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CONVERGENCE OF A FINITE VOLUME SCHEME FOR THE
CONVECTION-DIFFUSION EQUATION WITH L! DATA

T. GALLOUET, A. LARCHER, AND J.C. LATCHE

ABSTRACT. In this paper, we prove the convergence of a finite-volume scheme
for the time-dependent convection—diffusion equation with an L! right-hand
side. To this purpose, we first prove estimates for the discrete solution and
for its discrete time and space derivatives. Then we show the convergence of a
sequence of discrete solutions obtained with more and more refined discretiza-
tions, possibly up to the extraction of a subsequence, to a function which mets
the regularity requirements of the weak formulation of the problem; to this
purpose, we prove a compactness result, which may be seen as a discrete ana-
logue to Aubin-Simon’s lemma. Finally, such a limit is shown to be indeed a
weak solution.

1. INTRODUCTION

We address in this paper the discretization by a finite volume method of the
following problem:

Ou+diviuv) —Au=f inQx(0,T),
(1.1) u(x,0) = ug(x) a.e. in €,

u(x,t) =0 a.e. in 90 x (0,7),
where  is an open, bounded, connected subset of R, d = 2 or d = 3, which is
supposed to be polygonal (d = 2) or polyhedral (d = 3), and 9 stands for its

boundary. The right-hand side, f, and the initial condition, ug, are supposed to
satisfy:

(1.2) feLyQx(0,T)), up € L1(Q).

The vector-valued velocity field v is supposed to be divergence-free, to vanish on
the boundary of the domain and to be regular, let us say:

v e CHQ x [0,T)),
(1.3) divo(z,t) =0, V(x,t) € Q x (0,T),
v(x,t) =0, Y(x,t) € 0Q x (0,T).
Definition 1.1 (Weak solution). We define a weak solution u to problem (1.1)-
(1.3) by:
U € Ur<g<(d+2)/(d+1) Lq(OaTEW(lJ’q(Q))
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2 T. GALLOUET, A. LARCHER, AND J.C. LATCHE
and, Y € CX(Q x [0,T)):

- / u(x, t) Opp(x, t) de dt — / u(x, t)v(x,t) - Vo(z,t) de dt
Qx(0,T) Qx(0,T)

+ / Vu(x,t) - Vo(x, t) de dt
Qx(0,T)

:/ f(x,t) o(x,t) dxdt—f—/uo(az)ap(w,()) de.
Qx(0,T)

Q

The existence of such a weak solution (and to more general nonlinear elliptic and
parabolic problems) has been proven in [4]; further developments (in particular,
concerning the uniqueness of solutions) can be found in [1, 2, 3, 20, 11].

The motivation of this study lies in the fact that Problem (1.1)-(1.3) is a model
problem for a class of convection-diffusion-reaction equations with L'-data encoun-
tered in the so-called Reynolds Averaged Navier—Stokes (RANS) modeling of tur-
bulent flows. In this class of models, the effects of turbulent stresses are taken into
account by an additional diffusion term in the momentum balance equation of the
averaged Navier—Stokes system governing the evolution of the mean velocity field
© and pressure p. This system of equations is given here for reference, in the case
of incompressible flows, with p the laminar viscosity and g a forcing-term:

14 9,0 + div(v ® v) — div((u + () (Vo + Vf)t)> +Vp=g,

divo = 0.

The additional diffusivity u:, called ”turbulent viscosity”, needs to be modelled
by an algebraic relation. Usually, this relation involves a set of characteristic tur-
bulent scales (xi)o<i<n; for instance the turbulent kinetic energy k (m?/s?), its
dissipation rate e (m?/s®) or the turbulent frequency scale w (s~1) are used in
two—equation models like the & — & model of Launder—Spalding and the & — w
model of Wilcox. Turbulent scales themselves have to be computed by solving a
set of scalar convection—diffusion equations, commonly called ”turbulent transport
equations”, which share the same structure:

(1.5) Oy xi + div(x;v) — div (/\({Xp}o<pgn)vxz‘) = fr. {xpto<p<n)-

In these equations, following from the Boussinesq hypothesis, every source term
fx: is linear (with a bounded coefficient) with respect to |Vo|* = Z;{jzl(aj@i)%
with 9; the i—th component of v. Since v satisfies the classical energy estimate of
the Navier—Stokes analysis, which can be derived from System (1.4), Vo belongs

to L2(Q x (0,T)), and the right-hand side of Equation (1.5) lies in L1 (€2 x (0,T)).

Let us mention that convection-diffusion equations with L' data are also encoun-
tered in electrodynamics modeling [6] or heating by induction [8].

In this paper, we show that a sequence of approximate solutions obtained by a
backward-in-time and upwind finite volume method converges up to a subsequence
towards a function @ which is a weak solution of the problem, in the sense of
Definition 1.1. To this purpose, we extend to the time-dependent case techniques
developed for steady problems with L' data, for a single elliptic equation in [16, 10]
and for a system of two coupled elliptic equations arising in heat dissipation by the
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Joule effect in [6]. Note that all of these works (including the present one) only apply
to the standard two-point approximation of the diffusion flux (and so to particuliar
meshes, see remark 2.1), the extension to more general finite volume schemes being
still an open problem. Similar studies in the finite element framework, for a single
elliptic equation and with meshes still satisfying similar assumptions, may be found
in [17, 7].

The presentation is organized as follows. In Section 2, we define the approx-
imation spaces and describe the discrete functional analysis framework which is
used in the subsequent developments. Then we prove an abstract compactness re-
sult, which may be considered as a discrete analogue of the classical Aubin-Simon’s
lemma (Section 3). The scheme is then given (Section 4), then we derive estimates
satisfied by the discrete solution (Section 5), and conclude by the convergence anal-
ysis (Section 6).

2. DISCRETE SPACES AND FUNCTIONAL FRAMEWORK

An admissible finite volume discretization of €2, denoted by D, is given by D =
(M, E,P), where:

(1) M is a finite family of non empty open polygonal (d = 2) or polyhedral
(d = 3) convex disjoint subsets of 2 (the “control volumes”) such that
Q=UgemK. For any K € M, let 9K = K \ K be the boundary of K.

(2) € is a finite family of disjoint subsets of Q (the “faces” of the mesh), such
that, for all o € &£, there exists a hyperplane E of R? and K € M with
o = 0K N FE and o is a non empty open subset of E. We assume that, for
all K € M, there exists a subset £(K) of £ such that 0K = U,cg(k)T. For
all o € £, we suppose that either o C 9 or there exists (K, L) € M? with
K # L such that K N L = ; we denote in the latter case 0 = K|L. We
denote by eyt the set of the faces included in 9Q and Einy = € \ Eext the
set of internal faces.

(3) P is a family of points of € indexed by M, denoted by P = (x)kem-
The family P is supposed to be such that, for all K € M, zx € K.
Furthermore, for all o € &, 0 = K|L, it is assumed that the straight line
(xk,xr) going through xx and xy, is orthogonal to K|L.

Remark 2.1. The possibility to build the family P restricts in practice the choice
for the mesh. In applications, we only use rectangles (or rectangular hezahedra in
3D), acute angle simplices or Voronoi cells.

By |K| and |o|, we denote hereafter respectively the measure of the control
volume K and of the face o. For any control volume K and face o of K, we denote
by dk ., the Euclidean distance between xx and o and by nmk, the unit vector
normal to o outward from K. For any face o, we define d, = di o + dr o, if
separates the two control volumes K and L (in which case d, is the Euclidean
distance between &k and xr) and d, = dg,, if o is included in the boundary. For
any control volume K € M, hg stands for the diameter of K. We denote by ha
the quantity hay = maxger hi.
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Let Hyy € L*(Q) be the space of functions piecewise constant over any cell
K € M. For a finite ¢ > 1, we define a discrete W(l)’qfnorm by:
U —ur

q q
lalfgpe= > lold, 7 + Y o] do

0€E&nt, 0=K|L 0E€Eext, 0€E(K)
We also define:

UK |4

dy

Ug —uy,
[ll1,00,04 = max {{7' y |7 0 € &n, 0 =K|L}
o
U
U {|dK|7 0 € Eoxry 7 € E(K)} U {lux|, K € M}}
For ¢ > 1, we associate to this norm a dual norm with respect to the L? inner
product, denoted by | - [|=1,q,m with ¢’ given by 1/¢+1/¢’ = 1 if ¢ is finite and
¢’ =1 if ¢ = +o0, and defined by:
1
o= s [wde,
vEH M (Q), v#£0 [[v |1,q,M Q

As a consequence of the discrete Holder inequality, the following bound holds for
any ¢, r € [1,+o0] such that g < r:

(2.1) Vu€Hat,  Julligam < @QDYY u

|1,T,M7

and, consequently, for any ¢, r € [1,+00] such that ¢ < r:

(2.2) VueHu,  llull-1,g00 < @DV ull -1 an
We denote by &,q > 0 a positive real number such that:
(2.3) VK € M, Vo € £(K), gMgdg—"’, and §M§d}f—;:.
The greatest real number satisfying these inequalities may be considered as a mea-

sure of the regularity of the mesh.

The following discrete Sobolev inequalities are proven in [12, Lemma 9.5, p.790]
and [9, 13].

Lemma 2.2 (Discrete Sobolev inequality). For any q € [1,d), there exists a real
number C(, &€, q) > 0 such that:

dq
d—q
For ¢ > d and any p € [1,+00), there exists a real number C(Q, &, p) > 0 such
that:

[ullper @) < C(Q,6m,9) llulligm — with ¢ =

HU‘HLP(Q) S C(Q7£Map) ”u”L‘LM'

In addition, the following bound is proven in [13, Lemma 5.4].

Lemma 2.3 (Space translates estimates). Let v € Hyq, and let © be its extension
by 0 to RY. Then:

19 +3) = 90O s (ay < V4 [yl [0

liim. VyeRL
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The following result is a consequence of the Kolmogorov’s theorem and of this
inequality.

Theorem 2.1. Let M* be a sequence of meshes the step of which tends to zero,
and regular in the sense that any MF, k € N, satisfies the regularity assumption
(2.3) with a unique (i.e. independent of k) positive real number &.

Let g € [1,400), and let (uk)ren be a sequence of discrete functions (i.e. such that,
Vk €N, v € Hlj\/l: where H’j\/l is the discrete space associated to M¥) satisfying:

Vk € N, ¥y g < C

where C' is a given positive real number. Then, possibly up to the extraction of a
subsequence, the sequence (uf)ren converges in LP(Q) to a function u € W),
for any p € [1,q%), where ¢* = dq/(d —q) if ¢ < d and ¢* = 00 otherwise.

Remark 2.4 (Extension of Theorem 2.1 to ¢ = +00). If we now suppose that, with
the same notations:

Vk €N, ¥ 1.00m < C,

then, still up to the extraction of a subsequence, (u’j\,[)keN may be shown to converge
in any LP () with p € [1,400) to a limit u which belongs to W™ (Q), the regularity
of u being a consequence of the fact that its gradient is bounded in any LP(Q2)4,
p € [1,400), by a constant which does not depend on p.

Furthermore, we suppose given a uniform partition of the time-interval [0,T),
such that [0,7] = Up<n<n[t",t" ] (so t" = nédt, with 6t = T/N). Let Hp be
the space of piecewise constant functions over each K x I", for K € M and I" =
(t", t"t1), 0 < n < N. To each sequence (u"),—o n of functions of Hx(Q2), we
associate the function u € Hp defined by:

(2.4)  u(z,t) =u"T(x) forae x€Q, foranyte (t",t"T), 0<n<N.

In addition, for any v € Hp and 1 <n < N, we define d; p(u)"” € Hpq (referred to
hereafter as the discrete time derivative of u) by:

(25) dp(u)(z) = @) _6?,1, @) (e, 9y p(u) = % VK € M).

3. A COMPACTNESS RESULT

The aim of this section is to establish a compactness result for sequences of
functions of Hp which are controlled in the discrete L*(0,T; Wy?(£2)) norm, and
the discrete time derivative of which is controlled in the discrete L' (0, 7; W~17(Q))
norm, 7 not being necessarily equal to ¢’. A new difficulty (with respect with
previous analyses which can be found in [12, chapter IV] or [14]) lies in the fact
that the space norms for the function and its time-derivative are not dual with
respect to the L? inner product, which leads us to derive a discrete equivalent of
the Lions’ lemma 3.1 below. Then we prove a discrete analogue of the Aubin-Simon
compactness lemma, using the Kolmogorov theorem.
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3.1. A discrete Lion’s lemma. Let us first recall the Lions’ lemma [19], [5,
Lemma I1.5.15, p.97].

Lemma 3.1. Let By, By, By be three Banach spaces such that By C By C Bo,
with a compact imbedding of By in B1 and a continuous imbedding of By in Bs.
Then for all e > 0, there exists C(e) > 0 such that:

Vu e By, |lullp, <ellullg, +CE)lullp,-

Let us state a discrete version of this lemma suitable for our purpose, taking
B; = L9(Q) and replacing By and Bs by a sequence of discrete spaces, associated
to meshes the step of which tends to zero, endowed with the || - ||1,4,0¢ norm and
the || - ||=1,7 M nOrm respectively.

Lemma 3.2 (Lions lemma — Discrete LP version). Let (M¥)ren be a sequence
of meshes the step of which tends to zero, and regular in the sense that any MF,
k € N, satisfies the regularity assumption (2.3) with a unique (i.e. independent of
k) positive real number &.

Let g, € [1,+00). Then, for all € > 0, there exists C() > 0 only depending on ¢,
q, v and & such that, for any sequence of discrete functions (u*)pen (i.e. such that,
VkeN, uF e H’jw where H’j\,l is the discrete space associated to M¥):

(3.1) VhEN, [lutllL, < elluflign +Cle) [u* -1 m-

Proof. Let us suppose that this result is wrong. Then there exists ¢ > 0 and a
sequence of discrete functions (u*)gey such that:

(3.2) VEEN, [lufllpaq) > ellutllgm + k-1
Let (v*)zen be given by:
1
VEEN, vp = u”,
|u HLq(Q)

so that, Vk € N, ||vk|\Lq(Q) = 1. By (3.2), we obtain that:

Yk EN, ([ aq) > € 0" g + k0" -1rm,

and hence:
VkeN, |o*

1
|1,q,M < g

Thus, thanks to Theorem 2.1, possibly up to the extraction of a subsequence,
(v¥)ren converges in LI(Q) when k — oo to a limit v € W;4(Q). On one side, this
limit satisfies [|v[|y4q) = 1. On the other side, we have, for k € N, [vF) =1 om0 <
1/k. Let ¢ € C°(Q). For k € N, we denote by 7¥¢ the discrete function of H,
defined by (7*¢p)x = ¢p(x ), VK € MF. By the definition of the | - |1, p norm,

we have:
1-1/r

7" el < el (41€)

We thus get, for k£ € N:
1/r! 1

| [ vt del < ot s 7000 < ellr mqey (@127 .
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k

and, passing to the limit when k — oo, since v¥ converges to v in LI(Q) and 7F¢

converges to o in L>®(Q):
/wp dz = 0.

Since this latter relation is valid for any ¢ € C3°(2), this is in contradiction with
the fact that [|v|[,q) = 1. O

Remark 3.3. At first glance, Lemma 3.2 may seem to be slightly more general that
its continuous counterpart, since it does not require an assumption on the values
of ¢ and v which would ensure that 1I(Q) is imbedded in W=17(Q). We show in
appendiz A that the situation is in fact the same at the continuous level, i.e. that
a continuous counterpart of Inequality (3.1) also holds in the continuous case, for
any q and r in [1,+00).

3.2. Estimation of time translates of discrete functions. Let us first intro-
duce some notations. For n € Z, we denote by ¢™ the time ¢" = ndt (so the
definition of t" extends to n € Z the definition already given in Section 2 for
0 <n < N). Let Hp be the space of discrete functions defined over R? x R by
simply supposing:
(i) that the time discretization covers R, such that @ € Hp reads @ = (") ez,
(ii) and that, for n € Z, u™ results from the extension by zero to R? of a
function of Hay, which we denote by u".
For a positive real number 7, let X : R — R be the function defined by x”(¢) =1
if t <t" < t+ 7 and x?(t) = 0 otherwise. Then, for a.e. £ € R? and a.e. t € R,
the difference @(x,t + 7) — u(x,t) can be expanded as follows:

(3.3) a(x,t+7) — u(x, t) ZX u"t(z) — u(x)).
neZ

In addition, the function x? is the characteristic function of the interval (¢" — 7,t")
and thus:

(3.4) Vn € Z, / Xr(t)dt =T.
R

Lemma 3.4 (Estimate of thg time translates of a function of ﬁp). Let v =
(@)o<n<n be a function of Hp, let ¢ € [1,400) and r € [1,+00), and let us
suppose that there exists a positive real number C such that:

Dot ulhgm <G D6t 10 (W) |1 < C.
nez neEZ

Let € > 0. Let 6 be given by:
¢
4 |Qt-1a C”

Let C(0) be such that for any v € Hpq, an inequality of the form of Lemma 3.2
holds:

(5:

||UHL¢1(Q) < 8 vlligm + C6) [v]-1m0m

and, finally, let 9 be given by:
€

2 1Q-1/4 C(5) C

T0 =
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Then:

V1 such that |7| < 79, la(-t+7)— a('7t)||L1(Rd><R) <e

Proof. Let @ > 0 and C(«) be a positive real number such that, for any v € Hy,
an inequality of the form of Lemma 3.2 holds:

[vllLagq) < @llvlligrm + Cla) [[v]-1,ra1-

Let 7 be a positive real number, and @ be a function of Hp, its restriction to
being denoted by u. We have, for ¢t € R:

iyt 4+ 7) = A Dllpa ey = Nl 4+7) = ul D)l
< |Q|171/q ||'I.L(~,t + T) - u('vt)”LQ(Q)

<111 [aful, ¢+ 7) = ul, Ol + C(@) fult+7) = a8l -1.ru].
This inequality yields:
/teR .t 4 7) =0l oy < |21 [a Ty + O0) T,
with:
7= [ futeter) a0
teR

We have, for Ti:

hgad and Ty = / (s b)) 1y .
teR

T < / (st +7)ll.g.0 dt +/ luls D)ll1,q,00 dt < 2C.
teR teR

By Identity (3.3), we get for Th:

T, < / 137X () (a0 — )yt
teR

nez

36t (1) Bep ()™ | -1 dt

neEZ

I
teR
By the triangle inequality and Relation (3.4), we thus obtain:

T, < / Dot X 1060 (W)™ v pmdt = 7 Y 6t 0 (w)" |- 1,ma0 =T C.
LeR ez nez

Gathering the estimates of T7 and T yields:
/ (-t +7) =, )l gey dt < C Q7Y (2a +7C(a)),
teR

and it is now easy to verify that the choice of a and 7 suggested by the state-
ment of the lemma yields the desired inequality. The case of negative 7 fol-
lows by remarking that, by a change of variable in the integration over time,

[at+7) = a( D)l gaxgy = 10(1) =@l + 7D @i sr)- U
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3.3. A discrete Aubin-Simon’s lemma. We are now in position to prove the
following compactness result.

Theorem 3.1. Let (uF)ren be a sequence of discrete functions, i.e. a sequence of
functions such that, for k € N, u* is a function of a space H, associated to a mesh
MPF and a time step §t*. We suppose that the sequence of meshes (MF)pcy is
regular, in the sense that any M*, k € N, satisfies the regularity assumption (2.3)
with a unique (i.e. independent of k) positive real number &, and that both h
and §t* tend to zero when k tends to +o0o. We suppose that there exists three real
numbers C >0, ¢ > 1 and r > 1 such that:

N* N*

VEEN, Y otf (W) igm <C D t0 [(0np(w))" 1M < C.
n=1 n=2

Then, up to the extraction of a subsequence, the sequence (u*)pen converges in

LY(2 x (0,T)) to a function u € L'(0,T; Wy9).

Proof. First, we remark that, by Lemma 2.2, there exists a real number C; only
depending on the domain 2, on the parameter £ characterizing the regularity of
the meshes and on ¢ such that, Vk € N, Vv € H’j\,l (the discrete space associated to
ME), [vllg1 @) < C1 lv]l1,q,m. Consequently, we get:

VEEN, [u*llLiqxory < C1 C.

Let ¢ be a continuously differentiable function from R to [0, 1], such that ¢ =1 on
[0,T] and ¢ is equal to zero on (—oo, —T) U (27, +00). For a given k € N, let us
build a sequence ((4*)"),ez of functions of HK, as follows:

for n < —N, ()" =0,
for —N<n<0, (85" =e(t") (@),
(3.5) for 0 <n < N, (@F) = (") (uk)" = (uF)",
for N <n <2N, (aF) = (tm) (uk)2N-—n,
for n > 2N, (aF)™ =0,

where we have defined (u*)? (which does not appear in the statement of the theo-
rem) as (u*)? = (u*)!. Then we denote by @* the function of Hp (so defined over
R? x R) obtained from the sequence ((@*)"),ez. The function @* is equal to u* on
Q2 x (0,T). Since the function |¢| is bounded by 1, we easily get:

HakHLl RixR) = 3 ||“k||L1 ax(o,r) <3010, ot ||(Uk)n”1,q,/vl <3C.
( ) (©2x(0,T))
nez
In addition, we have, for 0 <n < N — 1:
_ () (@) — () (@h)
ot

_ _(p(t—n—l) atyp(,ak)n-i-l _ (ﬂk)n 90(

at,D(ﬂk)_n
) =)
ot '

Thus, for any 1 < s < r, denoting by s’ either s’ =1—1/sif s > 1, or 8’ = +o0 if
s=1:

1
S Ve — / O p(@) " v dz = Ty + T,
vEH M H'U”Ls’,/\/[ O
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with:

1
T, = sup et~ h 8t7p(uk)"+1vda;,

veH pm ||UH1,5’,M Q

1 =1y _ (g
T2 = sup ———— /(uk))n@( ) SD( )’wa
vet n V1,7 m Ja ot

We have for T7:

1
T :gp(t‘”_l) sup ———— /atﬁp(uk)”ﬂvdw
vEH A H'U| 1,s",\ M Q

1
< sup g /at,D(“k)nHwa:||3t,D(Uk)”+1||—1,s,M7
vEH A HU||1,S’7M Q

which is controlled by [|0;p(u*)"T1||_1, 1 thanks to Inequality (2.2). The term

T5 satisfies:
1 /(uk)”v da.
|1,s’,./\/l Q

T < ¢y S0P o

vEH A

By Lemma 2.2, the LY/ (4= (Q)-norm is controlled by the || - |14 ;m-norm, and we
can choose s small enough so that the || - |1 s ap-norm controls the L¢(2)-norm,

where d is defined by (1/d) + ((d —1)/d) = 1. We then get, by Holder’s inequality:
Ty < Co |19 llpoo (my I106™)" [l1,g,0-

where Cs only depends on €2, £, s and ¢q. Applying similar arguments for N < n <
2N vyields:

D6t (0 (@) -1,601 < Cs,
neZ
where C'5 only depends on ¢, 0, £, s, ¢ and C.

We may now apply Lemmas 3.2 and 3.4 to obtain that, for any € > 0, there exists
7o only depending on €2, ¢ C' and € such that:

(3.6) V7 such that |7| <70, VEEN,  [JuF(,t+7) = 0" ()| (garr) < €
In addition, from Lemma 2.3, we have:

Vk €N, Vn € Z, Yy € R, ||(@)"(- +y) — (@) ()l ey < Vd |yl I(a*)"]

1,1,M-
Multiplying by 6t* and summing over the time steps yields:
Vk €N, Vy € R?,
3.7 1)+ ) = @) Ol acry < VTl D2 08% 1@ 10,00
nez
Since, Vk € N, @* vanishes outside Q x (=T, 27), Holder’s inequality (2.1) yields:
D2t ) < @MY D 6 @) g,
neZ nez

which shows that space translates also are uniformly controlled. Kolmogorov’s
Theorem (e.g. [12, Theorem 14.1 p.833]) thus shows that the sequence (u*)iey is
relatively compact in L'(€2 x (0,T)). The regularity of the limit of subsequences is
a consequence of the bound on the space translates, namely the fact that the right
hand side of (3.7) is linear with respect to |y| (see [13, Section 5.2.2]). O
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Remark 3.5 (Regularity of the limit). When the functions of the sequence are
more regular than in the assumption of Theorem 3.1, so may be also the limit. For
instance, if we suppose:

Nk

VEeN, > otk (k)9 <

n=1

then the limit u lies in the space L4(0,T; W4(Q)) (see [13, Section 5.2.2]). This
result will be used hereafter.

4. THE SCHEME

For o € &y and 0 <n < N, let vnﬂ/2 be defined by:

tn+1

(41) 7;{"";/2 (St / iB t ‘NMK.o d’Y( ) de
tm K|L

The backward first-order in time discretization of (1.1) reads:

VK e M, for 0 <n < N,

@(u?fl —u) 4 Z n+1/2 n+1_|_ Z |‘7| n+1 uZ‘H)
(4.2) ot o=K|L o=K|L do
|a|
+ Z uit! = 6t/ / f(z,t) de dt
ot (10w 07 "

where the approximation of v on an internal edge is given by the usual upwind
choice:

ultt if vig, >0,

(4.3) Vo € Emt, 0= K|L, u't!= <
up

ag .
otherwise.

The initial condition for the scheme is obtained by choosing, for the value of u°
over a cell K € M, the mean value of ug over K:

1
(4.4) VK € M, uf = Il /Kuo(m) dx

5. ESTIMATES

Let 0 € (1,2) and let us define the function ¢, from R to R by:

v 1
(5.1)  WyeR, ¢’<y)=/0 pds wd o /¢>

The function ¢ enjoys the following features:

(1) the function ¢’ is positive over RT, negative over R™, and increasing over
R; the function ¢ is positive and convex over R.
(2) the function |¢’| is bounded over R; precisely speaking, we have:

+o0 1
(5.2) Vy € R, |</d8+/ d5—1+r
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(3) Relation (5.2) yields:

1
(5.3) VyeR, oy < (1 + m) |yl
In addition, if we denote by Cy the positive real number defined by Cy =
min(¢(1), ¢’ (1)), we get, by convexity of ¢:
(5.4) Vy such that |y > 1,  ¢(y) > Cy [yl
In addition, since, for s € [0,1] and 6 € (1,2), 1 + |s|? < 2, we easily get
that C¢ Z 1/4
This function ¢ is used in the proof of the following stability result.

Lemma 5.1. Let u € Hp be the solution to the scheme (4.2)-(4.4), and ¢ be the real
function defined over R by (5.1). Then the following bound holds for 1 < M < N:

M
HuMHLl(Q) + Z ot Z . (ug —ul) [¢/(UK) - ¢/(UJL)]
n=1 4
0EE&int,
o=K|L

M
RIS 'Jﬂ W o (ul) < C,
n=1 TEEext, 7
ce&(K)

where C only depends on Q, f, ug and 0. Since, for any 6 € (1,2), s¢'(s) > 0
for s € R and ¢ is an increasing function over R, this inequality provides a bound
independent of 6 for u in L>°(0,T;LY(Q2)).

Proof. Let us take ¢'(u™"!) as test-function in the scheme, i.e. multiply (4.2) by
¢/ (ufct!) and sum over the control volumes. We get T + T+ = TPH! with:

n n K n n n+1/2 n
= Z ¢’ (ui) [% (uitt —uf) + Z VKTU/ u0'+1:|7
KeM oc=K|L
n n o n n g n
Tt = Z ¢/(UK+1)[ Z |CT| (U‘K+1 _ uL+1) + Z %UKH}’
KeM o=K|L ° CEE(K)NEext  ©
1 e
n+1 /¢, n+1
Tt = 5 Z ¢ (u' )/tn /Kf(a:,t) de dt.

KeM
Since the advection field v is divergence-free, by the definition (4.1), we get:
VK € M, S vz =o.
oc=K]|L

Thanks to Proposition B.1 of Appendix B applied with px = pj}; =1, VK € M,
we thus obtain:

> 3 B g o)

KeM
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Reordering the summation in 77", we have:

Td +1 _ Z di (UKJrl uLJrl) [¢ (uK+1) ¢ ( L+1)]
o€&nt,
o=K|L

ag
+ Z %u}“ ¢ (upth).
o
0E€Eext,
c€E(K)

Finally, since ¢ is bounded over R™ by Relation (5 2), we get:

n 1
Tf“ga /7 fact ) de dt.

Multiplying by dt and summlng from n=0ton= M — 1, we thus get:

S K s+ 30 S T g a) ) - )]

KeM n=1 g

Ueginh
o=K|L
M o]
Y0t Y ud i) < Y K| o(uk)
n=1 - a KeM
cel(K)

13

which concludes the proof thanks to the definition (4 4 of uo Inequality (5.3) and

Inequality (5.4).

O

The following lemma is a central argument of estimates in the elliptic case. It
may be found in [16], and is recalled here, together with its proof, for the sake of

completeness.

Lemma 5.2. Let v be a function of Hyq and ¢ be the real function defined over R

by (5.1). Let Ty(v) be given by:

Tw= Y Dac-w) @0 -sol+ X Do),

ds
oEEint, 0E€Eext,
o=K|L ceé(K)

Then the following bound holds for 1 < p < 2:

[0l s < [Ta(@)]™? [C1+ Co o e o)

where C1 and Cy only depend on p and on the regularity of the mesh, i.e. on the

parameter aq defined by (2.3).

Proof. Let us first introduce some notations. For any face o € £ and any function

v € Hpy, we define:

Vg — Vg,
do
VK

£ o€, 0 € E(K),

if o €&y, 0 =K|L,
(5.5) O,V =
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and:
¢'(vk) — ¢'(ve)
Vg — UL
¢’ (vk)
VK
Note that, for ¢ € &, the quantity a, is non-negative. With these notations, we
have:

if 0 €&, 0 =K|L,

ifUEgext, o ES(K)

o = Z lo|dy |0svP  and  Ty(v) = Z lo|dy ag (050)2.

oe€ el

lv

By Holder’s inequality, we get:

Lot < [ loldrar @] [3 loldy az7/ @]

oe€ oe€

2—-p)/2
(5.6) vl .

For o € &y, 0 = K|L, there exists U, lying between vg and vy, such that a, =
¢"(05). From the expression of ¢, we thus get:

1
Vo € &, 0 = K|L, — <14 max(Jugl, |vp|)’.
a

o
By a similar argument, we also have:

1
Vo € Eext, 0 € E(K), - <1+ ok’

g

Inequality (5.6) thus yields [[v]|] , v < Ty(v)P/? 1}(27’))/2 with:

T = Z o] do (1+max (Jvk], |'ULD9)p/(2_p)—|— Z \o| dy (1+‘UK|0)p/(2_p),

o€&int, o€Eext,

o=K|L oe€(K)
Using the inequality (a 4+ b)* < 2% (a® + b*) valid for any positive real numbers a,
b and «, we get:

27/ T < Y oldo + Y ol do max (fukl, Jor])?/ 37V
oel 0EEint,
o=K|L
+ Z |lo| do |vgc| PP/ 3P,
0€Eext,
oc€&(K)

Remarking that, for any K € M, the total weight of the term |vg|??/(>~P) in the
last two sums (summing all its occurrences) is at most equal to 3, ¢ ) o] do and
that this quantity is bounded by C | K|, with C' only depending on the regularity
of the mesh, we get:

2/C T <d |0+ C 3 KT = |0+ ClllTES) o
KeM

and thus, finally:

op/(2—p) (2=p)/2

o0 pq < Ta(@)?/2[22/ @ 0] + 22/ @D ol 220 17,

which easily yields the desired inequality. [
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We are now in position to prove the following estimate, by a technique which is
reminiscent of the method used in [4] for the continuous case.

Proposition 5.3. Let u € Hp be the solution to the scheme (4.2)-(4.4). Then the
following bound holds for 1 <p < (d+2)/(d+1):

Z& ¥ e <

where C' only depends on Q, T, f, ug, p and the reqularity of the mesh, i.e. on the
parameter xq defined by (2.3).

Proof. In this proof, we denote by C; a positive real number only depending on
Q, T, f, ug, p, 0 and the parameter £, characterizing the regularity of the mesh.
Thanks to Lemma 5.2, we get, for 1 <p < 2:

N
Z ot |lu ||1pM < Z ot [Td(“ )]p [Cl +Cs lu ”L}Z{»/@—p)(g)]
n=1
Since p < 2, the discrete Holder’s inequality yields:
N
p/2
376t a7, < [Z 5t Ty(u ]
n=1

n110p/2 2/(2-p)] (27P)/2
5t [Cr+ Co a1 ) O]

mz.\

n=1

From Lemma 5.1, we know that:

Z5t Td <03

Let us now apply the inequality (a + b)® < 2%(a® 4 b%), valid for a, b, a > 0, to
obtain:

N
Zat [ pope < 5% 3022/t /)
n=1

- 2/(2—p) n 0p/2 2/(2—p)] (2—P)/2
+ 3225t [Co |- )] } .

n=1
This last relation yields the existence of C;y and Cj such that:
N
(2—p)/2
n n | 0p/(2
2515 ™[I} pt < Ca+Cs {Z ot [lu ||L];z/)/<2 I?)(Q)} '

n=1

The discrete Sobolev inequality [[v]}, v > Cs [lv which holds for any

v € Hyq with p* = dp/(d — p), yields:

H;Ep* ()’

N N N
(2—-p)/2
n n nnbp/(2—
Co 30 0t 7 £,y < D008 ™I ag < Cat Cs [0t 12220 |
1 n=1

n=1
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The idea to conclude the proof is now to modify the right-hand side of this relation
to obtain an inequality of the form:

N
B
Co ot ™ 12, 0y < Z(St |5, pq < Cr+ Cs [Z 5t [lun |- (Q}
n=1

with an exponent 8 < 1, which will yield a control on anl ot [|u"]|7 - (@) and,
consequently, on 22;1 ot ||u"\|f7p’M. To this purpose, we first use an interpolation
inequality, to bound [|u"[6,/2-5)(q) as a function of (a power of) [|u" ||}, g and
[[u”[|g,1 (), which is uniformly bounded by Lemma 5.1; then an Hélder inequal-
ity allows to change the exponent (to p) of this latter norm. Let us recall the
interpolation inequality of interest, valid for 1 < r < ¢:

1-1/r
1-1/q
Thanks to this inequality and the fact that, for 0 < n < N, [[u"[|;1q) < Co, we
thus get, denoting r = 0p/(2 — p):

n 0 2 _p)/ n
[Z& 1 o] < [Z L T

n=1

Vv € LY(€), HUHLT(Q) < ||U||Lq(Q) HU”Ll(Q with ¢ =

(2-p)/2

1-1/r
1-1/p*

This inequality is valid if p* > r, which is equivalent to p < (2 — )d/(d — ). We
may now apply Holder’s inequality to get:

(2-p)/2 N (2—p)r¢/2p
né 2 n
[Z Bt " Ig5hyes ) o) < G [0t a2 o)

provided that (r < p, which reads:
1 r—1
p 1—1/p*
Expliciting the values of p* and r as a function of 8 and p, it may be seen that this
inequality is valid for:

with (=

<1.

(2—-0)d+2
d+1
When this inequality is satisfied, since 1 < p < 2, we have (2 —p)/2 < 1 and
(2 —p)r¢/2p < 1, and we are thus able to conclude the proof as announced. For
d=1,d=2or d=3, we have:
(2—-60)d+2 - (2-6)d
d+1 d—0
for 0 sufficiently close to one, let us say for 6 € (1,6p]. Let p € [1,(d 4+ 2)/(d + 1)),
and 0(p) be given by 6(p) = min(y, (61 + 1)/2) where 6; € (1,2) is defined by:
_(2—01)d+2
- d+1

Then all the inequalities of this proof are valid for § = 0(p), which yields the desired
bound. (]
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Proposition 5.4. Let u € Hp be the solution to the scheme (4.2)-(4.4). Then the
following bound holds:

N—
> 6t [0 p(w)" -1, < C,
where C' only depends on Q, T, f, v, uyg and the regularity of the mesh, i.e. on the
parameter aq defined by (2.3).
Proof. Using the notation (5.5), the scheme reads:
VK e M, for 0 <n < N,

K[0p(u)ie =~ > Vi Purtt — 3 o] punt
oc=K|L c€&(K)
tn+1
+ / Sz, t) de dt.

Let v € Hpyq. Multiplying each equation of the scheme by vk and summing over
the control volumes, we get:

/ Orpw)" vde= > |K|dp(u)i vk =Ty + T3+t 4+ T3,
Q KeM

with:

T = — Z VK Z vnﬂ/2 ™t Tt = Z VK Z lo| Opu™T

KeM  o=K|L KeM  oeg(K)
tn.+1

n+1
T3 &/tn /fwt x) de dt.

Reordering the sums and supposing, without loss of generality, that any face o is
oriented in such a way that v}?}l 2 <0, we get for UELARS

n+l _ n+1/2 np41
o == E , Vi Ui (vk —vr),

o€Eint,
o=K|L

n+1/2

where, by assumption on the velocity field, [V, ""| < [|v][},«(q) |o], Vo € Eint. By

the discrete Cauchy-Schwarz inequality, we thus get:

TP < C lu

where C only depends on v and the parameter £,y governing the regularity of the
mesh.
By a similar computation, we get for T5 "

Tt = ’Z 0| dy Byu™t Byv| < |lu

oce&

Finally, the term T3 satisfies:

1

|Tn+1| =5 HU“Loc(m ”fHLl(Qx(t" tntly)
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Let p € (1,(d +2)/(d + 1)) be such that the discrete WP () norm of u controls
its L2(Q2) norm (which, by Lemma 2.2) is indeed possible. Since the L> norm is
controlled by the || - [|1,00,m norm, we get, for any v € Hay:

5t/ Op(w)" vdx < St(|TPH + Ty + |75 )
Q

< C [t 1wt + 1 s @ enimiry | T2l

which, summing over the time steps and using Proposition 5.3, concludes the proof.
|

6. CONVERGENCE ANALYSIS
In this section, we prove the following result.

Theorem 6.1. Let (u¥)ren be a sequence of discrete solutions, i.e. a sequence of
solutions to the scheme (4.2)-(4.4), with a mesh MF and a time step 6t*. We
suppose that the sequence of meshes (Mk)keN is reqular, in the sense that any MF,
k € N, satisfies the regularity assumption (2.3) with a unique (i.e. independent of
k) positive real number &, and that both h e and 6t* tend to zero when k tends to
+oo.

Then, up to the extraction of a subsequence, the sequence (uF)nen converges in

L2 x (0,7)) to a function u € LP(0,T; WP (Q)), for any p € [1,(d+2)/(d+1)),
which is a weak solution to the continuous problem, in the sense of Definition 1.1.
Proof. Thanks to the estimates of Propositions 5.3 and 5.4, Theorem 3.1 applies,
and the sequence (u*)gen is known to converge in L'(Q2 x (0,7)) to a function u
which, thanks to Remark 3.5, belongs to L?(0,T; Wg*(€2)), for any p € [1,(d +
2)/(d +1)). We now show that this function is a weak solution to the continuous
problem.

Let ¢ € C(Q x [0,7)). For a given discretization M* and 6t*, we denote by
¢ the quantity:
VK € MF, for 0 <n < N*,  o% = p(xk,t").
Let us now multiply by ¢’ each equation of the scheme, multiply by dt and sum
over the control volumes and the time steps, to obtain:

k k k k
Tat + TC + Td = Tf
with, dropping for short the superscripts k& and using the notation (5.5):

N-1
— +1
Tor =D > K| (u —u) o,
n=0 KeM
N-1
n+1/2 1
T. = Z ot Z Yk VKﬁg/ ull
n=0 KeM  o=K|L
N-1
T, = Z ot Z Ok Z |lo| Opu" T,
n=0 KeM c€e&(K)
N-—1 tn+1

Ty => > so}%/tn /Kf(w,t)d:cdt.

n=0 KeM
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For the first term, we get, reordering the sums:

N
Too=—> Y IK|uf (¢k — o) = D |K] b

n=1 KeM KeM

which yields:

T
Ty = —/ / u(x,t) Orp(x,t) de dt + Ry — / up(x) ¢(x,0) dx + Ra,
t=0 JQ Q

the terms R; and Rp being defined below. Using the fact that u is piecewise
constant, the first one reads:

N n n—1 t"
_ n [Pk —¥Yx 1
E ot g | K| uK[ 5 K[ ot /t"il/Katgo(:c,t) de dt

n=1 KeM
so |Ri| < cp (b4 0t) [lull i ox o)) Where ¢o = [[@]lw2.w(@xjo,r))- The term Ry
reads:
Z / uo(z) [k — ¢(x,0)] de,
KeM

s0 [Ra| < ¢y b [luo]lgs o

We now turn to the convection term, which we write T, = T, 1 + T 2, with:

cl = Z ot Z SD Un+1 Z 7[?_;/27

n=0 KeM o=K|L
1/2
Ram X0 Y v 3 )
n=0 KeM o=K|L

For this proof, we choose not to use the fact that the velocity field is divergence-

free, which is useless for the convergence (but has been used for stability). By the

n+1/2

definition of v , the term T, ; reads:

tn+1

Z 0% / /K (e, t) divo(e, t) dz dt

T
:/ /u(:c,t) o, 1) divo(a, ) de di + Rs,
0 Q

with:

tn+1

R; = Z/ / u(z,t) divo(z,t) [¢k — o(x,t)] dz dt,

50 [R3| < cp h [|9]lwr.0e (0,0 1UllLr (2 0,7)) -

We now decompose T 2 = T 3 + R4 where T, 3 is chosen to be:

Yywy |

n=0 KEM o=K|L”"

—/OT/Qu(:c,t) div[p(x,t) v(z,t)] de dt

tn+1

Tc73

/ (z,t) v(x,t) - ngdy(x) dt
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and, by difference and reordering the sums, we obtain for Ry:
N-1 nt1

t
Re=S S (it —upth / / [o(@, 1) — 7] v(@, 1) -m dy(a) di
n=0 oE€Eint, ! 7
o’:K|L

where, without loss of generality, we have chosen for the faces the orientation such

that v?(t,l/z > 0. We thus get:

N-1 |un+1 _ un+1|
K
|Ral <o h [vllmanory D0 Y, loldo — L
(o8
n=0 o€&int,
o=K|L
N

=cp h H”HLoo(Qx(o,T)) Z& [ 1,1,
n=1

Let us now turn to the diffusion term. By a standard reordering of the summations,
we get:

N-1
Ta=) ot > uwil™ > lolose",
n=0 KeM ceE(K)

which reads:

N-1 gt
Ty =-— Z Z u}“/ / Ap(x,t) de dt + Rs
n=0 KeM t K
T
= f/ / u(x,t) Ap(z,t) de dt + Rs,
0o Ja
with:
N-1
Rs = Z ot uh ! Z lo| R,
n=0 KeM ceE(K)
1
Ry o :aa B v ,t) - o d dt.
ko= 0"+ e [ [ Vetat) o drta)
For any face o € &y, 0 = K|L, we have Rx , = —Rp »; in addition, for any

K € M and any o0 € £(K), |Rk,s| < ¢, (h+0t). Hence, reordering once again the
sums:

N—-1
Rs=Y 6t Y  |o|ldy Ostint1 Rk,
n=0 ce&(K)
SO:
N-1
|Rs| < cp (h+6t) > 6ty o] do |Ootinir| = co (h+ ) [lunsa]1,1,.01
n=0 oef

Finally, we have for the last term:

T
Ty :/ / f(x,t) p(x,t) de dt + Rg,
o Ja
with |Rg| < ¢, (h+ 6t).
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Finally, gathering all the terms and remarking that —div(¢v) + ¢div(v) = —v -V,
we get:

_/:O/Qu(x,t) dyp(x,t) da dt—/@uo(w) o(x,0) dz
—/OT/Qu(a:,t) (@, 1) - V(1) dmdt—/OT/Qu(a:,t) Ag(w,t) da dt
T
:/0 /Qf(:c,t) o(a,t) dz di + R,

with |R| < C (h+6t) where C is controlled by the estimates satisfied by the solution,
the regularity of v and ¢ and independently of the mesh. Letting h and 6t tend to
zero in this equation and then integrating by parts the diffusion term thanks to the
regularity of the limit thus concludes the proof. O

APPENDIX A. A VERSION OF THE LIONS AND AUBIN-SIMON LEMMA
A.1. Lions’s lemma.

Lemma A.1. Let X, B and Y be three Banach spaces satisfying the following
hypotheses:

(1) X is compactly imbedded into B.

(i) There exists a vectorial space F such that B and Y are imbedded into F
and, for all sequence (up)nen of BNY, if up, = w in B and u,, > v in Y,
then u = v.

Then, for all € > 0 there exists C. € R such that ||ul| g < € |Ju|| x + Ce ||ully-, for all
ueXNY.

Proof. We perform the proof by contradiction. We assume that there exists € > 0
and a sequence (up)nen such that u, € XNY and 1 = |lu,|| g > €llun|l x +7llunlly,
for all n € N. Then, (un)nen is bounded in X and therefore relatively compact in
B. Thus, we can assume that v, — u in B and |Jul|z = 1. Furthermore u, — 0
in Y (since ||uy, ||y, < 1/n). Then the second hypothesis of Lemma A.1 gives u = 0,
which is in contradiction with |lul|; = 1. O

Remark A.2. In some practical case, the second hypothesis of Lemma A.1 may
be replaced by the following assumption:

(i) There exists a topological vectorial space F such that B and Y are contin-
uously imbedded into F'.
Then:
ssumption (11)" 18 stronger than Assumption (1),
A ) Sy han A . g
ssumption (i) implies the existence of a Banach space G such tha
2) A ti i) implies th st B h G h that B
and Y are continuously imbedded into G,

(3) as a consequence, under Assumption (i1)’, Lemma A.1 may be proven using
directly a classical lemma due to J.L. Lions.

We first prove the first assertion. Then, let (u,)nen be a sequence of BNY such
that u, — w in B and u,, — v in Y. Thanks to the continuous imbedding from
B and Y in F, one has u,, — v in F and u,, — v in F. Then, v = v, which is
Assumption (ii).
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We now turn to the second point. We set G = B+ Y and for u € G, one sets
llullg = inf{|lu1|l 5 + [|uzlly, v = w1 +uz, uy € B, ug € Y}. The only difficulty for
proving that ||-||; is a norm on G is to prove that ||ul|, = 0 = u = 0. Let u be such
an element of G, i.e. be such that ||ul|, = 0. There exists a sequence (u1,)nen
in B and a sequence (us2,)nen in Y such that uw = uy , + u2,, for all n € N and
Ui, — 0in B, us, — 0in Y, as n = +o00. Thus both sequences tend to zero in
F', which proves that u = 0.

Since both B and Y are continuously imbedded in G (since |lul|z < [lul/, and
lully < |lulls), which is a Banach space, the proof is complete.

Let us now address the third issue. Lemma A.1 is the Lions lemma if F =Y.
Otherwise, this latter lemma may be applied with G instead of Y and gives that,
for all € > 0, there exists C. € R such that ||ul|z < €|lul| yx + Ccl|ul|s, for all u € B.
Since |||l < |I|ly-, we obtain Lemma A.1.

Remark A.3. We give now an example where the hypotheses of Lemma A.1 are
satisfied. Let Q is a bounded open set of R? (d > 1) with a Lipschitz continuous
boundary. Let 1 < p,r < 0o, X = WLP(Q), B =LP(Q) and Y = W L"(Q) =
(W(l)’r,)(Q)*, withr' = r/(r—1), that is the (topological) dual space ofW()l’r/(Q). The
first hypothesis of Lemma A.1 is satisfied. For the second hypothesis, we distinguish
the cases r =1 and r > 1. In the case r > 1, it is possible to take F = (C(Q)),
that is the set of linear applications from CX(Q) to R (without any continuity
requirement). In the case r = 1, the choice F = (CX(£2)) is not convenient since
C2°() is not dense in W™ (Q) (and therefore two different elements of W=11(€)
can have the same restriction on C°(Y)). But, in order to apply Lemma A.1, it
is possible to take F =Y since in this case B is imbedded in 'Y (as usual, one
identifies here u € B with the linear form ¢ — [, up de, with ¢ € CX(Q) for the
case r > 1 and o € Wy™(Q) in the case r = 1).

A.2. Aubin-Simon’s compactness result.

Lemma A.4. Let X, B and Y be three Banach spaces satisfying the following
hypotheses:

(1) X is compactly imbedded into B.

(2) There exists a vectorial space F such that B and Y are imbedded into F
and, for all sequence (up)nen of BNY, if up, — w in B and u,, > v in Y,
then u = v.

Let T > 0, p € [1,00] and (up)nen be a bounded sequence of LP((0,T),X). Let
q € [1,00] and assume that the sequence (Opup)nen s bounded in L1((0,T),Y).
Then, there exists uw € L"((0,T), B) such that, up to a subsequence, u, — u in
L"((0,T),B), as n — 400, with r = min{p, ¢}.

Proof. For short, we restrict the exposition to the case where (i7)’ holds, which
allows a simple proof with the classical Aubin-Simon’s compactness result. We take
G = B +Y with the norm defined in Remark A.2. we obtain that the sequence
(O¢tin )nen is bounded in L4((0,T),G) and B is continuously imbedded in G. Then
the Aubin-Simon’s compactness lemma gives the desired result. ([l

Remark A.5. We give here some precision on the sense of “Oyu € L1((0,T),Y)”.
Let X andY two Banach spaces and p, q € [1,00]. Assuming thatuw € LP((0,T), X),
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the weak derivative of u is defined by its action on test functions, that is its ac-
tion on @ for all p € CX((0,T)) (note that ¢ takes its values in R). Actually,
if p € C°((0,T)), the function (Opp)u belongs to LP((0,T),X) and therefore to
LY((0,T),X) and the action of Oyu on  is defined as:

(Oru, @) / Opp(t)

In order to give a sense to “Oyu € L4((0,T),Y)”, we assume (as in Lemma A.1
and Lemma A.4) that X and Y are imbedded in the same vectorial space F. Then
Opu € L1((0,T),Y) means that there exists v € LI((0,T),Y) (and then v is unique)
such that:

Note that (Opu, p) € X.

T T
~ [ oty urdt= [ o) o)t for allp € C2(0.7)),
0 0

this equality making sense since:

T
/@go t)ydte X CF and /go(t)v(t)thYCF.
0

APPENDIX B. A STABILITY RESULT FOR A GENERAL CLASS OF CONVECTION
OPERATORS

In a compressible flow, the mass balance reads:
(B.1) Op + div(pv) = 0.

Let ¢ be a regular real function, and let us suppose that p, z and v are regular
scalar (for p and z) and vector-valued (v) fields, and that v -mn = 0 on 9. Then
we have:

/ ¢'(2)[0e(p2) + div(pzv)] da = / pd(2) Oz + p¢' (2)Vz - v da

Q Q

B2) = / p0:[6(2)] + pV[6(2)] - v dz = / p6(2) — 6(2) div(pv) da
=/Qp8t¢(Z)+¢>( ) Orp dx = jt/paﬁ(Z)dw

Taking for z one component of the velocity itself and ¢(s) = s2/2, this computation
is the central argument of the so-called kinetic energy conservation theorem. If z
satisfies 0;(pz) + div(pzv) — div(A\Vz) = 0, A > 0, choosing ¢(s) = min(0, s)?,
using ¢(z) as a test function and applying (B.2) yields the fact that z remains non-
negative, if its initial condition is non-negative (which can also be seen by noting
that, thanks to (B.1), we have 0,(pz) + div(pzv) = p[8sz + v - Vz], and this latter
operator is known to satisfy a maximum principle).

The aim of this section is to prove a discrete analogue to (B.2). We thus general-
ize the proofs already given for the specific choices for ¢ mentionned above, namely
for ¢(s) = s2/2 in [15] and for ¢(s) = min(0, s)? in [18].
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Proposition B.1. Let (px)xem, (Pk)kem and (Fk o) kem,oee(K)ne, be three
families of real numbers such that:

(i) VK eM, pi 20, pi =0,
(“) vUegintv U:K|L7 FK,UZ*FL,aa
K
(iii) VK € M, % (px = Pi)+ Y Fro=0.
oc=K|L

(B.3)

Let ¢ be a real convex function defined over R, and let (zx)kem and (25 )xem be
two families of real numbers. For o € &g, 0 = K|L, we denote by z, the quantity
defined by z, = 2K if Fx,o > 0 and z, = 21, otherwise. Then:

> i) B (prezx —pic i)+ Y Frw o]

KeM oc=K|L
K * *
> 3 B (o o) — pic 60210
KeM
Proof. Let us write:
K * *
Z ¢/(2K) [‘57| (pKZK — PK ZK) + Z FK’J ZU} :T1 -|—T’27
t
KeM o=K|L
with:
_ K|, e _ /
T = Z St 9'(2x) (pK 2K — PE 2k )5 Ty = Z ¢'(2K) Z Frozs|.
KeM KeM o=K|L

The first term may be split as 71 = T4 1 + 1} 2 with:

K K
Tii= Y % ¢'(2x) 2 (px = Pi), Tio= Y % Pk @' (2x) (2K — 2k )-

KeM KeM
By convexity of ¢, we get:

7> Y B o) - o).

KeM
The second term reads To = T5 1 + T 2 + 15 3 with:

Ton= )Y, ¢>I(ZK)ZK{ > FK,O’:|) Tro= )Y QS(ZK){_ > FK,J],

KeM oc=K|L KeM o=K|L
Tos= 3 | D Fro(o(zr) + 6/ (210) (20 — 2)) |.
KeM o=K|L
By Relation (éii) of (B.3), the terms T3 ; and T5; cancel, and T3 » may be written
as:
K .
To= 3 B o) (oxe — sic)

KeM
Reordering the sums in 75 3 and using Relation (i) of (B.3), we get:

To 3 = Z Fro|o(zk) + ¢ (2K) (20 — 2K) — ¢(21) — &' (21) (26 — 21)].

0€Eins, 0=K|L
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Without loss of generality, let us suppose that we have chosen, in the last sum, the
orientation of o = K|L in such a way that Fx , > 0. We thus get, since z, = zk:

0dle = d(2x) + ¢’ (2K) (26 — 2K) — d(21) — ¢'(21) (26 — 21)
= ¢(zx) — [0(z0) + ¢/ (21) (zx — 21)],

which is non-negative by convexity of ¢. Finally, we thus get:

1+ 1y2 Y B [ (00e) — 0(00) + 6610 (o — ).
KeM

which concludes the proof. ([

Remark B.2 (Other choices for z,). In fact, Inequality of Proposition B.1 holds
for any choice such that the quantity d¢|, defined in its proof is non-negative, which
may be written as:

[¢'(zk) — ¢'(21)] (20 — 2K) = B(21) + ¢'(21) (2K — 21) — D(2K).
Let us suppose that ¢ is twice continuously differentiable. There exists z, and Z,,
both lying between zx and zj and such that:

¢'(zx) = ¢'(21) + ¢" (%) (2x — 21),

Bexe) = Blen) + ¢/ (22 (o = 22) + 56" (o) (e — 21"

Let us now define 6 such that z, —zx = 0 (2, — 2k ). With this notations, we obtain
that d¢|, > 0 is equivalent to:

6 <

¢" (%)

By convexity of ¢, the upwind choice (i.e. 8 = 0) always satisfies this relation,
which is consistent with Proposition B.1. In addition, we see that, for ¢(s) = s2,
the choice § = 1/2 is possible: in other words, as proven in [15], the centered choice

ensures the kinetic energy conservation.

QS/I (ga)

|~
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