

spatial part by an irrotational relative velocity field, i.e. a gradient v* = 9'f.

We argued previously that the couple (Z, % gbz/)) constituted a distinguished repre-

N
sentative of the gravitational potential [N , [A]} characterising the Newtonian mani-

N
fold .4#”. Conversely, the whole equivalence class [N : [A]} can be reconstructed from
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one of its representatives using relations . Therefore, one can characterise a
Newtonian manifold .4 by an Augustinian structure . (#,1,7) together with a
couple (Z, ¢).

In order to make a converse statement, one needs first to acknowledge the fact that
a given Newtonian manifold does not define a unique Coriolis-free field of observers
but rather a class thereof. Indeed, two Coriolis-free fields of observers Z and Z’ €
FO (A 1)) have been seen to be related by a Maxwell transformation 2’ = 7 —
h(df) with gauge function f € C* (.#) (cf. Proposition [3.21). This is a direct
consequence of the previously mentioned fact that to a given field of observers N
corresponds a principal connection, i.e. a class of 1-forms [ﬁ] € PC (A ,¢) differing
by Zl, = ﬁ—i—df , for some function f on .#. Consequently, the respective gravitational
gauge scalars ¢ and ¢/ € C°° (.#) can be checked to be related according to ¢’ =
¢+2df (Z)—h (df,df). The previous transformation laws induce the following action

of the Maxwell group C* () on FO (M 1)) x C (M ):

(Z,0) — (Z—h(df),¢+2df (Z) — h(df,df)).

The previous action allows to reinterpret gravitational potentials as:

Definition 3.24 (Gravitational potential). Let & (. ,1,7) be a Leibnizian struc-
ture. A gravitational potential is a Mazwell orbit in FO (M ) x C= ().

We sum up the whole discussion in the following Proposition:

Proposition 3.25 (¢f. [9]). Let . (A ,1,v) be an Augustinian structure. The
affine space of Newtonian manifolds N (M 1,7y, V) is canonically isomorphic to
the affine space (FO (M 1)) x C= (M) ) |C™® (M) of gravitational potentials [Z, §).

Having introduced the variables Z and ¢, we are now in a position to articulate a

converse statement to Proposition [3.18}

Proposition 3.26. Locally, any torsionfree Newtonian connection is a torsionfree
special connection. More precisely, in a neighborhood there always exists a represen-

tative of the gravitational potential such that ¢' = 0 for the corresponding Coriolis-

free field of observers Z'.

The fact that the class of Newtonian and special connections are essentially one

and the same in the torsionfree case seems to be known since [5] but it is rarely
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emphasised (or even stated at all) in the literature and some confusion surrounds this
point. For this reason, we provide a new independent proof (see also the textbook
[33] for a distinct proof and statement) of this result by showing the statement from

the second sentence of Proposition [3.26]

Proof:
The proof of the proposition amounts to show that for any given pair (Z, ¢)

one can always find a smooth function f which is solution of
¢+ 2df (Z)—h(df,df) =0 (3.39)

on a neighborhood. One considers a coordinate system z* = (¢, z%) such that
Y = dt. Without loss of generality, the Coriolis-free field of observers takes the

form Z = % +v*-2;. In these coordinates, the left-hand-side of ([3.39) is an

oz’
affine function of the absolute time derivative %. More explicitly, the partial

differential equation (3.39)) can be written in the normal form:

2] i O
6—{ =F (t,ac ,%’;) ; (3.40)
where F (¢, 27, %) = %hij(t,w)gg% - vi(t,x)gfi — 59t x)

is obviously an analytic function (it is a polynomial of degree 2) in the deriva-

tives %. For technical reasons, we will assume that the functions h(t,x),
v*(t,z) and ¢(t,z) are analytic in some neighborhood, so that F (t,xi, %)

is analytic in all its arguments. Then, according to the existence theorem of
Cauchy-Kowalewsky (see e.g. [34]), there exists a unique solution of in
some sufficiently small neighborhood for each Cauchy data f(to,z") = g(z%)
with g analytic. [J

Another interesting feature of the present formulation is embodied by the following

Proposition. We first define the notion of a Lagrangian metric:

Definition 3.27 (Lagrangian metric). Let £ (. ,1),7) be a Leibnizian structure.
A covariant metric g € T (V*T*4) on M satisfying the condition g(X,Y) =
Y (X,Y), for any X,Y € T (Ker ¢) will be called a Lagrangian metric. The space of
Lagrangian metrics will be denoted L (A ,1),7).
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Proposition 3.28. Let £ (M ,1,7) be a Leibnizian structure. The space L (M ,1,7)

of Lagrangian metrics possesses the structure of an affine space modelled on Q' ().

Proof:
We start by showing that £ (.#,1),) is an affine space modelled on the vector

space
V(i p,y)={g el (V2T M) |G (V,W) =0 for all V, W € T (Ker 1)}
by displaying the following subtraction map

L(AM A7) X LA, y) — V(M D7)
(9,9) = 9 —g

which can be shown to satisfy Weyl’s axioms. We now conclude the proof by

constructing the canonical isomorphism:

V(M) = Q (M)
1

g = a=3§(N) = 3g(N.N)¢ with N € FO (A1)

together with its inverse
o QN () - V(M,b,y)
a = g=2¢9Va.
O

We now introduce the map

N

O: L(Mb,y) — Q' (M)

g = g(N) = g (NN)w

N N
which can be checked to be an affine map modelled on ¢ i.e. O (¢) — O (g) =
e(g—yg) for all ¢,g € L(A,1,7). According to Proposition B.4 for all N €

N

FO (A 1)), the map © endows the space of Lagrangian metrics £ (., 1, ) with
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N
a structure of vector space with origin Ker ® which can be shown to be spanned
N
by the transverse metric @ € L (A ,1),7) associated to N. The map © is then an

isomorphism of vector spaces. Furthemore, for a given N, one can represent any

N N n N N N

element g € L (A ,¢,7) as g =7+ ¢(A) =7+2¢ VA, with A =0 (g) € Q' (A).
N N N NV

Under a Milne boost N +— N + V| the form A varies according to A — A+ ®. We

sum up the discussion in the following Proposition:

Proposition 3.29. Let .7 (M ,1,v) be an Augustinian structure. The affine spaces
of

1. Milne orbits [N, fyl], with N € FO (M , ) and jyl e QO (A)
2. couples (Z, ) with Z € FO (M 1)) and ¢ € C= (M)
3. Lagrangian metrics g € U (V> T* )

are canonically isomorphic, i.e.

FO (M ) x QY (M)
' (Ker )

~ FO (M) x C® (M) = L(M ) .

Proposition ensures the isomorphism between 1 and 3. The somewhat lengthy
proof of the isomorphism between 2 and 3 is relegated to Appendix [C] It rests on
the fact that the only Lagrangian metric g € L (4,1, ) satisfying

9(Z2) =09

reads as g = % + ¢V, with % the metric transverse to Z.

The characterisation of Newtonian manifolds using Coriolis-free fields of observers
thus allows to define a covariant metric g. Although we are in a nonrelativistic
context, the latter metric can be nondegenerate (when the gravitational gauge scalar
¢ is nowhere vanishing). Under a Maxwell-gauge transformation Z +— Z — h (df),

the metric g transforms as
g9 =g+2¢ VvVdf (3.41)

thus defining a Maxwell-group action on £ (4 ,1,7).
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Definition 3.30 (Lagrangian structure). Let & (.# ,1,7y) be a Leibnizian struc-
ture. A triplet L (A 1, [g]) where [g] is a Mazwell-orbit in the space L (M ,1,7)
of Lagrangian metrics compatible with £ (M ,1),v) is called a Lagrangian struc-
ture. A quadruplet L (A ,1,[g],V) where V is a Galilean connection compatible
with L (M ,,~) will be called a Lagrangian mamfolﬂ.

Now, one can combine Propositions and in order to show:

Proposition 3.31 (¢f. [9]). Let .7 (A ,4p,7) be an Augustinian structure. There is
a canonical isomorphism between the affine spaces of Newtonian manifolds N (M ,1),~, V)

and Lagrangian structures L (A 1), [g]).

The following table sums up the Milne-invariant objects introduced in this Section

along with their Maxwell-gauge transformation law:

o Maxwell-gauge
Type Name Definition
transformation law
Coriolis-free field of N
Z € FO (M ) Z=N-h(|A Z — Z — h(df)
observers
Gravitational gauge N N N
peC™ () p=2A(N)—h|AA| | o= o+2df (Z)—h(df,df)
scalar
N N
g e (V2T*4) | Lagrangian metric g=7v+2¢y VA g—g+2¢ Vv df

Table 2: Milne-invariant objects

The use of the “Lagrangian” denomination is justified by the fact that a Lagrangian
metric g defines a Lagrangian as £ = $ g (X, X) with X € FO (.#,v) the tangent
vector field associated to an (arbitrary) observer z : I CR — # : 7 +— x (7). In
components, the Lagrangian then reads

1 dz* dx¥

L=—-g,——.
2g” dr dr

200ur acception of the term Lagrangian manifolds should not be mistaken with the denomination
Lagrangian submanifolds in symplectic geometry.

(3.42)
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In order to find the associated equations of motion, it must be kept in mind that
the variation of the Lagrangian (3.42)) is not performed over the whole space of
tangent vectors but is constrained to the space of tangent vectors parameterised by

the proper time 7, i.e. to the space of observers (c¢f. Proposition [2.16)). In the

generic case, the constraint @Dudf—: = 1 is linear in the velocities and, in general,
non-holonomic (since it is of the form f (z*, 1%, t) = 0). However, in the Augustinian
case, the absolute clock is closed (¢ = dt) so that the constraint can be integrated
to give a holonomic constraint (i.e. of the form f (z*,¢) = 0) which can be resolved

by adopting the absolute time ¢ as parameter:

1 dz* dz¥

In an adapted coordinate system (¢, z*), the Lagrangian reads £ = %Vij:'viij+Aia'vi—U

where we used the relation g = %[Jr 21V jyl with N = %, jyl = —Udt + A;dx* and
7i; the components of the collection of absolute rulers v. The Lagrangian (3.43) is
therefore formally identical to the one describing the motion of a charged particle
minimally coupled to an electromagnetic field through the vector potential A; and

the scalar potential U and moving on a Riemannian manifold with metric ;;.

Example 3.32. In the particular case of the Aristotle spacetime (¢ = dt and v =

8;; dz' V dx?) endowed with a Coriolis-free field of observers Z = £, the Lagrangian

takes the standard form £ = %(dg% + ¢) since the gravitational gauge 1-form

Z
reads A = %¢ dt for this field of observers. Notice that the usual potential would be
U= 1o

For a generic Augustinian structure, the Euler-Lagrange equations of motion derived
from £ take the form [9]:
d*z? 1 dxt dx”
aB™ 1,9 _a vo ay a_aa 1/__:0
Jos~gz + 5 [Ougva + Dugy Gl —
Contracting with h** and using the relation g,zh** = 52‘ — ZM)g (as can be deduced
from the expression of the Lagrangian metric g) leads to:

A2z Az
_ A
dt? ¥ dt?

dz* dx¥

At dt

1
+ §hm [0u9va + OvGua — Oafun) = 0. (3.44)
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Now, differentiating the constraint @Z)u% = 1, one obtains the relation

d?xv dx® dxP

Vo = Ve

which can be substituted in eq.(3.44) to give

d?x? dzt dx”
+T),———— =0
dt? modt dt
where the components F;\W read
I, =2%0 Lo OuGpu — O 3.45
py () + 9 0190 + Ougpu o Gpuv] - (3.45)

Using Table , one can check that the expression (3.45) is identical to the one
of eq.(3.27) (with ]]:L = dﬁ), so that the Lagrangian £ describes a free particle in
geodesic motion with respect to a Newtonian connection, hence providing a concrete
implementation of Proposition [3.31] Note that, although being manifestly Milne-
invariant, the Lagrangian £ is not invariant under a Maxwell-gauge transformation
of g as g — guw + 2%, 0,y f but transforms by adjonction of a total derivative
L— L+ % which only contributes to the boundary term, so that the equations
of motion (and thus the expression of Fl’)y) are Maxwell-gauge invariant. Finally,
notice that, when the gravitational potential vanishes (according to Proposition ,
this can always be achieved via a Maxwell-gauge transformation), then eq.

identifies with the expression of the torsionfree special connection associated to Z

(cf. eq. 1’ since g = ny whenever ¢ = 0.

3.5 Towards the ambient formalism

Before adressing the issue of torsional Galilean connections, we conclude the present
Section by a heuristic discussion regarding the natural emergence of the ambient
formalism through the study of Newtonian manifolds, thus paving the way to the
more systematic discussion to appear in [32].

Le N (//Z 0,7, ?) be a Newtonian manifold where .# is (d + 1)-dimensional.
Pick a field of observers N € FO (.//Z , zﬁ) The characterisation of a Newtonian

2Tn the present section, we anticipate on the notation to be used in [32] where nonrelativistic
objects will be topped with a bar.
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_ N _
manifold .4 has been seen to require the introduction of a set of 1-forms A € Q! (,/// )

with Maxwell-like transformation law 11271 — 11271 + df, where f € C* (//Z ) To the
bundle-minded physicist, this transformation law suggests to reinterpret the 1-forms
jyl as gauge connections for a principal (R, +)-bundle of projection 7 : .# — A,
where .# is a (d+2)-dimensional manifold. Recall that, if 1]2[1 € Q! (A)is an (R, +)-

principal connection on .#, choosing a section o : % — .# (where % C .# is an

_ N _ N N
open subset of .#) allows to define a gauge connection A € Q! (% ) as A = o*A.

_ N _ _
Reciprocally, a collection {%a, Aa} (where the %, form an open cover of .#Z and

the set of jévla differ by Maxwell-like transformation laws) defines a unique principal
connection z]jl

The principal (R, +)-bundle involves a supplementary “internal” direction, the ver-
tical fiber foliation, which is a congruence of integral curves (called rays) for the
unique fundamental vector field of the principal bundle .#, denoted ¢ € ' (T.#)
and designated as the wave vector field. Since £ is the fundamental vector field, it
satisfies ]/vl (€) =1 (since 1 is the generator of the Abelian Lie algebra R).

Usually (e.g. in Yang-Mills theories), the fiber of an Ehresmann bundle is inter-
preted as an auxiliary geometric object allowing to define an internal symmetry.
The key to the ambient approach consists in reinterpreting this additional direction
as a new spacetime dimension.

Now, we investigate how structures on .# can be lifted up to .#. First, the absolute
clock ¢ € Q' () defines a unique closed 1-form ¢ € Q' (#) as ¢ = 7, called
wave covector field. It can be checked that, since 7m,.£ = 0, one has ¥ (£) = 0, so that
¢ € T'(Ker ¥). The field of observers N € FO (///_, zE) can be lifted up to .#Z by
defining N € FO (., 1) as the horizontal lift of N with respect to jjl (i.e. m.N =N
and 11271 (N) = 0) while an ambient covariant metric %[ € I'(V2T*4) can be defined as
the generalised pullback of the transverse metric § el (\/2 T ) It can be checked
that Rad ]’\y] = Span{{, N}. The kernel of ¢ defines an involutive distribution (¢
being closed) whose integral submanifolds are called wavefront worldvolumes. Each
wavefront worldvolume can thus be envisaged as the union of an absolute space
with the corresponding fibers. A wavefront wordlvolume i : M —s M is therefore

endowed with a contravariant metric ¥ € T’ (\/2 T M ) defined as the generalised
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pullback 4 = z*%[ Contrarily to its nonrelativistic counterpart, the metric 7 is
degenerate since 4 () = 0 (in the language of [14], the triplet (//Z L&, :y) is thus a
Carroll metric structure).

According to Proposition [3.31] a Newtonian manifold defines a class of Lagrangian
metrics [g] where each metric g € T’ (\/2 T ) is given by g = ]Syf—i- 21 V 1]2[1 and
transforms under a gauge transformation as § — §' = g+ 2 V df. Similarly to the
definition of a principal connection on .#, it can be shown that the set [g] defines a
unique covariant metric g € T' (V2 T*.#) satisfying g = o*g. Explicitly, the metric
g can be expressed as g = ]'\yf—i- 29V ﬁ Furthermore, the metric g can be shown to
be nondegenerate. The expression for g can be used in order to compute g (£,£) = 0
and g (N, N) = 0 (so that £ and N are null vector fields). Furthermore, g (§) = ¢
and g (N) = 1]2/1 This implies g(§, N) = 1 so that £ and N form a lightcone basis (cf.
[24] and Figure @ and .# is thus a Lorentzian manifold. Since ¢ is nondegenerate,
it defines a notion of parallelism on .Z in the guise of the Levi-Civita connection
V and it will be shown in [32] (following [35]) how the Levi-Civita connection V
projects down to the Newtonian connection V on .#. The wavevector field can
then be shown to be parallel with respect to V, so that .# can be characterised as

a Bargmann-Eisenhart wave (¢f. the terminology used in [24]).

Wavefront worldvolume

Figure 6: Relativistic light-cone basis

The conclusion emerging from the line of reasoning sketched here is that the usual
hierarchy between Bargmann-Eisenhart waves and Newtonian manifolds (where the

latter are obtained from the former) can in fact be reversed given that a geometri-
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cal understanding of nonrelativistic spacetimes (Newtonian manifolds) leads natu-
rally to the reconstruction of an ambient relativistic spacetime (Bargmann-FEisenhart
waves). As always in the process of dimensional reduction, a spacetime symmetry
of the ambient manifold is interpreted as an internal symmetry on the reduced man-
ifold. A Maxwell gauge symmetry is always found in the reduced theory along
one-dimensional orbits independently of the type of curves, whether spacelike (in

the usual case a la Kaluza-Klein) or lightlike (here).
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4 Torsional Galilean connections

So far, we chose to restrict the scope of our analysis to nonrelativistic structures
endowed with torsionfree connections. Such a restriction is quite natural when one
is dealing with nonrelativistic metric structures whose absolute clock is closed (Au-
gustinian structures) since, in this case, there exist torsionfree connections which
are furthermore compatible with the metric structure (¢f. Theorem [3.10]), similarly
to the relativistic case. Nonetheless, the introduction of torsional connections ac-
quires increased relevance when considering nonrelativistic metric structures with
non-closed absolute clock, since then the torsionfree condition and metric compat-
ibility become mutually exclusive (¢f. Proposition [3.2). In [21], when considering
parallelism for Aristotelian structures, we will be brought to favour the torsionfree
condition at the expense of the metric compatibility by considering connections pro-
jectively equivalent to Galilean/Newtonian ones. However, the alternative route is
equally worth of exploration, as proven by the recent surge of interest in gener-
alisations of Newton-Cartan geometry characterised by torsional connections (e.g.
[16, 17, [18], [19] 20]). Such approaches focus on a Leibnizian structure endowed with
a Koszul connection whose torsion is tuned in order to ensure compatibility with the
absolute clock and rulers. In particular, the works [I8] 20] exhibit a special class of
torsional connections compatible with the metric structure and remaining invariant
under Milne boosts. As emphasised in Section the latter property is automatic
when the connection is understood as a geometrical object. Nevertheless, manifest
Milne-invariance of its components may for instance be achieved by making use of

the manifestly Milne-invariant “Lagrangian” variables (i.e. Z, ¢, g in Section .

4.1 Torsional Galilean manifolds

We start this study of nonrelativistic torsional manifolds by investigating the struc-
ture of the space of torsional Galilean connections, thus providing an analysis similar
to the ones conducted in Sections and [3] We then propose a generalisation of
the notion of Newtonian connection to the torsional case, allowing the use of the
“Lagrangian” variables. The present discussion is intended as prolegomena in order
to pave the way to the description of the embedding of torsional Galilean manifolds

inside relativistic spacetimes in [32].
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Let £ (M ,1,7y) be a Leibnizian structure. The space of Galilean connections com-

patible with & (., ,~) will be denoted 2 (4,1, v)

Proposition 4.1. The space P (M ,1),7) possesses the structure of an affine space
modelled on the vector space ¥V (M ,1,~) defined aﬁ:

V(M A7) ={SET (T MRIT MSTM) | ¥\S), =0 and S h"" =0}

The compatibility conditions (3.16]) then reduce the vector space on which the affine
space of torsional connections is modelled from I' (T*.# & T* . # & T .#) to the sub-
space ¥ (4,1, 7).

Lemma 4.2. The wvector space ¥V (M ,1,7y) is isomorphic to the wvector space
(M) DT (N°T* M @ Ker 1)).

A first discrepancy with the torsionfree case is that the linear isomorphism is not
canonical in the presence of torsion but rather depends on the gift of a field of

observers. Explicitly, for a given N € FO (. ,1) the isomorphism is given by

PV (Mpy) = P (M) ST (NT* M @ Ker )
A N oo A )
S F (F“” = =27\, N U, = S[M)
with %[ € T (V2 T* /) the transverse metric associated to N while its inverse takes

the form

N_1

© : QQ(///)@F(/@T*///@Kerw)—>”//(,///,¢,7)
(Fun U,) = B0 Fy + U, + 21 U2, 7,

Note that the expression F), = —Q%\[MS,?] ,V? is independent of the choice of field

of observers N only in the absence of torsion. Explicitly, under a Milne boost

22Notice that we will make use of the same symbols to denote the various spaces and maps as
in Section [3]in order to make more transparent the similitude between the arguments.

ZNote that the vector space ¥ (., 1),) differs from its torsionfree counterpart (cf. Proposition
in that its elements do not satisfy any symmetry conditions on their lower indices.
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Nw— N' =N+ V, with V e I' (Ker ), the isomorphism g transforms as:

N’ N AN o
b)) =0 (sjw + BN VA (uSh,, + wysaﬂ)) (4.46)

N'_ N_ N 4
o (B Up) = 87 (B + ULV, UL (4.47)

Proposition [4.1] together with Lemma [4.2] then ensure the following Proposition:

Proposition 4.3. The space P (M ,1),7) possesses the structure of an affine space
modelled on Q* (M) & T (N*T* M & Ker 1).

Similarly to the Lorentzian and torsionfree Galilean cases, we wish to define an
affine map g s D(MA,y) = P (M) DT (NT* M @ Ker ¢) modelled on the
linear map g As for the map 9 (M ,v,v)— Q* (M), we rely on the torsion-
free prescription and map Galilean connections to the gravitational fieldstrength
measured by the field of observers N (¢f. Definition . Regarding the map
D (M), v) =T (AN*T* M @ Ker 1), a natural prescription consists in associating

each Galilean connection with the spacelike projection transverse to IV of its torsion

tensor field PV (F[)L V}> = Ff\u - N )‘wal“ﬁ:y]. Using eq.(3.17)), the last expression

N
becomes PV (I‘[);W]> = I’[);M — N A(‘?mwy]. The map O thus takes the explicit form:

N
©: D(MN,y) =P (M)DT (NT* M @ Ker )
N N
V — (Faﬁ = _2%/[)\[04va/\? U;);y = F)\ - NA@[#¢V]>

[uv]

N
It can be checked that © is an affine map associated to the isomorphism Z, i.e. wWe

have
O () — ) = ¥ —T) (4.48)

for all IV, T € D (M , ), 7).

For a given Galilean manifold & (. ,1,~, V) and field of observers N € FO (. , 1),
we designate the couple (g’, (A]]) = g (V) as the torsional gravitational fieldstrength
measured by the field of observers N with respect to V. This piece of terminology

allows to formulate the following Proposition:
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Proposition 4.4 (Torsional special connection [23]). Given a field of observers
N € FO (A 7)), there is a unique Galilean connection ]FV € D (M, ,v) compatible
with the Leibnizian structure £ (M ,1),7) such that the torsional gravitational field-
strength measured by the field of observers N with respect to g vanishes. We calljl\l

the torsional special connection associated to N.

The space of torsional special connections compatible with & (., 1,~) will be
N

denoted %y (A ,1),7). An explicit component expression of I' is given by (c¢f. e.g.

[16, 117, 19]):

N 1 N N N
I, = NA0,0, + . 2V (@ﬁw +,5,, - ap%w) . (4.49)

N

Note that I' is non-symmetric whenever the absolute clock 1 is not closed, since

N
A

F[lw

reduces to the torsionfree special connection (cf. eq. )

The following Theorem (generalising Theorem [3.10)) can be seen as a nonrelativistic

avatar of Theorem 2.4

N
| = N Aaw,,]. Whenever 1) is closed, the metric structure is Augustinian and I"

Theorem 4.5 (c¢f. [23]). Given a field of observers N € FO (M ,1)), the space
of Koszul connections compatible with a given Leibnizian structure L (M ,1,")

possesses the structure of a vector space isomorphic to the vector space 2 (M) &

T (A2T* 4 @ Ker o).

The gift of a field of observers N then singles out a privileged Galilean connec-
N
tion (i.e. the associated torsional special connection I') allowing to represent any

Galilean connection I' € & (A , 1), ) as
N N N NN
[, =3, + WPy, + U, + 20 U% Yo (4.50)
N N
where the 2-form F' € Q? (.#) and the spacelike vector field-valued 2-form U €

[ (A’T* 4 @ Ker 1)) are characteristic of T, given N, and are explicitly defined as
N N N
(F U ) = 5(1“ — F). A nonrelativistic equivalent of the Koszul formula (2.3) can
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be articulated by reformulating the component expression ({4.50)) aﬁ

2N (VY V) = X [%V (v, V)} Y [%V (X, V)} v [%V (X, Y)}
(X, Y], V) =3 (Y, V], X) = 3 ([X,V],Y) (4.51)

(5(X,Y),V)7%V (]}(Y,V),X) —@((]}(X,V),Y)

with X, Y € I'(T#) and V € T" (Ker ).

Similarly to the torsionfree case, a natural question that arises consists in determin-
N N

ing the transformation relations of | F,U ’ under a change of field of observers. The

following Lemma generalises Lemma [3.11}

Lemma 4.6. Let N' and N € FO (M ,v) be two fields of observers related by a
Milne boost parameterised by the spacelike vector field V € T' (Ker v) (i.e. N'= N+

N’ N
V') and denote T' and T € Dy (M ,1),~) their respective torsional special connections.

These are related via
N’ N N NV 1y 1
F;}V = FQV + ! (—d(I) + 57 (V,V)dy, §V ® dd)) (4.52)

where ® : FO (M 7)) x T (Ker ¢) — Q' () is defined in eq.(3.28)).

The following Proposition follows straightforwardly from the transformation rela-

tions (4.47) and (4.52)):

Proposition 4.7. Under a change of field of observers N — N' = N + V', the map
N
© gets modified as:

N N,V

for allN € D (M 1), 7).

Accordingly, in the representation (4.50) of any I' € & (.4 ,1,~y) the torsional grav-
itational fieldstrengths measured by the fields of observers N or N’ are related by a

24A Koszul formula for Galilean connections was first obtained in [23]. Our expression (4.51))
presents the advantage of being closer to its relativistic avatar (2.3)).
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N' N
Milne boost reading for the 2-forms F, F' € Q2 (.#) as

N N N,V
Fo=F,+ QV“@V] (4.54)
N' N

and for the spacelike vector field-valued 2-forms U ,U € T (A*T*.# @ Ker 9) as
Na M A
Uul/ = U,uu -V a[uwu] (455)

Given a field of observers N € FO (.# 1), one can then define a group action of
the Milne group on the space FO (. ,¢) x (0 (M) ®T (NT* M @ Ker ) ) as

N N
(NA o Ufw> >
N,V

N N N
(NA VA, Fu 420,80+ (V.V) 8thy — Ul YV U, — Vka[“w)

N N
with N € FO (M ,y), F € Q* (), U € T (N*T* 4 @ Ker ¢), V € T (Ker ¢) and
NV
the 1-form @ € Q! (.#) is defined in eq.([3.28).
N N

Definition 4.8 (Torsional gravitational fieldstrength). A Milne orbit [N, F,U] in
FO (M ) x (2 (M) ®T (AT M @ Ker @) ) is dubbed a torsional gravitational
fieldstrength. The space of torsional gravitational fieldstrengths will be denoted

FO (M ) x (P (M) DT (NT* M @ Ker ¢) )

Proposition 4.9. The space F (M ,1),v) of torsional gravitational fieldstrengths is
an affine space modelled on ¥V (M ,1),7).

This is a particular case of the third fact in Proposition [B.4 Using this terminology,

we can further characterise the affine space of Galilean connections as follows:

Proposition 4.10. The space of torsional Galilean connections compatible with a
given Leibnizian structure possesses the structure of an affine space canonically iso-

morphic to the affine space of torsional gravitational fieldstrengths.

As noted in [23|, the fibers of the vector bundles A2 T*.# @ T.# and (N> T*.#) @
(N2T*# @ Ker 1)) both have dimension %;1)2 for a (d+ 1)-dimensional space-

time ., so that the amount of freedom in the choice of a (potentially torsional)
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compatible Koszul connection is the same in the relativistic and nonrelativistic
cases. In a sense, the constraint on the timelike component of the torsion (which
is fixed for a Galilean connection contrarily to the relativistic case) is traded for
the freedom in the choice of gravitational fieldstrength. This statement can be
made more precise by displaying the following (non-canonical) isomorphism between
O (M) & T (N*T* 4 @ Ker 1)) and the vector space of vector field-valued 2-forms
D(NT* A QT M) as:

N
C: P(A)eT (NT M @Ker @) 5T (NT* M T M)
(Fu,U)) = T = Ul + N*F,,

together with its inverse

N1
¢+ TWT' A RTAM) — P (M)DT (NT* A @ Ker )
T = (Fuw = nTi, Up, = T = N'aT5)

This observation softens the sharp distinction between relativistic and nonrelativistic
cases that hold in the torsionfree case. An ambient perspective of this fact will be

provided in [32].

4.2 Torsional Newtonian connections

Having reviewed the characterisation of torsional Galilean manifolds, we are now in a
position to look for a torsional generalisation of the notion of Newtonian connection.
Recall that in the torsionfree case, the Duval-Kiinzle condition could be interpreted
as imposing that the torsionfree gravitational fieldstrength measured by any field
of observers is a closed 2-form, i.e. % € Q2 (A) N Ker d. The consistency of this
condition was insured by the fact that two torsionfree special connections differ by
an exact 2-form, ¢f. Lemma . However, in view of expression , one deduces
that, in contradistinction to the torsionfree case, a Milne boost does not preserve the

N N NV
condition that the 2-form F is closed (dF = 0), since V[, ® g is not generically exact.

N
Consequently, we are led to discard the condition dF' = 0 as a potential candidate
aiming at generalising the notion of Newtonian connection since it is inconsistent

whenever torsion is involved. However, relying on the form of eq.(4.54), a natural
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N
condition consists in imposing that F' is covariantly exact, in the following sense:

Definition 4.11 (Covariantly exact differential form). A differential p-form « €
O (A) is said to be covariantly exact for the Koszul connection V if there exists a

(p—1)-form g € QP~1 () such that Oty = Vi Brieopiy]-

For the case when V is torsionfree, the notion of a covariantly exact form identifies
with the one of an exact form. Based on this notion, one can now articulate a

generalised definition of Newtonian connection as:

Definition 4.12 (Torsional Newtonian connection). Let & (4 ,1,v,V) be a
Galilean manifold whose Koszul connection V is characterised by the torsional grav-

N N
itational fieldstrength [N, F U]. The Koszul connection V is said to be a torsional

N
Newtonian connection if the 2-form F € Q? (.#) associated to any N € FO (M 1))

s covariantly exact.

The transformation law given by eq.(4.54)) ensures the consistency of the previous
N
definition, since the covariant exactness of a 2-form F' is preserved by the action

of the Milne group (4.54). From the action of the Milne group on FO (. ,1) X

(Q* () & T (NT* M @ Ker ¥)) (cf. eqs.(d.54) and ([£.55) ), one can define the
following action on FO (#,v) x (O () ® T (N*T* M @ Ker ¢) ):

N N N NVN 1]
<N,A,U)r—><N+V,A+<I>,U—§V®d@/)> (4.56)

where V € T' (Ker ).

N N
Definition 4.13 (Torsional gravitational potential). A Milne orbit [N,A, U] in
FO (M ) x (2 (M) DT (NT* M @ Ker ) ) is dubbed a torsional gravitational

potential.

Proposition 4.14. Torsional Newtonian connections compatible with a given Leib-
nizian structure are in bijective correspondence with torsional gravitational poten-

tials.

It is worth stressing that, contrarily to the case of a torsionfree Newtonian con-
nection, there is no additional Maxwell gauge symmetry at hand. In the case of

vanishing torsion, the origin of the supplementary gauge invariance can be traced
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back to the closed condition d% = 0 which allows to locally write the 2-form }V?
as the gravitational fieldstrength for the gravitational potential jyl € QY (A) mea-
sured by N i.e. % = djyl, so that ]]*\L is invariant under a gauge transformation of
the form ﬁ > jyl + df, with f € C>(.#). However, when % is covariantly ex-
act, i.e. % aB = V[aﬁﬁ], the torsion term if non-vanishing breaks the invariance.
This important distinction motivates the following terminology: a torsionful New-
tonian connection is a torsional Newtonian connection with non-vanishing torsion.
Similarly to the torsionfree case, an alternative description of torsional Newtonian
connections can be given by making use of the “Lagrangian” variables Z, ¢ and g (cf.
Table . Starting from the component expression (4.50) with ]]*\L (] = V[ajfvlﬁ], this
is achieved by performing a Milne boost parameterised by the 1-form y = —jyl, un-

der which the torsional Newtonian connection takes the manifestly Milne-invariant

form:

1
F//)V - ZAa(qu) + §hAp [0u9p + OvGpp — OpGpur]

+F[);W] + Ffau} hg)\gPV + 1—"[Oau] h‘”\gp#. (4.57)

By construction, the field of observers Z is the unique vector field which is Coriolis-
free with respect to V (as follows by repeating the steps in the proof of Proposition
cf.  Appendix [A). This reformulation, along with Proposition allows
to articulate two additional characterisations of torsionful Newtonian manifolds, as

formulated in the following Proposition:

Proposition 4.15. Let £ (. ,1),7) be a Leibnizian structure. There is a bijective

correspondence between torsionful Newtonian manifolds and

z z
1. triplets (Z, o, U), where Z € FO (M%), ¢ € C®°(MH) and U €
D (N2T* A @ Ker ).

2. couples (9,T) where g € T (V*T*.4#) is a Lagrangian metric and T €
C(N>T* M @ TH) is a non-vanishing torsion tensor whose timelike part is

constrained to satisfy w(T (X, Y)) =dy(X,)Y) foral XY €e T (T ).

The two items in the previous Proposition complement the content of Propositions

3.25|and [3.31], respectively, to account for the torsionful case. As commented earlier,

26



the torsionfree case is special in that it involves an additional gauge invariance.
In the torsionful case where no such symmetry is presenﬁ, torsionful Newtonian
connections are characterised by individual objects rather than classes thereof. This
justifies the formal separation between the torsionfree and torsionful cases in two
sets of Propositions.

According to the first item of Proposition [£.15]if one is given a Leibnizian structure
and a field of observers Z, the space of torsional Newtonian connections is in bijective
correspondence with C* (.#) x T (AN*T*.# ® Ker 1)). Putting ¢ = 0 and 5 =0 (so

that g = % and T'= Z ® dv) allows to recover the expression of the torsional special

connection associated to Z (¢f. ([#.49)):

Z A 1 Ap z z VA
F;UJ = Z aﬂwlf + ih |:8/L’7pz/ + a1/’.)/p,u - apf‘)/,u,u:| : (458)

Let [N, jyl] be the Milne orbit containing (Z,0) (i.e. [N, jyl} = [Z,0]). The last

expression can be written in a manifestly invariant way (i.e. independentli of the
2| as:

N
choice of representative in [N , A]) by substituting the expressions of Table
Zx A )\pN 1 Ap N N N
I = (N —h Ap)auwv + §h [@L (’Vpu + A, + prl/)
N N N N N N
0y (Vo + Apthp + Apth) = 0o (V0 + Aty + A;ﬂ/)u)]

thus allowing to recover the components of the torsional connection introduced in

the works |18, 20].

The different structures necessary to uniquely determine a given manifold are sum-

marised in the following table, both in the relativistic and nonrelativistic cases:

25In other words, the coefficients (4.57)) are not invariant under the transformations recorded in
Table
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Metric structure Supplementary structure Manifold
Lorentzian X Lorentzian
N
Gravitational fieldstrength [N , F } Galilean
Augustinian
N
Gravitational potential [N , [A]], [Z, ng], [g] Newtonian
Torsional gravitational fieldstrength
Torsional Galilean
N N
[N, F. U]
Leibnizian

Torsional gravitational potential

[N,favl, 5] (Z,gzﬁ, 5) (9,7)

Torsional Newtonian

Table 3: Solutions to the equivalence problem
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5 Conclusion

In this series of papers, we adress two novel generalisations of Newtonian connections
for metric structures with non-closed absolute clock by going down the two follow-
ing crossing roads: in the present paper we reviewed the class of torsional Galilean
connections by emphasising its affine space structure. We also isolated a subclass
(dubbed torsional Newtonian connections) characterised by a covariantly exact 2-
form. Similarly to their torsionfree counterparts, torsional Newtonian connections
can be expressed in terms of Lagrangian variables which we used in order to make
contact with the recently introduced torsional Newton-Cartan geometry [I8],20]. We
further discussed the geometric origin behind the lack of Maxwell gauge-invariance
of the latter. In a forthcoming paper [21], we will present a connection living on
the most general nonrelativistic metric structure allowing a notion of absolute time
(Aristotelian structure). This torsionfree connection has the nice feature of being
Maxwell gauge-invariant and such that its geodesic equation follows from a vari-
ational principle, similarly to its Newtonian counterpart to which it can be said

projectively related, since they define the same unparameterised geodesics.

The present analysis restricted to an intrinsic point of view on nonrelativistic connec-
tions, with particular emphasis placed on the equivalence problem. In a forthcoming
companion paper [32], we will discuss an ambient approach to these classes of con-
nections by generalising the Bargmann framework of Duval et al. (cf. [35, 136])
where nonrelativistic Newtonian manifolds were obtained as null dimensional reduc-
tion of a specific class of relativistic ones. As hinted in Section [3.5] this approach is
indeed quite natural for Newtonian manifolds but can be extended to embed more
general nonrelativistic structures. In [32] an ambient account of (torsional) Galilean
connections will be provided by considering a class of relativistic spacetimes en-
dowed with a (possibly torsional) connection parallelising a null Killing vector field.
In particular, this setup will allow us to embed torsionfree Galilean manifolds into
torsional relativistic spacetimes, thus shedding new light on the torsional origin of
the gravitational fieldstrength. Finally, in [21] the projectively Newtonian connec-
tion will be shown to arise as a projection of the Levi-Civita connection for a class
of relativistic spacetimes admitting a null and hypersurface-orthogonal Killing vec-

tor field. These spacetimes were studied in [37] and dubbed Platonic waves in [24]
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where they were shown to be conformally related to the class of [35, [36]. This am-
bient construction will notably allow us to formulate at the level of connections the
Eisenhart-Lichnerowicz lift [38] of dynamical trajectories to relativistic geodesics.
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A Curvature of a torsionfree Galilean manifold

Let us recall the definition of the curvature of a Koszul connection for the vector

bundle E on -
R(X,)Y;f)=VxVyf—-VyVxf—Vixyf

with X, Y € I'(T.#) and f € I'(E). The components of the Koszul curvature for
the tangent bundle E = T.# read: dz*[R (,,0,;0,)] = R,

Compatibility conditions (3.16|) for the Galilei connection V impose the following

constraints on the Koszul curvature:

v,ﬂ/JV =0= ’l/l)\R)‘ =0

puv
Vb = 0= hPR®, , +h*RE =0

prY

Notation A.1. In the following we will use a Galilean basis B = {N, ¢;} together
with its dual B* = {¢,0'}. Now, let T* be the holonomic components of a tensor

T el (T x T*#). The following notation will prove to be handy:

)= T8 T,=0.T)
T} = N'TF TV =e/TH.

The previously stated constraints on the Koszul curvature can thus be reexpressed

as:
R  =0=RW (A.59)

Taking these constraints into account, the components of the curvature 2-form RAP €
Q2 (M) can be expanded as:
A i ni A i A
R’ = R"00e; + R'y,e;. (A.60)

JjUpti

Proposition A.2 (Symmetries of the Galilean curvature). The curvature tensor of
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a torsionfree Galilean connection satisfies the following identities:

Rzp(ul/) =0

i _ A.61
R lopv] — 0 ( )
R k‘ 1= R llk

Proof:

These equalities follow respectively from the well-known identities

R(X.Y;Z,W)=—R(Y,X;Z, W),
R(X,Y;Z)+R(Y,Z;X)+ R(Z,X;Y) =0,
R(X,)Y;Z,W)=R(ZW;X,)Y),

where R(X,Y; Z W) = W(R(X,Y;Z),W). O

The second identity of the previous Proposition, known as the first Bianchi identity,

can be decomposed further:

Proposition A.3. The first Bianchi identity for the Galilei curvature leads to the

following set of equations:

[igl0 © 27 04 (A.62)

! —
Ry = 0.

ijk

Corollary A.4 (c¢f. [37]). The curvature tensor of a torsionfree Galilean manifold

satisfies the relation:

Proof:
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The relation is equivalent to the set:

G 3 _

G _
RV, =0,

The first relation follows straightforwardly from the all-spacelike first Bianchi
identity and compatibility relations (A.59). The second identity is obtained
by taking the symmetric part in (k <> i) of the temporal/spacelike Bianchi
identity:

Rkiyjo — Rwijlayo + Rlo; = 0. (A.63)

The first term vanishes, leaving R(k[o i)j] =0. O

We now focus on the Duval-Kiinzle condition (cf. Definition [3.15) which, in com-

ponents reads:

R[i(]j]() —0 (A64)

The first equation is already implied by the first Bianchi identity. However the
two remaining are non-trivial constraints that reduce the number of independent

components from 5d? (d+1) (d+5) to 55 (d + 1) [(d+ 1) — 1], i.e. to the same

number as in a (d + 1)-dimensional (pseudo)-Riemannian manifold (c¢f. e.g. [6]).

Proposition A.5. The Duval-Kiinzle condition can be alternatively written as
R'yAB; =0. (A.65)
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Proof:

The alternative formulation R’y A §; = 0 of the Duval-Kiinzle condition im-
poses the following constraints on the components of R, = R’ Oj 0t N+
i jk
TR0, A0y
R[in]O _
R[iok 1_o.

The first equality matches the second one from (A.64)) so what remains to be

proved is the following equivalence:
R, ,,=R/J,eRJ"=o. (A.66)

We start by totally antisymmetrising the first of the identities of the Bianchi

set (A.62):
iy 1 .
RWH 4+ §R[Z S =o. (A.67)

Expanding the first term leads to:

1

. o 1 . .
. (zRJ ki _ Rk O) + 5B =0, (A.68)

Using again the first Bianchi identity allows to transform the first term on the

left-hand side:
Lyoiik ikj T jw

sothat R\, =R J &R /M =0 O

Along the Duval-Kiinzle condition, another constraint on the curvature, dubbed the

Trautman condition? is frequently encountered in the literature:

26 Although the denominations Duval-Kiinzle and Trautman conditions seem customary in the
literature, it is amusing to note that in the respective works commonly cited when these conditions
are discussed, Trautman wrote what is usually referred to as the Duval-Kiinzle condition (cf.
eq.(IV) of [3]) while Kiinzle wrote the Trautman condition (cf. eq.(4.14) of [6]).
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Definition A.6 (Trautman condition, cf. e.g. [39]). Let J be the Jacobi curvature

operator defined as

J(X,Y:Z)==-(R(Z,X;Y)+R(Z,Y;X)) (A.70)

1
2
where X, Y and Z are three vector fields. The Trautman condition states that the

Jacobi operator must be self-adjoint when acting on spacelike vectors, i.e.
T (X YV) W) =y (J (XY W), V) (A.71)

for all XY € (T ) and for all VW € T (Ker 7).

—R>

In components, the Jacobi operator reads J* = = R’\( (uv

" ), While the

plplv) —

Trautman condition imposes:

L4 _
R, =o. (A.72)

Proposition A.7 (¢f. [37]). The Duval-Kiinzle and Trautman conditions are equiv-

alent for a torsionfree Galilean manifold.

Proof:

Decomposing the Duval-Kiinzle operator as:

R'J,—R, §(R(MJ)V+R[MJ}V_R(JV)M_R[JV ]u)
(K)
- 5(R(#J)V_,_R[uﬂy_R(VJL+R[VJ]u)
— ptJ) [i ]
(©) (T)

one recognises the operator (C) obtained in Corollary as well as the Traut-
man operator (T). Provided Corollary [A.4] the Duval-Kiinzle and Trautman

conditions are therefore equivalent. [J
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B Affine, vector & principal homogeneous spaces

We will briefly review the definition of affine spaces and related concepts. The
relation between affine and vector spaces is much more clear when the former are

seen as principal homogeneous spaces for the latter.

Definition B.1 (Principal homogeneous space). When the action of a Lie group G
on a manifold P is reqular (i.e. free and transitive), one says that P is a principal

homogeneous space for the group G.

Definition B.2 (Affine space). An affine space &/ modelled on a vector space ¥ is
a principal homogeneous space & for ¥V (seen as an Abelian group). More explicitly,

the reqular action of ¥ on <7 is a map
t: ¥V xd - (v,a)— tya

where the bijections ty : &/ — o : a — a+ v are called translations of o/ by v.
Equivalently, an affine space o/ modelled on a vector space ¥ can be defined as a

set o together with a subtraction map
A XA =Y (ab) = b—a=ab

with the following properties
1. Yae o/, Vve?, Abe o such thatb—a=v
2. Ya,byce o :(c—=b)+(b—a)=c—a (@%—I—b_g:@)

called Weyl’s axioms. The relation between the reqular action and the subtraction

map is: ty_qa =b (Va,b € o).

Definition B.3 (Affine map). Let &/’ and </ be two affine spaces modelled on the
vector spaces V' and V', respectively. Let ¢ : V' — ¥ be a linear map. The
map © : o/ — o will be said to be an affine map modelled on ¢ if it satisfies
O(d)—0(a) =¢(d —a) forald.

By choosing a specific element O € o7, called origin, the space &7 is endowed with

a structure of vector space, denoted .27p, isomorphic to #". The addition map on &7

66



takes the form
+ A x o = (d,a) = tw_o)t@o) O
while the multiplication by a scalar reads:
RxZ2 =2 :(\a)—tya0)O.

_$
The bijection ¥ — & : v +— t,0 or its inverse &/ — ¥ : a — a — O = Oa provides
the isomorphism o/p = 7.
Proposition B.4. Let:

e 9 be an affine space modelled on the vector space ¥ isomorphic to # .

e F be a principal homogeneous space modelled on the Lie group G and denote

GxF—=F:(q,f)—g-f the group action of G on F.

o 0: "XV — W be a collection of isomorphisms between ¥ and W indexed by

elements of F, i.e. the map ;= @ (f,:): ¥V — W is an isomorphism for all
ferF.

e O:Fx2 — W be amap such that for all f € F, the map O = O (f,-) :
D — W is an affine map modelled on ¢, i.e. Of(d) — Oy (d) = ps(d —d)
foralld,d € 9.

Then:

1. For all f € F, the map Oy : 9 — W endows ¥ with a structure of vector
space, the origin of which is the unique element of Ker Oy, so that it becomes

an isomorphism of vector spaces.

2. There is a canonical group action of the group G on the space F X W defined

as

p:GX(FExW) — (FxW)
(9. (f;w)) = (g, 04s (67" (w))).
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3. The affine space 2 is canonically isomorphic to the space & .= (F x W) |G
of orbits of G acting on (F X #') via the group action p.

Proof

1. We start by showing that, for all f € F', there exists a unique element dy € &
such that ©; (dy) = 0.

e Existence:

Let d € 2 and define dy € Z as d — dy = gp;l (O (d)). Using that Oy is

an affine map, we write
O (d) — Of (df) = 5 (d —dy) = Oy (d)

so that O (df) = 0.

e Uniqueness:

Let d} and dy be two elements of Ker ©;. Then Oy (d}) — O (df) =
©f (d’f — df) = 0 so that, using that ¢y is an isomorphism, d; = dj.

Given f € F', the affine space & thus acquires the structure of a vector space
9,4, with origin d;. Since the map ©; can be written as Oy (d) = ¢y (d — dj),

the fact that ¢ is a linear isomorphism ensures that O is too.

2. We first check the Identity condition, and then the Compatibility:

e Identity: p(e, (f,w)) = (f, O (@]71 (w))> = (f,w).
e Compatibility:

p(g’,p(ga(f,w))) = (9 (g f, ©45(07 (w)))>
- (s vnles)ien 7' )

= (9/9 f @gg)f<@ 1(w))>

= p(gm )
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3. We start by showing that the space & of G-orbits is an affine space modelled

on ¥ by displaying the following subtraction map:

PPV (0p) o7 (5& - J/) (B.74)

where f is an arbitrary element of F' and 1]13 € W denotes the unique element

of # such that ( fs 75]) belongs to the G-orbit p € &. The existence and

uniqueness of ZJZJ € W are guaranteed by the fact that G acts regularly on
F. The map (B.74) is independent of the choice of f since, picking a different
representative f' € F defined as ' = ¢- f, with g € G, the term 90]7,1 (w — {Ul)

reads

Furthermore, the subtraction map (B.74]) can be checked to satisfy Weyl’s

axioms, so that &2 is an affine space modelled on 7.

We now introduce the map
E:9— P :dw[f,0(d)]

where f € F and [f,O; (d)] € & is the unique G-orbit of F' x # containing
the element (f, O/ (d)). The map = can be shown to satisfy:

E(d)-E2d) = [f,0;(d)]—1[f,0;(d)]
= ;1 (07 (d) - 05 (d)
= d—d

so that =: ¥ — & is an affine isomorphism modelled on the identity map in
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¥'. The inverse map is given by
E_l:@%@:pr%@f(z{;>

where f is an arbitrary element of F' and & € W the unique element of #

such that <f, J)) € p.
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C Technical proofs

Proof of Proposition [3.2]]
Let us first check that the previous definition for Z is well-defined under a change

of representative (cf. eq.(3.36)). This is easily seen as:

N/

A N’-h(A) +h(df’)

N N,V
- N+h(x)—h<A+¢> +df) + o (df')

_ N—h@) +h(d(f’—f))

NV
since @ is given by ((3.28]).

Now, let us compute the Coriolis 2-form of a field of observers Z = N + h(x), with
x € (A):

HWV.W) = ~(VyZ W)=~ (V,VyZ)
— GV, W)+ (Vvh(x), W) =7 (Viwh (x),V)

with V,W € T'(Ker v). Note that the second and third terms make sense, since
V(Vvh(x)) =V [¢(h(x))] =0. Using Vy = 0 allows to reformulate the first term
in brackets as v (Vyh(x),W) = V[y(h(x),W)] —v(h(x),VvW). Proceeding

similarly with the second term in brackets leads to:

Gvw) = Z3<v,w>+(vmmx),wn—v<h<x>,vvw>—<V+>W>)
(VI +VIxW)] =W [x(V)] = x (VvW = VyV)

(VW) +V (W) = W [ (V)] — x (V. W)
(V,W)—I—dX(V,W)

I
€z &€z &=

where one used respectively: in the first step, the equality v (h (), X) = a (X)), with
a € QN () and X € T (Ker ¢); in the second step, the fact that the Newtonian
connection is torsionfree; in the third step, the definition of the exterior derivative
of a 1-form.

z N N
Imposing that w vanishes and using the local expression of w as w (V,W) =
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N
dA (V,W) leads to the condition:

d(ﬁw)(v,W):o YV €T (Ker ¢). (C.75)

Using the involutivity of the distribution induced by Ker 1, one can show that the
condition ((C.75]) implies, locally, that

N
dfeC(#) | x(V)=—-AV)+df (V) , VV eI (Ker).
N
Therefore, there exists a function f on .# such that Z =N —h <A> + h (df).

Proof of Proposition |3.29

As noted earlier, the isomorphism between items 1 and 3 is ensured by Proposition
B.4 We now prove the isomorphism between items 2 and 3, starting with the
implication (Z, ¢) = g¢:

Lemma C.1. Let & (M ,1),7) be an Augustinian structure, Z € FO (M ) a field
of observers and ¢ € C™ (.#) a function on .4 . The metricg € T (V2T* ) defined

as:

g=F+ou Vv

wz’th’Zy the metric transverse to Z, is the only Lagrangian metric satisfying

9(Z)=9v. (C.76)

Proof:
Let g € T (V2T*.#) be an arbitrary covariant metric on .#. The decomposi-
tion of g on the Galilean basis {Z,¢;} (with dual basis {1, §'}) reads:

9g=9(Z,2)V NV +29(Z,e) v VO +gleef)d Ve

Requiring that the Lagrangian metric g satisfies the condition reduces its
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expression to:

9=V Y+ (ee;) 0 VY

where the second term is nothing but % O]

A statement converse to Lemma i.e. the implication ¢ = (Z,¢), can be

formulated as follows:

Lemma C.2. Let . (M ,1),7y) be an Augustinian structure and g € T (V2 T*. ) be
a Lagrangian metric on 4 . There is a unique couple (Z, ), with Z € FO (M , 1)
a field of observers and ¢ € C® (M) a function such that:

9(Z) = 9. (C.77)

Proof:

We start by proving that the condition ¢(X,Y) = v (X,Y), VX,V €
I’ (Ker ¢) implies that Rad g N Ker ¢p = {0}. Suppose there exists a vec-
tor field v € I'(T.#) such that g(v) = ¢ (v) = 0. Since ¢ (v) = 0,
g (v, w) =~ (v,w) =0, Yw € I' (Ker 9), which leads to a contradiction since
~v is positive definite. In conclusion, such a vector field v does not exist and
Rad g NKer ¢ = {0}.

The positive definiteness of v implies also that the dimension of Rad ¢ is either

0 or 1, so that we will distinguish these two cases:

Dim (Rad g) =1

Let v € I'(T#) such that Rad g = Span v. The defining relation for Z and
¢ then implies g (Z,v) = ¢ (v) = 0, which in turn ensures ¢ = 0, since
¥ (v) # 0 in virtue of the precedent discussion. Then, one obtains g (Z) = 0
so that Z € Rad ¢, i.e. Z ~ v. The normalization condition ¢ (Z) = 1 fixes
Z uniquely.

Dim (Rad ¢g) =0

Since the metric g is now assumed to be nondegenerate, one can introduce its

inverse g~' € T' (V2 T.#). Acting on each side of the defining equation for Z
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and ¢ with ¢!, one gets Z = ¢ g~ (¢). Acting now with ¢ on each side leads
1

to g7 (¥,9) = 1, so that ¢ :m. Plugging back into the expression
—1 ’

for Z leads to Z = QQTZ% We summarise our results in the following table:

Dim (Rad g) | Definition of ¢ Definition of Z

1 0 {Z € Rad ¢,v (Z) =1}
-1
1 9__(¥)
0 —— 7L
=T g T(0,0)

Table 4: Lagrangian variables

Note that ¢ = 0 if and only if Dim (Rad g) = 1. O
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