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tasks in commercial offers contexts
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In this work, the comparison of unequal ratios tasks in
commercial offers contexts is studied. A rational and em-
pirical analysis of tasks helps to identify the critical com-
ponents and students responses to each task. The results
confirmthe deficits in the relative thought of pre-service
teachers, and also that their difficulties are not in the
algorithmic aspects and “norming” techniques, but in
conceptual aspects and ratio referents.

Keywords: Ratio and proportion, relatively, norming,

didactic phenomenology.

INTRODUCTION AND RESEARCH OBJECTIVES

“Thebox of Bites (net weight 16 0z.) costs $3.36 and the
box of Bits (net weight 12 0z.) costs $2.64. Which cereal
is the better buy?”. This example is used by Lamon
(2012, p. 106) to encourage thinking flexibly in uni-
tizing. Examples of this type involve the comparison
of relative quantities, which are ratios, though the
explicit formulation of the problem needs a relational
term, the word “relatively”, to specify the price com-
parison must be in relation to the weight of the prod-
uct. The ability to compare the large amounts in this
way widens the range of applicability of certain words,
such as the word “more” which has two meanings, one
absolute or additive and one relative or multiplicative,
both of them are correct.

As Streefland (1985, p. 75) says: “In mathematics pro-
grams for elementary instruction as far as ratio is con-
cerned, oneis often struck by the poverty and brevity
of'the approach chosen by their authors”. The poverty
of this approach to ratio can be more generally char-
acterized as follows: the concept building is exercised

with mathematical objects unrelated to reality; the
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lack of real applications, and isolation of the subject

“ratio”, which is not connected with any other subject.

Inthis way, Freudenthal (1983) in his didactic phenom-
enology, highlights the importance of considering

ratios in situations in which the idea of “relatively”
(or comparatively) and the complex of techniques

designated by norming are required.

Understanding “relatively” in the sense of “in rela-
tion to...” involves the use of the term ratio as Smith
(2002, p.14) proposes: “I will use the term ratio to de-
scribe a relational number that has two properties:
(1) it relates two quantities in one situation, and (2) it
projects that relationship onto a second situation in
which the relative amounts of the two quantities re-
main the same”. This use of ratio is in accordance with
the very meaning of ratio: “to speak about equality
(and inequality) of ratios, without knowing how large
the ratio is” (Freudenthal, 1983, p. 180).

All of this situates our interest in problems of quan-
titative comparison of ratios. In particular, in com-
mercial offers comparison, which offer discounts that
are given as relative amounts. As a standard norming
percentages are usually used to express discounts.

In order to provide relevant tasks for a didactic phe-
nomenology of ratio involving these ideas, a test has
been designed. The tasks, which are typical of com-
mercial offers, have been analyzed in a rational and
empirical way. This allowed for a better understand-
ing of critical components and their relationship with
the response patterns of students.

According to Cramer, Post & Currier (1993, p. 2), “the
critical component of proportional situations is the
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multiplicative relationship that exists among quanti-
ties that represent the situation”. In the quantitative
comparison of ratios problems, the multiplicative
relationship that exists between the quantities rep-
resented in the situation can be equal or unequal.
These multiplicative relationships express relative
quantities, that is, quantities put in multiplicative
relationship with other quantity of reference. This
is usually called “the referent”. So, we consider that
the critical components (c.c.) in these situations are:
not only the multiplicative relationships, but their
equality or inequality and their referents.

Note that tasks that have been experimented can be
used not only with the intention of assessing knowl-
edge, but also in teaching situations and for teacher
training. It allows them to promote the metacognitive
reflection about their own cognitive processes and the
didactic task complexity and the mathematical con-
tents involved. So, the research questions are: which
are the critical components of tasks?, what strategies
do the students use?, and what difficulties do the stu-
dents show?

CONCEPTUAL FRAMEWORK

Aswehavejust said before, comparing relativelyis to
put something inrelation to, and norming is a process
of reconceptualization of a system in relation to some
fixed unit or standard (Lamon, 1994, p.94). One of the
common forms of norming is the unification of the
antecedent (numerator) or consequent (denomina-
tor) of the ratios to favor the comparison. This can
be done by an algorithmic process that links them to
the unit (e.g. the unit rate obtained by quotient), the
decimal numbering system (percentage or decimal)
or equivalent fractions. These techniques connect the
various forms of ratio: fraction, decimal, percentage
or quotient, and are linked to the flexibility of think-
ing in order to choose convenience.

The norming techniques are used with the intention
to make more visible the comparison of pairs of phe-

nomena that Freudenthal (1983) calls “expositions”

or “compositions”. When two distinct defined expo-
sitions are compared on the same set, e.g., Q is a set
of countries, each with its assigned inhabitants and
its area by the w, and w, functions. Then ratio w /w,
expresses the population density. Comparison of den-
sity couples allows to state whether a country has in
proportiontoits area the same number of inhabitants

or a higher or lower number than another country.
In the comparison of two compositions on the same
set, e.g., Qis an alloy composed by copper and zinc to
form bronze and each component is assigned a dif-
ferent mass in each alloy by the w, and w, functions.
Comparison of the pairs of internal ratios, copper
mass/zinc mass, allows one to know which alloy has
relatively more, less or the same amount of copper to
zinc (Freudenthal, 1983, p. 186).

The “best buy problems” can be interpreted as a
pair of expositions or compositions. Under this in-
terpretation, we define the objectives of this study.
The first one is to determine, through the rational
analysis, the critical components of the tasks such
as: the multiplicative relationships, the equality or
inequality of ratios and their referents. The second
one is to determine, through the empirical analysis,
the relationship between these components and stu-
dents’ performance.

METHODOLOGY

Thework is based on the methodology of the empirical
and rational analysis of tasks. According to Lamon
(2007, p. 641), the distinction between empirical and
rational analysis is adopted to distinguish between
children’s mathematics (children’s actual perfor-
mance on tasks); and the exam of content from a ma-
ture mathematical perspective, making assumptions
about the ways of thinking that are necessary to solve
problems. The rational analysis begins at the theoret-
icallevel, in order to identify the critical components
oftasks and their procedural cognitive and conceptu-
al objectives, to support theoretical inferences from
the data obtained in the empirical analysis. The em-
pirical analysis begins with the implementation of
tasks given to students in order to interpret their
responses. This is taken as criteria for analyzing the
critical components identified in the rational analysis.

We choose 4 tasks for a pencil and paper test. They are
called Pizza, Beer, Softener and Mosquito repellent.
They are realistic tasks taken from offers in current
commercial brochures. Due to their typology they are
characterized as quantitative comparison of ratios
tasks, where one has to judge which of two ratios is
higher, lower, or perhaps the same, so you can do it
roughly or precisely. Moreover, they may be charac-
terized by their phenomenology as pairs of exposi-
tions or compositions involving comparing relatively
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and applying norming techniques, as Freudenthal
says. So, we choose these tasks because they are real
applications of ratio and one has to judge equality or
inequality of ratios, as Streefland and Freudenthal
require. The test was implemented using individual
worksheets given to 9 groups of students working
in a normal mathematics class time in their second
year of the teaching degree, at the beginning of the
course (341 students). The study was conducted dur-
ing 2013-2014 at the University of Valencia.

We select these participants because, according to
Ben-Chaim, Ilany & Keret (2002), we think that the
pre-service teachers need to improve their knowledge
and their attitudes toward mathematics, in general,
and all of the components and aspects of ratio and
proportion, in particular. And we think that realistic
tasks, such as the commercial offers, are suitable for
teaching the topic of ratio and proportion in pre-ser-
vice elementary teacher education.

TASKS
In Pizza, one asks: What is better, two regular piz-

zas 30cm in diameter for 14.95€ each or alarge pizza
50cm diameter for 27.95€? Justify your answer. In

PIZZA

Softener, the question is: Which of the two options
is more expensive, the concentrate on the left or the
non concentrate on the right? Justify your answer.

In Beer, the text says: Usually beer cans are 1/3 liter
or what is the same, 33’3cc. One option offers a 15%
discount on the price and the other option has 14%
morebeer. What is more expensive? And, in Mosquito
repellent: Fogo and Bloom sell for the same price and
have the same volume without any promotion. What
discount is better? Explain your answer. Softener and
Mosquito are easier than the other two because the
text provides all the data needed for doing a correct
comparison.

Rational analysis and critical

components of tasks

In Pizza and Softener the critical component is the
equality or inequality relationship of the two relative
quantities. These quantities are given by composed
ratios formed by the pair (€, washes) or (€, cm?). It
is required to apply norming by quotient for mak-
ing the comparison visible. In Pizza, the solution
process requires finding the areas and the cost of the
pizzas, and comparing prices with areas or vice versa.
Alternatively, one can compare areas, prices, and then

SOFTENER

What is better, two regular pizzas 30cm in diameter for
14.95€ cach or a large pizza 50cm diameter for 27.95€7
Justify your answer.

‘Which of the two options is more expensive, the
concentrate on the left or the non concentrate on the right?

Justify your answer.

Figure 1: Pizza and Softener

BEER

15%

descuento
o

Usually beer cans are 1/3 liter or what is the sam, 33.3cc. One
option offers a 15% discount on the price and the other option
has 14% more beer. What is more expensive? Explain your
answer.

BLOOM
33% free
45115 nights

MOSQUITO REPELLENT

FOGO
25% discount
45 nights

Bloom and Fogo sell for the same price and have the same
volume without any promotion. What discount is better?

Explain your answer.

Figure 2: Beer and Mosquito repellent
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compare both comparisons. In Softener, the process is

reduced to compare the relative quantities €/washes.
In Beer and Mosquito, it is needed to convert the giftin

adiscount or vice versa, i.e., to change one of the two

referents. Beer task requires finding the volume of the

larger can and calculating what percentage discount

is equivalent to the extra volume. Once found, we can

compare two discounts. Likewise, the mosquito repel-
lent task requires finding what discount percentage

is equivalent to the 33% extra free nights. Once found,
you can compare the discount percentage in Bloom

with the 25% discounts in Fogo. In both tasks, the re-
ciprocal process (to transform a discount percentage

into a gift percentage) is similar.

The processes that account for these transformations,
calculations and norming techniques, are displayed
in tables from1to 6, as pairs of expositions or compo-
sitions. In the case of pair of expositions, 2 is formed
by the set of offers; and, in the case of pair of composi-
tions, Q is composed by the parts that form each offer.

Aswecanseeintables1and2,incomparing norming
ratios by quotient, w (Q)/w,(Q)=cost/cm?or cost/whas-
es, the unit rate (u.r.) or its reciprocal (r.u.r.) are ob-
tained. These comparisons are the main c.c., because
they show which offer pays more, less or the same com-
pared towhat is acquired (comparing how many € per
cm? or per wash). Alternatively, in Pizza, while com-
paring the internal norming ratios, w,(Q)/w,(Q)=cost

PIZZA ° Large Pizza Regular pizzas Internal comp. —
~ T
®1: Q — Cost Cr=27.95€ Cr = 2-14,95= 29.90€ Go_ 2795 o4
Cn 21495
3
2 Q — Arca A, = m-25%m? Ar = 2-T-15%cm? Ay w0727 o
Ap  2-m-(30/2)?
C 27,95 C 214,95
External comp. | —L_z207° _ 0014 — R _ ! =0021—
A, w252 "7 cm? Ag  2-m-152 ’ 2

Table 1: Couple of expositions. Pizza task

Q Concentrate softener Non concentrate softener
SOFTENER
mp: Q — Cost Cc=3.72€ Cne=2.89 €
m,: Q — Washes We =45 Wnxe = 36
C 3.72 € C 2.89
External comp. | =L _ = 0.082 —— N T 0080
We 45 wash Wyne 36 "7 wash

Table 2: Couple of expositions. Softener task

BEER Q| part free Part paid Internal comp. — (increase percentage)
. ) _ _ FL 14
o Q — Cp (large can) FL=14 PL =100 — = —=14%
P, 100
. L _ac _ Fs 15
®y: Q — Cg (small can) Fs=15 Ps=8 —=—=10,176=17%
Ps 85
Table 3: Couple of compositions. Beer task
. | part free Part paid Internal comp. — (increase percentage)
MOSQUITO
=
o;: Q — Bloom Fgloom = 15 PBloom = 45 M = E =33%
PBloam 45
®,: Q — Fogo Frogo = 11 (45-25% - 45) | Progo = 34 (45-11) @ = E = 33%,
Progo 34

Table 4: Couple of compositions. Mosquito repellent task
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Q Large can Small can
BEER
®;: Q — free part FL=14 Fs =15
®,: Q — total product TL = 114cc. Ts = 100cc.
External comp. | (discounts) & = i =12% E = 1_5 = 15%
T, 114 Ts 100
Table 5: Couple of expositions. Beer task
2 | Bloom Fogo

MOSQUITO
o,: Q — free part Feloom = 15 Frogo = 11
®,: Q — total product TBloom = 60 Trogo = 45
External comp. | (discounts) M = E = 25% @ = E = 25%

ABloom 60 AFogo 45

Table 6: Couple of expositions. Mosquito repellent task

regular pizza/cost large pizza, or regular pizzas area/
large pizza area, we see that for almost the same price,
the large pizza has got more area.

When comparing the norming ratios by quotient,
w,(Q)/w,(Q)=freepart/total productor w,(Q)/w,(Q)=free
part/part paid, after homogenizing the referent with
respect to the part paid (h.p., tables 3 and 4) or with
respect to the product acquired (h.a., tables 5 and 6)
decimals or percentages are obtained. All of these pro-
cesses are the c.c., because they show which discount
or increase percentage are higher, lower or the same.

EMPIRICAL ANALYSIS OF TASKS

The empirical analysis takes into account the re-
sponse patterns of students in relation to their strat-
egies and their difficulties. Apart from the difficulties

related to the c.c. other conceptual difficulties have

been observed such as: thelinearity (specific of Pizza)

and the misinterpretation of the r.u.r. We highlight

also two strategies that have appeared in the tasks

and they are different from the strategies pointed in

tables from1to 6.

Most significant alternative strategies

and difficulties: Examples

Difficulty in linearity of the unit rate in Pizza task.
Students adopt arelative approach, comparing exter-
nal ratios and applying norming by quotient to obtain
au.r. Rather than comparing prices with pizza areas,
they compare prices with pizza diameters (example

1). In this case, the difficulty is in the referent of the
relative quantities that they have to compare.

(14.95/30)-2 = 0.996; 27.95/50 = 0.559. A cm of the
large pizza is cheaper. That is, the large pizza is
more economical.

Example 1: Student's response to Pizza task

The student compares the relative amounts given by
the ratios between the diameters and the prices, i.e.
the u.r. of each offer. This strategy could be valid if
there was only one item in each offer because more
diameter implies more area. Note that the student
multiplies the u.r. of a regular pizza by 2 [Regular:
(14.95/30)-2=0.996]. This calculation suggests us that
he is not aware of the invariance of the ratio.

Difficulty in interpreting the reciprocal of the unit rate.
Students adopt a relative approach, comparing exter-
nal ratios and applying norming to obtain a unit rate,
but they interpret the unit rate in the reverse way that
corresponds to the stated ratio. In this answer, the
difficulty is the loss of meaning of the referent when
they apply norming techniques.

b) 100% - 15% = 85% price — 33cl; a) 14% of 33.3 =
4.662 cl more. 33.3 + 4.662 = 37.962 cl in can A;
33/85=0.388; 37.962/100 = 0.3796. In offer B you
pay 0.388€ per cl, while in offer A you pay 0.3796€
per cl so that, offer A is cheaper.

Example 2: Student's response to Beer task
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The student compares the ratios cc-acquired/percent-
age-paid and applies normingby quotient: 33/85=0.388
and 37.96/100=0.3796, but interprets these unit rates
as what is paid per cc, which is the reciprocal of the
ratio: cc acquired per unit paid. This leads to giving
the opposite answer expected.

Comparison of quantities of the same nature. This
strategy consists of comparing the areas, the volumes,
the number of washes, the costs and the percentages
among them, and if it is necessary compare the results
of these comparisons. They can adopt an absolute ap-
proach (not using ratios) or a relative approach (see
Table 1, internal comparison). In the first one, the com-
parisonisrough and uses the reasoning: there is more,
less or equal in one than in the other. It includes also
the usual additive calculations (no example included).
The answer may be insufficient (examples 3and 4), or
not (example 5). The second one has been explained
above in Pizza.

This student assigns the arbitrary price of 1€ toa 33cc
can. Then, the student calculates the larger can vol-
ume, 37.96¢cc, which will cost 1€, and calculates the cost
of the smaller can after the discount, 0.85€. Finally,
the costs are compared. This data is insufficient to
determine which one is the most expensive can.

The student sets an arbitrary price, 10€, then, calcu-
lates 33% of 10 and adds it to the price, 13.30€. The

student calculates 25% of 10 and deducts it from the
price, 7.50€, and compares it with the discount given.

A large pizza is better because the sum of the
area of two regular pizzas is lower and, moreo-
ver, is more expensive: 2x30=706.5x2=1413 cm?
7r?=711152=706.5 cm?; t-r? = 1-252=1962.5 cm?

Example 5: Student's response to Pizza task. Adequate

The student compares the difference between the
areas with the difference between the prices. It is
sufficient only in this case because the data favor it.

Cost comparisonincreasing or decreasing the matching
amounts. Students establish the total cost or the cost
of aunit of a product. After that, they determine if by
increasing or decreasing the amount of the product
tomatch the other you get the same total price. While
inthe intermediate process students can use relative
quantities (example 7), they finally compare absolute
amounts. It seems tobe that this strategy has not been
identified in the previous research.

This student fixes an arbitrary price of 40€ to the non
promotional products. He finds the cost of Fogo, 30€
after the discount. Then, he calculates what the Bloom
reducing to 45 nights would cost and if it keeps pro-
portionate to their offer price. It is concluded “it is
the same because in both of them, 45 nights cost 30€”".

A) is more expensive because although there is 14% extra beer, in the other one costs less although there is

less beer.
A) 100%—33.3; x=4.662cc 33.3cc +4.662cc =37.96¢cc
14% — x 1€—37.96¢cc

A)37.96cc—1€; B) 33.33cc—0.85€

Example 3: Student's response to Beer task. Inadequate

B) 100% —1;
15% — x

x=0.15€ 1-0.15=0.85€

Bloom would have the best discount because the free added percentage implies paying 33% more in the total

cost.

()10 — 100 x =33-/100=333/100=3.30+10 =13.30€ (2)10 — 10 x =250/100=2.5 10-2.5=7.50€

X — 33 ! 10
€ discounted

X — 25 ! 10
€ discounted

Example 4: Student's response to Mosquito repellent task. Inadequate

BLOOM — 406 — FOGO
60 nights 45 nights X —45
25% of 40 = 10
40-10 = 30€
Price 40€ Price 30€

Example 6: Student's response to Mosquito repellent task

40 — 60 — 40-45=1800:60 = 30€

Is the same because 45 nights cost 30€ in both of them.
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At first glance, it is obvious that the concentrate
is more expensive, as it costs 3.72€, which is
0.082cents per cup. On the other hand, the 36
wash product has an added cost of 0.080 for each
of the 9 cup difference and results in a price of
3.61€, making it cheaper than the concentrate
and therefore, less expensive than the one
on the right.2.89/36 = 0.080 2.89 +0.72 = 3.61;
0.080-9 = 0.72—cup difference from the concen-
trate.

Left: 45 cups = 3.72. Right: 45 cups = 3.61.
Example 7: Student's response to Softener task

This student finds the difference between the 2
softeners: 9=45-36; calculating both unit rates:
3.72/45=0.082€/wash the concentrate softener, and
2.89/36=0.080€/wash the non concentrate softener,
and uses one of them to calculate the total cost that the
non concentrate softener would have if there were a
9 wash increase. If he had 36+9 washes, it would cost
2.89+9:0.080=3.60€, which is cheaper than the 3.72€
concentrate.

RESULTS

The absolute frequencies are displayed in Table 7. The

columns (from left to right) show: the number of stu-
dents that use the strategy of u.r., those who have diffi-
culties in this strategy, students who homogenized the

referent, the participants who compare the quantities

of the same nature, those who use the strategy of cost

comparison after matching amounts, and the group

of qualitative answers, random, blank, etc (others).

Regarding the critical components of the tasks, we
observed that in Beer and Mosquito there are more
students who compare absolute quantities instead
of relative quantities. Nevertheless, in Pizza and
Softener tasks the contrary occurs. Moreover, there

are very few students who homogenize the referents

(41in Beer, 2 in Mosquito). They may not interpret the

giftlike adiscount or vice versa. It highlights how stu-
dents are inclined to calculate the u.r. althoughitis not

needed in this case. If we focus on the strategies and

difficulties identified, in Pizza there are few students

who calculate the u.r. or its reciprocal without diffi-
culties because of the linearity. In fact, 175 students

calculate the u.r. with the diameter instead of the area.
In contrast, in Softener the u.r. strategy dominates as

we expected. Only 23 students show difficulties calcu-
lating the r.u.r. Finally, there are students who give

blank, random, qualitative or incomplete respons-
es, especially in Beer (82 students) and Mosquito (44
students).

CONCLUSIONS

Predominance of the unit rate strategy in Beer and

Mosquito tasks can be due to the lack of flexibility and
the application of a mechanical rule learnt at school.
The use of this strategy implies to assign an arbitrary
price although it is not needed. It does not imply that

their responses are wrong, but it is an indicative of a

price-dependence attitude. Note that, there are other
more efficient strategies. In addition, resistance is

also observed in accepting that an increase percent-
age can be interpreted as a discount and vice versa.
Moreover, there are students who misunderstand the

r.ur., suggesting a mechanical knowledge of the rule.
Finally, the use of linearity is widespread in Pizza, and

very few students perceive the invariance of the ratio

calculating the u.r. of two regular pizzas instead of
the u.r. of one regular pizza. They do not realize that

both of them are equivalent.

These results confirm the deficits in the relative
thought of pre-service teachers, and that, accord-
ing to Ben-Chaim, Ilany & Keret (2002, p. 81), their
knowledge is frequently technical, unrelated and
incoherent. Moreover, the difficulties shown by the

TaskStrat‘ Unit rate Difficulties with u.r. | h.p.o h.a. Same nature Matching amounts | Others
ur. |rur. [ Recip. Linearity Absolute | Relative

Pizza 13 1 2 175 - 87 1(lin.) 42 20

Softener 215 5 23 - - 41 1 33 23

Beer 103 3 16 - 4 113 - 20 82

Mosquito | 107 2 11 - 2 168 - 7 44

Table 7: Tasks' results
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students are not the algorithmic aspects and norming
techniques, but in conceptual aspects, ratio referents
and the “price-dependence” when they are comparing
discounts in commercial offers. The next step is to
design a teaching sequence that helps the students
to widen their knowledge of ratio and, according to
Lamon (2012, p.107), to help them to develop flexibility
insituations like the best buy problems, to encourage
multiple correct strategies and to discuss which strat-
egies are easier, faster or more reasonable.
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