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HIGHER INTEGRAL MOMENTS OF AUTOMORPHIC L-FUNCTIONS
IN SHORT INTERVALS

XUANXUAN XIAO

ABSTRACT. We consider the higher integral moments for automorphic L-functions in short
intervals and give a proof for the conjecture of Conrey et al. under Generalized Riemann
Hypothesis for automorphic L-function.

Keywords. L-functions, automorphic forms, Moment

1. INTRODUCTION

The central values of L-functions is one of the most important problems in number theory.
A typical example is the Lindel6f problem. In many arithmetic applications, we only ask for
its mean values. The simplest example is the 2rth moment of the Riemann (-function :

2T

(L1) M, (T3¢) = / (L +ir)rdr

T
for r > 0 and T > 1. Hardy and Littlewood [8] proved that

My(T;¢) ~TlogT (T — ).
Ingham [12] showed that
Mo(T5¢) ~ 55 T8 T
Titchmarsh [31, Theorem 7.19] showed that for all integer r > 0
/00 ¢ +ir) e/ Tdr > T(log T)”.
0
Ramachandra [23] strengthened the result to the lower bound
(1.2) M,.(T;¢) >, T(log )",
when 2r is a positive integer. Ramachandra [22] also showed that
M, (T;¢) > T(logT)" (loglog T) =%

for real r > %, 0, being a constant depending, possibly, on r, and moreover that, under the
Riemann Hypothesis (RH), (1.2) holds for all real > 0. In other direction he proved [24]
the upper bound

(1.3) M,(T;¢) < T(logT)"

unconditionally for r = ; and under the RH for 0 < r < 2. Heath-Brown [10] proved that

(1.2) holds for all rational number r > 0. He also proved that (1.3) holds for r = 1/n with
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2 XUANXUAN XTAO

integer n > 1 and for all 0 < 7 < 2 under RH. Radziwilt in [20] improved this conditional
upper bound for all 0 < r < 2.181. In [28], Soundararajan proved that for all » > 0 and
¢ > 0 RH implies

M,(T;¢) e T(log T)TQJFE (T > 2).

Radziwilt and Soundararajan [21] proved the lower bound (1.2) for all » > 1 uncondition-
ally by extending the idea of Rudnick and Soundararajan ([26] and [27]) (who developed
a new method of obtaining lower bounds for rational moments of L-functions varying in
certain families) to obtain the result in the irrational case.

Very recently Harper [9] succeeded in removing e by further refining Soundararajan’s
method: under RH, one has

(1.4) M,(T;¢) <, T(log T)"".
It is conjectured that there is a positive constant C). such that
(1.5) M, (T;¢) ~ CT(logT)” (T — o0).

A precise value for C, was conjectured by Keating and Snaith [15] based on considerations
from random matrix theory. Subsequently, Diaconu, Goldfeld and Hoffstein [3] gave an
alternative approach based on multiple Dirichlet series and produced the same conjecture.
Recently Conrey et al. [2] gave a more precise conjecture, identifying lower order terms in
an asymptotic expansion for M, (T’ ().

It is natural to consider the analogue of M,.(T'; ¢) for automorphic L-functions. For positive
even integer x, denote by J{* the set of all normalized Hecke primitive cuspforms of weight
x for the modular group SLs(Z). The Fourier series expansion of f € 3% at the cusp oo is

flz) = Z /\f(n)n(“_l)/Qe%i”z (Smz > 0),
n>1

where Af(n) is the nth normalized Fourier coefficient of f with Af(1) = 1. The automorphic
L-function attached to f is defined as

L(s, f) = Z)\f(n)n’s (0 >1).

Here and in the sequel, we write implicitly s = o + it. It is well known that L(s, f) can be
analytically prolonged to C and satisfies the functional equation over C :

(1.6) 2m) " T(s+3(k — 1) L(s, f) =1"(2m) "9 (1 — s+ 1(k = 1)) L(1 — s, f).
Similarly to (1.1), for f € K’ and r > 0, we define

2T
(1.7) M (T; f) == /T IL( +ir, f)dr.

The study of mean squares for L-functions over GL(2) was mainly pioneered by Good [7, 6],
who showed that

M(T; f) ~CyTlogT as T — oo

for some positive constant Cy depending on f. In [29], Sun and Lii considered fractional
power moments and proved that

M, (T; f) > T(log T)",
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for all r = § < % with positive integers p and ¢, and also that

M,(T; f) < T(log T)"

for positive even integer ¢ under GRH for L(s, f).

Pi considers in [19] the moments of automorphic L-functions on GL(m), under Generalized
Ramanujan Conjecture (GRC), he proved the lower bound for any non-negative rational
number 7 > 0 (for all non-negative real numbers under GRC and GRH). He also shows that
under GRC and GRH the upper bound holds for 0 < r < 2/m — ¢ for arbitrary € > 0. The
lower bound is also considered by Akbary and Fodden [1]. They proved the lower bound
under GRH and a weaker conjecture instead of GRC for the local parameters at unramified
primes. The moments of products of automorphic L-functions are considered by Milinovich
and Turnage-Butterbaugh [17] with the method of frequency of large values introduced by
Soundararajan.

Conrey et al. (see [2, Conjecture 2.5.4]) provided us the conjecture about M, (7T’; f) by con-
sidering the attached shifted moments, from what we can deduce the following one without
considering the exact coefficients.

Conjecture 1. For f € H; and r > 0, we have
M,(T; f) <, T(log T)",
where the implied constant depends on f and r.

In this paper, we consider a more general problem, i.e., the higher moment of L(% +ir, f)
in short intervals :
T+H

(1.8) ML(T, H: f) = / L(L +ir, f)*dr.
T
Thus M,(T; f) = M,.(T,T; f).
Our result is as follows.

Theorem 1.1. Let f € H:, r >0 and 0 < e < 1. Assuming GRH for L(s, f), we have
(1.9) H(logT)" < M,(T,H: f) < H(logT)"

uniformly for T = To(f,r,e) and T < H < T, where the constant To(f,r,e) and the implied
constants depend on f, r and € only.
Particularly, the lower bound above holds for rational number r unconditionally.

The particular case of Theorem 1.1 shows that the analogues of Harper’s upper bound
result [9] and Heath-Brown’s lower bound result [10] on M,(T;() also hold for M, (T’ f).
Our result improves the upper bound of the particular case of Milinovich and Turnage-
Butterbaugh [17] and extends the range of validity of Pi’s result [19] in the case of auto-
morphic L-functions on SLy(Z). For the completeness of the result, the lower bound in
short interval is also considered in the present article, although it seems to be a trivial
generalization of the result of Pi and Akbary and Fodden [1].

Our approach is an adaptation of [28, 9] for upper bound part and of [10] for lower bound
part. In [28], Soundararajan built on Selberg’s work on the distribution of log ¢ (% + i7).
He removed the effect of zeros very near % + i7 by finding an inequality and gave an upper
bound for log { (5 +i7) (see [28, Proposition]). By choosing a suitable length of the Dirichlet
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polynomial, he investigated the frequency with which large values of log |{(5 +i7)| can occur
and then deduced an estimation for the moment of zeta function.

Harper in [9] improves the method. His work is based on that of Soundararajan. He divides
the Dirichlet polynomial into small intervals, chooses a longer length for the polynomial and
splits the integral into pieces according to the large values of these polynomials over small
intervals. With these delicate decoupage, we can take more advantage of the information
about large values. Moreover, he doesn’t estimate the frequency of large values but works
throughout with moment-type objects. Furthermore, he uses a similar lemma of Radziwilt
(see Lemma 2.5 below) to deal with the integral of a product over primes of terms cos(7 log p).
With these 'almost-equations’, we can save more for the contributions from these Dirichlet
polynomials.

In this article, we succeed in extending the method of Soundararajan and Harper to the
moments of automorphic L-functions in short intervals . The difference is that: if just follow
their methods, we have to assume RH for ((s) and GRH for L(s,sym?f) additionally. Our
argument does not truncate the second summation over prime squares by log7T as Harper
has done, but considers it together with the first summation directly. The contribution
from this part is also negligible with our method. These allow us to avoid RH for ((s) and
GRH for L(s,sym?f) and to give some simplification for the Soundararajan-Harper method.
Moreover, in the last part, we use the method of Heath-Brown and apply the Rankin-Selberg
L-function to prove the exact lower bound.

The result can be generalised to modular forms on congruence subgroups of SLy(Z). Be-
sides, the method can be used to improve the result of Milinovich and Turnage-Butterbaugh
[17] and the work of Milinovich and Ng [16], but the Generalised Ramanujan Conjecture is
needed for the case GL(m).

2. AUTOMORPHIC L-FUNCTIONS AND SOME PRELIMINARY LEMMAS

Let f € J(:. According to Deligne, for any prime number p there are complex numbers
ayr(p) and Bf(p) such that

{|af(P)| = ay(p)Bs(p) =1,
)‘f(py) = Zogjgy O‘f(p)y_jﬁf(p)j (V = 1)-
Hence, Af(n) is real and satisfies the Hecke relation

22) M) = 30 ()

d|(m,n)

(2.1)

for all m > 1 and n > 1, and the Deligne’s inequality
(2.3) Ar()l <d(n) (0 2>1),
where d(n) is the divisor function. L(s, f) admits the Euler product :
L(s, /) = [[(L = ay(@)p~) (1 = Bep)p™) ™" (o> 1).

p

It is well known that (see e.g. [25], see also [4])

2.0 SO gy +0,00) (@ 29)

p<T
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where we denote by log; the j-fold iterated logarithm.

The main aim of this section is to prove Proposition 2.1 below. Let us begin by citing
some properties on the logarithmic derivative of L(s, f) which will be needed in the proof of
Proposition 2.1. First we define b¢(n) by the formula :

()= Y A,

ns
n=1

(2.5)

where A(n) is the von Mangodt function and by(n) is supported on prime powers such that

(2.6) b(p") = ar(p)” + Pr(p)”
for prime number p and integer v > 1. Particularly, bs(p) = A¢(p).
e In view of the functional equation (1.6), the logarithmic derivative %(s, f) have “trivial
poles” at the points s = —n — %(/@ —1)forn=0,1,2,....
e According to [14, Proposition 5.7], for any s in the vertical strip —% < 0 < 2 we have
/
f( f) <5 log(|r| +3) + Z —

ls— p\<1

where p denotes the non-trivial zero of L(s, f). If we write s = o + iv, then the number of
zeros p with |[v — Smp| < 1is < log(|v| + 3). Hence by varying v by a bounded amount, we
can ensure that

(2.7) lv — Smp| > log™ ' (Jv] + 3).
With the present choice of v, we have for —% <o<2

!/

— (o +iv, f) <5 log(|v] +3) + Z log(|v| + 3) < log”(Jv] + 3).

(2.8) -

|lv—=8m p|<1

e By the functional equation (1.6) and Stirling’s formula [30, 4.42] we have for 0 < —1

(2.9) —%(s,f) 11:/ (1 s+ ; 1) + F%(s + KJT_l) + Of(1) < log(|s| + 3).

The main result of this section is the following proposition, which will consists in the
starting point of the proof of upper bound part in Theorem 1.1.

Proposition 2.1. Let f € I and let wy = 0.4912... denote the unique positive real number
satisfying e~ 7° = wy + lwg. Assumz’ng GRH for L(s, f), we have

n)log(x/n) log T 1
2.10) log|L <R 1)— + 0
( ) Og’ ( + 1T f € ; 1/2+w/logm+17(1ogn> logx T <w + )lOgSC + log:(:
p) log(x/p) ?) log(x/p?)
(211) log |L( +17' f Z 1/2+w/10gz+1‘r logx éR Z 1+2w/10gx+127 logx
p<z Pﬁ\[
log T
1 o1
+ (@ + )logx+ (1)

forT>2 T<71<2T,2<2<T? and w > w,, where the implied constants depend on f.
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Proof. Let ¢ := max(1,2 — ¢). Under GRH, we can denote p = § + iy to be the non-trivial
zeros of L(s, f). By the Perron formula, we can write

ZMbg <£> :_%/:er L s+ w, f) dw+0($012#>’

ns n m J._, L
n<x

where s = o 4 iT with o > 5 and T' < 7 < 27 and v > 3 is a parameter tending to infinity
but satisfying (2.7). Shift the segment of integration to the path € consisting of straight
lines joining ¢ — iv, —v — iv, —v +iv and ¢ + iv. By the residue theorem, one gets that

/ —S

S s () =Ll pmer— (Fen) - 8 555

— S
n<a W, (P 9)

g (w=1)/2=s 1 L z¢log? x
- (n+(li—1)/2+s)2_%/e[/(8+wf) e+ O,

n+(k—1)/2+o<v

(2.12)

We apply (2 9) and (2.8) to estimate the integrals over horizontal segments from —v to —1
and from —= to ¢, respectively. Then it is

log(|s| + v) N 2¢1log®(T + v)
v2y/zlog v?

The integral over the vertical segment is < 7 "v~*log(|s| + v). Inserting these estimates
into (2.12) and making v — oo, it follows that

L A(n)bs(n)log(z/n) 1 [/ '
L=y A t s (F00)

ns log x log x

n<x

(2.13)

—n—(k—1)/2—s

1 x? 1 x
* logx; (p—s)? * logxnz>O (n+ (k—1)/2+s)?

Taking real parts of both sides and integrating with respect to o over g > % to 0o, we get

A(n)be(n)log(z/n L
log |L(s0, f)| = Re { Z éso)lofg(n) ?o(gi ) _ 1O;xf(507f)

logxz/ (p—s }+O( )

where sg = 09 + i and the implied constant is absolute.
For s = o + it with ¢ > % and T' < 7 < 27, define

(2.15) F(s) = Z?Re Z

According to [14, Theorem 5.6], we have

n<e

(2.14)

L I’
—Jxe f(s, f) = —log(2m) + Re F(
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where Re B = —Zp?Re(%). Thus for s = o +ir with o > § and T’ < 7 < 2T, we have

/

(2.16) —%e%(s,f} =logT — F(s) + O,(1),

where we have evaluated = (s + 551) =log T + O,(1) by the Stirling formula. Observing

00 1/2 o 1/2 00 $1/2—UOF(50)
=" Z/ P = P ogs ~ (o= Dlos

together with (2.14) and (2.16) we deduce that

< Re Z n) log(z/n) n logT — F(sg) + O(1) N xl/Q’l"OF(SO) '
nso logn log = log = (00 — 5)(logx)?

log | L(so, f

n<x

Integrating (2.16) as o varies from 3 to o (> 1), we obtain
o0
log |L(L + 7, £)] — log | L(s0, £)| = {logT + O(1)}(c — 1) _/ F(o +ir)do.
1

According to the definition of F'(o + it), we have

/UO F(o +ir)do = %Zlog (1 + <U(O_—1/2)2) g %F(SO)’

1/2 » T —7)?
since we have log(1 + z?) > z%/(1 + z?). Then it follows that
log |L(3 +ir, f)| —log |L(so, f)| < {log T — 3F(s0) + O(1)}(00 — 3).
Together with the precedent inequality, it follows that

: n) log(z/n) logT
log |L(3 + i, f)] Z e 1ogn log = + ((00 — 3) logz + 1) g ©
n<x
+ F(s0)(00 — 3) " (log z) ™ ( 00— Ylogz) + O((logz) ™ + a9 — 1)

where G(w) == ¢ % —w — 3w°. We take 0g = 5 + = 2~ with @ > @o. It is easy to see that

G(w) is decreasing and G(wg) = 0. Since F(sg) > O we have F(s9)G(w) < 0 for w > wy
and therefore this term can be omitted. Then (2.10) follows.

The inequality (2.11) is a simple consequence of (2.10) since the contribution of p” with
v > 3 to the sum on the right-hand side of (2.10) is

Z by (1") log(/p") T 1«1

v/24vit+vwo/logzy, oo g v/2
pY<x,v=>3 p g pv<z,v>3

This completes the proof. O

Finally we shall cite some mean value theorems and an elementary lemma, which will be
useful later. The first one is a slight variant of [28, Lemma 3]. The proof is more or less the
same.

Lemma 2.2. Let 0 < e < 1. For any complex numbers a(p), we have

/T“H Zp/if dT<r!H<Z@)T

p<T pszT




8 XUANXUAN XTAO

uniformly forr € N, T > 2, T° < H < T and 2 < x < (H/log H)'/", where the implied
constant depends on £ at most.

The second lemma is [18, Corollary 3]).
Lemma 2.3. For any complex sequence {an }n>1 verifying 3, - nla,|*> < oo, we have

/)Zan -ir d7—2|an| (T +0(n)}

n>1 n>1

uniformly for T > 2, where the implied constant is absolute.
The following lemma is a corollary of [5, Theorem 2].

Lemma 2.4. Let F(s) be regular in the vertical strip o < o < 8 and continuous for o <
o < 8. Suppose F(s) — 0 as |7| = oo uniformly for « < o < 3. Then for a < v < 3 and
any q > 0 we have

B=)/ (B (v—a)/(B~a)
/ [Py + ir)|%dr < (/ |F(oz+ir)|qd7> (/ F(8 +ir) \qdr) .
R R

The following lemma is a simple generalization of [9, Proposition 2].

Lemma 2.5. Let M = p{* ---ptr and N = ¢{* -- - ¢;*, where the p; and g, are all distinct
primes of one another, the i, v, are positive integers and the r,t are non negative integers.
We have

(2.17) / H (cos(271 logp;))H H (cos(7log qi))"*dr = HO(MN) + O(M>N),

T gz 1<k<t
uniformly for 2 < H < T, where
orv)= IT 5( %) T 5,000
1<j<r “9/2 1<k<t 2 \vi /2

Here by convention, (V7 ) ((1//2 e if v is even and ( ) =0 if v is odd.
Proof. Notice that
v (eiaT + e—im')u 1 v L (v i(v—20)ar
(cos(aT)) =T T V)2 + Z S \p)C
0y, b#v )2
Therefore the integral on the left-hand side of (2.17) is equal to HO(MN) + R with

T+H . . 2c cr t
= / Z H H 2HJ+Vk (€1j> <V] )elTlOg(pl o Qfl"'qf )d’]’

1
T (011, frr a1 ooy lay) 1<G<r 1<h<E 2k

with cJ = p; — 2015 and dy, := vy, — 209,. Here 0 < £3; < pj and 0 < f9, < v such that
>, ¢+ 22 di # 0. Since the pj, g are distinct and |c]| pj and |di| < vy, clearly we have



HIGHER INTEGRAL MOMENTS OF AUTOMORPHIC L-FUNCTIONS IN SHORT INTERVALS 9

i pprait g = 1) = M7NTY Thus [log (i -+ ppgy -+ g )| > M >N~ and

R < M*N > II 11 2ﬂa+”k< )(Vj)

(L11,- 01 €215 02¢) 1SS 1<k €2k
1 /v
2 k
< [T T 5 (1) 5 (1)
1<j<r 1<kt 6y Loy,
< M?N.
Then the result follows. 0

3. HARPER’'S REFINEMENT

Harper’s method is a refinement of that of Soundararajan. Its starting point is (2.11).
Harper proposed a delicate decoupage on the first sum on the right-hand side and considered
the contribution of the second sum. We do the same decoupage for the first sum and our
treatment for the second sum is a little different: we do not truncate this sum by log T (this
asks for additional assumptions of RH for ((s) and GRH for L(s,sym?f)), but consider it
directly with the first sum by choosing proper values for parameters.

By the prime number theorem, we have trivially

bs(p*) log p? 4logp
Z p1+2/ log z+2it log T S Z <1
p

PV <V plog
Combining this with (2.11), we find, for (log7)'° < = < T?,
p)log(x/p) 1 P?) logT
(3.1) log|L( +ir, f)] Z: 1/2+1/10gx+17' log x 2% Z\; HIQT log:z: +0;(1).
p<a p<

For 0 <e < 1,r>0,T > 100 and large positive constant ¢(¢) depending on ¢, we define
the real sequence {%}120 and the integer I by

202’—1

. = = (1=
(3 2) 1/}0 07 17/}2 <10g2 T)2 (2 1)7
(3.3) I=1I,7:=1+max{i:; <e O} < (2/log20)log, T.
Then define the set .7 = ..y by
(3.4) T ={re[l,T+H]:|Fr| <¢;* 1<i<D},
where 7° < H < T and

._ As(p) log(T¥" /p)
(3'5) F’<T> = Re Z p1/2+1/(w, log T)+iT log qu,'
TYi-1<p<T¥i

Lemma 3.1. Let f € H,

(3.6) / exp (27"3?6
T pgTwl

uniformly for T > 100 and T° < H < T, where the implied constant depends on f, r and €.

r >0 and 0 < e < 1. Under the previous notation, we have

As(p)log(T¥ /p) -
Z p1/2+1/(¢1 log T')+ir log Tr dr < H(log T) )
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Proof. Denoting by J the integral on the left-hand side of (3.6), we can write

/ H exp{rF;(r )

1<2<I
On the other hand, we have
i
t_
(3.7) e—zﬁ—l—()( I
0<y<J

uniformly for J > 0 and |¢| < lJ where we have used the Stirling formula to write

(e2/9)
DR WT fzg«

J>J i>J i>J

By the definition of .7, we have |F;(7)| < 1, Mforre T and1<i< 1. Applying (3.7) of
the form e’ = {14+ O(e™)} 3 ;< ¢/ /4! with J = [100r¢);” 374 and t =rF;(7), we get

/9 H 1+O —100ry; 3/4>}( 3 (TFzL'j(!T))jydT

(j/e)?

1<i<I 0<j<1007); —3/4
(38) T+H (TF(T)) 2
< I ¥ =)
N STl
where we have used the following estimates :
3 et = N e (0 = 20%/4100r(log, T)Y2, b = 20%%)
1<i<I 1<i<I
I+1 ,
(3.9) < / e T dt (u=ab"", dt = —du/(ulogb))
1
1 a/b —u

e
= — —du < 1.
logb Jioop-1rp %4

Developing the square and then (rF;(7))?, we can deduce that

(3.10) J <, Z C'Jkpq/T+H H ( H cos (log pi(m)) cos (7 log ¢;(n )))d

Jkp,q 1<6<I N 1<m<y;
1<n<k;

where j := (ji, jg,...,jf), k := (ki ko, ... ky) with 0 < ji, k; < 100r; %/, and
= (p1(1), . oG p2(1), o p2(d2); - - 500 (1), e ()
= (1), @ (k1); (1), qe(ka)s - (), - qu(Fr))

with primes pz(m) and Z(n) satisfying
and

sz‘i‘ki
Cixpa = H

1<i<I Jilki!

m)) log(T%* /pi(m)) Ar(gi(n))log(T"" /qi(n)) )

1/2+1/ YrlogT) Jog TV1 g;(n)L/2+1/ (brlegT) Jog T1

//\ //\
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Using Lemma 2.5 with M = 1, we have
(3.11) J <, HJ1 + Js,

where

3= Y Duwa®( I II wilmam).

1<n<k;
Joi= Y Dixpa [ II mitmain),
1<n<k;
with
D _ rlith [As(pi(m))As(gi(n))|
jkpa-— H Gk H :
1< TN NG Gng pi(m)gi(n)
1<n<k;
Since
(AL 1/4
IT II piman) < I 790 < I 7% <17/,
1<i<T 1<m<ys 1<i<l 1<i<t
1<n<k
we have
rd A Ak
5, < 70 I { T 7( 3 | f(P)|) }
ST ™ ogjcto0my; ¥4 7 S TYio1<p<Ti VP
(3.12) /10 20071/ AN
crm [y o
1<6i<I 0<j<100r1¢{3/4

< T2e/102r] Len T3¢/10

For the first term on the right-hand side of (3.11), we have

rm Oy )Nt (p1) -+ At (P
3, < H Z Z W Z (p Pm) | Ar(P1) £ (o)

, . P1-Pm
1SIST o<m<200rp; 3/ J;Fiigl TYi=1<p1,p <TVi

rmam Opr - )Nt (P1) - A (Do
i S O m)e) Ao

, m! 1 Pm
IIsT g <m<200mp; %/ TYi-1<py, ..., pm <T¥i

2

According to the definition of ©(+) in Lemma 2.5, we can assume m = 2n. Thus

(3'13) 3, < H Z (27,)2n Z P‘f(pl)"')‘f(pn)|2q)(p17 “'7pn)7

4 (20)! PLePn

1SIST 0100y, TYi=1<py, ..., pn<TVi

where

|{(CI1, ~-->Q2n)1611"'61271:17%"'292}’
3.14 O(p1, ..., pn) =0O@ P2 4
(3.14) (P ) (v )H@hnw%%qr~%=pr~mH
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with primes T%-1 < qi, ..., gon < T¥. Write pi---p2 = p2' - -part with (pp,, pn,) = 1 for
1 # j. By direct calculation, we have

1 2v:)!
O(pi-- ) = 5 (20;)

1)2”
1<5<t (V]'>

g = (pr e ep )2 )] = (2—71)'
H(QI’ s Qo) PG Gon = (1 pn) }’ H1<J<e(21/j)l’

n!
(@, - qn) @i Gn=p1 Pp}t| = =——-
H1<j<z vj!
These imply that
(2n)! (2n)!
q)(pb "'7pn> <
22l [ 1<y v 22|

Inserting this into (3.13) and using (2.4), we find that

a< I X (e ¥ Bhy

(3.15) ISt genc100mp 34 TVi-1<p<T¥i p
eXp ( Z | f ) <<6’r (log T)T2
p<T¥I
Now the required bound follows from (3.11), (3.12) and (3.15). 0

Next we shall consider further the integral on .7 together with the second sum inside.

Proposition 3.2. Let f € H*, r > 0 and 0 < ¢ < 1. Under the previous notation, we have

K’

As(p) log(T" /p) 1 by (1*) -2
/y exp {27“%6 ( Z p1/2+1/(rlog T)+it 1og T T 92 Z W dr < H(logT)",

p<TYI p<T¥1/2

uniformly for T'> 100 and T° < H < T, where the implied constant depends on f, r and ¢.
Proof. For 0 < m < My := [{p;log T/ log4] (2™ < T¥1/?), define
. 1 by (p*)
P (7) 1= Re (§ Z pitar )
2m < pL2mtl

P(m) = {T € T 1 |Pu(r)] > 271 but |Py(r)| <279/ (m+1<j< MT)}.

If 7 belongs to none of these sets, then |P;(7)| < 279/1 for all j < My and

1 by (p®)
Re (5 Z pltaiT <L

p<TV1/2

If we denote by J the integral to estimate, the contribution of such part of 7 to J is <
H(log T)" thanks to Lemma 3.1. Let J,, be the integral of the same integrand over 2 (m).
Then

(3.16) J< H(logT)” + 3o+ + Jniy-
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Using the fact that |P,,(7)| = 27™/1° for 7 € #(m) and Lemma 2.5 with N = 1, we have

T+H )
|22 (m)| :/ dr é/ (2m/1OPm(7')) "dr
P(m)

T

_ys Y ( 11 %) /T o [T cos(2rlogpi)dr

2m<p1, ..., p2n <2 N 1KI<2n 1<i<2n

_ gmn/s Z ( H M){H@(m---mn)+O((p1"'p2n)2)}7

1 . 2p;
2M P, ey P2 2T 1<i<2n
where

25m/4)if 2m L log T
(3.17) n=mn(m) = [ ] 1 08 L
cle,r) if 2™ > logT.

Here c(e,r) is a positive constant large enough and c(e,r) € [6r? + 2r,e“)"¢/700]. With
such choice of n, it is easy to see that the contribution of the error term O((pl e pzn)2) to
|22 (m)] is

< 2mn/525mn < Ts/lO’
since |by(p?)| < 2. For the main term, according to the definition of ©(-), we can assume
that p; -+ pon = ¢ ---¢2. We can bound the contribution of the main term to £(m) as
before to write, with the notation (3.14),

|<@(m)’ <<H2mn/5 Z H bf<qi2)2 (I)( )—|—H1/10
4 2 qi, ---5 dn

2m<q17'--:Qn<2m+1 1<i<n 1
(3.18) mn/5 1\"(2n)! 1/10
curn( x> LY

2m<g<amtl

< H2—(4/5)mnnn+H1/10‘
By Cauchy’s inequality, Proposition 3.1 and (3.18) allow us to deduce that

. A (p) log(T¥! /p) o
Im K {/7 exp (4T§R€ Z p1/2+1/(¢110gT)+i7- log T%7 dr ’@(m)(logT) dr

p<T¥1

< (H(log T)¥* x (H2~@Womnpn 4 {110 (log T)Q’”>

(3.19)

1/2

< H(log T)27’2+’”2*(2/5)mnnn/2 + H3/5.
This and (3.17) imply that
>
(logy T)2<2m <TV1/2

< H(log T)2"2+’"( Z o—(1/40)ymn Z 2—(2/5)mn> | {910

(logy T)2<2m<log T log T<2m<T¥1/2
<K H(log T)2r2+r (e_(logQ T)3/2/30 + (log T)—c(a,r)/lo) + H9/10

(3.20)

< H(logT)".
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Now we bound J,, when 2™ < (log, T')? following the argument of Harper. By the defini-
tion of #(m), we have

Ar(p) log(T" /p) 1 bs(p?) 11 )2
§Re( Z p1/2+1/(wflogT)+ir10gTw1+§ Z pltaT < Z %Jr— +1<c2

p<2m p<T¥1/? p<2m b

for 7 € Z(m), where ¢ > 0 is an absolute positive constant. Introduce the notation

_ As(p) log(T¥" /p)
F(r) := Re Z 1/2+1/(¥1 log T)+iT |og Tor
2m+l < p< TV

According to the definition of .7 and .7 (m), and similarly to (3.8), we have

T < T2 / exp{2rF(r)}dr
P (m)

comiyon [pem [ x TOYy

!
7 t 0 <100 3 J
where F;(7) is defined by (3.5) and i in the product satisfies T%-1 > 2™"! and i < I. Since
the primes p in P, (7) are different from those in F(7), Lemma 2.5 is applicable with M
(product of primes from P,,(7)) and N (product of primes from F(7)). A similar argument
for proving (3.13) and (3.15) allows us to deduce, for 2™ < (log, T)? and n = [23™/4],

m/2 A 2 O(py - pon
3m < Hech / 2mn/5 exp (7,2 Z M) Z M +H3/10

2m+1 <p TV p 2M Py, .y P2 2L pr-Pan

(32]—) r2_er2™/2gmn/5 (2?1)' 1\" 3/10

< H(logT)" e 2/ 2 > - +H

2m < pL2mtl

< H(log T)TQe”’Qm/Q’z:amM.
This implies that
(322> Z Jm < H(lOgT)TQ Z ecr2m/2_23m/4 < H(lOgT)ﬁ

2m<(log, T)? 2m<(log, T')?

Inserting (3.20) and (3.22) into (3.16), we get the required inequality. O

For 1 <1 < j < [, define

Gii(r) = Re 3 s (p) log (T /p) ) _

P2 g TIHT [og T

TYi-1 <p<T¥i

And for 0 < j < I — 1, define

Fy={r e [T,T+ H]:|Gi(r)] <o (1<i<jand i<
(3.23)
1

but |Gj416(7)| > 1?;?1/4 for some j +

NN

1)
(<1},

Similarly to Lemma 3.1, we have the following lemma.
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Lemma 3.3. Let f €I, r >0 and 0 <e < 1. Then we have

A (p) log (T /p) 2 .
/y. exp (27"3%6 Z P25 g T+ 1o TV dr < H(log T)" exp (— 55 log ¥7 )
-7 p<TYi

uniformly for T'> 100, T* < H < T and 1 < j < I — 1, where the implied constant depends
on f, r and e. What’s more, we have

|y0‘ < Hef(logQTﬁ/lO'

Proof. Since the proof is similar to that of Proposition 3.1, we just sketch the proof here.
For 1 < j < k, define

LS’M = {T € [T,T+H] . |Gi,j(7-)| < w-ﬁ

S U< <) bt |Gas(n) > o
Denote by K; the integral to bound and by £;; the corresponding integral over .#; ;. Then
(3.24) Rj < R+ Rjjpa+ -+ Ry

and with the notation £, := [¢/(10¢),41)]

Rjk = IT (exp{rGi )} dr
/,

.k 1<y

<</”(T)|<¢ 3/4 H (eXp{TGiJ(T)DQ(@b?ﬁGjH,k(T))%dr

(1<7,<]) 1<i<y
2
(3/2)¢- (rG;, (7))" .
< Y / I1 ( > ) Gl
ISIST* o<n<a00ry; /4

In the last inequality, we have a similar argument to establish the first inequality of (3.10).
Expand the square and the power n and 2/, and proceed as the proof in Lemma 3.1 and
Proposition 3.2 for estimating the last integral. We can obtain

A 2 B )\ 2\ e
w2 Lo (1 30 BAEN ( S MY o)

p
p<TVi TV <p<TVit1

for j +1 < k < I. Inserting it into (3.24), we get
R < H(I — j)p¥ D% x

Jj+1
(3.25) |)\f s IAr(p)*\* —1/5
exp Z 20 Z T + H .
p<TYi TVi <p<T¥it

For j = 0, the left-hand side of (3.25) is |.#y| which is
< Hw?/?)k/(l%ﬂ{(;p_S)—[e/(mwl)] L HYY « Ho=omT?/10,

with the help of (2.4) and the fact that I < log; T and 1; = (log, T') 2.
For 1 < j < I — 1, the contribution of H~'/®> on the right-hand side of (3.25) to &; is

3/2)[e/(10
< ( )1/1](4_/1 e/( 1/’J+1)]H4/5 < Hexp( ]+1 logw]+1)
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since I < logg T. Observing that I — j = log(¢;/1;)/log 20 < oe¥in 1d

log20
Z Ar () <4 Z

p
TV <p<TVi+1 TVi <p<T¥i+1

the contribution of the first term on the right-hand side of (3.25) to K; is

< H(log T)”2 exp ( j+1 log %H)
according to (2.4) again. O

< 40,

e~

Similarly to Proposition 3.2, we have the following proposition. The proof is very similar.
The only difference is to apply Lemma 3.3 in place of Lemma 3.1.

Proposition 3.4. Let f € H, r >0 and 0 < e < 1. Then we have

Ar(p) log(T¥i /p) 1 by (p?)
/y €xp {27"%6 ( Z p1/2+1/(¢j log T)+iT log T - 5 Z pLH2ir dr
J p<TVi p<TVi/?
< H(logT)" exp (=55 log i)

uniformly for T > 100, T* < H < T and 1 < j < I — 1, where the zmpl@ed constant depends
on f,r and e.

Next we follow the method of Soundararajan to give a weaker estimate for M,.(T, H; f),
which will consist in the first step of the iteration presented in Section 4.

Proposition 3.5. Let f € H*
constant cy(r,€) such that

r>0and0<e< 1. Assuming GRH for L(s, f), there is a

K’

M(T, H; f) <gre H(log T)*0)

holds uniformly for T'> 2 and T° < H < T.
Proof. For T'> 2, T° < H <T and v € R, define

() = |{r € [T,T + H] :log|L(3 +ir, )| = v}|.
We can write
(3.26) M. (T,H; f) =— /Reg’””dYTﬂ(v) = 27‘/Re2”’¢7T7H(v)dv.

Define z := T%" and z := T%®P2T7) By bounding the second sum on the right-hand
side of (2.11) of Proposition 2.1 trivially and by taking w = %, we have
log [L(5 +i7, f)| < Si(7) + Sa(7) + 5v

for v > 10log, T and T' > Ty(f, 7, €), where

bs(p)  log(x/p)
S = i
1(7) p%;pl/ﬂl/zlogxﬂr logz |’
B br(p) log(x/p)
Sa(T) = Z pl/2+1/2logatit oo g |

Z<p<x
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When log |L(3 + i7, f)| > v, we have
Si(r) = 3v=1u or  Sy(r) =

With the help of Lemma 2.2, (2.4) and the Stirling formula n! ~ /27wn(n/e)” (n — o0), we
can deduce, for any positive integer ¢ < log(H/log H)/log z,

{rell,T+H]:Si(r) > wn}| < /MH (M)%dT < HJ(“Og?T)Z.

Taking ¢ = [v}/log, T] if v < £(log, T')* and ¢ = [10v] if v > £(log, T')?, then we get
Hv 2/(641og, T)
—e 82 if v < £(log,T)?,
(3.27) WHre|l, T+ H]:S:i(7) = v} < V0eg, T ?

He4vlogv if v> <(log,T)?

N

Similarly we have

2
dr.

T+H

882(7’)

v

’{T €T, T+ H]: Sy(r) > v2}| < /T

Taking ¢ = [ve/4 — 1] and using Lemma 2.2 again, we obtain
{7 € [T, T+ H] : Sy(1) > tv}| < He 515",
This and (3.27) imply that

Hv 4 2/(64log, T) 1
—e " 082 for 10log, T' < v < 5(logy T) logz T,
Frnv) < \/1og, T
He 3svloev for v > 1(log, T)log, T.

Together with (3.26) and the trivial bound %7 g (v) < H for v < 10log, T', we can obtain
the required inequality. [l

4. PROOF OF THE UPPER BOUND FOR THE HIGHER MOMENTS

We have been ready for the proof of the upper bound of (1.9). Let f € 3, r > 0 and

0 <e< 1 Let I, .7 and .; be defined as in (3.3), (3.4), and (3.23). Then
I, T+H=7U( U .%).

0<j<I-1

K’

Thus we can write
(4.1) MT(T,H;f)<£+£0+£1+"'+£],1,
where
£ ::/ |L(L +ir, f)|*rdr, £ = / |L(3 +ir, f*rdr.
T 7
Assume GRH for L(s, f).
First we can apply (3.1) with x = T%" and Proposition 3.2 to deduce immediately that

(4.2) £ < H(logT)"”
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Secondly the Cauchy-Schwarz inequality, Lemma 3.3 and Propositions 3.5 imply

1/2 12
(43) £o < (|45ﬂ0| |L(% + 1T, f)|4'f’d7_> < <He—(10g2T)2/10H<10gT)Co(&,T)) < H.

S
Finally, for 1 < j < I — 1 inequality (3.1) with z = T% implies that

At (p) log(T¥i 1 by (p? 2
log |L(L +ir, f)| < §Re( > r(p)log(T/p) 1 > r( )) + = 4+ 04(1).

p1/2+1/(1/)j log T)+it IOg T 9 p1+2i7' w )
pgij pgij/z J

By Proposition 3.4, it follows that
£; < H(log T)T2 exp ( -5 3111 log @Z)]_Jrll + 47“@/1]-_1).
Summing over 1 < j < I — 1 and using a similar argument to (3.9), we can deduce that
(4.4) 14+ L < H(logT)".
Together with (4.2), (4.3) and (4.4), we get the upper bound in Theorem 1.1.

5. PROOF OF THE LOWER BOUND

In this section, we adapt Heath-Brown’s method [11] to prove the lower bound part in
Theorem 1.1. As indicated in the introduction, in order to obtain the correct order of
M. (T, H; f), we need to apply the Rankin-Selberg theory.

Let f € Hf and r > 0. When L(s, f) # 0, we define L(s, f)" by

L(s, f)" = exp(rlog L(s, f)),

where log L(s, f) = log|L(s, f)| + arg L(s, f) with —7 < arg L(s, f) < m. We also define
Afr(n) by the formula

(5.1) L(s, f)" =) Ape(n)n™  (o>1).

n>1
Clearly As,(n) is multiplicative, and for all positive integers j and n we have
(5.2) M) = Y Ape(m)Aps(ng) - Agp(ny):
Specially, we have _ J
(5.3) Arr(p) = rAs(p) and Ve >0:\p,.(n) <, o n°

for all prime numbers p and integers n.

In the sequel we write r = u/v. Here v = 1 and w is any positive real number when GRH
holds for L(s, f) (to ensure that gy, (s, N) defined in (5.6) is a regular function); if not, u
and v are positive co-prime integers.

5.1. Some convexity estimates. For % <o < % and 2 < H < T, define
Ao ,
Jru(o) = / |L(o +i7, f)|* wr g (r)dr  with  wpp(7) = / e 2% q¢
R Al

where Ay =T+ HY* and Ay =T + H — HY*.
With the help of Lemma 2.4, we can prove the following convexity estimate.
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Lemma 5.1. Let f € 3, r >0 and 0 < e < 1. Then we have

K’

(5.4) Jr(3) < T" D Jp () + e T/
(5.5) Jru(0) < HOTY2 Jp y (3)3270

uniformly for % <o < %, T >2and T° < H < T, where the implied constants depend on
f,rande.

Proof. With the help of the functional equation (1.6) and the Stirling formula, we have
IL(L = o +ir, f)] < [L(o +ir, )1+ [7))* .
Define F(s) = L(s, f)et7” for t > 2. Then it follows that
F(l—o+in)|¥dr < Lo +ir 2r(1 4 |7])2r@o—De—2r(m—? q
| ,
R R

In view of the convexity bound for L(c + i, f), the contribution of the lines (—oo, /2] U
[3t/2,00) to the last integral is

< (/ / ) (14 |7)¥e 2 dr « t2e /2 < /3,
3t/2
Therefore

/ |F(1 =0 +ir)|>dr < e 7/3 4 2r@o—1) / |L(o +ir, f)[ e D77
R

Applying Lemma 2.4 to F(s) with («, 7, 5) = (1—o, 2, o) and ¢ = 2r and using the preceding
inequality, we can deduce

/ |L<% + 17_7 f)‘2r672r(7'7t)2d7_ < efrt2/8 + tr(2al)/ ‘L(O’ + i7', f)’2r672r(7'7t)2d7_.
R R

Then we can get (5.4) by integrating for Ay <t < Ao.
Similarly, we have

3/2—0 oc—1/2
/ |F (o + iT)|2TdT < (/ |F(% + iT)|2TdT> (/ |F(% + iT)|2rdT>
R R R
3/2—0c
< </ |L(% + 1T, f)|2re_2r(7_t)2d7') ,

since fR |F +1i7)|?"dT < 1. Finally, integrating for A; < t < A, and using the Holder
inequality, we obtain (5.5). O

For N >2 r=wu/vand o > l, define

(5.6) Str(s;N) Z Arr(n)n™?, grr(s;N) = L(s, f)" — Sp.r(s;N)”,

n<N

where s, (n) is defined as in (5.1). Define

KTHN /|gfr O’—|-17' N)‘2/UU)TH( )d
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Lemma 5.2. Let f €¢ H}, r >0 and 0 <e < 1. Then we have

KTHN(O') Lfyre KT,H,N(%)S/Q_U(HN_Q/UJ’_S)U_I/Q

So<3,T>2T<HLT and T¥? < N < T=.

uniformly for e

1
2
Proof. Applying Lemma 2.4 to F(s) = gy,(s; N ws=i)” with (o, 7, B) = (3,0,2)and g = 2/v

Je
where t > 2 is a parameter, it follows that for ; <o < %,

3/2—c oc—1/2
/R\F(U—i—iT)\z/“dTé (/IR\F(%—FiT)\Q/”dT) (/}R\F(%—i—iT)\Q/”dT) )

Integrating for A; <t < Ay and using the Holder inequality, we have
(5.7) Krun(0) < Krun(3)*? " Krun ()72

Observing that Sy, (s; N) < N < T¢for § <o <2, 7 €Rand L(2 +ir, f) < 1 (1 € R),
we conclude that gy, (3 +ir; N) < T (7 € R). Therefore

THH g, (2 +ir; N2/ A2 =t T%drdt
fr
KT7H’N(%) < / / 627' T— t) d dt+/ (/ / ) le T— t
t Aq —00 T+H

T+H 2 2e
(5.8) < / / 97,3 + iy N)[PPe 2D drdt + 7
t

T+3H N
< / 97 (3 + 175 N wp g (T)dr + 7T
—3H
Since v is always a positive integer, in view of (5.2), we can write
Grr(s;N) = L(s, f)™ — Sf.(s;N)” = Z anpn”*® (0 >1),
n>N

where a,, < n° (n > 1) for any € > 0 thanks to (5.3). So Lemma 2.3 implies that

T+3H
[ Py B S Pt S et BN

T-3H n>=N n=N
since N < H. So we have

T+3H TsH e
/ 195, (5 +ims N)PHdr < (/ 9503 +i7‘;N)|2dT) H

T—-3H T—-3H
< (HN—2+€>1/UH1—1/U < HN_2/U+€.

Putting it back to (5.8) and then to (5.7) and noticing that the term e~"7"" can be absorbed
by HN~2/"*¢ we obtain the required inequality. 0

5.2. Companion to Jr (o) and K7y n(c). In this subsection we shall apply the Rankin-
Selberg theory to prove Lemma 5.3 below, which will consist in the main tool in this section.
For f € J(;, the Rankin-Selberg L-function is defined by

(5.9)  Lis.fx =] —os@*» ) Q=B (1-p7) " (0>1),

p
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where af(p) and [¢(p) are the local parameters of f. According to the Rankin-Selberg
theory, it is well know that L(s, f x f) has a simple pole at s =1 (see e.g. [13]). Thus there
are two positive constants Ay and B such that

(5.10) A< (s—1)L(s,f x f) < By (1<s<2).
Lemma 5.3. Let f € H} and r > 0. There are positive constants C§, and Ng, such that
(5.11) S5,205N) = > Ay (n) =(o—-H™

n<N

uniformly for N = Ny, < 1. Moreover for N = Ny, we have

(5.12) var(l; N) = (log N)r
Here the implied constants depend on f and r.

Proof. We write o = l + ¢ with 6 > 0. Denote by p(n) the Mobius function. Then
S5,205N) 2 " Ape(n)?u(n)’n 721 — (n/N)°}

n=1
= G(1+26) — N°Gs(1 +6),
where

(5.13) = 2 ) un)'n = = T (04722 )p7)

n>1

for real s > 1 by (5.3). Write H¢(s) := L(s, f x f)™" G¢(s). Since H¢(s) > 0 for s > 1, we
can define hy(s) := log Hy(s) for these s. Using (5. 9) and (5.13), for s > 1 we have

hy(s) = Z <1og (L+7°Ap(p)*p~*) — r?log { (1 — ayp(p)’p~*) 1(1 — B¢ (p)’p~°) " (1 —p_5)72}>.

p

Since ay(p)? + Br(p)* +2 = As(p)?, the series on the right-hand side is absolutely convergent

for s > 3. Thus Hy(s) # 0 for § < s < 2. Combining this with (5.10) and in view of

continuity of Hy(s) on (%, 2], there are two positive constants Cy, and Dy, such that
(5.14) Ctr < Hy(s) < Dy, (1<s<2).
Then

S;.(20:N) > (A;/28)" Cpr = N°(By/8)" Dy, 2 §(Ag/2)" Cppd ™,

provided Cf%, is so large that N® > e%ir > 2(2B;/Af)” Dy, /Cy.r. This proves the lower
bound part of (5.11).
Since Af,(n) is multiplicative and A, (n) < n®, we have

81,20 N) < T {1+ 722 (0)%7% + O~ *)}

p

= L(20,f x f)" H(20) [[ {1+ O(p~*"*9)}.

p
Now the upper bound of (5.11) follows from (5.10) and (5.14). We take o = 3 logf]:/ in (5.11)

and we have n™2? < n~! for 1 <n < N. Then (5.12) follows immediately from (5.11). O
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Let Sy, (s; N) be defined in (5.6) and 0 <e < 3. For $ <o <2, T7>2 7T°<H<T and
T2 < N < H' ¢, define

Loan(o) = / 1S1.2(0 + 73 N) P (7)dr.
R

Since wr (1) > 1 for Ay + %H1/4 <7< Ay — $HY* we can apply Lemma 2.3 to write

Ag—LH/A
LT,H7N(O—> >>/ ’Sfﬂn(O'—{—iT; N)|2d7'
Ar+iH1/A
> 37 A ()P {H + O(n))
n<N
> H Y Apo(n)n™ + O(N'F).
n<N

On the other hand, we have wr (1) < 1 for all 7 and wy, (1) < exp{—r(HY? + 72)/19}
forr <Ay — %H1/4 or 7 > Ay + %Hl/‘l. It implies that

A2+%H1/4
Lrun(o) < / S (0 + iT; N)[?dr 4 O(1)
Ap—L1H1/A
< Ape(n)n{H + 0(n)} + O(1)
n<N
K HY Apo(n)’n™ + O(N'*).
n<N

Then consequently by (5.11) of Lemma 5.3

2

(5.15) Lran(0) Xppe Hlo —5)7"

for T > To(f,r,e), T° < H<T, TY* < N < H" and § + 1ogN <o < 3; and by (5.12) of
Lemma 5.3

(5.16) Lrgn(Y) <p.. H(logT)™

for T > To(f,r,e), T° < H < T and T2 < N < H'™=.
5.3. End the proof of the lower bound. Trivially we have

S (s: NP/ = |L(s, f)* = gpr(s: NP < L (s, )P+ g (s3 NP,
Then it follows that

(5.17) Lryn(0) < Jru(o) + Krgn(o)

(5.18) Jru(o) < Lrgn(o) + Krun(o)

(5.19) Kran(3) < Leun(3) + Jru(3)

for 1 <o <3, T>Ty(fre), T°<H<Tand T < N < T¢, where 0 < £ < 1 and

To(f,r,€) is a constant depending on f,r,e.
If KTHN( ) < H, (5.16) and (5.17) imply that

(5.20) Jru(3) > H(logT)".
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If KT7H7N(%) > H, Lemma 5.2 follows that
(5.21) Krun(o) < KTHN( YN—@v=e)le=1/2),

We take N = T¢/? and ¢ = 0 := 1 + 210f o7, where C% | _ is a large constant depending on f,

r and €. Then (5.17), (5.21) and (5.19) yield
Lran(00) <o Jrm(00) + (Lrmn(3) + Jrg(3))T=0/vme/200=1/2)

< Jra(0) + Jra(be 20% . _(1/v—¢/2)e 4 Lypn(k Yo~ 2102/,
On the other hand, by (5.16) and (5.15),
re(l/v—e/2)e < Co(f re)e” ;’T,Ys(l/v—s/Q)eHﬂOg T)TQ’

> Co(f.7,2)(2C5,.) " H(log T)""

Combining these with the precedent inequality, we can deduce that
(5.22) Lrun(00) < Jru(oo) + Jru(3)e ~205 e (Vv=e)e,
Together with Lemma 5.1 and (5.15) again, we have

there is a positive constant Cy(f,r, <) such that

LT,H,N(%)6_2C

LT,H,N(UO)

H(logT)" < Ly n(oo) < Jru(3)¥2 + Jrp(d) < Jru(d),

where the implied constants depend on f, r and . So we can conclude that (5.20) holds no
matter KTHN( ) < H or not. Since wr g(7) < 1 for all 7, we have

Jrn(3) < MAT.H: f) + (/ /M)wTH( Jdr < M,(T, H; f) + O(1).

Then the lower bound follows from (5.20).
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