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We introduce a family of differential-reflection operators Λ A,ε acting on smooth functions defined on R. Here A is a Sturm-Liouville function with additional hypotheses and ε ∈ R. For special pairs (A, ε), we recover Dunkl's, Heckman's and Cherednik's operators (in one dimension). The spectral problem for the operators Λ A,ε is studied. In particular, we obtain suitable growth estimates for the eigenfunctions of Λ A,ε .

As the operators Λ A,ε are mixture of d/dx and reflection operators, we prove the existence of an intertwining operator V A,ε between Λ A,ε and the usual derivative. The positivity of V A,ε is also established.

Introduction

Dunkl's ascertainment in the late eighties of the operators that now bear his name is one of the most significant developments in the theory of special functions associated to root systems [START_REF] Dunkl | Differential-difference operators associated to reflection groups[END_REF]. Some early work in this area was done by Koornwinder [START_REF] Koornwinder | Orthogonal polynomials in two variables which are eigenfunctions of two algebraically independent partial differential operators. I, II, III, IV[END_REF], Heckman and Opdam [START_REF] Heckman | Root systems and hypergeometric functions. I[END_REF], and Opdam [START_REF] Opdam | Root systems and hypergeometric functions[END_REF]. A lot of the motivation for the subject comes from analysis on Riemannian symmetric spaces.

In [START_REF] Dunkl | Differential-difference operators associated to reflection groups[END_REF] Dunkl generalized the operator ∂/∂x i to a mixture of a differential and a reflection operator. In one dimension it is denoted by D α , α ≥ -1/2. By the specialization α = 1 2 d -1 with d ∈ N ≥2 , the operator D 2 α coincides on even functions with the radial part of the Laplace operator on the flat symmetric space M(d)/S O(d), where M(d) is the motion group of R d . Important work in the analysis of Dunkl operators has been done by several authors (see for instance [START_REF] Dunkl | Differential-difference operators associated to reflection groups[END_REF][START_REF] Dunkl | Orthogonal polynomials of several variables, 2nd edition. Encyclopedia of Mathematics and its Applications[END_REF][START_REF] De Jeu | The Dunkl transform[END_REF][START_REF] Heckman | Dunkl operators[END_REF][START_REF] Opdam | Dunkl operators, Bessel functions and the discriminant of a finite Coxeter group[END_REF][START_REF] Rösler | Markov processes related with Dunkl operators[END_REF][START_REF] Trimèche | Absolute continuity of the representing measures of the Dunkl intertwining operator and of its dual and applications[END_REF]; this list is far from being complete). Some years after, Heckman [START_REF] Heckman | An elementary approach to the hypergeometric shift operators of Opdam[END_REF] wrote down a trigonometric variant of the Dunkl operators. In one dimension it is denoted by H α,β , α ≥ β ≥ -1/2, α -1/2. For α = 1 2 (p -1) and β = 1 2 (q -1) with p ≥ q > 0, the restriction of H 2 α,β to even functions coincides with the radial part of the Laplace-Beltrami operator on Riemannian symmetric spaces of the non-compact type and of real rank one. Significant results in the analysis of Heckman operators have been obtained by several authors (see for instance [START_REF] Salem | Convolution structure associated with the Jacobi-Dunkl operator on R[END_REF][START_REF] Chouchane | Positivity of the intertwining operator and harmonic analysis associated with the Jacobi-Dunkl operator on R[END_REF][START_REF] Heckman | Harmonic analysis and special functions on symmetric spaces[END_REF]).

Next, in [START_REF] Cherednik | A unification of Knizhnik-Zamolodchnikov equations and Dunkl operators via affine Hecke algebras[END_REF] Cherednik made a slight but significant variation of Heckman's operator. See [START_REF] Heckman | Dunkl operators[END_REF][START_REF] Opdam | Harmonic analysis for certain representations of graded Hecke algebras[END_REF][START_REF] Trimèche | Harmonic analysis associated with the Cherednik operators and the Heckman-Opdam theory[END_REF] for a comparison between Heckman and Cherednik operators.

In the present paper we consider some aspects of harmonic analysis associated to the following family of (A, ε)-operators

Λ A,ε f (x) = f ′ (x) + A ′ (x) A(x) f (x) -f (-x) 2 -ε̺ f (-x), (1.1) 
where A is so-called a Chébli function on R (i.e. A is a continuous R + -valued function on R satisfying certain regularity and convexity hypotheses), ̺ is the index of A, and ε ∈ R. We note that ̺ ≥ 0. The function A and the real number ε are the deformation parameters giving back the above three cases (as special examples): Dunkl's operators when A(x) = A α (x) = |x| 2α+1 and ε arbitrary; Heckman's operators when A(x) = A α,β (x) = | sinh x| 2α+1 (cosh x) 2β+1 and ε = 0; and Cherednik's operators when A(x) = A α,β (x) = | sinh x| 2α+1 (cosh x) 2β+1 and ε = 1. We would like to mention that a differential-reflection operator built in terms of a Chébli function has been the first time done in [START_REF] Mourou | Transmutation operator and Paley-Wiener theorem associated with a singular Differential-difference operator on the real line[END_REF]. This is one of the major themes of research at the "school of harmonic analysis" in Tunisia.

This paper consists of tow parts. In the first part we consider the spectral problem for this family of (A, ε)-operators (1.1). More precisely, let λ ∈ C and consider the equation

Λ A,ε f (x) = iλ f (x), (1.2) 
where f : R → C. We prove that there exists a unique solution Ψ A,ε (λ, •) of (1.2) satisfying Ψ A,ε (λ, 0) = 1. Moreover, under the assumption -1 ≤ ε ≤ 1, we establish in Theorems 3.4 and 3.5 suitable estimates for the growth of the eigenfunction Ψ A,ε (λ, x) and of its partial derivatives. Our first step is Theorem 3.3, where we prove that Ψ A,ε (λ, •) > 0 whenever λ ∈ iR. In a forthcoming paper [START_REF] Ben Said | L p -Fourier analysis associated with certain differential-reflection operators[END_REF], these estimates will play crucial tools for developing L p -Fourier analysis associated to the (A, ε)-operators (1.1). We note that Ψ A,ε reduces to the Dunkl kernel in the (A α , ε)-case [START_REF] Dunkl | Hankel transforms associated to finite reflection groups, Hypergeometric functions on domains of positivity, Jack polynomials, and applications[END_REF][START_REF] Rosenblum | Generalized Hermite polynomials and the Bose-like oscillator calculus[END_REF]; to the Heckman kernel in the (A α,β , 0)-case [START_REF] Salem | Convolution structure associated with the Jacobi-Dunkl operator on R[END_REF][START_REF] Chouchane | Positivity of the intertwining operator and harmonic analysis associated with the Jacobi-Dunkl operator on R[END_REF][START_REF] Heckman | Harmonic analysis and special functions on symmetric spaces[END_REF]; and to the Cherednik kernel (or Opdam's kernel) in the (A α,β , 1)-case [START_REF] Anker | Opdam's hypergeometric functions: product formula and convolution structure in dimension 1[END_REF][START_REF] Gallardo | Positivity of the Jacobi-Cherednik intertwining operator and its dual[END_REF][START_REF] Opdam | Harmonic analysis for certain representations of graded Hecke algebras[END_REF].

In the second part of this paper we start by studying the existence of an intertwining operator between Λ A,ε and the ordinary derivative. We prove that there exists a unique isomorphism

V A,ε : C ∞ (R) → C ∞ (R) satisfying Λ A,ε •V A,ε = V A,ε • d dx , with V A,ε f (0) = f (0) (see Theorem 4.7
). The construction of V A,ε involves Delsarte type operators [START_REF] Lions | Opérateurs de Delsarte et problèmes mixtes[END_REF][START_REF] Thyssen | Sur certains opérateurs de transmutation particuliers[END_REF]. Our construction generalizes the one given in [START_REF] Gallardo | Singularities and analytic continuation of the Dunkl and the Jacobi-Cherednik intertwining operators and their duals[END_REF] for

A(x) = A α,β (x) = | sinh x| 2α+1 (cosh x) 2β+1 and ε = 1. For A(x) = A α (x) = |x| 2α+1
and ε arbitrary, the intertwining operator V A,ε reduces to the Dunkl intertwining operator in one dimension [START_REF] Rösler | Bessel-type signed hypergroups on R[END_REF].

Another important result concerning the intertwining operator V A,ε is that the latter is of positive type in the sense that, if f ≥ 0 then V A,ε f ≥ 0 (see Theorem 4.10). The major technical step in the proof of Theorem 4.10 is the positivity of V A,ε (h t (u, •))(x), where h t (u, v) denotes the Euclidean heat kernel at time t > 0. For ε = 0 and 1, this result can be found in [START_REF] Trimèche | Positivity of the transmutation operators associated with a Cherednik type operator on the real line[END_REF] and [START_REF] Trimèche | The transmutation operators relating to a Dunkl type operator on R and their positivity[END_REF], while for A(x) = A α (x) = |x| 2α+1 and ε arbitrary, the positivity of V A,ε goes back to [START_REF] Rösler | Positivity of Dunkl's intertwining operator[END_REF]. We pin down that the positivity of V A,ε played a fundamental role in [START_REF] Ben Said | Uncertainty principles and characterization of the heat kernel for certain differential-reflection operators[END_REF] in establishing an analogue of Beurling's theorem, and its relatives such as theorems of type Gelfand-Shilov, Morgan's, Hardy's, and Cowling-Price in the setting of this paper.

The organization of this paper is as follows: In Section 2 we recapitulate some definitions and basic notations, as well as some results from literature. In Section 3 we study the main properties of the eigenfunction Ψ A,ε . In particular, we obtain estimates for the growth of Ψ A,ε and of its partial derivatives. In Section 4 we derive a Laplace type representation of the eigenfunction Ψ A,ε . Next, we prove the existence and the positivity of the intertwining operator V A,ε between Λ A,ε and the ordinary derivative.

Background

In this introductory section we present results from [START_REF] Chébli | Sur un théorème de Paley-Wiener associé à la décomposition spectrale d'un opérateur de Sturm-Liouville sur (0, ∞)[END_REF][START_REF] Chébli | Théorème de Paley-Wiener associé à un opérateur différentiel singulier sur (0, ∞)[END_REF][START_REF] Trimèche | Transformation intégrale de Weyl et théorème de Paley-Wiener associés à un opérateur différentiel singulier sur (0, ∞)[END_REF][START_REF] Trimèche | Generalized wavelets and hypergroups[END_REF]. Throughout this paper we will denote by A a function on R satisfying the following hypotheses: (H1) A(x) = |x| 2α+1 B(x), where α > - 1 2 and B is any even, positive and smooth function on R with B(0) = 1. (H2) A is increasing and unbounded on R + . (H3) A ′ /A is a decreasing and smooth function on R * + , and hence the limit 2̺ := lim x→+∞ A ′ (x)/A(x) ≥ 0 exists. (H4) There exists a constant δ > 0 such that for all x ∈ [x 0 , ∞) (for some x 0 > 0),

A ′ (x) A(x) =            2̺ + e -δx D(x) if ̺ > 0, 2α + 1 x + e -δx D(x) if ̺ = 0,
with D being a smooth function bounded together with its derivatives. Such a function A is called a Chébli function. From (H1) it follows that

A ′ (x) A(x) = 2α + 1 x + C(x), x 0, (2.1) 
where C := B ′ /B is an odd and smooth function on R.

Let ∆ A , or simply ∆, be the following second order differential operator

∆ = d 2 dx 2 + A ′ (x) A(x) d dx . (2.2)
For µ ∈ C, we consider the Cauchy problem

∆ f (x) = -(µ 2 + ̺ 2 ) f (x) with f (0) = 1 and f ′ (0) = 0. (2.3) 
In [START_REF] Chébli | Théorème de Paley-Wiener associé à un opérateur différentiel singulier sur (0, ∞)[END_REF] the author proved that the system (2.3) admits a unique solution ϕ µ . For every µ ∈ C, the solution ϕ µ is an even smooth function on R and the map µ → ϕ µ (x) is analytic. The following Laplace type representation of ϕ µ can be found in [START_REF] Chébli | Théorème de Paley-Wiener associé à un opérateur différentiel singulier sur (0, ∞)[END_REF] (see also [START_REF] Trimèche | Transformation intégrale de Weyl et théorème de Paley-Wiener associés à un opérateur différentiel singulier sur (0, ∞)[END_REF]).

Lemma 2.1. For every x ∈ R * there exists a probability measure ν x on R supported in [-|x|, |x|] such that for all µ ∈ C

ϕ µ (x) = |x| -|x| e (iµ-̺)t ν x (dt).
Also, for x ∈ R * , there is a non-negative even continuous function K(|x|,

•) supported in [-|x|, |x|] such that for all µ ∈ C ϕ µ (x) = |x| 0 K(|x|, t) cos(µt)dt. (2.4)
The following estimates of the eigenfunctions ϕ µ can be found in [START_REF] Chébli | Sur un théorème de Paley-Wiener associé à la décomposition spectrale d'un opérateur de Sturm-Liouville sur (0, ∞)[END_REF][START_REF] Chébli | Théorème de Paley-Wiener associé à un opérateur différentiel singulier sur (0, ∞)[END_REF][START_REF] Trimèche | Generalized wavelets and hypergroups[END_REF].

Lemma 2.2. Let µ ∈ C such that | Im µ| ≤ ̺. Then 1) ϕ ±i̺ (x) = 1, ϕ -µ (x) = ϕ µ (x) and |ϕ µ (x)| ≤ 1. 2) e -̺|x| ≤ ϕ 0 (x) ≤ c(|x| + 1)e -̺|x| . 3) |ϕ µ (x)| ≤ ϕ i Im µ (x) ≤ e | Im µ||x| ϕ 0 (x). 4) |ϕ ′ µ (x)| ≤ c (̺ 2 + |µ| 2 )e |
Im µ||x| ϕ 0 (x). We close this section by giving some basic results of (the analogue of) the Abel transform associated to the second order differential operator ∆.

Denote by D e (R) the space of even and compactly supported functions in C ∞ (R). In [START_REF] Trimèche | Transformation intégrale de Weyl et théorème de Paley-Wiener associés à un opérateur différentiel singulier sur (0, ∞)[END_REF] the author has proved that the Abel transform defined on D e (R) by

A f (y) = 1 2 |x|>|y| K(|x|, y) f (x)A(x)dx (2.5)
is an automorphism of D e (R) satisfying

A • (∆ + ̺ 2 ) = d 2 dx 2 • A .
(2.6)

A family of differential-reflection operators

For ε ∈ R we consider the following one-dimensional differential-reflection operators

Λ A,ε f (x) = f ′ (x) + A ′ (x) A(x) f (x) -f (-x) 2 -ε̺ f (-x). (3.1)
In view of (2.1) and the hypothesis (H4) on A ′ /A, the space D(R) (of smooth functions with compact support on R) and the space S (R) (of Schwartz functions on R) are invariant under the action of Λ A,ε .

Let S denote the symmetry (S f )(x) := f (-x). The following lemma is needed later. The easy proof is left to the reader.

Lemma 3.1. Let f ∈ C ∞ (R) such that sup x∈R (1 + |x|) r e s|x| | f (t) (x)| < ∞
for every r, t ∈ N and for some 2̺ ≤ s < ∞, and let g ∈ C ∞ (R) such that g and all its derivatives are at most of polynomial growth. Then

R Λ A,ε f (x)g(x)A(x)dx = - R f (x)(Λ A,ε + 2ε̺S )g(x)A(x)dx.
Let λ ∈ C and consider the initial data problem

Λ A,ε f (x) = iλ f (x) with f (0) = 1, (3.2) 
where f : R → C. We have the following statement.

Theorem 3.2. Let λ ∈ C. There exists a unique solution Ψ A,ε (λ, •) to the problem (3.2). Further, for every x ∈ R, the function λ → Ψ A,ε (λ, x) is analytic on C. More explicitly: (i) For iλ ε̺,

Ψ A,ε (λ, x) = ϕ µ ε (x) + 1 iλ -ε̺ ϕ ′ µ ε (x) with µ 2 ε := λ 2 + (ε 2 -1)̺ 2 . (3.3)
We may rewrite the solution (3.3) as

Ψ A,ε (λ, x) = ϕ µ ε (x) + (iλ + ε̺) sgn(x) A(x) |x| 0 ϕ µ ε (t)A(t)dt. (3.4) (ii) For iλ = ε̺, Ψ A,ε (λ, x) = 1 + 2ε̺ sgn(x) A(x) |x| 0 A(t)dt. (3.5)
Proof. The proof is easy and standard.

The following positivity result is the basic ingredient in obtaining suitable growth estimates of Ψ A,ε .

Theorem 3.3. Assume that -1 ≤ ε ≤ 1. For all λ ∈ iR, the function Ψ A,ε (λ, •) is real and strictly positive.
Proof. The proof is inspired by [START_REF] Schapira | Contributions to the hypergeometric function theory of Heckman and Opdam: sharp estimates, Schwartz space, heat kernel[END_REF]. If we take complex conjugates in (3.2), we see that

Ψ A,ε (λ, •) and Ψ A,ε (λ, •) satisfy the same system (3.2). Since Ψ A,ε (λ, 0) = 1, the uniqueness part in Theorem 3.2 shows that Ψ A,ε (λ, x) = Ψ A,ε (λ, x) for all x ∈ R. Assume that Ψ A,ε (λ, •) is not strictly positive. Since Ψ A,ε (λ, 0) = 1 > 0, it follows that Ψ A,ε (λ, •) vanishes. Let x 0 be a zero of Ψ A,ε (λ, •) so that |x 0 | = inf |x| : Ψ A,ε (λ, x) = 0 . Since Ψ A,ε (λ, 0) = 1 we have Ψ A,ε (λ, x) ≥ 0 on [-|x 0 |, |x 0 |]. In particular Ψ A,ε (λ, -x 0 ) ≥ 0. We claim that Ψ ′ A,ε (λ, x 0 ) = 0 and Ψ A,ε (λ, -x 0 ) = 0. (3.6)
To prove (3.6), let us first assume that x 0 > 0. Then Ψ ′ A,ε (λ, x 0 ) ≤ 0. Moreover,

Ψ ′ A,ε (λ, x) = A ′ (x) 2A(x) + ε̺ Ψ A,ε (λ, -x) -Ψ A,ε (λ, x) + (iλ + ε̺)Ψ A,ε (λ, x). (3.7) Thus Ψ ′ A,ε (λ, x 0 ) = A ′ (x 0 ) 2A(x 0 ) + ε̺ Ψ A,ε (λ, -x 0 ). (3.8) From (3.8) it follows that Ψ ′ A,ε (λ, x 0 ) is positive. This is due to the fact that ε ≥ -1 and the fact that A ′ /(2A) is a decreasing function on R * + and lim x→+∞ A ′ (x)/2A(x) = ̺. We deduce that Ψ ′ A,ε (λ, x 0 ) = 0, and therefore, from (3.8), Ψ A,ε (λ, -x 0 ) = 0. Now, let us assume that x 0 < 0. Then Ψ ′ A,ε (λ, x 0 ) ≥ 0. Moreover, for x 0 < 0, equation (3.8) implies Ψ ′
A,ε (λ, x 0 ) ≤ 0. This is due to ε ≤ 1 and to assumptions on A ′ /(2A). Then, as above, we conclude that Ψ ′ A,ε (λ, x 0 ) = 0, and once again appealing to (3.8) we have Ψ A,ε (λ, -x 0 ) = 0. This finishes the proof of the claim (3.6).

Starting this time from Ψ A,ε (λ, -x 0 ) = 0 and proceeding analogously as in the case

Ψ A,ε (λ, x 0 ) = 0, we conclude that Ψ ′ A,ε (λ, -x 0 ) = 0 and Ψ A,ε (λ, x 0 ) = 0. In summary, Ψ A,ε (λ, ±x 0 ) = 0 and Ψ ′ A,ε (λ, ±x 0 ) = 0. Differentiating (3.7)
, we see that the second derivative of Ψ A,ε (λ, •) vanishes at ±x 0 . Repeating the same argument over and over again to get

Ψ (k) A,ε (λ, ±x 0 ) = 0 for all k ∈ N. Since Ψ A,ε (λ, •) is a real analytic function, we deduce that Ψ A,ε (λ, x) = 0 for all x ∈ R. This contradicts Ψ A,ε (λ, 0) = 1. Thus, either Ψ A,ε (λ, x) is strictly positive for all x, or it is strictly negative for all x. But since Ψ A,ε (λ, 0) = 1, it must be Ψ A,ε (λ, x) > 0 for all x ∈ R.
The following theorem contains estimates for the growth of the eigenfunction Ψ A,ε . Theorem 3.4. Suppose that -1 ≤ ε ≤ 1 and x ∈ R. Then:

1) For λ ∈ R we have |Ψ A,ε (λ, x)| ≤ √ 2. 2) For λ = a + ib ∈ C we have |Ψ A,ε (λ, x)| ≤ Ψ A,ε (ib, x). 3) For λ = ib ∈ iR we have Ψ A,ε (ib, x) ≤ Ψ A,ε (0, x) e |b| |x| .
4) For λ = 0 we distinguish the following two cases:

a) For ε = 0, we have Ψ A,0 (0, x) = 1. b) For ε 0, there is a constant c ε > 0 such that Ψ A,ε (0, x) ≤ c ε (|x| + 1)e -̺(1- √ 1-ε 2 )|x| . Proof. 1) Assume that λ ∈ R. Since Ψ A,ε (λ, x) is a solution of the problem (3.
2), we deduce that

{Ψ A,ε (λ, ±x)} ′ = - A ′ (x) 2A(x) Ψ A,ε (λ, ±x) -Ψ A,ε (λ, ∓x) ± ε̺Ψ A,ε (λ, ∓x) ± iλΨ A,ε (λ, ±x). (3.9)
By taking complex conjugates in (3.9), we obtain

|Ψ A,ε (λ, ±x)| 2 ′ = = Re - A ′ (x) A(x) Ψ A,ε (λ, ±x) -Ψ A,ε (λ, ∓x) Ψ A,ε (λ, ±x) ± 2ε̺Ψ A,ε (λ, ∓x)Ψ A,ε (λ, ±x) . Since A ′ (x)/A(x) ≥ 2̺ ≥ 0 for all x ∈ R + , it follows that |Ψ A,ε (λ, -x)| 2 ′ + |Ψ A,ε (λ, x)| 2 ′ = - A ′ (x) A(x) Ψ A,ε (λ, -x) -Ψ A,ε (λ, x) 2 ≤ 0, ∀x ∈ R + .
This implies

|Ψ A,ε (λ, -x)| 2 + |Ψ A,ε (λ, x)| 2 ≤ |Ψ A,ε (λ, 0)| 2 + |Ψ A,ε (λ, 0)| 2 = 2, ∀x ∈ R + .
As a consequence

|Ψ A,ε (λ, -x)| ≤ √ 2 and |Ψ A,ε (λ, x)| ≤ √ 2, ∀x ∈ R + . 2) For λ = a +ib ∈ C we define the function Q ε,λ (x) := Ψ A,ε (λ, x) Ψ A,ε (ib, x)
. By Theorem 3.3 the function Q ε,λ is well defined. Using the identity (3.9) we have

|Q ε,λ (±x)| 2 ′ = ±2 Re Q ′ ε,λ (±x)Q ε,λ (±x) = -2 A ′ (x) 2A(x) ± ε̺ |Q ε,λ (±x)| 2 -Re Q ε,λ (∓x)Q ε,λ (±x) Ψ A,ε (ib, ∓x) Ψ A,ε (ib, ±x) . (3.10) 
Since -1 ≤ ε ≤ 1, then, by assumptions on the function A ′ /(2A), we have

A ′ (x) 2A(x) ± ε̺ ≥ 0 ∀ x ∈ R + .
It follows from (3.10) that for every

x ∈ R + |Q ε,λ (±x)| 2 ′ ≤ -2 A ′ (x) 2A(x) ± ε̺ |Q ε,λ (±x)| |Q ε,λ (±x)| -|Q ε,λ (∓x)| Ψ A,ε (ib, ∓x) Ψ A,ε (ib, ±x) .
Thus we can conclude that

|Q ε,λ (±x)| 2 ′ ≤ 0 if |Q ε,λ (±x)| ≥ |Q ε,λ (∓x)|.
As a real analytic function of x, |Q ε,λ (x)| 2 and |Q ε,λ (-x)| 2 coincide either everywhere or on a discrete subset of R with no accumulation point. In the first case,

|Q ε,λ (x)| 2 = |Q ε,λ (-x)| 2 is a decreasing function of x ∈ R + . In the second case, for x ∈ R + , let M(x) := max |Q ε,λ (x)| 2 , |Q ε,λ (-x)| 2 . If |Q ε,λ (x)| > |Q ε,λ (-x)|, then M(x) = |Q ε,λ (x)| 2 and M ′ (x) = |Q ε,λ (x)| 2 ′ < 0. If |Q ε,λ (x)| < |Q ε,λ (-x)|, then M(x) = |Q ε,λ (-x)| 2 and M ′ (x) = |Q ε,λ (-x)| 2 ′ < 0. If |Q ε,λ (x)| = |Q ε,λ (-x)| for some x ∈ R + ,
then M has left and right derivatives at x, which are non-positive. Thus M is decreasing on R + . In conclusion, for every

x ∈ R + , |Q ε,λ (x)| 2 ≤ M(0) = 1 and |Q ε,λ (-x)| 2 ≤ M(0) = 1. That is for every x ∈ R, we have |Q ε,λ (x)| ≤ |Q ε,λ (0)| = 1.
This finishes the proof of the second statement.

3) We proceed analogously to the function Q ε,λ above by considering the function

R ε,b (x) := Ψ A,ε (ib, x)e -|b| |x| Ψ A,ε (0, x) .
4) The fact that Ψ A,0 (0, x) = 1 follows immediately from (3.5). Assume that ε 0. In this case

Ψ A,ε (0, x) = ϕ µ 0 ε (x) - 1 ε̺ ϕ ′ µ 0 ε (x),
where

µ 0 ε satisfies (µ 0 ε ) 2 = (ε 2 -1)̺ 2 . Since |ε| ≤ 1, it follows from Lemma 2.2 2), 3), 4) that there exists a positive constant c ε such that Ψ A,ε (0, x) ≤ c ε (|x| + 1)e -̺(1- √ 1-ε 2 )|x| .
Henceforth, we will assume that -1 ≤ ε ≤ 1. We remind the reader that ϕ i̺ (x) = 1 and

ϕ i √ 1-ε 2 ̺ (x) ≤ c(|x| + 1)e -̺(1- √ 1-ε 2 )|x| ; see Lemma 2.2.
Theorem 3.5. 1) Assume that λ ∈ C and |x| ≥ x 0 with x 0 > 0. Given N ∈ N, there is a positive constant c such that

∂ N ∂x N Ψ A,ε (λ, x) ≤ c(|λ| + 1) N e | Im λ| |x| ϕ i √ 1-ε 2 ̺ (x). (3.11) 
2) Assume that λ ∈ C and x ∈ R. Given M ∈ N, there is a positive constant c such that

∂ M ∂λ M Ψ A,ε (λ, x) ≤ c|x| M e | Im λ| |x| ϕ i √ 1-ε 2 ̺ (x).
Proof. 1) If N = 0 this is nothing but Theorem 3.4 2), 3) and 4). So assume N ≥ 1. On the one hand, Ψ A,ε (λ, x) satisfies the following equation

Ψ ′ A,ε (λ, x) = - A ′ (x) 2A(x) Ψ A,ε (λ, x) -Ψ A,ε (λ, -x) + ε̺Ψ A,ε (λ, -x) + iλΨ A,ε (λ, x).
This allows us to express the derivatives of Ψ A,ε (λ, •) in terms of lower order derivatives. On the other hand, since A ′ /(2A) satisfies the hypothesis (H4), it follows that there exists a positive constant C such that

A ′ (x) 2A(x) (N) ≤ C, ∀ |x| ≥ x 0 with x 0 > 0.
Now the estimate (3.11) can be proved by induction on N.

2) Recall that the mapping λ → Ψ A,ε (λ, x) is entire, for every x ∈ R, and that

|Ψ A,ε (λ, x)| ≤ ce | Im λ| |x| ϕ i √ 1-ε 2 ̺ (x) (3.12)
for all λ ∈ C and x ∈ R. If M = 0 this is just (3.12). So assume M > 0. If x = 0, the statement follows from Liouville's theorem. If x 0, apply Cauchy's integral formula for Ψ A,ε (λ, x) over a circle with radius proportional to 1 |x| , centered at λ in the complex plane.

4. An intertwining operator 4.1. A Laplace type representation of the eigenfunctions. In this section we will show that Ψ A,ε (λ, •) can be expressed as the Laplace transform of a compactly supported function. In the literature this is the so-called Mehler's type formula. Denote by C ∞ e (R) the space of even functions in C ∞ (R). For f ∈ C ∞ e (R) we set

E ε f (x) := f (x) - ̺ ε |x| 2 |y|<|x| f (y) J 1 (̺ ε x 2 -y 2 )
x 2y 2 dy, (

where J 1 is the Bessel function of the first kind and

̺ ε := √ 1 -ε 2 ̺. If ε = ±1
, then ̺ ±1 = 0, and therefore E ±1 = id . The following statement is nothing but a reformulation of Proposition 2.1 in [START_REF] Thyssen | Sur certains opérateurs de transmutation particuliers[END_REF]. See also Theorem 5.1 in [START_REF] Lions | Opérateurs de Delsarte et problèmes mixtes[END_REF].

Proposition 4.1. The integral transform E ε is an automorphism of C ∞ e (R) satisfying d 2 dx 2 • E ε = E ε • d 2 dx 2 -̺ 2 ε and E ε f (0) = f (0). (4.
2)

The inverse transform E -1 ε is given by

E -1 ε f (x) = f (x) + ̺ ε |x| 2 |y|<|x| f (y) I 1 (̺ ε x 2 -y 2 ) x 2 -y 2 dy,
where I 1 is the modified Bessel function of the first kind.

Let D e (R) be the space of even functions in D(R).

For g ∈ D e (R) put t E ε g(y) = g(y) - ̺ ε 2 |x|>|y| |x| g(x) J 1 (̺ ε x 2 -y 2 )
x 2y 2 dx.

We may rewrite t E ε g as

t E ε g(y) = - ∞ |y| g ′ (x)J 0 (̺ ε x 2 -y 2 )dx.
Below we will show that D e (R) is stable by t E ε . Thus, one may check that for all f ∈ C ∞ e (R) and all g ∈ D e (R),

R E ε f (x) g(x)dx = R f (y) t E ε g(y)dy. Theorem 4.2. The transform integral t E ε is an automorphism of D e (R) satisfying t E ε • d 2 dx 2 = d 2 dx 2 -̺ 2 ε • t E ε . (4.
3)

The inverse transform t E ε -1 is given by

t E -1 ε g(y) = g(y) + ̺ ε 2 |x|>|y| |x| g(x) I 1 (̺ ε x 2 -y 2 ) x 2 -y 2 dx = - ∞ |y| g ′ (x)I 0 (̺ ε x 2 -y 2 )dx.
Proof. It is clear that t E ε g is an even function whenever g is even. A direct calculation gives the intertwining property (4.3), which we may rewrite as

D 2 • t E ε = t E ε • (D 2 + ̺ 2 ε )
, where D denotes the ordinary derivative. Thus, for all N ∈ N and for all y ∈ R + , we have

D 2N • t E ε g(y) = t E ε • (D 2 + ̺ 2 ε ) N g(y) = - ∞ y J 0 ̺ ε x 2 -y 2 D(D 2 + ̺ 2 ε ) N g(x)dx.
Using the well know fact that |J 0 (r)| ≤ 1 for all r ∈ R + , it follows that if supp(g) ⊂ [-a, a], then there exists a constant c such that sup y∈[-a,a]

|D 2N • t E ε g(y)| ≤ c sup x∈[-a,a] |D M g(x)| < ∞,
for some positive integer M. Thus, the space D e (R) is stable by t E ε .

Recall that we may rewrite t E ε and its "potential" inverse transform respectively as

t E ε g(y) = - ∞ |y| g ′ (x)J 0 (̺ ε x 2 -y 2 )dx and t E -1 ε g(y) = - ∞ |y| g ′ (x)I 0 (̺ ε x 2 -y 2 )dx.
We will assume that y > 0.

Then

t E ε t E -1 ε g (y) = x>y s>x g ′ (s)I 0 (̺ ε √ s 2 -x 2 )ds ′ J 0 (̺ ε x 2 -y 2 )dx = - x>y g ′ (x)J 0 (̺ ε x 2 -y 2 )dx + x>y s>x g ′ (s)∂ x I 0 (̺ ε √ s 2 -x 2 )ds J 0 (̺ ε x 2 -y 2 )dx.
Integration by parts implies

s>x g ′ (s)∂ x I 0 (̺ ε √ s 2 -x 2 )ds = ̺ 2 ε 2 x g(x) - s>x g(s)∂ s ∂ x I 0 (̺ ε √ s 2 -x 2 )ds.
Above we have used the fact that I ′ 0 (z) = I 1 (z) and that the function z

2

-ν I ν (z) is normalized at 0 by 1. Thus,

t E ε t E -1 ε g (y) = x>y ̺ 2 ε 2 x g(x) -g ′ (x) J 0 (̺ ε x 2 -y 2 )dx - s>y g(s) s y J 0 (̺ ε x 2 -y 2 )∂ s ∂ x I 0 (̺ ε √ s 2 -x 2 )dx ds.
Next, we will compute the integral within brackets on the right hand side of the identity above. On the one hand, since I ′ 0 (z) = I 1 (z), we have

∂ s ∂ x I 0 (̺ ε √ s 2 -x 2 ) = -̺ ε x∂ s (s 2 -x 2 ) -1/2 I 1 (̺ ε √ s 2 -x 2 ) = ̺ ε xs (s 2 -x 2 ) 3/2 I 1 (̺ ε √ s 2 -x 2 ) -̺ 2 ε xs (s 2 -x 2 ) I ′ 1 (̺ ε √ s 2 -x 2 ) = -̺ 2 ε xs (s 2 -x 2 ) I 2 (̺ ε √ s 2 -x 2 ).
Above we have used the well known differentiation identity I ′ ν (z) = I ν+1 (z) + ν z I ν (z). On the other hand, using the following integral formula (see [15, formula (1), page 725])

a 0 x µ+1 (a 2 -x 2 ) -µ/2-1 J µ (x)I ν ( √ a 2 -x 2 )dx = a 2 µ Γ ν-µ 2 2Γ ν+µ 2 + 1 J ν (a), Re ν > Re µ > -1 we have s y J 0 (̺ ε x 2 -y 2 )∂ s ∂ x I 0 (̺ ε √ s 2 -x 2 )dx = - ̺ 2 ε 2 sJ 2 (̺ ε s 2 -y 2 ) = -̺ ε s s 2 -y 2 J 1 (̺ ε s 2 -y 2 ) + ̺ 2 ε 2 sJ 0 (̺ ε s 2 -y 2 ) = ∂ s J 0 (̺ ε s 2 -y 2 ) + ̺ 2 ε 2 sJ 0 (̺ ε s 2 -y 2 ).
Above we have used the recurrence relation J ν+1 (z) + J ν-1 (z) = 2ν z J ν (z) and the fact that

J ′ 0 (z) = -J 1 (z). Consequently, t E ε t E -1 ε g (y) = g(y). Similarly one proves that t E -1 ε t E ε g = g.
Recall from Lemma 2.1 the Laplace representation of ϕ µ . The following alternative Laplace representation of ϕ µ is needed for later use. For x ∈ R and y ∈ R + put 

K ε (|x|, y) := t E -1 ε K(|x|, •)(y), (4.4 
ϕ µ ε (x) = |x| 0 K ε (x, y) cos(λy)dy,
where the relationship between µ ε and λ is µ

2 ε = λ 2 + (ε 2 -1)̺ 2 .
Proof. The cases ε = ±1 are trivial. So assume ε ±1. Observe that we may rewrite E ε as

E ε ( f )(y) = y 1 0 f (yt)J 0 (̺ ε y √ 1 -t 2 )dt ′ y .
for all y > 0. Using the following integral formula (see [15, formula (7), page 722])

a 0 cos(ct) J 0 (b √ a 2 -t 2 )dt = sin(a √ b 2 + c 2 ) √ b 2 + c 2 , b > 0 we obtain E ε cos(µ ε •) (y) = y 1 0 cos(µ ε yt)J 0 (̺ ε y √ 1 -t 2 )dt ′ y = cos (1 -ε 2 )̺ 2 + µ 2 ε =λ 2 1/2 y . Thus E -1 ε cos(λ•) (y) = cos(µ ε y)
. Now, the statement follows directly from the Laplace representation (2.4) of ϕ µ ε (x).

We now establish a Laplace type representation of the eigenfunction Ψ A,ε (λ, •). Henceforth we will use the following notation

G ε (x, y) := |x| |y| K ε (t, y)A(t)dt,
where K ε (t, y) is as in (4.4). The function G ε (x, •) is even, continuous on its support [-|x|, |x|] and of class C 1 on ] -|x|, |x|[ (see e.g. [START_REF] Mourou | Transmutation operator and Paley-Wiener theorem associated with a singular Differential-difference operator on the real line[END_REF]Lemma 2.8]). The following statement follows directly from Lemma 4.3. 

Ψ A,ε (λ, x) = |y|<|x| K ε (x, y)e iλy dy, ∀x ∈ R * ,
where

K ε (x, y) := K ε (x, y) 2 + ε̺ sgn(x) 2A(x) G ε (x, y) - sgn(x) 2A(x) ∂ y G ε (x, y). (4.5)
4.2. The existence of an intertwining operator. This section is concerned with the existence of an intertwining operator between Λ A,ε and the ordinary derivative d/dx. Recall from Section 2 the definition of the Abel transform A which is an automorphism of D e (R). It is natural to define for smooth even functions the dual transform t A of A in the following sense R f (y)A g(y)dy = R t A f (x)g(x)A(x)dx. In [START_REF] Trimèche | Transformation intégrale de Weyl et théorème de Paley-Wiener associés à un opérateur différentiel singulier sur (0, ∞)[END_REF] the author showed that

t A f (x) = 1 2 |u|<|x| K(|x|, u) f (u)du.
where K(|x|, u) is as in (2.4). Further, by [32, Theorem 5.1], the transform t A is an automorphism of C ∞ e (R) (the space of even and smooth functions on R) satisfying

(∆ + ̺ 2 ) • t A = t A • d 2 dx 2 , (4.6) 
where ∆ is the operator (2.2).

For -1 ≤ ε ≤ 1 we define the integral transform A ε on D e (R) by

A ε g(y) = 1 2 |x|>|y| K ε (x, y)g(x)A(x)dx,
where the kernel K ε is as in (4.4). We note that for ε = ±1 the transform A ε reduces to the Abel transform A . We may think of A ε as a deformation of the transform A . Let t A ε be the

linear mapping of C ∞ e (R) so that R f (y) A ε g(y)dy = R t A ε f (x) g(x)A(x)dx for f ∈ C ∞ e (R) and g ∈ D e (R). Then t A ε f (x) = 1 2 |y|<|x| K ε (x, y) f (y)dy.
Notice that for f ∈ C ∞ e (R) and g ∈ D e (R), the functions t A ε f and A ε g belong respectively to C ∞ e (R) and D e (R). Moreover,

A ε = t E -1 ε • A and t A ε = t A • E -1 ε .
The next corollary contains some additional properties of A ε and t A ε .

Corollary 4.5. Let D be the ordinary derivative and let ∆ be the operator (2.2). Then for all ε ∈ R we have:

1) A ε • (∆ + ̺ 2 ) = (D 2 + ̺ 2 ε ) • A ε , where ̺ 2 ε = (1 -ε 2 )̺ 2 . 2) (∆ + ̺ 2 ) • t A ε = t A ε • (D 2 + ̺ 2 ε ). Proof.
The first statement is an immediate consequence of (2.6) and (4.3). The second transmutation property follows from (4.2) and (4.6).

For f ∈ C ∞ (R) we define V A,ε f by

V A,ε f (x) = |y|<|x| K ε (x, y) f (y)dy for x 0, and V A,ε f (0) = f (0), (4.7) 
where the kernel K ε (x, y) is as in (4.5). Observe that

Ψ A,ε (λ, x) = V A,ε (e iλ • )(x). (4.8) 
Lemma 4.6. The operator V A,ε can be expressed as

V A,ε f (x) = id +ε̺M t A ε f e (x) + ε 2 ̺ 2 M + d dx t A ε (I f o )(x), (4.9) 
where

M h(x) := sgn(x) A(x) |x| 0 h(t)A(t)dt and Ih(x) := x 0 h(t)dt. (4.10)
Proof. As usual, we write f as the superposition f = f e + f o of an even function f e and an odd function f o . On the one hand, we have

V A,ε f e (x) = |x| -|x| K ε (x, y) 2 f e (y)dy + ε̺ sgn(x) 2A(x) |x| -|x| G ε (x, y) f e (y)dy = t A ε f e (x) + ε̺M • t A ε f e (x).
On the other hand,

V A,ε f o (x) = - sgn(x) A(x) |x| 0 f o (y)∂ y G ε (x, y)dy. We claim that - sgn(x) A(x) |x| 0 f o (y)∂ y G ε (x, y)dy = ε 2 ̺ 2 M + d dx t A ε (I f o )(x), (4.11) 
where I f o is as in (4.10). Indeed, let us first recall the following formula (easy to check)

g ′ (x) = sgn(x) A(x) |x| 0 ∆ g(t) A(t)dt (4.12)
for even functions. By invoking (4.12) in the first equality below and the transmutation property in Corollary 4.5.2 in the second equality below we have

d dx t A ε (I f o )(x) = sgn(x) A(x) |x| 0 ∆ t A ε (I f o )(s)A(s)ds = sgn(x) A(x) |x| 0 t A ε d 2 dx 2 -ε 2 ̺ 2 (I f o )(s)A(s)ds = sgn(x) A(x) |x| 0 s 0 K ε (s, u) f ′ o (u)du A(s)ds -ε 2 ̺ 2 M • t A ε (I f o )(x) = sgn(x) A(x) |x| 0 f ′ o (u) |x| u K ε (s, u)A(s)ds du -ε 2 ̺ 2 M • t A ε (I f o )(x) = - sgn(x) A(x) |x| 0 f o (u)∂ u G ε (x, u)du -ε 2 ̺ 2 M • t A ε (I f o )(x).
This concludes the proof of claim (4.11), and therefore the proof of Lemma 4.6.

Theorem 4.7. The operator V A,ε is the unique automorphism of C ∞ (R) such that

Λ A,ε • V A,ε = V A,ε • d dx ,
where Λ A,ε is the differential-reflection operator (3.1).

Proof. For the proof of this theorem it is more convenient to rewrite V A,ε f o in (4.9) as

V A,ε f o (x) = M • t A ε f ′ o (x). (4.13) 
Indeed, andC ∞ o (R) be the subspaces of even and odd functions in C ∞ (R), respectively. Firstly, the operator d/dx is one to one from

V A,ε f o (x) = d dx t A ε (I f o )(x) + ε 2 ̺ 2 M t A ε (I f o )(x) = M ∆ t A ε (I f o )(x) + ε 2 ̺ 2 M t A ε (I f o )(x) = M (∆ + ε 2 ̺ 2 ) t A ε (I f o )(x) = M t A ε (I f o ) ′′ (x) = M t A ε f ′ o (x). Let C ∞ e (R)
C ∞ o (R) onto C ∞ e (R), and d/dx • I = I • d/dx = id . Secondly, the transform M is an isomorphism from C ∞ e (R) to C ∞ o (R)
and its inverse is given by

M -1 = d dx + A ′ (x) A(x) id . (4.14) 
Thus, from (4.9) and (4.13) it follows that V A,ε is an automorphism of C ∞ (R). We now prove the transmutation property (4.7). By (4.13) we have

Λ A,ε (V A,ε f o ) = Λ A,ε M t A ε ( f ′ o ) = id +ε̺M t A ε ( f ′ o
). Above we have used the fact that Λ A,ε • M = id +ε̺M . Moreover, using (4.14), one can check that

Λ A,ε (V A,ε f e ) = Λ A,ε ( t A ε f e + ε̺M • t A ε f e ) = d dx t A ε f e -ε̺ t A ε f e + ε̺ d dx + A ′ (x) A(x) M t A ε f e + ε 2 ̺ 2 M t A ε f e = d dx + ε 2 ̺ 2 M t A ε f e .
In summary,

Λ A,ε (V A,ε f ) = d dx + ε 2 ̺ 2 M t A ε f e + id +ε̺M t A ε ( f ′ o ). (4.15)
Now, by invoking the expression (4.9) of the operator V A,ε we get

V A,ε ( f ′ e ) = ε 2 ̺ 2 M + d dx t A ε f e and V A,ε ( f ′ o ) = id +ε̺M t A ε ( f ′ o ). Therefore V A,ε ( f ′ ) = ε 2 ̺ 2 M + d dx t A ε f e + id +ε̺M t A ε ( f ′ o )
. This compares well with (4.15). The uniqueness of V A,ε is due to the fact that Ψ A,ε (λ, x) = V A,ε (e iλ • )(x) and that V A,ε f (0) = f (0).

On the space D(R) of smooth functions with compact support, we consider the dual operator t V A,ε of V A,ε in the sense that R V A,ε f (x)g(x)A(x)dx = R f (y) t V A,ε g(y)dy. (4.16) This can be written as t V A,ε g(y) = |x|>|y| K ε (x, y)g(x)A(x)dx. (4.17)

Lemma 4.8. The dual operator t V A,ε can be expressed as

t V A,ε g(y) = A ε g e (y) -ε̺ - d dx A ε (Jg o )(y),
where

Jh(x) := x -∞ h(t)dt.
Proof. The reader will have no trouble verifying that for every even function f ∈ C ∞ (R) and every odd function

g ∈ D(R) R M f (x)g(x)A(x)dx = - R f (x)Jg(x)A(x)dx.
Starting from the expression (4.9) of V A,ε in Lemma 4.6, and by invoking (4.13) in the first equality below, we obtain

R V A,ε f (x)g(x)A(x)dx = R t A ε f e (x)g e (x) + ε̺M t A ε f e (x)g o (x) + M t A ε f ′ o (x)g o (x) A(x)dx = R f e (x)A ε g e (x) -ε̺ f e (x)A ε Jg o (x) -f ′ o (x)A ε Jg o (x) dx = R f (x)A ε g e (x) -ε̺ f (x)A ε Jg o (x) + f o (x) d dx A ε Jg o (x) dx = R f (x) A ε g e (x) -ε̺ A ε Jg o (x) + d dx A ε Jg o (x) dx.
This finishes the proof of Lemma 4.8.

The operator t V A,ε satisfies the following additional property.

Theorem 4.9. The operator t V A,ε is the unique automorphism of D(R) satisfying the intertwining property d dx

• t V A,ε = t V A,ε • Λ A,ε + 2ε̺S ,
where S denotes the symmetry (S f )(x) := f (-x).

Proof. The statement follows immediately from Lemma 3.1.

4.3.

The positivity of the intertwining operator. We shall say that a linear operator L on D(R) is positive, if L leaves the positive cone

D(R) + := { f ∈ D(R) : f (x) ≥ 0 for all x ∈ R} invariant.
The following statement is the central result of this section.

Theorem 4.10. For -1 ≤ ε ≤ 1, the intertwining operator V A,ε is positive.

For ε = 0 and 1, Theorem 4.10 is known (cf. [START_REF] Trimèche | Positivity of the transmutation operators associated with a Cherednik type operator on the real line[END_REF] and [START_REF] Trimèche | The transmutation operators relating to a Dunkl type operator on R and their positivity[END_REF]), while for A(x) = A α (x) = |x| 2α+1 and ε arbitrary (the Dunkl setting), Theorem 4.10 goes back to [START_REF] Rösler | Positivity of Dunkl's intertwining operator[END_REF]. However, the case -1 ≤ ε ≤ 1 has to overcome some technical difficulties compared to ε = 0 and 1, as ε could be positive as well as negative.

The proof of the above theorem affords several steps, the crucial one being the positivity of V A,ε (p s (u, •))(x) for every s > 0 and u, x ∈ R, where

p s (u, v) := e -(u-v) 2 4s
2 √ πs denotes the Euclidean heat kernel.

For simplicity we will write W ε (s; u, x) instead of V A,ε (p s (u, •))(x). Below we list some properties of W ε (s; u, x). Lemma 4.11. For every s > 0 and u, x ∈ R, we have

1) W ε (s; u, x) = 1 2π R Ψ A,ε (-λ, x)e -sλ 2 e iλu dλ.
2) The function

(u, x) → W ε (s; u, x) is of class C 1 on R 2 . 3) (Λ A,ε + ∂ u )W ε (s; u, x) = 0. 4) lim (u,x) →+∞ W ε (s; u, x) = 0.
Proof. 1) For x = 0, we have W ε (s; u, 0) = p s (u, 0) = e -u 2 /4s 2 √ πs . Thus, for x = 0, the statement follows from the well known fact For x 0, using again (4.18) together with the Laplace type representation (4.7) of V A,ε , we have

W ε (s; u, x) = 1 2π |x| -|x| K ε (x, y) R e -sλ 2 e iλ(u-y) dλ dy = 1 2π R |x| -|x| K ε (x, y)e -iλy dy e -sλ 2 e iλu dλ = 1 2π R Ψ A,ε (-λ, x)e -sλ 2 e iλu dλ.
2) For |x| ≥ x 0 with x 0 > 0, the statement follows from 1) and the growth estimate of |∂ x Ψ A,ε (λ, x)| (see Theorem 3.5). Assume that |x| ≤ x 0 . Using the fact that

|ϕ ′ µ (x)| ≤ c |µ 2 + ̺ 2 | (|x| + 1) |x| e (| Im µ|-̺)|x| , and that |ϕ ′′ µ (x)| ≤ c |µ 2 + ̺ 2 | (|x| + 1) 2 e (| Im µ|-̺)|x| ,
for all µ ∈ C and x ∈ R (cf. [33, Proposition 6.I.5]), we deduce from (3.3) that

|∂ x Ψ A,ε (λ, x)| ≤ c(|λ| + 1) 2 (|x| + 1) 2 e (| Im µ ε |-̺)|x| , where µ 2 ε = λ 2 -(1-ε 2 )̺ 2 . It follows that in both cases λ 2 -(1-ε 2 )̺ 2 0, we have |∂ x Ψ A,ε (λ, x)| ≤ c(|λ| + 1) 2 for all |x| ≤ x 0 .
3) In view of 1), the present statement is easy to check. 4) For x = 0, W ε (s; u, 0) = p s (u, 0) = e -u 2 4s 2 √ πs → 0 as (u, x) → ∞. For x 0, using 1) and the growth property of the eigenfunction Ψ A,ε in Theorem 3.4.4, we get

|W ε (s; u, x)| ≤ c ε (1 + |x|)e -̺(1- √ 1-ε 2 )|x| .
Now, the statement follows by means of polar coordinates.

The following lemma is also needed.

Lemma 4.12. Writing W ε as W ε (s; u, x) = W e ε + W o ε , as a sum of the even and the odd part of W ε with respect to x, we have W e ε (s; u, x) > 0. Proof. Using Lemma 4.11.1 together with the expression (3.4) of the eigenfunction Ψ A,ε , we have Using the fact that r → K ε (x, r) is even, we deduce that

W ε (s; u, x) = 1 2π R ϕ µ ε (x) + (-iλ + ε̺) sgn(x) A(x) |x| 0 ϕ µ ε (z)A(z)dz e -sλ 2 e iλu dλ = 1 2π R ϕ µ ε (x)e -sλ 2 e iλu dλ + sgn(x) 2πA(x) R |x| 0 ϕ µ ε (z)A(z)dz (-iλ + ε̺)e -sλ
W e ε (s; u, x) ≥ e -(|u|+|x|) 2 /4s 4 √ πs |x| -|x| K ε (x, r)dr = e -(|u|+|x|) 2 /4s 2 √ πs ϕ i √ 1-ε 2 ̺ (x) > 0.
Now we come to the crucial step in the proof of Theorem 4.10.

Theorem 4.13. For every s > 0 and u, x ∈ R, we have W ε (s; u, x) ≥ 0.

Proof. For (u, x) ∈ R × {0}, we have W ε (s; u, 0) = p s (u, 0) = e -u 2 4s 2 √ πs > 0. For s > 0 and (u, x) ∈ (R × {0}) c , assume that W ε (s; u, x) is not always non-negative. Since W ε (s; u, 0) > 0 and lim (u,x) →+∞ W ε (s; u, x) = 0 (see Lemma 4.11.3), then the above assumption implies that the function (u, x) → W ε (s; u, x) admits an absolute minimum (u 0 , x 0 ) ∈ (R × {0}) c such that W ε (s; u 0 , x 0 ) < 0. In particular, W o ε (s; u 0 , x 0 ) = (W ε (s; u 0 , x 0 ) -W ε (s; u 0 , -x 0 ))/2 ≤ 0. We claim that W o ε (s; u 0 , x 0 ) < 0. (4.19) Indeed, if W o ε (s; u 0 , x 0 ) = 0, then W ε (s; u 0 , x 0 ) = W e ε (s; u 0 , x 0 ), which is impossible since W ε (s; u 0 , x 0 ) < 0 while W e ε (s; u 0 , x 0 ) > 0 (see Lemma 4.12). On the other hand, using the fact that (u 0 , x 0 ) is an absolute minimum, we have Λ A,ε + ∂ u W ε (s; u 0 , x 0 ) = A ′ (x 0 ) A(x 0 ) + 2ε̺ W o ε (s; u 0 , x 0 ) -ε̺W ε (s; u 0 , x 0 ) (4.20)

= -ε̺W e ε (s; u 0 , x 0 ) + A ′ (x 0 ) A(x 0 ) + ε̺ W o ε (s; u 0 , x 0 ). (4.21)

Recall that our assumption is that W ε (s; u, x) is not always non-negative for all s > 0 and (u, x) ∈ (R × {0}) c . We shall use Lemma 4.11.2 to prove that this assumption fails.

case 1: For ̺ = 0, the identity (4.20) reads

Λ A,ε + ∂ u W ε (s; u 0 , x 0 ) = A ′ (x 0 ) A(x 0 )
W o ε (s; u 0 , x 0 ). Now, Lemma 4.11.2 and the inequality (4.19) imply that (A ′ /A)(x 0 ) = 0, which is not true in the light of the hypotheses (H2) and (H4) on A ′ /A with ̺ = 0. case 2: Let ̺ > 0 and ε = 0. As in the previous case, Lemma 4.11.2 and the inequality (4.19) imply that (A ′ /A)(x 0 ) = 0. However, by the hypothesis (H2) on A ′ /A, we have (A ′ /A)(x) ±2̺ ≷ 0 for all x ≷ 0. Hence our assumption does not hold true. case 3: Let ̺ > 0 and ε > 0. subcase 3.1: Assume that x 0 > 0. As W e ε (s; u 0 , x 0 ) > 0 and W o ε (s; u 0 , x 0 ) < 0, it follows from (4.21) that Λ A,ε + ∂ u W ε (s; u 0 , x 0 ) < 0, which is absurd by Lemma 4.11.2. subcase 3.2: Assume that x 0 < 0. We pin down that A ′ (x 0 ) A(x 0 ) + 2ε̺ ≤ - On the other hand, since x 0 < 0 we have (A ′ /A)(x 0 ) < 0. Thus, by (4.20) and (4.19), Λ A,ε + ∂ u -ε̺ id W ε (s; u 0 , x 0 ) = -2ε̺W e ε (s; u 0 , x 0 ) + A ′ (x 0 ) A(x 0 ) W o ε (s; u 0 , x 0 ) > 0, which contradicts the inequality (4.25). This finishes the proof of Theorem 4.13. Now we are ready to prove the central result of this section.

Proof of Theorem 4.10. Let f be a positive function in D(R). Proving that V A,ε ( f ) ≥ 0 is equivalent to showing that t V A,ε ( f ) ≥ 0 (see (4.7) and (4.17)). By (4.16) we have

R f (x)V A,ε (p s (u, .))(x)A(x)dx = R t V A,ε f (x)p s (x, u)dx = ( t V A,ε f * q s )(u),
where q s (r) := e -r 2 /4s 2 √ πs and * is the Euclidean convolution product. Since f ≥ 0 and V A,ε (p s (u, .))(x) = W ε (s; u, x) ≥ 0, it follows that ( t V A,ε f * q s )(u) ≥ 0 for all s > 0 and u, x ∈ R. Thus 0 ≤ lim s→0 ( t V A,ε f * q s )(u) = t V A,ε f (u).

Corollary 4 . 4 .

 44 For all λ ∈ C the function Ψ A,ε (λ, •) : R * → C is the Laplace transform of a compactly supported function. More precisely,

Re

  -sλ 2 e iλξ dλ = π s e -ξ 2 4s . (4.18)

|x| 0 K 1 π |x| 0 K 4 √ πs |x| 0 K

 01040 ε (x, r) cos(λr)dr dλ = ε (x, r) +∞ 0 e -sλ 2 cos(λu) cos(λr)dλ dr = 1 ε (x, r) e -(u-r) 2 4s + e -(u+r) 2 4sdr.

  2(1 -ε)̺ ≤ 0. (4.22) By Lemma 4.11.2, we haveΛ A,ε + ∂ u + ε̺ id W ε (s; u 0 , x 0 ) = ε̺W ε (s; u 0 , x 0 ) < 0, (4.23) while, by (4.20), (4.19) and (4.22),Λ A,ε + ∂ u + ε̺ id W ε (s; u 0 , x 0 ) = A ′ (x 0 ) A(x 0 ) + 2ε̺ W o ε (s; u 0 , x 0 ) ≥ 0,which contradicts the inequality (4.23). case 4: Let ̺ > 0 and ε < 0. subcase 4.1: Assume that x 0 > 0. Note that Hence, the identities (4.20), (4.19) and (4.24) imply that Λ A,ε + ∂ u W ε (s; u 0 , x 0 ) < 0, which is absurd by Lemma 4.11.2. subcase 4.2: Assume that x 0 < 0. On the one hand, by Lemma 4.11.2, we have

	A ′ (x 0 ) A(x 0 )	+ 2ε̺ ≥ 2(1 + ε)̺ ≥ 0.	(4.24)

Λ A,ε + ∂ u -ε̺ id W ε (s; u 0 , x 0 ) = -ε̺W ε (s; u 0 , x 0 ) < 0. (

4

.25)