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INTERTWINING OPERATORS ASSOCIATED TO A FAMILY OF
DIFFERENTIAL-REFLECTION OPERATORS

SALEM BEN SAID, ASMA BOUSSEN & MOHAMED SIFI

ABsTrRACT. We introduce a family of differential-reflection operators A4 . acting on smooth func-
tions defined on R. Here A is a Sturm-Liouville function with additional hypotheses and & € R.
For special pairs (A, €), we recover Dunkl’s, Heckman’s and Cherednik’s operators (in one di-
mension). The spectral problem for the operators A4 . is studied. In particular, we obtain suitable
growth estimates for the eigenfunctions of Ay .

As the operators Ay4 . are mixture of d/dx and reflection operators, we prove the existence of
an intertwining operator V, . between A4 . and the usual derivative. The positivity of V, . is also
established.

2010 Mathematics Subject Classification. 34K99, 34B25, 33E30.
Keywords. Differential-reflection operators, spectral problem, intertwining operators.

1. INTRODUCTION

DunklI’s ascertainment in the late eighties of the operators that now bear his name is one of
the most significant developments in the theory of special functions associated to root systems
[9]. Some early work in this area was done by Koornwinder [20]], Heckman and Opdam [18]],
and Opdam [23]]. A lot of the motivation for the subject comes from analysis on Riemannian
symmetric spaces.

In [O] Dunkl generalized the operator d/dx; to a mixture of a differential and a reflection
operator. In one dimension it is denoted by D,, @ > —1/2. By the specialization & = %d -1
with d € Ns,, the operator D2 coincides on even functions with the radial part of the Laplace
operator on the flat symmetric space M(d)/S O(d), where M(d) is the motion group of R¢.
Important work in the analysis of Dunkl operators has been done by several authors (see for
instance [9,11112,1624,29.[34]; this list is far from being complete).

Some years after, Heckman wrote down a trigonometric variant of the Dunkl operators.
In one dimension it is denoted by H,3, @« > 8 > —1/2, @ # —1/2. For a = %(p — 1) and
B = %(q — 1) with p > g > 0, the restriction of Hiﬁ to even functions coincides with the radial
part of the Laplace-Beltrami operator on Riemannian symmetric spaces of the non-compact
type and of real rank one. Significant results in the analysis of Heckman operators have been
obtained by several authors (see for instance [2,8,[19]).

Next, in [7]] Cherednik made a slight but significant variation of Heckman’s operator. See
[16L25.[35]] for a comparison between Heckman and Cherednik operators.

In the present paper we consider some aspects of harmonic analysis associated to the follow-
ing family of (A, &)-operators

Apcf(x) = f/(x) + A'(x) (f(x) — f(=x)

A 2 ) —&of(=x), (1.1

where A is so-called a Chébli function on R (i.e. A is a continuous R*-valued function on R

satisfying certain regularity and convexity hypotheses), o is the index of A, and £ € R. We note
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that 0 > 0. The function A and the real number ¢ are the deformation parameters giving back
the above three cases (as special examples): Dunkl’s operators when A(x) = A,(x) = |x[>***! and
€ arbitrary; Heckman’s operators when A(x) = A, g(x) = | sinh x***!(cosh x)**! and & = 0; and
Cherednik’s operators when A(x) = A, (x) = | sinh x]***!(cosh x)#*! and & = 1.

We would like to mention that a differential-reflection operator built in terms of a Chébli
function has been the first time done in [22]]. This is one of the major themes of research at the
“school of harmonic analysis” in Tunisia.

This paper consists of tow parts. In the first part we consider the spectral problem for this
family of (A, &)-operators (1.1). More precisely, let A € C and consider the equation

Apef(x) = idf(x), (1.2)

where f : R — C. We prove that there exists a unique solution ¥, (4, -) of (1.2) satisfying
Y4 .(4,0) = 1. Moreover, under the assumption —1 < ¢ < 1, we establish in Theorems 3.4/ and
3.5 suitable estimates for the growth of the eigenfunction W, .(4, x) and of its partial deriva-
tives. Our first step is Theorem 3.3, where we prove that W, (4, -) > 0 whenever A4 € iR. In a
forthcoming paper [4], these estimates will play crucial tools for developing L”-Fourier analysis
associated to the (A, £)-operators (1.1).

We note that ¥, . reduces to the Dunkl kernel in the (A,, £)-case [10,26]]; to the Heckman
kernel in the (A, g, 0)-case [2/[8,[19]; and to the Cherednik kernel (or Opdam’s kernel) in the
(Ao p, 1)-case [1L14]25].

In the second part of this paper we start by studying the existence of an intertwining operator
between A4 . and the ordinary derivative. We prove that there exists a unique isomorphism
Vae : CT(R) = CT(R) satisfying Ay ;0 Va e = Vy .0 d%, with V4 .f(0) = f(0) (see Theorem 4.7)).
The construction of V, . involves Delsarte type operators [21,31]. Our construction generalizes
the one given in for A(x) = A, p(x) = | sinh x***!(cosh x)#*! and & = 1. For A(x) = A,(x) =
|x|***! and & arbitrary, the intertwining operator V, . reduces to the Dunkl intertwining operator
in one dimension [28§]].

Another important result concerning the intertwining operator V, . is that the latter is of
positive type in the sense that, if f > 0 then V, .f > 0 (see Theorem 4.10). The major technical
step in the proof of Theorem 4.10 is the positivity of V4 .(h,(u, -))(x), where h,(u, v) denotes the
Euclidean heat kernel at time ¢ > 0. For & = 0 and 1, this result can be found in [36] and [37],
while for A(x) = A,(x) = |x|***! and & arbitrary, the positivity of V4 goes back to [27]. We
pin down that the positivity of V, . played a fundamental role in [3] in establishing an analogue
of Beurling’s theorem, and its relatives such as theorems of type Gelfand-Shilov, Morgan’s,
Hardy’s, and Cowling-Price in the setting of this paper.

The organization of this paper is as follows: In Section 2 we recapitulate some definitions and
basic notations, as well as some results from literature. In Section 3 we study the main properties
of the eigenfunction W, .. In particular, we obtain estimates for the growth of ¥, . and of its
partial derivatives. In Section 4 we derive a Laplace type representation of the eigenfunction
Y, .. Next, we prove the existence and the positivity of the intertwining operator V, . between
A4 . and the ordinary derivative.

2. BACKGROUND

In this introductory section we present results from [31[6,32133]].
Throughout this paper we will denote by A a function on R satisfying the following hypothe-

Ses:
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(H1) A(x) = |x***' B(x), where a > —% and B is any even, positive and smooth function on R
with B(0) = 1.

(H2) A is increasing and unbounded on R,.

(H3) A’/Ais adecreasing and smooth function on R, and hence the limit 2o := 1_1>r+n A'(x)/A(x) >
0 exists. '

(H4) There exists a constant § > 0 such that for all x € [x, c0) (for some x; > 0),

—Ox .
A 20 + e " D(x) if 0>0,

=\ 2a+1
A(x) T L D) if 0 =0,
X

with D being a smooth function bounded together with its derivatives.
Such a function A is called a Chébli function. From (H1) it follows that
A'(x) 2a+1
Ak

where C := B’/B is an odd and smooth function on R.
Let A4, or simply A, be the following second order differential operator

_4&  Awd
T dx® A(x) dx’

For u € C, we consider the Cauchy problem

Af(x) = —(* +0°)f(x) with f(0)=1and f'(0) = 0. (2.3)

In [6] the author proved that the system (2.3) admits a unique solution ¢,,. For every u € C, the
solution ¢, is an even smooth function on R and the map u — ¢,(x) is analytic. The following
Laplace type representation of ¢, can be found in [6] (see also [32]).

+ C(x), x #0, (2.1)

(2.2)

Lemma 2.1. For every x € R* there exists a probability measure v, on R supported in [—|x]|, |x|]
such that for all u € C

{x]
‘pﬂ(x) — f e(iﬂ_g)tvx(dt).

|x]
Also, for x € R*, there is a non-negative even continuous function K(|x|, -) supported in [—|x|, |x|]
such that for all u € C

|x]
goﬂ(x):f K(|x|, t) cos(ut)dt. 2.4)
0

The following estimates of the eigenfunctions ¢, can be found in [5,/6/33].

Lemma 2.2. Let u € C such that |Im u| < o. Then

D) @ip(x) = 1, (%) = gu(x) and |p,(x)] < 1.
2) e M < o(x) < e(|x] + 1)e M.

3) (0] < @immu(x) < ey (x).

4) 1@, (0 < ¢ (0* + [uP)e! ™ My (x).

We close this section by giving some basic results of (the analogue of) the Abel transform

associated to the second order differential operator A.
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Denote by Z,(R) the space of even and compactly supported functions in C*(R). In [32] the
author has proved that the Abel transform defined on Z,(R) by

1
A F0) = 5 f| K DF WA 2.5)
x>y

is an automorphism of Z,(R) satisfying
2

%O(A+Q2)=d—0%. (2.6)
dx?

3. A FAMILY OF DIFFERENTIAL-REFLECTION OPERATORS

For € € R we consider the following one-dimensional differential-reflection operators

A'(x) (f(x) = f(=x)
A ( 2 ) —&0f(=x). 3.1

In view of (2.1) and the hypothesis (H4) on A’/A, the space Z(R) (of smooth functions with
compact support on R) and the space .”(R) (of Schwartz functions on R) are invariant under
the action of Ay .

Let S denote the symmetry (S f)(x) := f(—x). The following lemma is needed later. The easy
proof is left to the reader.

Auef(x) = f'(x) +

Lemma 3.1. Let f € C*(R) such that sup (1 + |x|)"e™[fO(x)| < oo for every r,t € N and
for some 20 < s < oo, and let g € C*(R) such that g and all its derivatives are at most of
polynomial growth. Then

f Apef()g(NA(X)dx = — f JOAae +2£08)g(0)A(X)d x.
R R

Let A € C and consider the initial data problem
Apef(x) =idf(x) with f(0) =1, (3.2)

where f : R — C. We have the following statement.

Theorem 3.2. Let A € C. There exists a unique solution ¥ 5 (4, -) to the problem (3.2). Further,
for every x € R, the function A — ¥4 (A, x) is analytic on C. More explicitly:

(i) ForiAd + €p,

1
Pae(d, x) = 0, () + ———¢, (x)  with =2+ (g7 = 1)o. (3.3)
’ ¢ il—go™
We may rewrite the solution (3.3)) as
|
) sgn(x

Wao(d ) = 0, (0 + (14 80 52 [T DA, (3.4)

AX) Jo

(i1) Forid = ep,

Ix]

W () = 1+ 26058 [ 4. (3.5)
AX) Jo

Proof. The proof is easy and standard. O

The following positivity result is the basic ingredient in obtaining suitable growth estimates
of lPA,‘S.
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Theorem 3.3. Assume that —1 < & < 1. Forall A € iR, the function ¥ 5 o(4, -) is real and strictly
positive.

Proof. The proof is inspired by [30]. If we take complex conjugates in (3.2), we see that
Yae(4,-) and W4 (4, ) satisfy the same system (3.2). Since ¥, .(4,0) = 1, the uniqueness
part in Theorem [3.2 shows that Wy .(4, x) = W4 (4, x) for all x € R.

Assume that W, (4, -) is not strictly positive. Since W, .(1,0) = 1 > 0, it follows that
W, (4, ) vanishes. Let x, be a zero of W4 (4, -) so that

|xo| = inf {|x] : W41, x) =0}.

Since W4 .(4,0) = 1 we have W4 (4, x) > 0 on [—|xg|, |xo|]. In particular ¥y .(4, —xp) > 0. We
claim that

W, (4, x0) =0 and ¥4 4(4, —xp) = 0. (3.6)

To prove (3.6), let us first assume that xo > 0. Then ¥/, (41, xo) < 0. Moreover,

A'(x)

¥ (4, x) = (2A(x) + 20)(Wao(d, =) = Wau(d, 0)) + (id + £0)¥ 1 5(1, ). (3.7)
Thus
Al
W, (A, xp) = (ZA(();‘;)) + 80)¥14(L —x0). (3.8)

From (3.8) it follows that W), (4, xo) is positive. This is due to the fact that &€ > —1 and the
fact that A’/(2A) is a decreasing function on R* and lim A’(x)/2A(x) = o. We deduce that
X—+00

WV, (4, xo) = 0, and therefore, from (3.8), ¥4 (4, —xo) = 0.

Now, let us assume that xo < 0. Then ¥/, (4, xo) > 0. Moreover, for xy < 0, equation (3.8)
implies ¥/, (1, x9) < 0. Thisis due to & < 1 and to assumptions on A’ /(2A). Then, as above, we
conclude that WV, (4, xo) = 0, and once again appealing to (3.8) we have W4 (4, —x¢) = 0. This
finishes the proof of the claim (3.6).

Starting this time from ¥ .(4, —xy) = 0 and proceeding analogously as in the case W, (4, x) =
0, we conclude that \PZ,g(/L —xo) = 0 and W4 (4, x9) = 0.

In summary, ¥4 .(4, £x9) = 0 and ¥/, (4, +x9) = 0. Differentiating (3.7), we see that the
second derivative of W4 .(4, ) vanishes at +x(. Repeating the same argument over and over
again to get ‘I’X‘)g (4, £x9) = 0 for all k € N. Since W, .(4, ) is a real analytic function, we deduce
that W4 (1, x) = O for all x € R. This contradicts W4 .(4,0) = 1. Thus, either W4 (4, x) is
strictly positive for all x, or it is strictly negative for all x. But since W4 .(1,0) = 1, it must be
Yy e(4,x) > 0forall xeR. O

The following theorem contains estimates for the growth of the eigenfunction ¥y .

Theorem 3.4. Suppose that —1 < & < 1 and x € R. Then:

1) For A € Rwe have ¥ (4, x)| < V2.
2) ForA=a+ib € Cwe have |4 (4, x)| < W4 (ib, x).
3) For A = ib € iR we have W (ib, x) < W40, x) €M,
4) For A = 0 we distinguish the following two cases:
a) Fore =0, we have W40, x) = 1.
b) For & # 0, there is a constant c, > 0 such that ¥, (0, x) < c,(|x] + 1)e79~ Vi=ehhd,
5



Proof. 1) Assume that A € R. Since W, (4, x) is a solution of the problem (3.2), we deduce that
A'(x)
2A(x)
By taking complex conjugates in (3.9), we obtain

I¥a oA, )} =

{Wae(d, £0)) = -

(Paold, £3) = Wa (4, 7)) £ 80Wa (4, F2) £ idP, (A, £2).  (3.9)

A(x)

Since A’(x)/A(x) > 20 > 0 for all x € R,, it follows that
A’(x)
AW

A - -
~ Re {— @) (4o, £2) = W o4, )W (A, £0) £ 260%, (4, F0) 4, (1, ix)} .

’ ’ 2
(a0 —0)PY + {[¥as(d, 0P} = [#40(4,—x) = Wi (4, 0)| <0, VxeR,.

This implies
[P ae(d, 0P + [Wae(d, OF < [Wa e, 0) +[¥as(d, 0)F =2, Vx eR,.
As a consequence

W (-0 < V2 and [Wa.(1,x)|< V2,  VxeR,.
\PA,S(/L -x)

2) For A = a+ib € C we define the function Q. ;(x) := m By Theorem 3.3/the function
A,e 0, x

Q.1 1s well defined. Using the identity (3.9) we have

{10:1(=0P) = £2Re {0, (1) Q. 1 (£x))
W, (b, Fx)

A'(x) ) B A
= -2(3 Ao £0)(1Qua(z1)* — Re {QS,A<+x)Qs,J<ix>})TA’S(Z.b, o 10
Since —1 < & < 1, then, by assumptions on the function A’/(2A), we have
A’(x)
(ZA(x) +£0)20  VxeR,.
It follows from (3.10) that for every x € R,
, A’(x) Wa.(ib, Fx)
2 _ :
(1Qea(x0)l} < ‘Z(T(x) + £0) Qe ()] (1Qea(£x)] — |Qg,ﬁ(+x)|)m.

Thus we can conclude that

HOea(x=OPY <0 if  [Qea(xX)| 2 10 a(FX)I.

As a real analytic function of x, |Q, 1(x)|* and |Q,(—x)[* coincide either everywhere or on a
discrete subset of R with no accumulation point. In the first case, |Qs1(x)]* = |Qga(—=)* is a
decreasing function of x € R,. In the second case, for x € R, let

M(x) := max {| Q. 10 1Qe 1 (—x)[*}.

If [Qea(0)] > |Qea(=X), then M(x) = |Q1(0)* and M'(x) = {|Qo(O*} < 0. If [Qp1(x)| <
|Qsa(—=2)], then M(x) = |Qp1(—x)I* and M'(x) = {|Qea(—0)?} < 0. If |Qpa(x)] = |Qp1(—x)| for
some x € R, then M has left and right derivatives at x, which are non-positive. Thus M is
decreasing on R,. In conclusion, for every x € R,, |Q,1(x)> < M(0) = 1 and |Q,(—=x)|* <

M(0) = 1. That is for every x € R, we have |Q.(x)| < |Q..(0)| = 1. This finishes the proof of
6



the second statement.
3) We proceed analogously to the function Q. , above by considering the function

Wy (ib, x)e 1P
W4 (0, x)

Rs,b(x) =

4) The fact that W4 ¢(0, x) = 1 follows immediately from (3.5). Assume that € # 0. In this case
1 ’
\PA,E((), x) = ()Dyg(x) - _QDﬂo(x),
g0 He

where 10 satisfies (u0)> = (2 — 1)0%. Since |g| < 1, it follows from Lemma 2.2/2), 3), 4) that

there exists a positive constant ¢, such that ¥ (0, x) < c,(|x| + 1)e¢!=Vi=e2hd, o

Henceforth, we will assume that —1 < & < 1. We remind the reader that ¢;,(x) = 1 and
vz, (0 < c(lx + 1)e o= Vi=eOll: gee Lemma 2.2.

Theorem 3.5. 1) Assume that A € C and |x| > xy with xo > 0. Given N € N, there is a positive
constant ¢ such that

‘a SWas( )| < A+ 1 e e (), (3.11)

2) Assume that A € C and x € R. Given M € N, there is a positive constant ¢ such that
aM
oM

Proof. 1) If N = 0 this is nothing but Theorem 3.4 2), 3) and 4). So assume N > 1. On the one
hand, ¥, (4, x) satisfies the following equation

A’(x)
2A(x)

W, 0| < el Mg, s (),

W) (4, 3) = == (P o, 1) = Wa (A —0)) + £0% o(A, =) + iAo, ).

This allows us to express the derivatives of W4 (4, -) in terms of lower order derivatives. On
the other hand, since A’/(2A) satisfies the hypothesis (H4), it follows that there exists a positive

constant C such that
A'(x) (N)
2A(x)

Now the estimate (3.11) can be proved by induction on N.
2) Recall that the mapping A — W4 (4, x) is entire, for every x € R, and that

<C, Y |x| = xo with xg > 0.

[¥ae(A, )| < cel™ Mg o (x) (3.12)

forall 4 € Cand x € R. If M = O this is just (3.12). So assume M > 0. If x = 0, the statement
follows from Liouville’s theorem. If x # 0, apply Cauchy’s integral formula for ¥4 .(4, x) over

a circle with radius proportional to — | B centered at A in the complex plane. O
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4. AN INTERTWINING OPERATOR

4.1. A Laplace type representation of the eigenfunctions. In this section we will show that
Y, (4, ) can be expressed as the Laplace transform of a compactly supported function. In the
literature this is the so-called Mehler’s type formula.

Denote by C;°(R) the space of even functions in C*(R). For f € C°(R) we set

& J & -
Q2|x| 1) 1(0s VX2 )’) @.1)

Iyi<l VX2 —y?

where J; is the Bessel function of the first kind and o, := V1 — &2p. If ¢ = 1, then p,; = 0,
and therefore &.; = id. The following statement is nothing but a reformulation of Proposition
2.1 1in [31]]. See also Theorem 5.1 in [21]].
Proposition 4.1. The integral transform &, is an automorphism of C;°(R) satisfying

d? d?

506 =60 ( —0}) and &£,£(0) = f(0). 4.2)

The inverse transform &' is given by

Eef(x) = f(x) -

& I & 2 —
Oclx] Py leeN X Z)) 1(0: VX y)

2 i< V2 =32

where I is the modified Bessel function of the first kind.

E ) = fx)+

Let Z.(R) be the space of even functions in Z(R). For g € Z,(R) put

‘ O¢ J1(0s VX* = ¥?)
28 = )——f x| g(x) d
0 =800 =5 x> Has NE )

We may rewrite '&,g as

‘68(y) = — fl | g (0)Jo(0s VX* = yH)dx.
Vi

Below we will show that Z,(R) is stable by '&,. Thus, one may check that for all f € CX(R)
and all g € Z,(R),

f .1 () g(x)dx = f FO) ' Eag )iy,
R R

Theorem 4.2. The transform integral '&, is an automorphism of 2,(R) satisfying

d? d?
t _
&oﬁ_(

The inverse transform s given by
. 5 1 (Qs\/ - -
S le =g+ % [ e T EXE= = [ omle, T
[x>{y1 \/ y Il

Proof. It is clear that '€, g is an even function whenever g is even. A direct calculation gives the
intertwining property (4.3), which we may rewrite as D? 0'&, = '&, 0 (D? +02), where D denotes
the ordinary derivative. Thus, for all N € N and for all y € R,, we have

D™ o'&.g(y) = ', 0 (D* + ) Vg(y) = — f ) Jo(os 32 = y?) D(D? + o)V g(x)dx.
y

8
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Using the well know fact that [Jo(r)| < 1 for all r € R, it follows that if supp(g) C [—a, a], then
there exists a constant ¢ such that

sup |D* o'&.g(y)l <c sup |DYg(x)| < oo,

Y€[-a,a] x€[—a,a]

for some positive integer M. Thus, the space Z,(R) is stable by '&;,.
Recall that we may rewrite '€, and its “potential” inverse transform respectively as

‘Eg(y) = - f g ()Jolos Vx> —y)dx and ‘& 'g(y) = - f g (0)Ip(0s Vx> — yH)dx.
[yl

Y

We will assume that y > 0. Then

f { f 8'()lo(0s Vs* - X2)ds},J0(Qs Va? = y)dx

x>y §>X

- f 8'(0)Jo(0s Vx* = y*)dx
x>y

+ f { f g/ ()0,1o(0s Vs> = )ds|Jo(0s V3 = y)dx.
x>y §>X

‘E(E )

Integration by parts implies

2
f 8'(5)0:lo(0, Vs* — x?)ds = 7 xg(x) — f 8(5)0,0,1o(0: Vs? — x?)dss.

§>X

Above we have used the fact that /{(z) = 1,(z) and that the function (%)_Vlv(z) is normalized at 0
by 1. Thus,

t@@S(téi_lg)(V)

2
| (%xg(x) - g’(x)) Jo(e N = y)dx
x>y
f g(s) { f o(0e N = 30,0, o0, V5T = )dx)ds
s>y y

Next, we will compute the integral within brackets on the right hand side of the identity above.
On the one hand, since I)(z) = 1,(z), we have

0,0:0(0: Vs = x) = —0.x0, ((s2 — ) (e Vs - x2))
= ( 2 2)3/211(Qs V52 _x2) Qs

= —Qa( — I2(Qa Vs? — x2).

Above we have used the well known differentiation identity //(z) = I,+1(z) + £1,(z). On the other
hand, using the following integral formula (see [13, formula (1), page 725])

2 Ii(Qs VSQ _x2)
_x)

a aY (=
ﬂ ¥ (a? - xz)_"/z_lJ,,(x)Iv( Va? — x*)dx = MJV(LI), Rev>Reu > -1

or (42 +1)

9



we have

s 2
f JO(QS sz - yz)asaxIO(Qa Vsz - x2)dx = - %SJZ(QS V52 - y2)
y
2
N Q¢
=- Qaﬁjl(ga V82 —y?) + ?SJO(Qa Vst =y?)
§$E=y
2
Oc
= as(Jo(Qg Vs - yz)) + ESJO(QS Vs =y?).
Above we have used the recurrence relation J,,(z) + J,_1(z) = %Jv(z) and the fact that Jj(z) =
—J1(z). Consequently, '&,('6 ' g)(y) = g(y). Similarly one proves that '&-!('€,2) = g. O

Recall from Lemma 2.1/ the Laplace representation of ¢,. The following alternative Laplace
representation of ¢, is needed for later use. For x € R and y € R, put

Ko(Ix,y) := "6 K(lxl, (), 4.4)

where K(|x], -) is as in (2.4). Observe that K.(x, -) is even, continuous and supported in [—|x], |x|].
We note that if &€ = +1, then the transformation &, = id, and therefore K.(x,y) = K(|x|, y).

Lemma 4.3. Let A € C. The integral representation (2.4) can be rewritten as

|ox]
00, (3) = f K. (x, ) cos(Ay)dy,
0

where the relationship between u, and Ais u2 = 2> + (% — 1)0°.

Proof. The cases € = +1 are trivial. So assume € # +1. Observe that we may rewrite & as
1
E(HO) = (v f JODJo(ey V1 - tz)dt)y-
0
for all y > 0. Using the following integral formula (see formula (7), page 722])

in(a Vb2 + 2
f cos(ct) Jo(b Va? — 2)dt = M, b>0
0 Vb2 + 2

we obtain

1
& cos(ue))) = (v f cos(ueyt)Joleey V1 = P)dr) = cos({ (1 - £)0” + 42} y)
———
0 ~
Thus &7 '(cos(1-))(y) = cos(u.y). Now, the statement follows directly from the Laplace repre-
sentation (2.4) of ¢, (x). O

We now establish a Laplace type representation of the eigenfunction W4 .(4, -). Henceforth
we will use the following notation

[ox]
Glx,y) = f K. (6, A,
[yl

where K.(t,y) is as in (4.4). The function G.(x, ) is even, continuous on its support [—|x], |x]]
and of class C! on ] — |x|, |x|[ (see e.g. [22, Lemma 2.8]). The following statement follows

directly from Lemma 4.3\
10



Corollary 4.4. For all A € C the function W .(4,-) : R* — C is the Laplace transform of a
compactly supported function. More precisely,

Wae(d, x) = f Ko(x,y)e®dy,  VxeR,
[yI<lxl

where
Ke(x,y) sgn(x) sgn(x)
7 T G T

4.2. The existence of an intertwining operator. This section is concerned with the existence
of an intertwining operator between A, . and the ordinary derivative d/dx.

Recall from Section 2 the definition of the Abel transform .27 which is an automorphism
of Z,(R). It is natural to define for smooth even functions the dual transform '/ of .7 in the
following sense f fe g(y)dy = f ' f(x)g(x)A(x)dx. In [32] the author showed that

R

R

Ke(x,y) :=

—=——0,G(x,y). 4.5)

1
=5 f| Kl

where K(|x|, u) is as in (2.4). Further, by Theorem 5.1], the transform '.% is an automor-
phism of C°(R) (the space of even and smooth functions on R) satisfying
d2
(A+0*) o'l ="'/ 0o —, (4.6)
dx?
where A is the operator (2.2).
For —1 < & < 1 we define the integral transform .7, on Z,(R) by

Ko (x, y)g(x)A(x)dx,

x>yl

1
sg(y) = )

where the kernel K, is as in (4.4). We note that for € = +1 the transform .27, reduces to the
Abel transform .o7. We may think of o7, as a deformation of the transform 7. Let ".o7, be the

linear mapping of C;°(R) so that f ) .g(y)dy = f ‘o, f(x) g(x)A(x)dx for f € CX(R) and
g € ,(R). Then - -
I =3 | Koy
Notice that for f € C°(R) and g € Z,(R), the functions "7, f and .o7.g belong respectively to
C?(R) and Z,(R). Moreover,
Ay ="6"ogo and o, ='o/ o0&

The next corollary contains some additional properties of <7, and '.<7,.

Corollary 4.5. Let D be the ordinary derivative and let A be the operator (2.2). Then for all
g € R we have:

1) &, o (A + 0% = (D* + 02) o A, where 0> = (1 — &%)0?

2) (A+0?) o' d, ="', o (D*+0?).

Proof. The first statement is an immediate consequence of (2.6) and (4.3). The second trans-

mutation property follows from (4.2) and (4.6). O
11



For f € C*(R) we define V, . f by

Vaef 0= [ E(nf0dy forx#0. and Vauf(0) = fO)
[yI<Ix
where the kernel K. (x, y) is as in (4.5). Observe that
\PA,S(/L )C) = VA,s(eM' )()C)

Lemma 4.6. The operator V. can be expressed as
d
Vaef () = (id +eo ) ' o fu(x) + (£26° 4 + —) ' f,)(),

where
x|

sgn(x)

MI(x) = e}

h(HA(®dt and Th(x) := f xh(t)dt.
0

4.7

(4.8)

4.9)

(4.10)

Proof. As usual, we write f as the superposition f = f, + f, of an even function f, and an odd

function f,. On the one hand, we have

[x] | x|
Vi fo(0) f Ko (x, y) sgn(x)

Jedy + go Go(x, ) fe(y)dy

|x] 2 2A(.X) —Ix
"o fo(X) + 0M © "', fo(X).

{x]
On the other hand, V. f,(x) = — Silz())c) £,(08,Go(x, y)dy. We claim that
X) Jo
_Sgl’l(X) Mf(y)ﬁG(x Y :(82 2%+i)t%(lf)(x)
A(X) o o yUelX, y)ay © dx eUJo s

where [f, is as in (4.10). Indeed, let us first recall the following formula (easy to check)

{x]
Sen0O (™ A () A

g'(x) = 200 o

(4.11)

4.12)

for even functions. By invoking (4.12) in the first equality below and the transmutation property

in Corollary 4.5.2 in the second equality below we have

d By
o L (1fo)(x) = %S)C) ) A (1f,)($)A(s)ds
sen(x) (M, d?
=0 £ = €0 JUL)SA(s)ds
x| s
= %(x) { f K. (s, w)f,(w)dulA(s)ds — > M o' (I £,)(x)
x) Jo 0
{x] {x]
= silzi? L] | K 0Asldu— £ o A1 f))
|x]
=L [ W06 = S o A1),

This concludes the proof of claim (4.11), and therefore the proof of Lemma 4.6.
12



Theorem 4.7. The operator V, . is the unique automorphism of C*(R) such that
ApgoVaeg=Vago—,
Ag © VA, Ae © dx

where A, . is the differential-reflection operator (3.1).

Proof. For the proof of this theorem it is more convenient to rewrite V, . f, in (4.9) as
Vaefo(X) = M o ' A (f1)(x). (4.13)
Indeed,

d
Vaefo(x) = at%(lﬁ?)(XHSZQZ//l L (1f,)(x)

= M N Gf,) ) + QM A (1f,)(x)
=MD+ 0% A f,)()
= M ' (1f,)")(x)
= M " Gf)(%).
Let C°(R) and C;’(R) be the subspaces of even and odd functions in C*(R), respectively.

Firstly, the operator d/dx is one to one from C;’(R) onto C;°(R), and d/dxol =1od/dx =id.
Secondly, the transform . is an isomorphism from C;*(R) to C;’(R) and its inverse is given by
d A(x).
— 4 d. 4.14
dx A(x) ! ( )

Thus, from (4.9) and (4.13) it follows that V, . is an automorphism of C*(R). We now prove
the transmutation property (4.7).
By (4.13) we have

AA,S(VA,sfo) = AA,S(’% t%(fol)) = (ld +8Q'%) tf%(fo,)

Above we have used the fact that Ay, o .# = id +eo.# . Moreover, using (4.14), one can check
that

M =

Aae(Vaefe) = Aasl " f, + goM o', f,)

_ 4 ot d A YA 22 ot
= Ay f, 8@%ﬂ+8@(dx+A()) A f, + 0" M ", f,
_ (4 a2,
= (E +&°0 ///) ‘A,
In summary, p
Mas(Vasf) = (= + &7 M) ‘A, + (id +e0.ll) S (f). (4.15)

Now, by invoking the expression (4 9) of the operator V, . we get

Vaelf)) = (80" + )2@% fo and  Vau(f)) = (id+eo. ) T f)).
Therefore
Vaelf) = (804 + — )teffe (id+zo.22) i £}).

This compares well with (4.15). The umqueness of V4. is due to the fact that Wy (4, x) =

Vae(e )(x) and that V4 .f(0) = f(0). O
13



On the space Z(R) of smooth functions with compact support, we consider the dual operator
'V4. of V4 . in the sense that

f Voo f0g(OA)dx = f FO) WV sg(3)dy. @.16)
R R

This can be written as

Vasg) = [ E(nyemaes @17
xI>[y1
Lemma 4.8. The dual operator 'V, . can be expressed as

d
Viasg() = Fgey) — (20 = ) A (Ug0) ),

where

Jh(x) := fx h(t)dt.

[ee)

Proof. The reader will have no trouble verifying that for every even function f € C*(R) and
every odd function g € Z(R)

fR M f(D)g(NA(x)dx = — fR J()Jg()A(x)dx.

Starting from the expression (4.9) of V4. in Lemma 4.6, and by invoking (4.13) in the first
equality below, we obtain

f Vaof (WA

R

Il
5

(LA, fu()8e(X) + QM A fA)8(X) + M Ay (X))} A(X)elx

{£:00eg0(x) = 80 £ Hed 20(X) = F1(2X) T go()|dlx

d
{f080(x) = £0f (V)T 0(x) + fo() o) dx

d
= f FOAege(x) = 80 T 80(x) + —~ 7T g (1) }dx.
R X
This finishes the proof of Lemma 4.8. O

The operator 'V, . satisfies the following additional property.

Theorem 4.9. The operator 'V, . is the unique automorphism of Z(R) satisfying the intertwin-
ing property

d
— O tVA’g = tVA’g ¢] (AA,g + ZSQS ),
dx

where S denotes the symmetry (S f)(x) := f(—x).

Proof. The statement follows immediately from Lemma 3.1. O
14



4.3. The positivity of the intertwining operator. We shall say that a linear operator L on
Z(R) is positive, if L leaves the positive cone

IR, ={f € ZR) : f(x) =0 forall x € R}
invariant. The following statement is the central result of this section.
Theorem 4.10. For —1 < € < 1, the intertwining operator V, . is positive.

For € = 0 and 1, Theorem 4.10/is known (cf. [36] and [37]]), while for A(x) = A,(x) = |x[>***!
and ¢ arbitrary (the Dunkl setting), Theorem 4.10 goes back to [27]. However, the case —1 <
€ < 1 has to overcome some technical difficulties compared to € = 0 and 1, as & could be
positive as well as negative.

The proof of the above theorem affords several steps, the crucial one being the positivity of
Vae(ps(u, -))(x) for every s > 0 and u, x € R, where

_ (14—\’)2

e
psu,v) = 2V
denotes the Euclidean heat kernel.
For simplicity we will write W,(s; u, x) instead of V4 .(p,(u, -))(x). Below we list some prop-
erties of W (s;u, x).

Lemma 4.11. For every s > 0 and u, x € R, we have

1 .
1) We(s;u,x) = — f WY (—A, e e,
2 Jr
2) The function (u, x) — Wy(s; u, x) is of class C' on RZ.
3) (Aae+ 0)We(s;u, x)_

lim  W(s;u,x) =
[|(,%)||—+c0

Proof. 1) For x = 0, we have W,(s:1,0) = p(u,0) = 5.
follows from the well known fact

2 2
f e ek = \/§ = (4.18)
R

For x # 0, using again (4.18) together with the Laplace type representation (4.7) of V, ., we
have

Thus, for x = 0, the statement

||

7 | Kelxy) f o ¢ d)dy
T J—1

1 fox] _ '
— f ( f K (x, y)e‘”ydy)e_”zem” da
T IR " J-1y

1 .
= — f‘I’A,s(—/l, x)e‘”zem” da.
27T R

2) For |x| > xo with xy > 0, the statement follows from 1) and the growth estimate of |0,¥W4 +(4, x)|
(see Theorem 3.5). Assume that |x| < x,. Using the fact that

We(s; u, x)

@l (D)] < cl® + % (Ix] + 1) |x] e mHoM,
Pu M

and that
@/ ()] < clu? + 07| (] + 1)? el mu-ol,
15



for all u € C and x € R (cf. [33] Proposition 6.1.5]), we deduce from (3.3) that
10,¥a.0(A, X)| < c(A] + 1)(|x] + 1)%elTmat-old,

where p? = 12— (1-£%)0?. It follows that in both cases 12—(1-£%)o? Z 0, we have |0, 4 (4, x)| <
c(JA| + 1) for all |x| < xo.

3) In view of 1), the present statement is easy to check.

u 2

4) For x = 0, Wx(s;u,0) = py(u,0) = $7= — 0 as [|(u, )| — oo.
For x # 0, using 1) and the growth property of the eigenfunction ¥4 . in Theorem 3.4.4, we
get

Wiz 4, )] < co(1 + eI Y108,
Now, the statement follows by means of polar coordinates. O

The following lemma is also needed.

Lemma 4.12. Writing W, as W(s;u,x) = Wi + W2, as a sum of the even and the odd part of
W, with respect to x, we have W(s;u, x) > 0.

Proof. Using Lemma 4.11.1 together with the expression (3.4) of the eigenfunction W, ., we
have

W(s; u, x)
:_f 90 (x) + (—id+ g0)——— sgn(x) M(p (Z)A(Z)dz) e—s/lzemu di
He A e
|| '
- — f‘pﬂg(x)e—sﬂ Z/Wd/l 2852(()6)) (f SOyS(Z)A(Z)dZ) (—l/l + 8Q)€_M eleu dld

= Wg(s, u, x) + Wo(s; u, x).
Next we shall prove that W:(s; u, x) > 0. By Lemma 4.3, we have

s

1 | x| +00 )
= - f K.(x, r)( f e~ cos(/lu)cos(/lr)d/l)dr
T Jo 0

1 |X| (ufr)2 (u+r)2

= ) K. (x,r) (e_ T+ e‘T) dr.

1 +00 |x|
We(s; u, x) - f et cos(Au) ( f K.(x,r) cos(/lr)dr) da
0 0

4 s
Using the fact that r — K.(x, r) is even, we deduce that
o (ul+xl)? /45 o~ (ul+1x])? /4s
We(s;u, x) > 4—\/7r_s N K.(x,r)dr = 2—\/7T_sgol.@g(x) > 0.

Now we come to the crucial step in the proof of Theorem 4.10.

Theorem 4.13. For every s > 0 and u, x € R, we have W.(s; u, x) > 0.

Proof. For (u, x) € R x {0}, we have W,(s; u,0) = p,(u,0) = ;\;_ > 0.
For s > 0 and (4, x) € (R x {0})¢, assume that W,(s; u, x) is not always non-negative. Since

We(s; u,0) > 0 and limy, -+ We(s; u, x) = 0 (see Lemma 4.11.3), then the above assumption
16



implies that the function (u, x) — W,(s; u, x) admits an absolute minimum (ug, xp) € (R X {0})°
such that W.(s; ug, xo) < 0. In particular, W7 (s; ug, xo) = (We(s; uo, x0) — We(s; ug, —x0))/2 < 0.
We claim that

W2(s; ug, xo) < 0. (4.19)
Indeed, if W(s;up, x9) = 0, then W.(s;up, xo) = WZ(s;uo, xo), which is impossible since
We(s; up, x0) < 0 while WE(s; ug, x0) > 0 (see Lemma 4.12).

On the other hand, using the fact that (u, xo) is an absolute minimum, we have

A’(xo)

(Aae+ ) Wals: g, x0) = (S + 280) We(s; o, X0) — £0We(s; g, X0) (4.20)
A(x) ‘
— el o A,(X()) o/ .
= —goW_(s; up, xo) + ( + SQ)WS(S, Uy, Xo)- 4.21)
A(x)

Recall that our assumption is that W.(s; u, x) is not always non-negative for all s > 0 and
(u, x) € (R x {0})°. We shall use Lemma4.11.2 to prove that this assumption fails.
case 1: For o = 0, the identity (4.20) reads
A’(xo)
A(x)
Now, Lemma 4.11.2 and the inequality (4.19) imply that (A’/A)(xy) = 0, which is not true in
the light of the hypotheses (H2) and (H4) on A’/A with o = 0.
case 2: Let o > 0 and & = 0. As in the previous case, Lemma 4.11.2 and the inequality
(4.19) imply that (A’ /A)(xo) = 0. However, by the hypothesis (H2) on A’ /A, we have (A’ /A)(x) 2
+20 = 0 for all x = 0. Hence our assumption does not hold true.
case 3:Leto > 0and & > 0.
subcase 3.1: Assume that xo > 0. As W(s; ug, xo) > 0 and W2(s; up, xo) < 0, it follows
from (4.21) that (AA,‘9 + 6L,)Ws(s; up, xo) < 0, which is absurd by Lemma 4.11.2.
subcase 3.2: Assume that xy < 0. We pin down that

A’ (xo)
A(xo)

(A + 8u)Wels; o, o) = W (s; o, X0).

+2e0 < -2(1 —g) < 0. (4.22)

By Lemma4.11.2, we have
(A + 0y + 801d )W, (s: 1o, Xo) = 80Wi(s: g, Xo) < 0, (4.23)
while, by (4.20), (4.19) and (4.22),

A’ (xo)
A(xo)

(AA,S + 0, + €0 id)Wg(s; Uy, Xo) = ( + ZSQ)W;)(S; U, Xo) > 0,

which contradicts the inequality (4.23)).
case4:Leto>0and e < 0.
subcase 4.1: Assume that xy > 0. Note that
A’(xo)
A(xo)
Hence, the identities (4.20), (4.19) and (4.24) imply that (A, + 8,)Wa(s; uo, Xo) < 0, which is
absurd by Lemma4.11.2.
subcase 4.2: Assume that xy < 0. On the one hand, by Lemma4.11.2, we have

(A + 0 — 0id )W,(s 1o, x0) = —£0Wa(s o, Xo) < 0. (4.25)
17
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On the other hand, since xy < 0 we have (A"/A)(xp) < 0. Thus, by (4.20) and (4.19),

Al
(A + 0y — £01d )We(s: o, x0) = —2£0We(s: ttg, o) + (xO)WS(s; o, Xo) > 0,
A(xo)
which contradicts the inequality (4.25).
This finishes the proof of Theorem 4.13. O

Now we are ready to prove the central result of this section.

Proof of Theorem4.10. Let f be a positive function in Z(R). Proving that V, .(f) > 0 is equiv-
alent to showing that 'V, .(f) > 0 (see (4.7) and (4.17)).
By (4.16) we have

fR JOVae(ps(u, DX)AX)dx = fR Vaef ()ps(x,w)dx = (Vo f * q)w),

—r?4s
and = is the Euclidean convolution product. Since f > 0 and V4 .(p,(u, .))(x) =
s

where g(r) :=
We(s; u, x) > 0, it follows that (‘Va . f * g,)(u) > 0 for all s > 0 and u, x € R. Thus
0 <lim (Vaef * q)w) = Vaef(w).
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