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Super-Resolution Principle

The resolving power of lenses, however perfect, is limited (Lord Rayleigh)
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Motivation
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Problem formulation

L (t1,t2) € P+ a5(cos(9)t1 + sin(0)ty — fy)
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Problem formulation

K =3
H
w W
2t (t1,t2) € P — Z akd(cos(ﬁk)tl + sin(0y )t — *yk)

k=1
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Spatial vs. Frequency domain

\ / F1

| | A Z

h un wl

K
v (t1,t) = Z ak5(COS(9k)t1 +sin(0y )2 — %)
k=1

K

- ‘%ﬁ[m’ ne| = Z coO;ké’k e 2m (tan (0 )2 =k )m /W
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Problem formulation

¥1

Separable filter:
P(t1,t2) = @1(t1)0(t2) - p2(t2)d(t1) J\

l

Bandlimited ¢ (1) =0

S
for |m| = (W +1)/2

gln] = p1(n)

; Yk = (Costgky@l(cos@))) " (singﬁk)S@(Sin(.Hk)))

:Cﬁ * @ (tl, tQ) cP— Z QLY (COS(@k)tl + Sin(ek)tZ T ’Vk)
k=1
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Problem formulation

¥1

Separable filter:
d(t1,t2) = p1(t1)6(t2) - ¢j(t2)5(t1) J\

(h[n] = (p2 * sinc)(n))nEZ
compact support of length

25 +1 for S e N

; Yk = (CO;@R)%(COS@)D " (singﬁk)S@(Sin(.Hk)))

:Cﬁ * @ (tl, tQ) cP— Z QLY (COS(@k)tl + Sin(ek)tZ T ’Yk)
k=1
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Spatial vs. Frequency domain

he

A

m m,no| = (§[m]£ﬁ[m, :]) x h
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Overview of the method

PRONY
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Framework of atomic norm minimization

Simple model from atomic set A

> e
r= ) ca
1% ZEA
model __/ z‘=1) \ *
. atoms c; =0
weights
M7 o] [=1] o~
e B B -
|z||4 = inf {t > 0:x € tconv(A)}  lela=g
| Al | Al -«
.4 = inf Y ciiw=) ca
aieA 1=1 1=1
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Framework of atomic norm minimization

Two examples:

Sparse vectors A = {__67;}?];\;1
conv(.A) = cross-polytope

|zfl.a = [z

Low-rank matrices A = {A : rank(A) = 1, ||A||r = 1},5\;1

conv(.A) = nuclear norm ball

|z]la = [zl
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Formulation as combination of atoms

a(@k, 77k) = 5(COS(Hk)(t1 — 7714) + sin(@k)tg)

= + G2 + &3

L jon(tan(0x)na—nk)m /W

&(eka 77k) — COS Hk
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Formulation as combination of atoms

(937 13
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Formulation as combination of atoms

A= {a(f,¢) € C' fe0,1],¢ € [0,2m)}

a(f,d)]; = e?CTIH9) i e |

m [a(f)]; =€ ied

[={-M,...,M}

K

fﬁ[m,ng] _ Z Qg €j27r(tan(9k)n2—nk)m/W
cos 0,
k=1 — 875
K b cos O
B, =3 n) =) cra(fgk)
tan(0x)na — ni
k=1 fng,k —
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Formulation as combination of atoms

A={a(f.9)cCllfe1]clo2m)} 5 —m

" la(f,8)]; = ?CTH) ie ]

a(f)]; =€ iel

1={0,...,Hs — 1}

K
A Z 875 : B

— COS 0. cos 0
K fm L= tan(é’k)m

A T ) W

il tEn — xﬂ[m, :] — cka(fmyk, ¢m,k)

2TNEM

k=1 gbm,k — W
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Formulation as combination of atoms

ela= inf {Zc;:xzc;am;,qb;)}.
Cr =

flepoa] - " "
¢}, €[0,27)
K
B0, =3 no =) cralfugr)
k=1
K
_ tﬁn — jﬁ[ma ] — Ck@(fm,ka ¢m,k)T
k=1
165 N4 ? 154 ?
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Caratheodory theorem

Toeplitz Operator:

'/I;O x]_ e o o ZEN—]_
k
le CU() :EN—Q
Ty : (QEQ,.. : 7$N—1) —
LN—1 LIN-—-2 = Lo

B Caratheodory theorem. A vector x of length NV
is a positive combination (cx > 0) of K < N
atoms a(fx) if and only if T (z) >= 0 and of rank K.
Also this decomposition is unique if K < N.
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Atomic norm of the rows

K
n KELQ = 3%, o] = cha(fnzyk)
k=1
K
(148 2A1ﬂf{zck €n2 —ZC;@@ fie> ) } Z
k k k=1

B Caratheodory theorem. A vector x of length NV
is a positive combination (cx > 0) of K < N
atoms a(fx) if and only if T (z) >= 0 and of rank K.
Also this decomposition is unique if K < N.
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Atomic norm of the columns

Ck6j¢m,k c (C

K
[thlla=infq ) c:th =D calfi¢r)p <D c

k k k=1

B Caratheodory theorem. A vector x of length NV
is a positive combination (cx > 0) of K < N
atoms a( fx) if and only if T (z) >= 0 and of rank K.
Also this decomposition is unique if K < N.
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Atomic norm via a semidefinite program

[Bhaskar et al.,2013]

B Proposition. The atomic norm ||x|| 4 can be characterized

by the following semidefinite program:

T
HmAzmm{%: n(g) @
qeCN 4 qo
S ——
T’ (x,9)

f _ - .
Jthalla = min {ga[0]

dm €

-0},

ot qm) = 0}

Polisano et al. - Convex Super-Resolution Detection of Lines in Images



Constraints

L) (X) = Tars1([:;, n2))

(

.C?Zl,??,Q fo,ng fM—l,ng* O

?

\[Mn] #[M — Lna]* -~ [0.ms]

: real cte < ¢

%
-

— M <« @ » N[
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Minimization problem
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Primal-dual algorithm

[Condat, A primal-dual splitting method
for convex optimization involving Lipschitzian, condition: 7¢ ||L||° =
proximable and linear composite terms, 2013]

Algorithm 1 Primal-dual splitting algorithm

Input: ¢ 1D FFT of the blurred and noisy data image y
Output: 7 solution of the optimization problem
1: Initialize all primal and dual variables to zero
2: for n = 1 to Number of iterations do
30 Xpy1 =prox, (X, — 7350 o L),
4: Xn—l—l — 2Xn—‘,—1 — Xy
5 for.=0to N —1do
6: i1 = ProXopg=(§in + 0L (2X041 — Xy)),
7. end for
8  &int1 = 28int1 —&in
9: end for

converges toward a solution (X, &, ...,Ex_1) of the problem.
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Overview of the method

PRONY
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Spectral estimation

1
z(t) =3 - exp(iZWZt) + 1 exp(i27rgt)

{Zmtm=—n = 2(=M : M)

M =2
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super-resolution

Numerical experiments

image000
denoising
/ T~
Theoritical Empirical

Relative errors

lterations

Experiment 1 Experiment 2
Ag/0 | (1077,3.1075,7.1077) (1072,6.1072,9.1072)
A,/ (10=7,10=7,10~7) (1072,9.102,2.107 1)
A, | (4.107°,7.107°,7.107%) || (5.107%,4.107%,3.107%)
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Numerical experiments

super

>
resolution

Experiment 3
Ay/6 | (6.1077,9.107°,8.1079)
Ao/ a | (4.107°,2.107°,2.107°)
. (5.107°,107%,3.10™%)
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Conclusion and future work

B Conclusion
Model of lines super-reso

Solving the optimization

ution based on the atomic norm.

oroblem by primal-dual algorithm.

Estimating the line parameters by Prony method.

B Future work

Application to others inverse problems (inpainting).

Use local patch to deal with curves super-resolution.

Polisano et al. - Convex Super-Resolution Detection of Lines in Images



Bibliography

B Selected papers

E. J. Candés, and C. Fernandez-Granda, "Toward a mathematical theory of

super-resolution”, Communications on Pure and Applied Mathematics, 2014.

B. N. Bhaskar, G. Tang, and B. Recht, "Atomic norm denoising with

applications to line spectral estimation’, /[EEE TIP, 2013.

G. Tang, B. N Bhaskar, P. Shah, and B. Recht, “Compressed sensing off
the grid”, Information Theory, IEEE Transactions on, 2013.

L. Condat, “A primal-dual splitting method for convex optimization
involving lipschitzian, proximal and linear composite terms’,

Journal of Optimization Theory and Applications, 2013.

Polisano et al. - Convex Super-Resolution Detection of Lines in Images



Questions ?

Thank you for your attention.
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Lateral section

axial section

Motivation

Confocal STED deconv.

( optical axis

Data Deconvolution
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Problem formulation

¥1

iy

Horizontal convolution

Uﬁ:,CE'jj*¢1

J\

K

zh (t1,t2) € P — Z ozk(S(cos(Hk)tl + sin(0y )to — %)
k=1
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Problem formulation
P1

iy

Vertical convolution

—

P2

VE

K
b (b ts) € P al (t tan(0;,)ty -
u ( 15 2) < — I; COS(ek)sOl 1+ an( k) 2
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Blur model

B Horizontal blur ¢, € L*([0, W)) Discrete filter
W — periodic gln| = ¢1(n)

Bandlimited ¢ (1) =0 for |m| > (W 4+1)/2

%4
0

B Vertical blur ¢, € L*(R)

Discrete filter (h[n] = ((pg * SiIlC)(?”L)),nEZ has

compact support of length 25 + 1 for S € N

/902:1
R
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Problem formulation

Data generation size:WW, H blur: g, h filter size: S

Iines:K, {Hk, O, 77k} noise: € ~ N(O, C2>

3 W—1 sin (7(t1 —n))
@ p1(t1) = nZ:O g[n]wsin (W(t1 _ n)/W)
@ wimomal =3 gyt + a0z —m)
S
(3) Vninal = D wlni,ns —plhlp

y=b'+¢
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Problem formulation

Data generation size:WW, H blur: g, h filter size: S

Iines:K, {Hk, O, 77k} noise: € ~ N(O, CQ)

K
~ 1 _ Xk jon(tan(0g)ne—nk)m/W
@ $[m’n2]_§cosé’k€ : :
(D ¥m,na] = (gm)a#(m. ) « h A = I

y=b'+¢
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Problem formulation

Data generation size:WW, H blur: g, h filter size: S

Iines:K, {Hk, L 77k} noise: € ~ N(O, CQ)
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Spatial vs. Frequency domain

\\/

| | A Z

h un wl

— 1
M = il
2
=«
- :i‘ﬁ[m,nQ] - Z coské’k e 2m (tan (0 )2 =k )m /W
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Spatial vs. Frequency domain

n n

K
j _ Xk _
u*|ny, nol Z COS(Qk)Spl (m + tan(60 )no 77k)
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Inverse problem

Goal: From data ¥ find the image of the exponentials 7*

:i“ﬁ[m, no]
* (1 * (2
. > ¥ % ¢y >zhx o K —
m‘ e o Z Qg ejQW(tan(Qk)ng—nk)%
S % % — cos 0,
= @ @ =
A <. <.
’ " x h " +E
Ok, V&, k) > uf > b > Y
A Inverse problem
>,
: h a 5
A
~f __ 7f
L oxaml Y w4 e v ATT=D
:Eﬁ > uﬁ > bﬁ > y
A
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Inverse problem

Goal: From data ¥ find the image of the exponentials 7*

7 'm, no]
* P1 * P2
z? > xf x 01 > rf x 0, K =
A 5 — Z Qg ejQW(tan(Qk)ng—nk)%
5 73 & — cos 0,
— = - —
A & 3
Vo Vo
| x h te
(Oks V&> k) > uf > b > Y
A Minimization problem
>,
: h a b
ol
T R TSPV S " C 2
h > U > b > Y
A

Polisano et al. - Convex Super-Resolution Detection of Lines in Images



Symmetry

H=°H

S'C

Polisano et al. - Convex Super-Resolution Detection of Lines in Images



Framework of atomic norm minimization

A = {——ei}fjil
conv(A) = cross-polytope

Minimize ||z|| 4

Subject to Pz = ¥y
|z[l.a = |z

Low-rank matrices A = {A : rank(A) = 1, ||A||p = 1},
conv(.A) = nuclear norm ball

D2

|z|l.a = [z
Binary vectors A = {--1}?];\;1

NN

Y

conv(A) = hypercube

|lz]la = [[2lo
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Framework of atomic norm minimization

N
Sparse vectors A = {——673}7;:1 Minimize ||z|| 4

conv(A) = cross-polytope Subject to Pz =y
|z|[.a = ll([1

A= {A:rank(4) =1, A = 1}Y,
conv(A) = nuclear norm ball
|24 = [[z]].
Binary vectors A = {--1}?];\;1

conv(A) = hypercube

A

|lz]la = [[2lo
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Framework of atomic norm minimization

N
Sparse vectors A = {——673}7;:1 Minimize ||z|| 4

conv(A) = cross-polytope Subject to Pz = ¥
lzll.a =l

Low-rank matrices A = {A : rank(A) = 1, | Al|p = 1},
conv(.A) = nuclear norm ball

D2

|z]la = [[z]l
A= {£1}]}
conv(A) = hypercube

NN

Y

|lz]la = [[2lo
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A line characterization property

An image 7 is of the form Z[m, n| = coed 2™ (1= fo)ntfo)m)
if and only if its rows £,, and columns t,,, satisfy these properties:
For all m and n :

Tarr(4,) = 0 and of rank one

P1(t,.) is of rank one
#0, n] = 20, 0]
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A line characterization property

Relaxed version

An image 7 is of the form Z[m, n| = coed 2™ (1= fo)ntfo)m)

if and only if its rows £,, and columns t,,, satisfy these properties:

For all m and n :
minimizing

Ty (4,) =0 and eif—Fa-H-k—e-H-e- T ar (L)« = ||€n]l.a

Prmsofrankome minimizing ||t ]| 4
z|0,n| = 2]|0,0] < ¢*

K

[lalla=> a=c
k=1
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Minimization problem

X =(%,9) eH G(X)
1/\
T € argmin —||AZ — 9||°,
Z,qeEX X Q

Vno =0,.... Hg — 1,Vm =0, ..., M,

[O nQ] — SB[O O] C, >boundary
Subject to qlm, 0] < c, constraints [3

T/HS (@[m, Z], m, ) 0, > cone of positive

matrices (]

L(l) ( )'%T ( [ 7:]7Q[m7:])
L%) (2, q) = Targr(2]:, no))
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Minimization problem

4 M Hs—1 J
X = argmin < 1|\A£%—?QH +18(X) + Z e (LD (X)) + Z LC(L,%)(X)) >
X=(z,9)eH \ 2 m=0 no=0 y
X = argmin {G(X) + H(L(X))}
XeH
1 ) \/ Chambolle-Pock
G =S[[A-—y|
2 (1) 1,2) -
N LiE{LmaLnQ} Hi=1w 1< N
Hx = H’ixz
i=0 Ly =1d Hyxy =1 1= N

N=M-+Hg+1
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Proximal operator

v = Prox, ¢(x)

1
— arg min (f(y) | 2)\Hy - fEH%)

Yy

convex function f

~ x — AV f(x)

P
.
“““
.
.
.t

level curve

boundary of
Iits domain
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Proximal operator

Example: [ the indicator U= PTOXxy ()

- 1
function of a set A — arg min (f(y) | 0 Hy - ng)
Y
m )= 0 @EA
AVE =  too x g A
pI‘OXAL

B Il,4(v) =argmin|ly — v|2
yeA
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Primal-dual algorithm

ro ||L|* =1
Conditions { Vn € N, p, €]0,2]
Z Pn(2 — pn) = +00

neN
N
| T = Prox Ty — T E L7TE;
Primal n—+1 | TG n @gz,n
: 1=0
variables _
Ln+1 = Pndn+1 + (1 — pn)ajn

\) — U aocp A

Dual €i7n+1 :(gz,n -+ O-Li(QZZ'n—I—l — il?n))
variables

gi,n—l—l — pngz',n—l—l T (1 — pn)fi,n

converges toward a solution (™, &, ..., £Xr) of the problem.
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Proximal operator

H, =10 i< N prox, gy, = prox,, = ll¢
l

» the proximal operator of the [1; are the projection

onto the cone of positive matrix via a SVD decomposition

Moreau identity

U
pProx, g« (U) = u — OpProx (—)
7 p o
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Proximal operator

Hy =t i=N prox, gy, = prox,, = llz

.C%O, n2:
L%_O, »

» the proximal operator of H  is the projection:

— f(), if Lo < C
— ¢, otherwise,

qlm, 0] = ¢, if glm, 0] > c.

Hs
with ZU()—H—Z O

W\/
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Primal-dual algorithm

ro ||L|* =1
Conditions { Vn € N, p, €]0,2]
Z Pn(2 — pn) = +00

neN
N
Primal Tntl :‘@ Ln =7 Z Li&in
: 1=0
variables ~
Ln+1 = Pndn+1 + (1 — pn)ajn
Vi=20,....N
D_ual gi,n—l—l — pI‘OXJH; (fz,n + O'Lz'(ziﬁn—l—l — xn))
variables ~
gi,n—l—l — pnfz’,n—l—l T (1 — pn)fi,n
converges toward a solution (™, &, ..., £Xr) of the problem.
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Proximal operator

1
G = —lA - —4
2|| il

p = prox,q(z) < & —p = V(7G)(p)
ST —p=T1A (Ap — 7))
S+ T7ATy=(Id+7A"A)p

(Id + TA*A) (2 + TA*Y)

ProxX .qa ('C%)
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Prony method

K
Ty = e~ Jwr) " pr € C
Given " Z % ( ~— ) recover
k=1 21 wy € |—m, ]

K K
Annihilating filter: H(z) = H(z — Zk) = Z 2"
k=1 k=0
K K K | K K |
2 hitm—y =) Ny (Z pkz;”i’> =2 oA | 2 bz
§=0 §=0 k=1 k=1 §=0
\/
H(z) =0
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Prony method

K
Zhja:m_j =0, Ym=-M+K,....M
§=0

—
T_M+IK L — M ho 0
L M TM—K h i 0
P h

rxh=0<—=Prh=0
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Prony method

wy = arg(Zg)

Roots of H

Pih=0=h= Right smgqlar vector associated
to the singular value zero
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Prony method

K
xm:;pk (e_jwk)m = ZEZUIO

Ym=-M,...,M
ejMwl ejMwK
_ . . . size
with U = : E : (2M +1) x K

Solve UMUp=U"2+—= p=(U"U)'U"x
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Application of the Prony method

0 = E|0p k) ar = Elom,
Q. k = |dm k| cOS(Opm 1)

Ok = arctan(W fp, /m)

Prony — {dm,k}m,k {fm,k}m,k

K
. 84
. tEn — wﬁ[m, Z] — Z dm,k@(fm,k)T = coskﬁk
T R N tan (6,
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Application of the Prony method
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Prony method

—Fromm=1,..., M,

1) Compute fp,r = arg(&mek)/(2m), where (&m i)k
are roots of the polynom Zfzo hm k2% with h,, =
[Am.0,---,hm k]’ being the right singular vector of
T (w),) with I ={0,...,Hg — 1}. It corresponds to
the singular value zero (the smallest value in practise).

2) Compute ém,k = arctan(me,k/m) from (15).

3) Form the matrix U,, = [a(fm1) - a(fm.x)], and
compute dp, = [dm 1, ..., dm x]* by solving the least-
squares linear system URU,.d,, = Udw* . 3

4) Compute Cr .k = |dm,k| and Gm x = Cm,k COS(Om k).

5) Compute ém,k = dm,k/|dm,k|-

—Fork=1,....K

1) Compute the mean of all estimated an%}es 0, =
LM g and amplitudes &y = L N
M m—1Ym,k patudes g M m—1 O®m,k
2) Compute the frequency 7y as previously from T g (€x)
with e, = (ém,k)m and [ = {—M, ce e M}

3) Compute the horizontal offset 7, = Wiy /(2m)
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Application of the Hough Transform
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Application of the Radon Transform
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