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Abstract

A new fourth order box-scheme for the Poisson problem in a square
with Dirichlet boundary conditions is introduced, extending the approach
in [17]. The design is based on a “hermitian box” approach, combining the
approximation of the gradient by the fourth order hermitian derivative,
with a conservative discrete formulation on boxes of length 2h. The goal
is twofold: first to show that fourth order accuracy is obtained both for
the unknown and its gradient; second, to describe a fast direct algorithm,
based on the Sherman-Morrison formula and the Fast Sine Transform.
Several numerical results in a square are given, indicating an asymptotic
O(N?1og,(N)) computing complexity.
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Key words: Hermitian Scheme - Box-scheme - Finite Volume Method - High
Order Compact Scheme - Fast Solver - FFT - Mehrstellenverfahren - Poisson
Problem - Sherman-Morrison formula

1 Introduction

The design of high order compact finite-difference schemes for the Laplace equa-
tion in a squared or cubic geometry is a classical topic in Applied Mathematics
and Scientific Computing. The books [15, 20, 33, 35, 26, 29, 25] address this
question as a fundamental educative piece on numerical methods. We refer to
[13, 14] for examples of the numerous articles published in the 1960’s on the sub-
ject. For works in the last decade, we refer to [16, 36, 37, 40, 11]. Beyond the
design of specific numerical schemes, which deals with accuracy and stability,
the need of an efficient fast solver is a crucial issue to perform practical com-
putations. On this question we refer to the recent review [5] and the references
therein. The use of such solvers in canonical geometries persists to be at the
heart of many computing codes in physics. Examples are fluid dymanics (com-
pressible or incompressible Navier-Stokes equations), [34, 21, 3|, the Helmholtz
equation [9, 12], computations in astrophysics, [32] or in geophysics, [38].

Here, we introduce a new fourth order compact scheme on a cartesian grid
for the Poisson problem in a rectangle, whose design is based on the prelimi-
nary work [17]. The scheme, referred as Hermitian Box-Scheme in the sequel,
combines a finite volume “box” approach with an hermitian computation of
the derivative. It provides by construction an approximation to u and Vu. In
addition, only the averages of the data f(x,y) are used instead of the point-
wise values f(x;,y;) as in most finite-difference schemes. This is an interesting
feature when approximating Poisson problems in electromagnetism.

The main part of the paper is devoted to a fast resolution procedure which
uses the decomposition of the matrix of the scheme is the sum of a diagonal
matrix (in a spectral basis) and of a low-rank auxiliary matrix. This runs along
the lines of Golub (see Appendix in [19]). The practical resolution is performed
by a direct resolution algorithm using the Sherman-Morrison formula and the
FFT, (see [7], or [2] in a different context).



The outline of the paper is as follows. In Section 2, we briefly recall the
general principle of design of the Hermitian Box-Scheme in dimension one. T'wo
specific examples are given. First, the second order version of the scheme is
recalled (called HB-Scheme 1). Then a new fourth order scheme is introduced,
(HB-Scheme 2). In Section 3 we expand on the building block of the fast solver,
namely the diagonal form of the HB-Scheme 1. The matrix form of the HB-
Scheme 2 appears as a perturbation of the HB-Scheme 1. In Section 4, we
describe the design of HB-Schemes in a square as well as the fast solver principle
for the two versions of the HB-Scheme. A short comparison with other fourth
order schemes and an estimate of the computing cost is given. Numerical results
given in Section 5 indicate a fourth order accuracy of the new scheme and an
an asymptotic O(N?log,(N)) computing complexity. In section 6, we briefly
outline future works, insisting on the general character of this kind of schemes.

2 One-dimensional Hermitian Box-Scheme

In this section, we recall briefly the principle of construction of the Hermitian
Box-Scheme (HB-Scheme) in dimension one, [17]. Let us consider the one-
dimensional Poisson problem on the interval 2 = (a,b) with length L = b — a,

—u"(z) = f(z), a<z<b,
(2.1) { u(a) = ga, u(b) = g

Equation (2.1) is recast in mixed form:

v'(x) + f(x) =0, (a),
(2.2) v(z) —u'(x) =0, (),
u(a) = ga, u(b) = go, (c).

We lay out on Q a regular grid «; = a+ jh, 0 < j < N with stepsize h = L/N.
The unknowns are denoted by u; ~ u(x;) and u,; ~ u'(x;). The vectors
U,U, € RN (including boundary points) are

(23) [7 = ['LLQ,'LLl,UQ, ...,UN]T; Uw = [uLo,ux,l, ...,ULN]T.

The vectors U, U, € RN~ stand for the unknowns at internal points,

(2.4) U = [u1, uz, ...,uN_l]T; Uz = [ug1, ...,u%N_l]T.

As in box-schemes, [30], the HB-Scheme is derived from the integration of the
two equations (2.2),,, on a box K; =|z;_1,2j41][ of length 2h.

Suppose given the averaged values of the source term f(x) on the box Kj,

1

(2.5) nf; = —/ f(z)dz, 1<j<N-—1.
2h Jk;

The conservation equation (2.2), is approximated by

(2.6) — T 1f;, 1< SN L



Second, the equation (2.2), is integrated on the box K. This yields

1 1 w(witr) — u(z;_1) _
2.7 — de = —2 4 1<j<N-1.
R L R R
Approximating the integral in the left-hand side of (2.7) by the Simpson formula
suggests the fourth-order Hermitian approximation ,
1 2 1 Uj+1 — Uj—1

g Uwi—1 + 3l + g et = o ;

To fully define the HB-Scheme, we have further to specify four boundary con-
ditions:

(2.8) 1<j<N-1.

e The Dirichlet boundary conditions u(a) = g4, u(b) = gp simply translate
to

(2.9) o = Jas UN = Gb-

e The Hermitian relations (2.8) at points j = 1 and j = N — 1 require to
approximate the values uz o, uz v in terms of U, Uy, up, un.

Example 1: A first example of this approximation is obtained by approxi-
mating the derivatives u, o, u;,n in terms of the internal unknowns by the two

relations
3 Up — Ug 1
Ug 0= = — S Ug, )
20 = 5 h U1

oS (uy—una 1
a:,N—2 h 3%]\]71 .

(2.10)

Formula (2.10) is considered in [17]. It coincides with the Simpson formula (2.8)
in the case of an odd function u(x) at the boundary.

Equations (2.6), (2.8), (2.9), (2.10) constitute the HB-Scheme 1. It is com-
pactly written as: find U, U, € RN+ solution of

Ug, 541 Ug,5—1 0 .
=II"f., 1<7<N-1
%h f]7 —.] — )

2 —
%umo—’— uxl U1hu07
1 Ujgr1 — Uj— .
(211) ua:,] 1 + ua:,] + 6u$7,]+1 %hjl’ ]_ S ] S N - 1,
3 UN T UN—L

guTN+3uTN—1: L )

U0 = Ga, UN = Gb-

Example 2: A second approximation of ug g, Uz, n in terms of U, Uy, ug, un is
given by

L2 L1 2 5 @
—Uyg “Up1=—|zu2+zu1 —zu |, (a),
(2.12) 3 0Tyt T g2 3t g
: 1 N 1 (5 9 1 n
gum,N 3um,N—1 = h 6UN BU'N 1 GUN—Q ’



Relation (2.12), is obtained in the following way. Let us consider a priori a
relation of the form
U1 — Ug U2 — Ug

v )

h 2h

where the parameters «, 8, satisfy the highest possible consistency order at
xg = 0. It is easily verified by Taylor expansions that this maximum order is
three and is achieved by the values

(2.13) g0+ (1 —a)uz1 =B

W =

1 2
2.14 ==, B==2 ~=
(2.14) a=g f=3, 7
An analogous treatment is performed for (2.12),. Using the boundary conditions
(2.12),5 we obtain the HB-Scheme 2: find U = [ug,u1, -+ ,un_1,un]? , Uy =
[tz 0, uz n]T € RNTL such that

el “legml _qp0p o 1< <N -1,

1 2 1/1 2 )
FUz,0 T FUg,1 = 7 | ZU2 + UL — U |,

? 3 0 h ! 6 3 6

(2.15) Eua:,jfl + gum,j + gum,jJrl — le;huﬂ*l’ 1<j<N-1,
1 2 1/5 2 1
gua:,N + gux,Nq = 7 EUN - §UN71 - EUN72 )

U0 = Ga, UN = Gb-

Note that specifying the approximation of uz o, %, n in terms of U, U, can be
interpretated as specifying a discrete Dirichlet-to-Neumann operator

(2.16) (f,9) = (U (z0), W (zn))-

HB-Schemes 1 and 2 only differ by the definition of the discrete version of (2.16).
The HB-Scheme 1 is observed to be second order accurate in general, whereas
the HB-Scheme 2 is expected to be fourth order accurate. We refer to [1] for a
study of the truncation error analysis of both schemes.

3 Matrix form of the one-dimensional Hermi-
tian Box-Scheme

3.1 Finite-Difference and Matrix Notation

In this section, we summarize the finite-difference and matrix notation used in
the sequel. We call li the space of grid functions (u;)o<i<n. The subspace of
grid functions (u;)o<i<n Wwith up = uy = 0 is called Z}QL_O. We review in the
sequel several finite-difference operators acting on grid functions.

e Centered One-dimensional Laplacian

The one-dimenional three-point Laplacian is

Ui+1 + Ui—1 — 2u4
b

(3.1) 82u; = 3

1<i<N-—-1.




The N — 1 eigen grid functions of the operator —§2 are the z* € l%,,o defined by

1
2\ . (knmjh .
k _

The grid functions z* form an orthonormal basis of l%,,o for the scalar product
(u,v),. The matrix matching 62 is —7'/h? where the matrix T' € My _1(R) is

2 -1 0 ... 0

-1 2 -1 0
(3.3) T=

0 -1 2 -1

0 0o -1 2

The dimensionless eigenvectors Z*¥ € RV =1 of T are related to z* by Zj’.€ = \/Ezf,

(3.4) zZh = <%>U2 sin <I€]TW) .

Defining the matrix Z € My_; byZ = [Z*,---, ZN~1], we have the relations
(3.5) T=2AZ, Z¥ =27, In.1=2%>=22Z",
where A = diag(\1,...,A\x—1) is the diagonal matrix of the eigenvalues of T
given by

. km
(3.6) \p = 4sin? <ﬁ) 1<k<N-1

e Simpson operator
The Simpson finite-difference operator o, is

1 2 1
(37) OzUj = guj,l + guj + guj+17 1<j<N-1.

Its matching matrix is
(3.8) P,=1-T/6=2Z(—-A/6)ZT.

e Centered One-dimensional difference operator
The centered operator ¢, is

(3.9) Spuy = HL_MIml ) << N -1,
2h
The matching matrix is the antisymmetric matrix K € My_1(R) given by
o 1 0 ... 0
-1 0 1 0
(3.10) K = ;
0 -1 0 1
0 0 -1 0



e Denoting (e;)1<i<n—1 the canonical basis of RN-1 the matrices Fy,Fy €
My _1(R) are defined by

el
I = 6161T +€N71€7]\}_1 = [e1,en—1] [ eTl , (a),
(3.11) N-1

FQ = —616,%1 + €N7167A}_1 = [—61,6]\],1] eTl :| s (b)

The two following relations hold

P =F, (a),
(3.12) { F.Fy =Fy, (b).

Using the preceding finite-difference operators, the two equations (2.6) and (2.8),
common to HB-Schemes 1 and 2, translate to

_ 170 £. < i< _
(3.13) { Optiz; =T10f;, 1<j <N —1, (a),

Oplly; = 0zuj, 1 <j<N-—1, (b).

Let us turn now to the generic matrix form of any of the boundary conditions
(2.10) or (2.12). Using the notation for the boundary values

(314) UL = Uo, UR = Uun, Ua:,L = Ug,0, Ua:,R = Ug,N,

we claim that (2.10) or (2.12) can be expressed as
1
(3.15) e1Ugpr +en-1Uyr = E <AU — hBU, + C(elUL + eNlUR))-

Indeed, (2.10) can be written as

(3.16)
1,3 1 1.3
Ug,0 = E(iel)T - (561)TU3: - E(iel)T[UamOa '7OauN]Ta
1 3 T 1 T 1,3 T T
Ug, N = E( - §€N71) U - (§€N 1) Uz + h(2€N71) [u0,0, .., 0,uN]

This translates into (3.15) with the matrices A = Ay, B = By, C = C; defined
by

= 1%(6161 —EN-— 16]1\} 1) = _gFQ’ (a)’
(3.17) = g(elel +en— 16% 1) = %F (b),
:i( ere] +en—1ey_1) = % (c).

Similarly (2.12) can be written as
(3.18)

1 1 1
Ug,0 = E(Qel + 5@2)TU — (261)TUI - = <

5 T
h —61) [Uanv"' ,O,UN]T,

2

1 1 . . 1(5 ’ .
E(QQN—l + §€N—2) U—(2en-1)" Uz + 7 | gen-1 [u,0,- -+, 0,un]".

Ug, N = —



This translates into matrix form as (3.15) with the matrices A = Ay, B = Bs,
C = Cy given by

(3.19)
Ay =2eref + leleg — 2€N_1€]1\1,71 — %eN_lef,fz = —2F + %(eleg — €N_1€]1\1,72),
By = ;Z)(elelT +en_1ek_ ) =2F (b),
Cy = 5(—616{ + €N—16%,1) = §F2 (¢).

Let us consider now the matrix form of the equations in (3.13).
First, (3.13), translates to

1 1 1
(3.20) PU, + 6(61Um’L + €N,1UI7R) = Q_hKU+ %Fz(elUL + €N71UR).

It follows from (3.15), (3.20) that

(3.21) U,=-DU + 5(€1UL+€N 1UR)

1
h
D =D(A,B) and € = £(B,C) are

= 5P~ £B) (K - 3 A),

D
(3.22) £ P ) $
SZE(PS_EB) (FQ—§C)

Second, equation (3.13), translates to

1 1
(3.23) —5; KUz = Q—th(elUm,L +en-1Uszr) = F.
where F' = [1°f;,--- ,1I°fn_1]7. Using (3.15) and (3.21) U, is eliminated
which gives the expression of the HB-Scheme in the sole unknown U as
1

1
(3.24) EHU =F— h29(e1UL +en-1UR).

The matrices H,G are

H= (KD + F(A— BD))

(3.25)

l\:’l’_‘l\DM—t

G = (Ké’ +Ry(C— Bg)>

or equivalently with (3.22),

1 1 1 1
H=—(K - FB)(P:— =B) /(K - 5A) - (),
(320 i [ A
g:_Z(K_FQB)(PS_EB) ( 2—56 FQC (b)

If needed, the gradient is recovered as a postprocessing by (3.21).



3.2 Diagonal form of the HB-Scheme 1
According to the analysis in the previous section, the matrix form of the HB-

Scheme 1 is

1 1
(3.27) ﬁHlU =F - ﬁgl (€1UL + €N—1UR)-

The matrices Hi, G, are

1 1 1 1
_Z(K — FgBl)(PS — 681)_1(K - _-Al) - §F2A1a (a)7

1 1
(K — FyB8,)(Ps — E&)*(FQ =30 = 5£C, ().

Hi =
G =

(3.28) i
4
We prove one of the essential result of this paper, namely that the resulting
matrix H, is diagonal in the spectral basis Z* of the three-point Laplacian.
This is the basis of our fast solver in Section 4.

According to (3.28), and using that Fh A; = =3By, F2B8; = —%.Al, the matrix
‘H1 can be rewritten as

__1 1 T R 3
(3.29) Hi= =7 (K + 2 AP = 2B1) 7 (K = 240 + 5B

The matrix H; is symmetric, since Ps; and A;j,B; are symmetric, (see (3.8),
(3.17)) and K is antisymmetric.

Proposition 3.1 The (N — 1) x (N — 1) matriz Hy in (3.29) is expressed in
terms of the matriz T as

S

1
(3.30) Hy = P, YT — ZTQ),

where Py =1 —T/6.

Remark: In other words, H; is diagonal in the spectral basis Z*. It can be
expressed as

(3.31) Hy = ZMZT,
where M is the diagonal matrix

(332 M= (A6 (A~ {A%) = ding(ur, - ).

The eigenvalues pg, of Hy are p, = (1 — A /6) 71 (A\g — A2/4) or equivalently

(3.33) fk = , 1<k<N-1.



Proof of Prop.3.1: Consider the grid function z* in (3.2). It is verified by a
direct computation that z* satisfies the equations

k k . 2 krh
S Bk P R N G Y S RO VY
2h kh2§ 1 cos 277 T ’
2 1 —
535,0 + §Z§1 ! 5 &l ,
(334) ]_ 2 ]_ ZI,C+1 Zl?,l
Ghg-1t 3%t g = g 1SJ<N—1
2 k Lk i
gzw,N + gzx,Nfl = h )
b _ k
2z =0, 2y =0
The grid function z* is found to be
1
1/2)\2 sm(’”h) kmjh
3.35 o=— (= ~ :
( ) Za,j h (L) 2 _|_ i COb(kEh) Cos L

Comparing (2.11) and (3.34) and using the definition of the matrix H; in (3.24)
as the matrix of the HB-Scheme 1, it turns out that (3.34) translates to

(3.36) (AVARIIYAS

where py is given by

sin®(A7)
5

(3.37) e = ——F—
3 2 4 3 cos( N

1<k<N-1

Using the value of A\g in (3.6), it is verified that
Ak — %/\i sin (k”) A

= Uk.
-tk ——l——cos(’j\’;) a

(3.38)

Consequently, the vectors Z¥ form a complete set of eigenvectors of H;. More-
over, the matrix H; can be expressed in terms of 7" as

(3.39) Hy = P, YT - ZTQ)

3.3 Matrix form of the HB-Scheme 2

We derive in this section the matrix Hs of the HB-Scheme 2 in (2.15). According
0 (3.26), the matrices Ho, Go are (we use A = Ay, B = By, C = Co, with Ay,
Ba, Co given in (3.19)),

1 1 1 1
Ho = ——(K = BoBo)(Ps — £Bo) (K = 5 Ay) = S oA, (a),

(3.40) i 3 ?

gzz—z(K FyBa)( 5—632) (2—502)__F202a (b)-

10



The matrices P,, K, Fy are given in (3.8), (3.10), (3.11);. The HB-Scheme 2
reads, (see (3.24)),

1 1
(3.41) EHQU = Hof — ﬁgg (€1UL + €N—1UR)-
In the sequel, we show that Hy can be expressed as
(3.42) Ho = Hi + RST, R,S€Mpy_1,(R), p< N,

where 6H = RST is a low rank perturbation of H;. The perturbation 6H is
only due to the fourth order boundary conditions. Later on, we apply to (3.42)
the Sherman-Morrison formula, ([22], Chap.2, p. 50) to express H;l in terms
of Hy! by

(3.43) Hy' =H = HTR(L, + STHTIR)1STHT!.

First, observe that the matrices Ao, By can be expressed in terms of Ay, B as
1 1
A=A — -F + §(€1€2T —en—1n_3), (a),
(3.44) 5
By =B+ 5(616{ +en_1eh_1) =B+ §F1, (b).

This yields using (3.12),

1 1
Ay = [ Ay — —Fy — = (e1ed +en_1ex_o),

(3.45) 2
FQBQ = FQBl + §F2
Therefore the matrix Hs in (3.40), can be expressed as
(3.46) Hy = H® + HP.
with
(3.47)
a 1 1 _ 1 3 1 B 1 1
Hé ) = _Z(K — FgBl)(PS — 682) 1(K — g-Al) + gFQ(Ps - 682) 1(K - §~’41) - EFQ‘Al’
1 1 1 1
Héb) = ZFl + 1(616%1 + €N_16%72) — ﬂ(K — FQBQ)(PS — 662)_1(F2 — eleg + eN_le]:'\ﬂ,fz).
Furthermore
3 ef
(348) By =B + 5[61, eN_l] T .
N-1
1
By the Sherman-Morrison formula, (P — El’:v’g)*1 is expressed in terms of (P —
1
“B)tb
g8 by
1 1 1 T -1
(Ps — 662)_1 = <Ps - 661 - Z[eleN—l] { ZlT ])
(3.49) 1 N1
_ v
:(Ps_glgl) 4 [ o102 | [ v;T ]

11



The two vectors vy, v are

1 1
U1 = ﬁ(P - _81)71 £61 \/_eNfl )
| vy = L - (Ps — 15’1)_1 £61 + £61\7 1],
Q(Q—ﬁ)i 6 2 2
where the scalars «, § are
L
a=1- “€1 ( - _Bl) 15
(3.51) 4 16

5= 3¢k (P~ 5B

1
Replacing (Ps— 682)_1 by its value given in (3.49), we obtain after some algebra,

(3.52) H§“> =H; + wlwip + wgwg + elsf + eN_lsg,
and
(3.53) Héb) =ri(e; +ea) +ra(en_1 +en_2)T.

We deduce the following decomposition
(3.54) Ho = Hy + RST,
where RST is the perturbation defined by

{ R = [wi;wyser;en—157r1:72] € Mn_1,6(R),

3.55
(3:59) S = [wi;wa; s1582;€1 + eaien—1 + en_2] € My_1,6(R).

The six vectors wy, wa, 71,79, 51,52 € RV=D are

1 1
wyp = ——(K+ —Al)vl,

(3.56)
wo = —§(K + gAl)UQ,
1 1 1
- K F 2B.)-1 2
(3.57) " 124( j; 1 12B2) (s ) —gB) et 4?’
ro = 24( K + F2B2)( 632)7161\771 + 1EN-1
3 1
§1 = ( K — —AQ )( s — —Bg)_lel,
(3.58) 3 o8 1 6
Sg = 8( K — —A2 )(Ps 32) eN—1,

where the vectors vy, vy € RV~1 are given (3.50). The matrix Hs is non sym-
metric only because of the perturbation §H = RST.

12



4 Bidimensional Hermitian Box-Schemes

In this section we extend the design principle of the Hermitian Box-Scheme
from dimension one to dimension two. In Section 4.1, the derivation of the
bidimensional is carried out without any specific assumption on the discrete
form of the derivative on the boundary. In Section 4.2, the general matrix form
is obtained using Kronecker algebra in a systematic way. Particular examples
are the bidimensional HB-scheme 1 and HB-scheme 2 which are introduced In
Section 4.3. They differ only by the approximation of the boundary derivatives
in terms of the internal unknowns. A fast solver algorithm is given for each of
them.

4.1 Design of the Hermitian Box-Scheme in a rectangle

We consider the extension of the HB-Scheme to the bidimensional Poisson Prob-
lem in the square Q = (a,b)?,

—Au=f,  (z,y) € (a)
(4.1) { u=g, on 9Q (b).

The square cell K; ; centered at point (x;,y;) with length 2h is, (see Fig.1):
(4.2) Kij=xi—hz+h] x[y; —h,yj+h], V1<ij<N-L

The three discrete unknowns at internal points are

(4.3) U = (uijhi<ij<n-1, Us = (aijhi<ij<n-1, Uy = (uy,ij)i<ij<n-1,
with w; ; ~ w(x;,y;), Uss; %(xi,yj), Uyij g—Z(xi,yj). The design of

the scheme proceeds as in dimension one. First, using the Green theorem, the
average of (4.1), on K; ; yields (the outer normal vector to 0K, ; is 7 (n1, n2)),

( ) h2/€9K,j(a$n1+8yn2) o fﬂ <i,j<
where
1 . .
¥

The left-hand side in (4.4) consists of four one-dimensional integrals corre-
sponding to the four edges of 0K; ;. Each of them is approximated in turn
by the Simpson formula. This gives the following approximation of (4.4), for

13



1<i,j<N-1,
(4.6)
1 1 2
- 2h)? Eum,iﬂ,jq + gux,iJrl,j + gux,iJrl,jJrl
i 2 1
— gum,i—l,j—l + gum,i—l,j + gum,i—l,j-i-l
L 1 -

+ g Lyt + 3 Uy.ig+1 + g lwithitl

1 2 1
g1 + 3 Uyij—1 + g Lyitli=1 } =1

Second, the connection of u to u, is obtained as counterparts of (2.8), by

(4.7)

1 2 1 Ui+1,' —U,i_17' . .
611;?1:,1’—1,]' + §u7‘77j + gumﬂ;_,_m- = T M) 5 J 1 S (3 S N — 1, 0 S ] S N
Similarly in the y-direction, the connection of u, to u is given by

(4.8)

1 2 1 Ui 41 — Ui j—1 ; .
gluid—1F gUyig T Glyijin = —— o ——, 1<jsN-1, 0<i< N

Equations (4.6), (4.7), (4.8) constitute the core of the HB-Scheme in two dimen-
sions. To fully define the HB-Scheme, we have to add the boundary conditions.

e First, the Dirichlet boundary conditions translate to the four series of
relations, along the four sides of the square (2,

w0 = g(xi,90), 0<i <N,
uin = g(zi,yn), 0<i<N,
uo,; = 9(zo0,y;), 1<j<N-—1,
U'NJ:g(xNayj)a 1<y <N-L

(4.9)

e Second, the approximation of the normal derivative uy 0,j, ta,n,j, 1 < j <
N —1, and uy,i,0, Uy,i,n, 1 <17 < N—1along each side has to be specified in
terms of the internal unknowns (discrete Dirichlet-to-Neumann operator).

As a first example, the bidimensional form of the HB-Scheme 1 consists
in writing along the four sides of the square the following equations, (see

(2.10)),
2 1 o )
guTovﬂ_F uTle U,Ljihuwa OSJSN7
(410) %ux N _|_ uw No1j= w’ 0<j<N,
3u@“o+ 3uy,i,1 = % 0<i<N,
1 Ui, N — Ui, N—1 .
guy,i,N + guy,i,N—l D — 0<i<N.

Observe that the total number of equations actually coincides with the number
of unknowns. The unknowns are (u; ;, Uz j, Uy.ij, 0 < %, < N), which gives
3(N + 1)? unknowns. On the other hand, we have

14



(l_lvj) (Z’J) (L+17])

(i—1,j—1) (i,j—1) (i+1,7—-1)

Figure 1: HB-Scheme in two dimensions. The flux is integrated along the thick
contour of the box K; j = [x; — h,x; + h] X [y; — h,y; + h].
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e (N —1)? equations in (4.6),

(N —1)(N + 1) equations in (4.7) and in (4.8).

4N equations in (4.9),
e 4(N + 1) equations in (4.10).

This gives a total number of equations of (N —1)2 +2(N — 1)(N + 1) + 4N +
4(N + 1) = 3(N + 1)2, which coincides with the total number of equations.
Let us now turn to the finite-difference form of the three equations (4.6), (4.7),
(4.8). This form is used in Section 4.2 to derive the matrix form of the HB-
Scheme with Kronecker algebra. In analogy to the one-dimensional case, we
let finite-difference operators act on the space L? of two-dimensional grid func-
tions v = (u;;)o<ij<n. The discrete unknowns are the three grid functions
(U, ug, uy) € L%. The subspace of grid functions with homogeneous bound-
ary conditions along the four sides of the square grid is L,QL’O. Finite-difference
operators in two dimensions useful in the sequel are

e the centered operators d,, 0y

Uit1,j — Ui=1,j

5a:ui,j = 3 1 < ZaJ < N — 17 (a’)7

(4.11) 2h
byusy = L 1< SN =1, ()

e the Simpson average operators o, oy

S ..
(4.12) e T 3
3

Oyli,j = 6

1
U5 + =Uit1,5, 1<, <N—1, (a),

U j—1 + SUq5 + Ui j+1, 1<, <N—-1, (b)

6
Using these operators, the three equations of the HB-Scheme (4.6), (4.7),
(4.8) translate in terms of the grid functions u,u,,u, € L? as
(4.13)
=0y (0atia)ij — 02(Oyuy)iy =1fij, 1<4,j
Umum77;7j:5mu7;7j, 1SiSN—1, 0<j SN (b)
OyUy i, zéyum 0 SZS N, 1 Sj S N -1

4.2 Matrix form of the bidimensional Hermitian Box-Scheme:
general case

In this section, we show that the algebraic structure of the HB-Scheme can
be interpretated in a simple way using Kronecker matrix algebra. In many
situations one can take advantage of that structure to develop fast resolution
procedures. For a summary and basic properties of the Kronecker product of
matrices, we refer to [22, 28]. For recent applications in fast computing in high
dimensions, [23, 27]. We also make use of the mapping usually denoted by the
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operator “vec” in Kronecker algebra, which maps the grid function v = (v; ;) €
L3, to the vector V = vec(v) € RO-1" The operator "vec” creates a column
vector of size (N—1)2 from a (N —1) x (N —1) matrix A by stacking the column
vectors of A = [a1;az;..;an—1] below one another as

(4.14) vec(A) =

The vectors U, Uy, U, € RV-1? are defined by
(4.15) U =vec(u), Uy =vec(uy), Uy = vec(uy).

We need also the mapping of two vectors v, w € RN¥~1 onto a grid function with
v and w in left and right positions,

(4.16) [Ul,...,val,ONfl,...,0N71,w1,...,wN71]T =e1®uvt+en—1Quw.

The transpose maps two vectors v,w € RYN~! onto a grid function with v and
w respectively in bottom and top positions,
(4.17)

T
[v1,0,...,0,w1,v2,0,...,0,w2,0,...,0,un-1,0,...,0, wn_1] = v®e1+wWRen_1.

Here we denote Ur,Ur € RV~ the left and right Dirichlet boundary vector
data at © = @ and x = b. Similarly, Ug, Ur are the Bottom and Top Dirichlet
data at y =a and y = b,
U = [uo,1, -, o, N—1]7,
Ur = [un1,.,un,N—1)"
4.18 e ’
( ) Up = [u1,0, -y un—1,0]7,
Ur = [u1,n, ., un—1,n]".
The boundary gradient vectors in RV =1 are denoted by (Us. 1, Uy,1.), (Uz,r, Uy,R):
and (Uz, 7, Uy, 1), (Us,B,Uy,B). For example, we have

(4.19) U, = [Uar,0,15 Ui 0,257+ » U 0,N—25 U, 0, N—1)

We denote the four corner values g0, uo, N, UnN,0, UN,N DY

(4.20) UL = uo,0, ULt = wo,n, Urp = un,0, Urr = un,N.
Similarly, the derivatives at the four corner points are

2,18, U, y LB) = (Uz,0,0,Uy,0,0),

T RB, y RB) (um,N,O; uy,N,O);

(U,

(U,

( T LT7 Y, LT) (um,O,N; uy,O,N);
( z,RT y,RT) (ux,N,N;uy,N,N)-

(4.21)
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We consider now all the equations needed to eliminate the internal and boundary
derivatives in terms of U = vec(u), U, Ug,Up and Ur.

o First, (4.7, 4.8) translate in matrix form as the extension of (3.21) to the
bidimensional case. This gives the derivatives U, = vec(u,),U, = vec(uy) in
terms of U = vec(u), Uy, Ug, Up, Ur as

DeNU+ (E@)(e1@Ur+en_1®Ug) |, (a),

1
(4.22) "
7 ID)WU+{I®EUp®er+Ur®@en—1) |, (b).
e Second, the normal derivatives along the four sides of the square are deduced

from (3.15). The bidimensional vector form turns out to be
(4.23)

1 @Upr+eno1®@Upr=~ (A DU ~h(B& Uz +(C@I)(e1 @ UL +en—1® Ur) ),

UypRer+UyrQen_1 = I AU —-h(I®B)U, + (I®C)(UB ®e1+Ur ®6N71)

> = S =

As an example, the case of the boundary conditions for the HB-scheme 1 in
(4.10) translates to (4.23) with A = Ay, B =By, C =C; (see (3.17)).

e Third, we need the tangential derivatives along the four edges of the square.
Consider for example the bottom side, where the tangential derivative is the
derivative in the z— direction. Using (4.7) with j = 0 and (3.21), we observe
that U, p can be expressed in terms of Up as

1
(4.24) Upp = —

1
B = hDUB+E5(€1ULB+€N71URB)~

Using also the Dirichlet-to-Neumann relation along the bottom side considered
as a segment, (see (3.15)), the z— derivatives Uy 1.5, Uz rp at the two bottom
corner points LB and RB are expressed in terms of the bottom values Up €
RN_l, Urp,Urp € R, by

1
(4.25) e1Uy,rp+en-1Uz rB = 7 (AUB — hBU, 5 +C(erULp + 6N—1URB)) .

The tangential derivatives along the three other sides are derived in a similar
way.

By the principle already used in the one-dimensional case, we derive the
matrix form of the finite difference equation of (4.6), which is (4.13),,

(4.26) —0y(6puz)ij — 02 (6yuy)i; =106 5, 1<i,j<N-—1.

Consider the first term o, (6,u;). For all v € L, the grid function oyv € L3 is
defined by (see (4.12)p),

1 2 1 .
(4.27) OyVij = gvm'_l + gvm' + 6Ui7j+1’ 1<4,5<N—-1.
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Therefore, with V' = vec(v) € ]R(N_l)Z, the vec operator applied to oyv can be
expressed as

1 1
(428) VeC(Uy'U) = (I &® PS)V + E(I & 61)VB + 6([ ® €N71)VT.

Using v = d,u,, in (4.28) gives
(4.29)
1

vec(oy (0zusz)) = (IQFs) vec(5mum)—|—6(I®61)(vec(5mum))3—|—é(I®6N_1)(vec(5mum))T.

Furthermore, vec(d,u;) € RV-1? jg expressed as

1 1 1
Vec(éxuw) = ﬁ(K ® I)Um — %(61 ® I)Uw,L + ﬁ(@]\]71 ® I)Uw,R
1 1
(4.30) = ﬁ(K @)U, + %(Fz @1I)(e1 @ Up,r +en—1 Q@ Uy Rr).

Substituting (4.30) in (4.29) yields

1
vec(oy(0gusz)) = 2—h(I ® Py) ((K @NUz; + (Fo®@I)(e1®@UzL +en—1® Ux,R)>

1
+ m(f ®e1) <KU’I:,B + Fao(erUg e + eN—lUr,RB))

1
+ m(f ®en—1) (KUm,T + Fo(erUyp,r + eN—lUr,RT)) .

This provides the decomposition of the grid function oy (dzuz) in four terms

(a), (b), (c), (d) as

(4.31)
vec(oy (0zUz)) = %<K®P8)Uw (@
+ %(FQ®Ps)(€1®Um,L+6N*1®Uw’R) (%)
+ ﬁ(z ©e)KUsp + (I ® er) Fa(e1Us.Li + en-1Us.rp) (€)
+ ﬁ(f ®en—1)KUz 1+ ﬁ(f ®@en-1)Fa(e1Us,Lr + en—1Us rr) (d).

Each term (a), (b), (¢), (d) in the preceding identity is expanded, by expressing
the derivatives in terms of the unknown U and of the boundary data.
e Term (a)
Using (4.22),, the term (a) can be expressed as

() = S (KR

“T o s

1
= SpHeR) ((D @)U+ (E@I)(e1®@UL +en-1® UR))-
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e Term (b)
The term (b) corresponds to the normal derivatives along the boundary. Using
(4.23), it can be written as

1
(0) = 5 (R@P)(e1®Usr+en1@Usn)

= 2,112(F2 ® P ){(A®I)U— WB@ U, + (C@I)(e1®Up +en-1® UR)}

= sn(BeP, ){(A@I)U— (B®I)((D®I)U+ E@D(er®UL +eno1 ® UR))
+ (C®I)(€1®UL+€N1®UR)}

This is rewritten as
(4.32)

(b) = 2]112 { (F2(,4 BD)@P)U+ (F2(C—Be)®PS) (61®UL+6N1®UR)}.

e Term (c)
The term (c¢) corresponds to the tangential derivatives along the bottom side.
Using (4.24, 4.25), it is expressed as

(4.33) (¢) = I®e)KUy g+ I®e)Fy(e1Uy e+ en—1Us rB),

12 h( 12h(

or equivalently

1
() = 12h2([®el) (DUB+5(e1ULB+eN_1URB))

1
+ 12h2(1®61)F2 (AUB—hBU B+C(61ULB+€N 1URB)>

Using (4.24) again, the term (c) can be further expanded as

(©) = ——(T@e) KD+ FAUs—

7 (I ®e)FRB (DUB +&(eUrp + €N—1URB)>

12h2
1

+ 12h2([®€1)<K(‘:+FQC) <€1ULB+€N1URB>
1

= 12h2(1®e1)<KD+F2(A—BD))UB
1

+ 12h2([®61)<K(€+FQ(C—BS)) (elULB+€N—1URB>-

Using the expression of the matrices H and G given in (3.25), we obtain finally

1 1
(434) (C) = _WHUB ® e — Wg<€1ULB + eN_lURB> X e1.
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e Term (d)
The term (d) is

1 1
(4.35) (d) = —W'HUT Xen—1— Wg<61ULT + eNlURT> K en—1-

Rearranging in (4.31) the term (a) + (b) and adding (c¢) and (d), we find that

1 1
vec(oy(0puy)) = _ﬁ(H ® P)U — ﬁ(g ® Ps)(e1®@Ur +en—1 ®Ug)
1 1
(4.36) — WHUB(@Q — Wg(elULB%—eN_lURB)@el

GerwUrr +en—1Urr) ® en—1.

1 1
T ogetUreena- s

Symmetrically, the matrix form of the term o, (d,u,) in (4.26) is,

1 1
vec(oz(dyuy)) = —ﬁ(PS QH)U — ﬁ(PS ®@G)(Up®er+Ur®en_1)
1 1
(4.37) - e2a® HUL — ozl ® G(erUrp +en-1Urt)
1 1
— W€N71®HUR— W€N71®g(€1URB+eN71URT)~

Collecting the terms in (4.36, 4.37), we find out that the matrix form of (4.26)
is

1
(4.38) ﬁ(H®PS+PS®H)U:F—Gw—Gy.
The vectors F' corresponds to the averaged source term in (4.5),
(4.39) F = vec(T1f).

The vectors G, Gy € RWV-1° correspond to the non homogeneous boundary
conditions,

o= (G P)(er Uy +en 1 ©Up)
(4.40) + # HUp +G(enULp + €N—1URB)) ® e
+ # HUT+Q(61ULT+6N1URT)> @en—1,
and
Gy = %(Ps®g)(UB®61+UT®€N71)
(4.41) + #61 ® (HUL +G(enUrs + €N1ULT)>
+ #61\/—1 ® <HUR+g(€1URB +6N—1URT))-
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The only parameter to specify in (4.38) consists in the choice of the discrete
Dirichlet-to-Neumann approximation in (4.23). This choice results in specific
matrices A, B, C, which in turn determine the matrices D, £ in (3.22) and then

H, G in (3.26).

4.3 Fast solver for the HB-Scheme in two dimensions
4.3.1 Fast Solver for the HB-Scheme 1
It results from (4.38) that the matrix form of the HB-Scheme 1 is

1
(4.42) 5 (M@ Pt o H)U = F =G, — G,

The matrices Hi,G; in (3.28) are substituted to the matrices H,G in (4.40,
4.41). The bidimensional HB-Scheme 1 reads: find U € RV=1? solution of

(4.43) H\U=f

where the matrix H; is defined by

(4.44) Hy =H1® P, + P, ® Hi,
and
(4.45) f=h(F -G, —Gy).

The vectors F, Gy, Gy € RV=D7 are given in (4.39, 4.40, 4.41). Since P,, H,
are both diagonal in the basis Z*, with eigenvalues o, = 1 — \/6, g, the
matrix H; is diagonal in the basis Z* @ Z! with spectral decomposition, (see
(3.5), (3.32)),

(4.46) H = (Z®Z) <M @I —A/6)+ (I —A/6)® M) (Zz"®Z").

The eigenvalues are (3 ; given by
(4.47) Brg = oy +appy, 1<k I<N-—1.

Solving (4.43) is performed by FFT using the following algorithm. It extends
the classical FFT algorithm used to solve the five-point Laplacian in a rectangle.

Algorithm 4.1 Algorithm 1: (Fast FFT algorithm for the HB-Scheme 1)

e Step 1: Decompose the source term f = h*(F—G,—G,), (see (4.39),(4.40),
(4.41)) with H = Hi, G = G1), on the orthonormal basis Z* @ Z' of
RV-1 " Recall that pe and a =1 — %)\k are the eigenvalues of matriz
H1 and P; respectively. This step consists of computing the coefficients
kaJ = (f,Z"® 2, 1< ki1 < N —1 and is performed by Fast Sine
Transform, [31].
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e Step 2: Compute the components U,fl of the solution in the Fourier space
by
fZ

(4.48) Uf, ===, 1<kI<N-1.
T By

vy

e Step 3: Assemble component;uise the solution using the decomposition of
the grid function U € RN="D"in Z2% @ Z¢ by
N-1
(4.49) Uiy =Y, ULZEZ;.
k=1

The grid function u € L,QL’0 is such that U = vec(u), therefore

(450) Uq,5 = Ui’j, 1 < i,j < N —1.

Steps 1 and 3 are O(N?log,(NN)), and Step 2 is O(N?), which gives a O(2N? log,(N))+
O(N?) algorithm.

4.3.2 Fast Solver for the HB-Scheme 2

In this section, we derive a fast direct resolution procedure for the fourth-order
HB-Scheme 2. Here (4.38) is expressed as

1
In (4.51), the matrices Hg and P, are given in (3.40),, (3.8). The three terms of
the right-hand side are given in (4.39), (4.40), (4.41) whith G = G, (see(3.40)3).
Our first result states the algebraic structure of (4.51). Observe that the matrix
structure of the HB-Scheme 2 keeps exactly the same shape as the HB-Scheme
1. Using the structure of the matrix Hs in (3.54), we obtain that

(4.52)

Ho® Po+ Ps®Hy = (H1 ® Po+ P, @ H1)+ (RST @ Po+ P @ RST)..

Ho Hy 60H

The linear system to solve is therefore
(4.53) HyU = f

where f = h*(F — G, — G,). Furthermore, rank (6H) = 12(N — 1) compared
to rank (Hy) = (N — 1)2. Let us give the detailed structure of §H. The matrix
P, can be expressed as

(4.54) P, = Zdiag(ay, - ,an,)Z7.
Defining the vector Z/:F = a,lc/2Zk, the matrices Z’, Ps € My_1(R) are

(4.55) 7' =z, 2N po=272'2""T.
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Therefore 0 H can be written as

H = RST®P,+P,o@RST
[ ST @2z ]

S§ @z

! ! / /
R1®Za 7R6®Z;Z®R1; ;Z®R6 ZI’T®S?

2" @S]

This result in §H = LM7T where the rectangular matrices L, M € M(y-1)2,12(nv-1)(R)
are

(456) L= [le" : 7L12]; M= [Mlv" : 5M12]-

The matrices L;, M; € M(n_1)2,(nv—1)(R) are for 1 <i <6,

(4.57)

Li=R,®Z', Lit¢ =2 ® Ry,
M;=8®27Z, Miy¢e=2®S8;.

The basis of our fast algorithm is the Sherman-Morrison formula (see ([22],
Chap. 2, pp. 50 ) applied to the matrix (4.52). It consists in expressing the
inverse of the matrix Hy, = H; + LM7T as

-1
(4.58) Hy'=H' - H;1L<112(N_1) + MTHl‘lL) MTH

According to (4.58), the following algorithm summarizes the solution procedure.
Indications of the computing complexity are given at each step of the algorithm.
Despite the apparent length of the algorithm, which is given in full details, the
implementation keeps to be simple, using standard vector operations in matlab
or FORTRAN 90.

Algorithm 4.2 Algorithm 2 (Fast FFT algorithm for the HB-Scheme 2)

e Step 1: Let f = h*(F — G, — G,) € RON=1 be the source-term vector.
Solve the linear system

It is solved using the Algorithm 4.1 at a cost O(2N?1logy(N)) + O(N?).
The vector g € RWV-D* js stored for the Step 7.

e Step 2: GGiven g € RN-D* 4 Step 1, compute the vector MTg €
R12(N=1) defined by

T
(4.60) MTg = [MT g, Mg, .. Mg]
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The first component M{'g € RIN=1) s
T
(4.61) MTg=[(S1® 2" g, (S ® Z”N’l)Tg}

For 1 <1< N — 1, the l-component of the vector Mg in (4.61) is

_ N-1
(4.62) (S22 = > () Y 9ii 7"
=1 Jj=1

= 1/22 Sl lzgl,] j*
i=1

The terms
N-1
j=1

are computed by FFT using

(4.64) ng L= ( >%Nz:1.g77jbln< )

The same method is used to compute MY g,--- , MIg. Similarly, the k—th
component in MTg is

N-1

N-1
> (Sh); Z 9i3 20"

=1

= ai/QZ 51 ng

j=1

! (m)
gi,j sin .
1

The vectors Mg, -+, Miyg are computed by the same method. The N —1
FFT computations in (4.64), (4.66) are performed at a cost O(2N?logy(N)).
For each 1 <1 < N — 1, the scalar product in (4.62) or (4.65) gives an
additional 2N cost. The cost of the scalar products is therefore 24N2. In
summary the cost of Step 2 is O(2N?logy(N)) + 24N?2.

(4.65) (Z"F @ 81)Tg

BN

Again the FFT is used to compute

N-1 1 N-
(4.66) > giiZf = ( )
=1

1=

Step 3: Solve the 12(N — 1) x 12(N — 1) auziliary linear system,
(4.67) (Liyv—1) + MTH 'Lyw = M7Tg.

The computing complexity of the whole algorithm relies on the efficiency
of this solving. We use the GMRES method. No preconditionning is used
for the time now. A computing cost analysis is given in Section 4.3.3.
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e Step 4: The solution w € R2WN =1 4n Step 3 is decomposed as
(4.68) w = [wy,wa, ..., w2)T, wy, wa, .., wis € RV,
Compute the vector t = Lw, w € R2N-1 ¢ ¢ RIN=-D* py
(4.69) t=t1+to+ts+...+t1o, tp=Lw, 1<1<12

with
(4.70)
tl - (Rl & [Z/717 e 7ZI7N_1])w1 ) t2 = (RQ b2 [Z/715 e 7ZI7N_1])w27

t5 - (R5 ® [Z/717 e 7ZI7N_1])w5 ) tﬁ = (RG ® [Z/715 "'7Z/7N_1])w6;
tr = (2", , 2"V @ R)wr ,  tg=([Z",---, 2"V @ Ra)us,
tin = (2", 2NN @ Rs)wiy,  tio = (2", , Z"N 71 ® Re)wro.

The components (tm)ij, 1 <i,j <N —-1,1<m <12 are
(4.71)

N-1 1/2 N-1 1/2
(t)ig = (R1)i Sy 2w ZL, (t2)ig = (Ro)i ey oy (wo )i 2L,

(t5)ij = (Rs)i %Illalll//z(wﬂlzé . (t6)i; = (Re)i ,1 all/f/gwg)lel.,
(tr)ig = (R); Sopy a2 (we)ZE , (ts)iy = (Ra); Sopy o 2 (ws)nZf,

(t)ig = (Rs); Samy e > (win)i 28, (ti2)ig = (Re); Sony oy > (wiz)k ZE.

Each sum in each right hand side in (4.71) is computed by FFT, which
gives a cost of O(12Nlogy(N)). FEach of the 12 wvectors t1,--- ,t12 Te-
quires also N? multiplications. The sum in (4.69) requires further 12N>
additions. This gives a global cost of O(12N logs(N)) + 24N?2.

e Step 5: Solve the linear system in RN =1°
via the fast FF'T solver as in Step 1. The cost is O(2N? logy(N))+O(N?).

e Step 6: Assemble the solution U € RWN-1)? of the linear system (4.51)
by
(4.73) U=g—w,
where g, w € RN=1%gpre given in (4.59, 4.72). The cost is O(N?).

e Step 7: Compute (if needed) the hermitian gradient Uy, U, € R(N-1)
given in (4.22) as a post-processing of the grid values of U.

Remark:
Not that the spectral radius of H; *0H is close to 1.48. This discards an itera-
tions using H; '6H as iterative matrix.
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4.3.3 Further comments on the computational cost of Algorithm 4.2

1- Resolution of (4.67)

The complexity of the previous algorithm relies on the efficiency of solving the
auxiliary linear system (4.67). The matrix of the linear system is I 12(N-1) +
MTH{ 'L where

MTH 'L, M{H 'Ly .. MIH 'L
(4.74) MTH'L = MFHy'Ly MFHT'Ly .. M{H{'Li
MEHT'L, MEH'Ly .. MELH;'Lis

Suppose that k;; matrix-vector products are needed to reach a prescribed accu-
racy (for a specified iterative solver). Due to the structure of the matrix (4.74),
it turns out that each matrix vector product M7 H; ! Lw requires:

e One matrix vector product w € R22NV=1 s Ly := ¢ € RV-D’ This
product coincides with Step 4.

(N-1)

e One resolution His = t, where s,t € R which coincides with Step

1.

e One matrix-vector product s € ROV-D* , MTs € R12(V=1) which coin-
cides with Step 2.

Summing up the costs in Step 4, Step 2, Step 1 gives a cost of O(2N?log,(N))
+0(49N?) for each matrix vector product in (4.67). This has to be multiplied
by the number of iterations k;;. The total cost for Algorithm 2 4.2 is found
to be O(6N?logy(N) + 51N?) + ki O(2N? logy (N) + 49N?). In Table 4.3.3 the
condition number of the matrix (4.67) is displayed. It appears to be independent
of the grid size.

2- Comparison with other fourth order schemes

Let us briefly comment the differences between the scheme (4.53) with other
fourth order schemes on regular cartesian grids. The classical fourth order
scheme of Collatz [15] is usually solved using multigrid solvers, [41, 24]. This
makes difficult an accurate cost analysis comparison with any direct solver. In
[8, 35] a family of high order compact finite finite difference schemes (HODIE
methods) is systematically studied in two and three dimensions for elliptic or
Helmholtz problems. A broad series of test cases is solved using direct and
iterative solvers. A specific solver is the Fourier-tridiagonal method, [10]. The
Orthogonal Spline Collocation (OSC) method ([6], [4]) is fourth order accurate
for the unknown and the gradient. It uses Hermite cubic splines. For many
HODIE schemes as well as for the OSC method, it is possible to compute in
a preliminary step the discrete spectral basis. This allows a direct resolution
at a cost O(C1N?%logy(N) + O(C2N?) with optimal constants C;, Cy. This
is also the case for the HB1 scheme (see Algorithm 4.1). We refer to [5] for
additional properties of OSC schemes. Finally, the algorithm in [11] based on a
subtractional solver uses a decomposition of the solution in an analytical part
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Mesh size 8 16 32 64 128 256

512

Cond. number 11.3376 11.2784 11.2299 11.2015 11.1851 11.1757

11.1703

Table 1: Condition number of the matrix I1o(y_1) + MTHflL

and a spectral part. This algorithm performs optimally in particular cases.
The design of the HB-scheme is quite different from the preceding schemes. It
relies on the mixed form of the equation. The fourth order accuracy for u and
Vu results from the one of quadrature formulas and not from pointwise Taylor
expansions. As in finite volume methods, only averaged values of the source term
are used. at the points (ih, jh). The FFT/Sherman-Morrison solver proposed
in Algorithm 4.2 is an example of a fast solver for (4.53).

5 Numerical Results

In this section we display some numerical results which prove the efficiency of
the fourth-order version of HB-Scheme 2 in different cases of computational
interest. Moreover, in some cases, the HB-Scheme 1 is also observed to be
fourth order accurate. The F90 computing code is sequential and on a desktop
computer with a processor Intel i7, 3.20 Ghz, 6GB memory. The compiler is
295 with -O3 optimization level. We use the package FFTPACKS5 for the Fast
Fourier Transform, [39]. The reported CPU time is obtained using the cputime
function. We use the discrete L,QL norm to measure the errors, defined by

N-1 3
(5.1) lu — unlln = <h2 > (ulwi,y;) - ui,jf) :

ij=1

Recall that taking into account non homogeneous boundary conditions gives an
additional contribution to the right-hand side for near boundary points which
is given in the G, and G, vectors, see (4.40,4.41). The average operator IT°
in (4.39) is approximated by the (tensorial) Simpson formula, which is fourth
order.

The number of GMRES iterations for the resolution of (4.67) is observed to be
independent of N in practice. For a relative residual condition set to 10713, 15
iterations are typically needed.

Case 1: We consider the Gaussian function u(z,y) = exp(—((z — 0.5)> + (y —
0.5)2)). This case is considered in [11]. The results are reported on Table 2 up to
a grid of size N = 1024 in the x— and y— directions. Observe the fourth-order
accuracy for the three unknowns (up to the computer accuracy).

Case 2: We consider the Poisson problem with exact solution u(x,y) =
In(z + y? + 1). The results are reported in Table 5. Note the singularity of the
gradient along the boundary.

Case 3: In Table 4 a more difficult case is reported, with isolines along the
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Mesh size  ||u — up|| luz — uzn]] T=CPU(ins.) T/(N?Ina(N)) GMRES it.

N =128 2.385(—10) 5.793(—10) 0.12 1.04(-6) 15
conv. rate 3.98 4.01
N = 256 1.504(—11) 3.585(—11) 0.44 8.39(-7) 15
conv. rate  3.99 3.97
N =512 9,446(—13) 2.284(-12) 1.81 7.67(-7) 15
conv. rate  4.00 2.06
N =1024 5.884(—14) 5.459(—13) 8.49 8.09(-7) 15

Table 2: Error and convergence rate with the bidimensional HB-Scheme 2 for
u(z,y) = exp(—(x — 0.5)? — (y — 0.5)%) on [0, 1]%.

Mesh size  |Ju —up|ln  [Jue —uznlln  Juy —uynlln, T=CPU(ins.) T/(N?Ina(N)) GMRES it.

N =128 3.478(—10) 1.813(—-9) 2.697(-9) 0.11 9.59(-7) 15
conv. rate  4.00 3.83 3.92
N = 256 2.167(—11) 1.268(—10) 1.780(-10) 0.42 8.01(-7) 15
conv. rate  4.00 3.86 3.92
N =512 1.351(—12) 8.721(—12) 1.171(-11) 1.89 8.01(-7) 15
conv. rate 4.00 3.36 3.62
N =1024 8.420(—14) 8.446(—13) 9.477(-13) 8.22 7.84(-7) 15

Table 3: Error and convergence rate with the bidimensional HB-Scheme 2 for
u(z,y) =In(z +y? + 1) on [0,1]°.
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Mesh size  |Ju —up|ln  [Juz —uznlln T=CPU(ins.) T/(N?Iny(N)) GMRES it.

N =512 1.163(—7) 5.835(—6) 1.91 8.09(-7) 14
conv. rate  4.00 3.88
N =1024 7.247(-9) 3.967(-7) 8.65 8.24(-7) 14
conv. rate  4.00 3.90
N =2048 4.520(—10) 2.660(—8) 37.18 8.06(-7) 14
conv. rate  4.00 3.91
N =4096 2.821(—11) 1.768(—9) 162.8 8.09(-7) 14

Table 4: Error and convergence rate with the bidimensional HB-Scheme 2 for
u(z,y) = cos (5 (z —y)*) on [0,1]°.

Mesh size  |lu —up|ln  [Juz —uznlln T=CPU(ins.) T/(N?Inp(N)) GMRES it.

N =512 9.480(-9) 1.283(=7) 1.66 7.04(-7) 11
conv. rate  4.00 4.00
N =1024 5.923(—10) 8.021(—9) 7.51 7.16(-7) 11
conv. rate  4.00 4.00
N =2048 3.702(—11) 5.013(—10) 32.07 6.95(-7) 11
conv. rate 4.00 3.99
N =4096 2.314(—12) 3.156(—11) 132.7 6.59(-7) 11

Table 5: Error and convergence rate with the bidimensional HB-Scheme 2 for
u(z,y) =exp (—30((z — 0.5)% + (y — 0.5)%)) cos (20(z +y — 1)) on [0, 1]2.

first diagonal, u(x,y) = cos (57 (x —y)*). We display results with grids from
N =512 to N = 4096. Again the rate is close to four for the three unknowns
u, Oz, Oyt

Case 4: We consider in Table 5 a case presented in [11] with the exact function

(5.2) u(z,y) = exp (= 30((z — 0.5)* + (y — 0.5)%)) cos (20(z + y — 1)).

This function is both steep and oscillating and is more difficult than the previous
ones to compute. The accuracy obtained on the final grid (N = 4096) is the
same than the one obtained for N = 512 with the optimal spectral subtractional
solver in [11] which uses a decomposition into an explicit part and a computed
part. The HB-scheme does not use such a decomposition. In addition, the
unknown and the gradient are provided by the scheme.

6 Conclusion

This paper introduces a methodology to design compact finite difference schemes
in cartesian geometries. A specific example of interest for the Poisson problem
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is worked out. The new scheme appears to be fourth order for the principal un-
known and the gradient. The computational cost is found to be O(C1 N? log,(N))
+ O(C3N?). The performances on a desktop are quite good. The scheme does
not use any kind of staggered grid. All the unknowns are located at point
(@i, Yj )-

The work is going on in several directions including extending the accuracy to
order six and eight and the extension to dimension three. In addition, a strategy
to generalize this scheme to multiscale grids and to irregular geometries using
embedded grids, [18], in underway. We refer to the forthcoming [1] for a detailed
numerical analysis.
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