N

N

When Does Channel-Output Feedback Enlarge the
Capacity Region of the Two-User Linear Deterministic
Interference Channel?

Victor Quintero, Samir M. Perlaza, Inaki Esnaola, Jean-Marie Gorce

» To cite this version:

Victor Quintero, Samir M. Perlaza, Inaki Esnaola, Jean-Marie Gorce. When Does Channel-Output
Feedback Enlarge the Capacity Region of the Two-User Linear Deterministic Interference Channel?.
[Research Report] RR-8862, INRIA Grenoble - Rhone-Alpes. 2016, pp.32. hal-01281717v4

HAL Id: hal-01281717
https://hal.science/hal-01281717v4
Submitted on 4 Oct 2016 (v4), last revised 23 Jun 2017 (v6)

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-01281717v4
https://hal.archives-ouvertes.fr

When Does
Channel-Output
Feedback Enlarge the

Capacity Region of the
Two-User Linear
Deterministic
Interference Channel?

Victor Quintero, Samir M. Perlaza, Iiiaki Esnaola, Jean-Marie Gorce

RESEARCH
REPORT

N° 8862

March 2016

Project-Team Socrate

ISSN 0249-6399 ISRN INRIA/RR--8862--FR+ENG







in]armutics,mathemutics

za—

When Does Channel-Output Feedback Enlarge
the Capacity Region of the Two-User Linear
Deterministic Interference Channel?

Victor Quintero, Samir M. Perlaza, Inaki Esnaola, Jean-Marie
Gorce

Project-Team Socrate

Research Report n° 8862 — March 2016 — [25] pages

Victor Quintero, Samir M. Perlaza and Jean-Marie Gorce are with the CITI Laboratory, a joint lab between
the Institut National de Recherche en Informatique et en Automatique (INRIA), Université de Lyon and Institut
National de Sciences Apliquées (INSA) de Lyon. 6 Av. des Arts 69621 Villeurbanne, France. ({victor.quintero-
florez, samir.perlaza, jean-marie.gorce }@inria.fr).

Inaki Esnaola is with the University of Sheffield, Dep. of Automatic Control and Systems Engineering, Mappin
Street, Sheffield, S1 3JD, United Kingdom. (esnaola@sheffield.ac.uk).

Victor Quintero is also with Universidad del Cauca, Popayéan, Colombia.

This research was supported in part by the European Commission under Marie Sklodowska-Curie Individual
Fellowship No. 659316 (CYBERNETS) and the Administrative Department of Science, Technology and Innovation
of Colombia (Colciencias), fellowship No. 617-2013.

RESEARCH CENTRE
GRENOBLE - RHONE-ALPES

Inovallée
655 avenue de I'Europe Montbonnot
38334 Saint Ismier Cedex



Abstract:  The two-user linear deterministic interference channel (LD-IC) with noisy channel-
output feedback is fully described by six parameters that correspond to the number of bit-pipes
between each transmitter and its corresponding intended receiver, i.e., 11 and 722; between each
transmitter and its corresponding non-intended receiver i.e., n12 and no1; and between each receiver
and its corresponding transmitter, i.e., %11 and %22. An LD-IC without feedback corresponds
to the case in which %11 = %22 = 0. The capacity region of the linear deterministic interference
channel with noisy channel-output feedback is denoted by C(H}H, 722, nig,No1, WH, Wgz). This
research report presents the exact conditions on ATRE! (resp. Wﬂ) for observing an improvement in
the capacity region C(ﬁ}u, 99, M12, N21, %11, 0) (resp. C(ﬁ)n, 722, n12,M21, 0, %22)) with respect
to 0(711,722,7112,7121,0,0), for any 4-tuple (711, 99, N12, no1) € N1 Specifically, it is shown
that there exists a threshold for the number of bit-pipes in the feedback link of transmitter-
receiver pair 1 (resp. 2), denoted by W%, (resp. %3%,) for which any 1, > 7% (resp. g >
%;2) enlarges the capacity region, i.e., C(711, ﬁgg,nlg,nm,0,0) C C(ﬁn, %)22,7112,TL21,%11,0)
(resp. C(ﬁll, %}22, Nni12,N21, 07 0) C C(Wll, %)22, ni12,N21, 0, %22)). The exact conditions on %11
(resp. %22) to observe an improvement on a single rate or the sum-rate capacity, for any 4-
tuple (711, ﬁgg,nlg, no1) € IN* are also presented in this research report. Finally, a closed-form
expression for the number of generalized degrees of freedom (GDoF) for the symmetric two-user
LD-IC-NOF is presented.

Key-words: Linear Deterministic Interference Channel, Noisy Channel-Output Feedback, Ca-
pacity Region.



Résumé : Le canal linéaire déterministe & interférences avec rétroalimentation degradée est
entiérement décrit par six paramétres qui correspondent au nombre de niveaux de signal en-
tre chaque émetteur et le récepteur destinataire correspondant, i.e., 711 et ng; entre chaque
émetteur et le récepteur non-destinataire correspondant i.e., nis et moy; et entre chaque ré-
cepteur et son émetteur correspondant, i.e., %711 et ¥22. Un canal linéaire déterministe a
interférences sans rétroalimentation correspond au cas pour lequel 11 = S92 = 0 et pour
lequel la région de capacité est notée C(ﬁu, 722, n12,n91,0,0). Dans le cas ou la rétroalimen-
tation est disponible aux deux émetteurs, ﬁu > 0 and %22 > 0, la région de capacité est notée
C(ﬁll, M99, M19, M21, 711, %22). Ce rapport présente les conditions exactes sur 7 11 (resp. ng)
permettant d’observer une amélioration de la région de capacité C(ﬁn,ﬁgg,nm,nm, 11,0)
(resp. C(ﬁll, ﬁgg, ni2,N21, 0, %22)) comparée a C(ﬁll, ﬁgg, ni2,N21, 0, O), pour tout quadru—
plet (ﬁ}u, a9, n12, n21) € IN%. Plus précisément, ce rapport montre I'existence d’un seuil pour
le nombre de niveaux de signal dans le lien de rétroalimentation de la paire émetteur-récepteur
1 (resp. 2), noté 7%, (resp. %,) pour lequel tout 211 > 7%, (resp. Tvao > W3,) améliore la
I“égiOIl de capacité, i.e., C( 11, Na22,N12,N21, 0, 0) C C(ﬁll, 722, ni12,N21, ﬁu, 0) (resp. C(ﬁn,
722, Nniz2, N21, 0 3 0) C C(ﬁll, 722, Nni2, Na1, O, %22)). Les conditions exactes sur %11 (resp.

22) permettant d’observer une amélioration sur le taux de transmission individuel ou sur la
somme des taux de transmission, pour tout quadruplet (ﬁn, ﬁgg, ni2,No1) € IN* sont également
présentées dans ce rapport. Enfin, une expression généralisée du nombre de degrés de liberté
pour le modéle linéaire déterministe du canal a interférences symétrique avec rétroalimentation
dégradée est établie.

Mots-clés : Modéle linéaire déterministe, canal a interférences, rétroalimentation dégradée,
Région de Capacité.
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1 Introduction

Channel-output feedback is an interference management technique that significantly increases
the number of generalized degrees of freedom (GDoF) [3] for the two-user Gaussian interference
channel (IC) in most of the interference regimes [I]. Essentially, in the very strong interference
regime, the GDoF gain provided by perfect-channel output feedback can be arbitrarily large
when the interference to noise ratios (INRs) and signal to noise ratios (SNRs) grow to infinity
at a constant rate o = llggéﬁg greater than 2. One of the reasons why feedback provides such
a surprising benefit stems from the fact that it uses interference to create alternative paths to
the existing point-to-point paths. For instance, in the two-user IC, feedback creates a path
from transmitter 1 (resp. transmitter 2) to receiver 1 (resp. receiver 2) in which symbols that
are received at receiver 2 (resp. receiver 1) are fed back to transmitter 2 (resp. transmitter
1), which decodes the messages and retransmits them to receiver 1 (resp. receiver 2). The
GDoF gain due to feedback in the IC depends on the topology of the network and the number
of transmitter-receiver pairs in the network. For instance, in the symmetric K-user cyclic Z-
interference channel, the GDoF gain does not increase with K [4]. In particular, in the very
strong interference regime, the GDoF gain is shown to be monotonically decreasing with K.
Alternatively, in the fully connected symmetric K-user IC with perfect feedback, the number of
GDoF per user is shown to be identical to the one in the two-user case, with an exception in a
particular singularity, and totally independent of the exact number of transmitter-receiver pairs
[5]. It is important to highlight that the network topology, the number of transmitter-receiver
pairs and the interference regime are not the only parameters determining the effect of feedback.
Indeed, the presence of noise in the feedback links turns out to be another relevant factor. As
shown later in this research report, in the case in which one transmitter-receiver pair is in a high
interference regime (the interfering signal is stronger than the intended signal) and the other is
in a low interference regime (the interfering signal is weaker than the intended signal), the use
of feedback in the former does not enlarge the capacity region, even in the case of perfect output
feedback. Conversely, using feedback in the latter might enlarge the capacity region depending
on the SNR of the feedback link. The exact values of the feedback SNRs beyond which the
capacity region is enlarged depend on all the other channel parameters: two forward SNRs and
two forward INRs. In [0], the capacity region of the two-user Gaussian IC (GIC) with noisy
channel output feedback is approximated to within a constant number of bits for the symmetric
case. These results are generalized in [7] for non-symmetric cases. However, from the available
descriptions of the capacity regions with and without feedback, identifying whether or not the
existence of a feedback link with a given SNR enlarges the capacity region is not a trivial task.
An alternative for dealing with the challenges described above is to study the GIC via its linear
deterministic IC (LD-IC) approximation [8], for which the capacity region is perfectly known
[9, T0]. The two-user LD-IC with noisy channel output feedback (LD-IC-NOF) is fully de-
scribed by six parameters: (711, ﬁgg,nlg,ngl,ﬁll,%gg) € IN®. There exists a mapping be-
tween the parameters describing the two-user LD-IC and the parameters describing the GIC.
More specifically, there are two forward SNRs (ﬁl > 1); two forward INRs (INR;; > 1);

and two backward SNRs (§NR¢ > 1), with ¢ € {1,2} and j € {1,2} \ {i}. In the LD-IC,
the parameters of the GIC are mapped into the number of bit-pipes between each transmitter

and its corresponding intended receiver, i.e., Wy = |2 log,(SNR;)|; between transmitter j and
receiver i i.e., n;; = |4 logy(INR;;)]; and between each receiver and its corresponding transmit-

ter, ie., Ny = |11og,(SNR;)|. An LD-IC without feedback corresponds to the case in which
11 = %22 = 0 and the capacity region is denoted by C(ﬁ)n, ﬁgg, n12,n91,0,0). In the case in
which feedback is available at both transmitters, 711 >0 and gg > 0, the capacity is denoted

RR n° 8862
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by C(ﬁn, 722,”1277”&21, Wn,%m)-

This research report presents the exact conditions on ARt (resp. %22) for observing an improve-
ment in the capacity region C(ﬁ)u,ﬁgg,nlg,ngl,%uﬁ) (resp. C(ﬁu,ﬁgg,nu,ngl,o, %22))
with respect to 0(711,72271112,7121,0,0), for any 4-tuple (711, M99, N2, n91) € IN*. More
specifically, it is shown that there exists a threshold for the number of bit-pipes in the feedback
link of transmitter-receiver pair 1 (resp. 2), beyond which the capacity region of the two-user
LD-IC-NOF can be enlarged, i.e., C(ﬁn,ﬁgz,nlg,ngl,o,O) C C(ﬁll, 722, ni2, N21, %11 , 0)
(resp. C(ﬁ)u, 99, n12, M1, 0, 0) C C(ﬁu, M 99, n12, M1, 0, ng)), with strict inclusion. The ex-
act conditions on %11 (resp. %22) to observe an improvement on a single rate or the sum-rate
capacity, for any 4-tuple (711, 722,7112,7121) € IN* are also presented in this research repport.
Surprisingly, these values can be expressed in closed-form using relatively simple expressions that
depend on some of the parameters 711, ﬁgz, n12 and noq.

Based on these results, several relevant engineering questions arise in this setting. For instance,
in which of the two transmitter-receiver pairs must the feedback link be implemented if the
objective is to improve: (a) the individual rate of the transmitter-receiver pair in which feedback
is implemented; (b) the individual rate of the other transmitter-receiver pair; or (c) the sum-rate
of both transmitter-receiver pairs. In each of these scenarios, the feedback SNR, either $711 or
%22, must be bigger than a given threshold for the improvement to be observed. Interestingly,
for each of these scenarios there exists a complete different answer. As a by-product of the results
described above, the exact values of %11 or %22 for which feedback does not enlarge the capacity
region are also identified.

2 Linear Deterministic Interference Channel with Noisy-
Channel Output Feedback

Consider the two-user LD-IC-NOF, with parameters 711, 722, N12, N21, %711 and %7 92 described
in Fig. The parameters 77, n;; and 4 with ¢ € {1,2} and j € {1,2} \ {i}, are non-
negative integers. Parameter i represents the number of bit-pipes between transmitter ¢ and
receiver ¢; parameter n;; represents the number of bit-pipes between transmitter j and receiver
i; and parameter i represents the number of bit-pipes between receiver i and transmitter 4
(feedback). At transmitter 4, the channel-input X, ,, at channel use n, with n € {1,2,..., N}, is

T
a g-dimensional binary vector X; , = (X(l) x? .,Xi(fiz) , with

,nrind
q = max (711, %}22,”127"21) ) (1)

and N the block-length. At receiver i, the channel-output 71-7,1 at channel use n is also a ¢-

dimensional binary vector 7”1 = (7(1) 7(2)

T
ims Y iny e 777(2) . The input-output relation during
channel use n is given by

Yin=8T 0 X, 4 ST X (2)

and the feedback signal ?m available at transmitter ¢ at the end of channel use n satisfies

<(()7 ...,0) ?T )T:S(max(ﬁii,nij)%ii)+ 71,7”_(17 (3)

’ i,n

RR n° 8862
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Figure 1: Two-user linear deterministic interference channel with noisy channel-output feedback.
The bit-pipe line number 1 represents the most significant bit.

where d is a finite delay, additions and multiplications are defined over the binary field, and S
is a ¢ X g lower shift matrix of the form:

0 0 0 0

1 0 0 0
S=]0 1 0 (4)

.

0 0 1 0

The dimension of the vector (0,...,0) in is ¢ — min (Wii, max(ﬁii, n”)) and the vector ?i,n
+

represents the min (%u‘, max(ﬁii, nij)) least significant bits of § (max(3Tmag)=Fs) ?i,nﬂt

Without any loss of generality, the feedback delay is assumed to be equal to 1 channel use. Trans-

mitter ¢ sends the message index W; by sending the codeword X; = (X, 1,X;9,...,X, n) €

X2*N " The encoder of transmitter i can be modeled as a set of deterministic mappings fi(l),

£ ith ;D W, {0,139 and for all n € {2,3,..., N}, £ Wy x {0, 1901
{0,1}9, such that

Xi,l :fl(l) (Wl) and (5)
Xi,n:fi(n) (Wi, ?i,la ?m, ce <17z’,n—l)- (6)

Assume that during a given communication, 7' blocks are transmitted. Hence, the decoder of
receiver i is defined by a deterministic function w; : {0, 1}9*¥*T — WI' At the end of the

RR n° 8862
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communication, receiver ¢ uses the sequence (5—}1‘,1, 71-,2, e l_/)i,N T) to obtain an estimation of
the message indices. The decoding error probability in the two-user LD-IC-NOF during block ¢,
denoted by pY (N), is given by

PO (N)=max (Pr (W % w®) e (W 2 wi) ) )

A rate pair (Ry, Ry) € R? is said to be achievable if it satisfies the following definition.

Definition 1 (Achievable Rate Pairs) The rate pair (R, Rg) € lR?|r is achievable if there
exists at least one pair of codebooks X axN and quXN with codewords of size ¢ x N, and
the corresponding encoding functions f1 ,. f(N) and f5 (1) f22), e fQ(N) such that the
average bit error probability can be made arbltrarlly small by letting the block length N grow
to infinity.

Denote by C(ﬁn, ﬁgg, N2, M21, W11, ng) the capacity region of the two-user LD-IC-NOF with
parameters 1 11, 7 92, 12, N21, N 11, and 1 29. Lemmafully characterizes the set C(Wll, 722,
ni2, N21, %11, 22)-

Lemma 1 (Lemma 6 in [10]) The capacity region C(Wll,ng,nlg,ngl,ﬁll,ﬁgg) of the
two-user LD-IC-NOF is the set of non-negative rate pairs (Rj, Ro) that satisfy Vi € {1,2} and

je {123\ {i}:

R; <min (max (775, ;) , max (75, 145)) , (8a)
R; <min (max (7 i, nji), max (ﬁ)“, Wjj - (ﬁ)jj - nji)Jr)) , (8b)
R + Ry <min (max (ﬁ)gg,nlg) + (711 - n12)+ , max (ﬁll,ngl) + (722 - n21)+> ,  (8¢)
Ry + Ry <max ( (711 - 7”L12)Jr n21, 711 — (max (711,7112) - %11)+)

+ max ( o — n21 ,N12, Moo — (max (722, na1) — ng)+ ), (8d)

2R; + Rj<max (7”, nji) + (ﬁ nij)+

“+ max n“ nﬂ nij,ﬁ)jj — (max (ﬁ)jj,nﬁ) — %jj)+)' (86)

3 Preliminaries

3.1 Definitions

Let o; € Q be the interference regime of transmitter-receiver pair ¢, with ¢ € {1,2} and

j e {120\ {ih, N
ij

P = . 9

@ W (9)

For each transmitter-receiver pair 4, there exist five possible interference regimes (IRs): very weak
IR (VWIR), i.e., a; < %, weak IR (WIR), i.e., % <ao; < %, moderate IR (MIR), i.e., % <a; <1,
strong IR (SIR), i.e., 1 < a; < 2 and very strong IR (VSIR), i.e., a; > 2 [II]. The scenarios in
which the desired signal is stronger than or equal to the interference (o; < 1), namely VWIR,

WIR and MIR, are referred to as low-interference regimes (LIRs). Conversely, the scenarios in

RR n° 8862
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which the desired signal is weaker than the interference (a; > 1), namely SIR and VSIR, are
referred to as high-interference regimes (HIRs). In the two-user LD-IC, it is possible to observe
up to twenty-five possible interference regimes, given a; and «y. However, only twelve cases are
of real interest. This is because the transmitter-receiver pairs can be indifferently labeled and
thus, for instance, studying the case in which oy < % and ag > 2 is the same as studying the
case in which a7 > 2 and as < %

The main results of this research report are presented using a list of events (Boolean variables)
that are fully determined by the parameters ﬁll,ﬁzg,nu, and no;. For instance, given the
parameters (ﬁu7 ﬁgg, n12,no1), the events — describe some combinations of interference
regimes that are particularly interesting. Let ¢ € {1,2} and j € {1,2} \ {¢} and define the
following events:

E;: a1<l A <1, (i and j in LIR) (10)
Es ;¢ «; <% A1 <a;<2, (iin VWIR and j in SIR) (11)
Es;: o <% A ;>2, (i in VWIR and j in VSIR) (12)
Ey,;: %<ai g% A a;>1, (i in WIR and j in HIR) (13)
Es;: §<ai <1 A1 <0;<2, (iin MIR and j in SIR) (14)
Es,; : §<ai <1l A @;>2, (i in MIR and j in VSIR) (15)
E7;: %<ai <1l A a;>1, (i in WIR or MIR and j in HIR) (16)
Eg; : a;>1 A a;<1, (i in HIR and j in LIR) (17)
Ey : al\g A aggg, (i and j in VWIR or WIR) (18)
Eio,i: o <§ A §<aj <1, (i in VWIR or WIR and j in MIR) (19)
Ei1;: §<ai <1l A ozjgg, (i in MIR and j in VWIR or WIR) (20)
Eis: a1>2 A @5>2, (i and j in VSIR). (21)

Some other auxiliary events are considered. The event in which the signal from transmitter ¢ is
stronger (resp. weaker) in its intended receiver than in its non-intended receiver is denoted by
E137i (resp. Elg’i), i.e.,

i > M50, (22)
i <Mji.- (23)

TR o
By 7
The event in which the sum of the number of bit-pipes in the direct links is bigger (resp. smaller)
than the sum of the number of bit-pipes in the cross-interference links is denoted by E14; (resp.
EMJ), ie.,
Biu: T+ T 2a>n12 + nag, (24)
Eig: i1+ T aa<nis + nor. (25)

The event in which the number of bit-pipes in the direct link j is bigger than the sum of bit-pipes
in both cross-interference links is denoted by

E1571’: ﬁjj>nij + 1. (26)

RR n° 8862
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The event in which the sum of the number of bit-pipes in the direct links is bigger than the sum
of the number of bit-pipes in one cross-interference link and twice the number of the bit-pipes in
the other cross-interference link is denoted by

Eiei: T+ 1 5>ni5 + 2njs. (27)

Finally, the event in which the sum of the number of bit-pipes in the direct links is bigger than
the number of bit-pipes in one cross-interference link is denoted by

E17,i2 ﬁ” + ﬁ)jj<nij. (28)

Combining the events —, five main events are identified:

Siit (B1ANE13:)V (Es; AEig;)V (Ess ANE13; A E1a) V (Eai A Evzi A Evg)

V(Esi A Bsi AEw)V (Esi AEusj A E), (29)
Sait (BsiNErsj AEw)V (Eri AEis; ABw) vV (E1 A Es;), (30)
Ssi: (E1AEi3;) V (Eai AE13;) V (Esi A Eisj AE1s;) V (Eyi A Eisj A Eis;)

V (Es,i A Eisj ANE13;) V (Egi A E1sj) V (E1 A Eisj) V (Esy) (31)
Sait (B9 A E1s; A Eis )V (B, N E13i A Evsj A Er,; A Ere 5)

V (Ei1,: ANE3i AN Eisj A Eigs A Esj), (32)
S50 Eia AN Ei7; A Eiq g, (33)

where F1 : a1 > 1Aag > 1 and Ej3, ¢ i < n;j;. For all ¢ € {1,2} the events S ;, Sa,; and Ss ;
exhibit the property stated by the following lemma.

Lemma 2 For all i € {1,2} and for all (711, ﬁgg,nlg,ngl) € IN%, only one of the events S,
Sy; and S3; is true.

Proof: The proof follows from verifying that for all i € {1,2} and j € {1,2} \ {i}, the
events — are mutually exclusive. For instance, consider that the event (Ej A Ey3;) in
is true. Then, S;; is true and Es;, Es;, Ei,, Esi, Es:, E7; and Eg; hold false, which
implies that S ; and Ss; hold false as well, since all events in (30) and hold false. The
same verification can be made for all the remaining events in This proves that if Sy ; is
true then Sy ; and S3; hold simultaneously false. The same verification can be done for showing
that when S ; holds true (resp. Ss;), both events S;; and Ss; (resp. Si; and S2;) hold
simultaneously false. Finally following the same reasoning it can be verified that if any pair of
the events {51, 52,i, 53} is false, the remaining event is necessarily true. This completes the
proof. [ ]
For all ¢ € {1,2} the events S4; and S5 ; exhibit the property stated by the following lemma.

Lemma 3 For alli € {1,2} if one of the events Sy ; or S5 ; holds true, then the other necessarily
holds false.

Proof: The proof of Lemma [3] follows along the same lines of the proof of Lemma[2 =
Note that Lemma does not exclude the case in which both Ss ; and S5 ; are simultaneously
false.

RR n° 8862
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3.2 Rate Improvement Metrics

The rate improvements are given in terms of the following metrics [9,[10]: (a) maximum individual
rate improvements A; and As; and (b) maximum sum-rate improvement 3, with A; € Ry and
Y e Ry for i € {1,2}.

Let Cl = C(ﬁll, 722, ni2,MN21, Wll, %22) and CQ = C(ﬁn, 722, ni2,N21, 0, O) be the capacity re-
gion with noisy channel-output feedback and without feedback, respectively. In order to formally
define Ay, Ay and X, consider a two-user LD-IC-NOF with parameters 711, 722, N12, No1, WH,
and %22. The maximum improvement of the individual rate R;, A;(711, 7a2, ni12, N21, N 11,
ng), due to the effect of channel-output feedback with respect to the case without feedback is

Ai(ﬁ11;ﬁ22,n127n217%117%22):maX sup {Ri}_ sup {RI} ) (34)
R;>0 (Ri,R;)€Cy (RI,R;’)ECQ

and the maximum improvement of the sum rate 2(711, 722, n12, N1, WH, ng) with respect to
the case without feedback is

2(711, 722, Nni12,N21, %11, %22) = sup Rl + RQ — sup RJ{ + R; . (35)
(R1,R2)€Cy (RY,R})eCs

In the following, when feedback is exclusively used by transmitter-receiver pair i, i.e., i >0
and %]—j = 0, then the maximum improvement of the individual rate of transmitter-receiver k,
with k£ € %, 2}, and the maximum improvement of the sum rate are denoted by Ak(ﬁlh ﬁ)gg,
Ny2, N1, N ;) and 2(711, o2, M2, N2t %ii), respectively. Hence, this notation Ak(ﬁu, 99,
ni2, N21, %ii) replaces either Ak(ﬁlly 722, ni2, N21, %11, O) or Ak(ﬁlla 722, ni2, N21, 07 22),
when ¢ = 1 or ¢ = 2, respectively. The same holds for the notation E(ﬁn, 29, 12, M21, T ;)
that replaces E(ﬁll, ﬁgg, Nni12,N21, %11, O) or E(ﬁll, ﬁgg, Nniz2,N21, 0, %22), wheni=1ori= 2,
respectively.

4 Main Results

4.1 Enlargement of the Capacity Region

In this subsection, the capacity region of a two-user LD-IC-NOF with parameters (711, 722,
ni2, no1), when feedback is available only at transmitter-receiver pair i, i.e., %” > 0 and
nj;; = 07 is denoted by C (711, 7227 ni2,N21, %“) instead of C (ﬁlla %}22, Nni12,N21, %11, 0) or
C (711, ﬁgg,nlg,nzho, sz), when ¢ = 1 or ¢ = 2, respectively. Following this notation, Theo-
re identifies the exact values of %ii for which the strict inclusion C (711, 722, n12,n91,0,0) C

C( 11, ﬁgz,nlg,ngl, %”) holds, with i € {1, 2}
Theorem 1 Let i € {1,2}, j € {1,2}\ {i} and 7% € IN be
%* max (’I’Lji, (7” — nij)+> if Slﬂ' = True
i — + . (36)
"5+ (’I’L“‘ — nij) if 5271' = True.

Assume that SS,i = True. Then, for all %” S IN, C(ﬁ117 ﬁgg, ni2, N21, O, 0) = C(ﬁll,
722, N12, Noa1, %”) Assume that either S; ; = True or S ; = True. Then, for all 14 < %fi,
0(7117722,71127”21,070) = 0(7117722,71127”21,%1‘1‘) and for all %7, > %7, 0(7117 a2,

)

- >
ny2, Na1, 0, 0) - C(nn, 7 22, N12, Na21, %zz)
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Figure 2: Capacity regions of C(7,7,3,5,0,0) (thick red line) and C(7,7,3,5,6,0) (thin blue line).

Proof: The proof of Theorem [I]is presented in Appendix [A] [
Theorem (1| shows that under event S3; in , implementing feedback in transmitter-receiver
pair ¢ does not bring any capacity region enlargement. Alternatively, under events S; ; in
and S2; in , the capacity region can be enlarged whenever i > %;“Z That is, there exists
a threshold on the SNR of the feedback link beyond which it is possible to observe a capacity
region enlargement. Consider the following example.

Example 1 Consider an example in which transmitter-receiver pair 1 is in SIR (1 < a1 < 2),
transmitter-receiver pair 2 is in VWIR (g < %) and 722 > nig. In this case, the event Fg
holds true (and so does S31). Thus, implementing feedback in the transmitter-receiver pair 1
does not enlarge the capacity region. Note also that the events E; 2 and Ej3 2 hold true (and

so does S 2). In view of this, implementing feedback in transmitter-receiver pair 2 enlarges the
capacity region whenever the feedback link 2 satisfies that 5799 > max (Tblg, (ﬁgz — n21)+).

It is important to highlight that in the cases in which feedback might potentially enlarge the
capacity region of the two-user LD-IC-NOF, that is, in events S 1, S2,1, 51,2 or S 2, the following
is always true for all ¢ € {1,2} and j € {1,2} \ {i}:

%; > (ﬁii — nij)+. (37)

The inequality in unveils the fact that feedback is useful for enlarging the capacity region
of the two-user LD-IC-NOF when at least one receiver is capable of feeding back to its intended
transmitter at least part of the information transmitted by the other transmitter. Essentially,
when %” < (ﬁ}” — nij)Jr, the noise over the feedback link ¢ impairs all the bit-pipes that
contain information sent by transmitter j. This implies that transmitter ¢ cannot obtain any
information sent by transmitter j, see for instance Fig. Another interesting observation is
that the threshold %% beyond which feedback is useful is different under event S1, in and
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Figure 3: (a) Achievability of the rate pair (4, 4) in an LD-IC with parameters 71, = 7, 722 = 7,
N1z =3, m21 =5, 11 =0 and e = 0. (b) Achievability of the rate pair (5,4) in an LD-IC
with parameters ﬁll = 7, 722 = 7, Nig = 3, No1 = 5, %11 =6 and %22 =0. (C) Achievability
of the rate pair (4,5) in an LD-IC with parameters Ty = 7, Tas = 7,n12 = 3, N9 = H, $111=6
and %22 =0.

event Sy ; in . In general when S;; holds true, the enlargement of the capacity region is
due to the fact that feedback allows using interference as side information [12]. Alternatively,
when Sy ; in holds true, the enlargement of the capacity region occurs thanks to the fact
that some of the bits that cannot be transmitted directly from transmitter j to receiver j, can
arrive to receiver j via an alternative path: transmitter j - receiver ¢ - transmitter ¢ - receiver j.
Consider the following examples.

Example 2 Consider the parameters %}11 =1, %)22 =7, n12 = 3, and no; = 5. This implies

that both S;,; and S 2 hold true. Hence, from Theorem it follows that the capacity region can
be enlarged by either using feedback in transmitter-receiver pair 1 or in transmitter-receiver pair

2, with %11 > max <7L21, (%)11 — n12)+> =5 or %22 > max (nlg, (722 — n21)+) = 3, respec-

tively. Figure [2| shows the capacity region of C(7,7,3,5,0,0) (thick red line) and C(7,7,3,5,6,0)
(thin blue line).

Note that in example [2| the capacity region is enlarged when T = 6, with respect to the
case in which %11 = 0. Figure shows the achievability of (4,4) without feedback, whereas
Figures[3p and [3f show the achievability of (5,4) and (4, 5) with feedback in transmitter-receiver
pair 1, respectively. More specifically, when feedback is used at transmitter-receiver pair 1
and %11 > max (ngl, (711 — n12)+>, transmitter 1 obtains part of the information sent by
transmitter 2. This information can be re-transmitted by transmitter 1 to cancel the interference
it produced at receiver 1 when it was first transmitted by transmitter 2. Interestingly, the
interference perceived at receiver 2 due to this re-transmission can be cancelled given that this
information was reliably decoded when it was first sent by transmitter 2. This allows transmitter-
receiver pair 1 or 2 to improve its individual rate.

Example 3 Consider the parameters ﬁ)ll =5, 722 =1, 712 =3, and %)21 = 4. In this case,
Sa,1 in and S35 in hold true. Hence from Theorem it follows that the capacity region
cannot be enlarged by using feedback in transmitter-receiver pair 2 (S5 2 holds true). At the same
time, it follows that the capacity region can be enlarged using feedback in transmitter-receiver
pair 1, whenever %11 > ﬁgg + (711 — TL12)+ =3 (52,1 holds true).

Figure [4h shows the capacity region of C(5,1,3,4,0,0) (thick red line) and C(5,1,3,4,4,0) (thin
blue line). Note that the capacity region is indeed enlarged when %11 = 4, with respect to
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Figure 4: (a) Capacity regions of C(5,1,3,4,0,0) (thick red line) and C(5,1,3,4,4,0) (thin blue
line). (b) Achievability of the rate pair (3,1) in an LD-IC with parameters T =5, o = 1,
nio = 3, Nop = 4, 711 =0and Tig =0 (no feedback links). (c) Achievability of the rate pair
(3, 2) in an LD-IC with parameters ﬁll =3, 722 =1, n12 =3, ng1 =4, %11 =4 and %22 =0.

711 = 0. Figure and Figure [ show the achievability of the rate pairs (3,1) and (3,2)
without and with feedback, respectively. Note that the main difference between both schemes is
that the existence of a feedback link between transmitter 1 and receiver 1, with St = 4, allows
transmitter 2 to send an additional bit per channel use, i.e., bits bs, by, bg, . . ., via the alternative
path (transmitter 2 - receiver 1 - transmitter 1 - receiver 2). This accounts for transmitter-receiver
pair 2 increasing its rate from one to two bits per channel use.

4.2 Improvement of the Individual Rate R; by Using Feedback in Link
7

Implementing channel output feedback in transmitter-receiver pair ¢ might allow increasing the
individual rate of either transmitter-receiver pair ¢ or j. Theorem [2]identifies the exact values of
%ii for which the individual rate R; can be improved, given the parameters (711, 722, N12,N21)
and Wjj = 0 in the two-user LD-IC-NOF.

Theorem 2 Let i € {1,2}, j € {1,2}\ {i} and ], € N be
%L = max (nji, (ﬁ” — nij)+> . (38)

Assume that either Sy ; = True or S3; = True. Then, for all %n‘ €N, Ai(ﬁu, 7227 N1, N21,
W”) = 0. Assume that S;; = True. Then, when 14 < %L, it holds that Ai(ﬁ)u, a9, n12,
na1, %“) = 0, and when %“ > %L, it holds that Ai(%}117 ﬁgz, Nniz2, N21, %“) > 0.

Proof: The proof of Theorem [2]is presented in Appendix [ ]
Theoremhighlights that under events Sy ; in and S3; in , the individual rate R; cannot
be improved by using feedback in transmitter-receiver pair i, i.e., A; (711, 722, N12,No1, %“) =0.

Alternatively, under event Sp; in , the individual rate R; can be improved, i.e., A; (711,

722, ni12, N21, %“) > O, whenever %“ > max (nji, (ﬁ” - nij)+>.

An example in which for all (R}, R}) € C (ﬁu, 99, M1, N21, 0, 0) there always exists a rate pair
(Rl, RQ) S C(ﬁll, 722, ni2,NM21, %117 O) such that Rll < Rl and RIQ = RQ, is presented in Fig.
It is worth noting that under event Ss; in , the capacity region cannot be improved via
feedback (Theorem [1) and thus, none of the individual rates can be improved as suggested by
Theorem Alternatively, under event Sy ; in , the capacity region can be enlarged (Theorem
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but the individual rate R; cannot be improved (Theorem [2). This implies that the capacity
improvement occurs due to the fact that R; can be improved. More specifically, in this case:
Ai(ﬁ)u,ﬁgg,nlg,ngl,ﬁii) = 0 and Aj(ﬁu,ﬁgg,nu,nghﬁh) > 0. This implies that using
feedback in transmitter-receiver pair ¢ is exclusively beneficial for transmitter-receiver pair j, as
shown in the following section.

4.3 Improvement of the Individual Rate R; by Using Feedback in Link
i

Implementing channel output feedback in transmitter-receiver pair ¢ might allow increasing the
individual rate of transmitter-receiver pair ¢ or j; or both individual rates. This reveals the
altruistic nature of implementing feedback as suggested in [2]. Theorem |3 identifies the exact
values of %7 ;; for which the individual rate R; can be improved by using feedback in transmitter-
receiver pair i, given the parameters (7117 ﬁgg,nlg,ngl) and %jj = 0 in the two-user LD-IC-
NOF.

Theorem 3 Let i € {1,2}, j € {1,2}\ {i} and %7}, € N be
e _ [ max (ngi, (Wa—ny)7) i 81 = True
“T 7 + : (39)
75+ (Wi — nij) if Sy; = True.

Assume that Sgﬂ' = True. Then, for all %” S IN, Aj(ﬁlla ﬁgg, ni2, N21, %”) = 0. Assume
that either Slﬂ' = True or SQ,Z' = True. Then, when %” § %i‘, it holds that Aj (711, 722, niz,
na1, %”) = O; and when %” > %i, it holds that Aj(ﬁll, 722, ni2, N21, %”) > 0.

Proof: The proof of Theorem [3] follows along the same lines of the proof on Theorem [2]in
Appendix |Bl The difference is that the analysis is focused on the individual rate Rs. [ ]
Theoremshows that under event S3 ; in , implementing feedback in transmitter-receiver pair
1 does not bring any improvement on the rate R;. This is in line with the results of Theoremmtha‘c
states that under event Ss; in , implementing feedback in transmitter-receiver pair 7 does not
enlarge the capacity region. In contrast, under events .S ; in and Sy ; in , the individual
rate R; can be improved (A; (ﬁ}ll, ﬁgg, nig, Na1, %“) > 0) whenever i > Wi It is important
to highlight that under event S ;, the threshold on %“ for increasing the individual rate R; i.e.,
(%11)7 and R; ie., (%L), are identical, see Theorem [2| and Theorem |3 This shows that in this
case, the use of feedback in transmitter-receiver pair i, with i > W; = %251-, simultaneously
improves both individual rates. Under event S ;, using feedback in transmitter-receiver pair
i, with i > Wfi, exclusively benefits transmitter-receiver pair j, which can improve its own
individual rate. An example in which for all (R}, R,) € C (ﬁ)u, M 92, n12, N1, 0, 0) there always
exists a rate pair (R, Ro) € C(ﬁlhﬁgg,nlg,ngl,%uﬁ) such that R}, < Rs, is presented in

Fig. [dh.
4.4 Improvement of the Sum-Capacity

Implementing channel output feedback in transmitter-receiver pair ¢ might allow increasing the
sum-capacity. Theorem {| identifies the exact values of 7 for which the sum-capacity can be
improved, for parameters (%}11, 722, n12,n91) and W]—j = 0 in the two-user LD-IC-NOF.
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Figure 5: Generalized Degrees of Freedom (GDoF) as a function of parameters o and /3, with
0 <a<3and g € {g, %,g , of the symmetric LD-IC-NOF. The plot without feedback is
obtained from [II] and the plot with perfect-output feedback is obtained from [I].

Theorem 4 Let i € {1,2}, 7€ {1,2}\ {i} and 7}, € IN be

%-ﬁ- max (nji, (W“ — nij)+> if S471' = True
i - - N+ . o (40)
5+ (i — nij) if S5,; = True.

Assume that S4,i = False and SS,i = False. Then, for all %” S IN, 2(711, 722, ni2, N21,
%ii) = 0. Assume that S4; = True or S5; = True. Then, when i < %Z, it holds that
2(711, 722, ni2,N21, %“) =0; and when %” > %Z, it holds that 2(?11, 722,7112,7121, %”) >
0.

Proof: The proof of Theorem []is presented in Appendix [C} [ |
Theorem [4] identifies the conditions under which implementing feedback in transmitter-receiver
pair ¢ improves the sum-capacity whenever W” > %Z, that is, 2(711, ﬁgg,nlg,ngl, %“) > 0.
Theorem [4] highlights that one of the necessary but not sufficient conditions for improving the
sum-capacity by implementing feedback in transmitter-receiver pair 7 is that either (a) at least
one transmitter-receiver pair must be in VWIR or WIR; or (b) both transmitter-receiver pairs
must be in VSIR. This follows immediately from observing that for S4; or Ss; to hold true,
at least one of the events Ey, Eio;, Ei1,; or Ei2 must hold true. An example in which
Coum (711, a2, m12,121,0,0) < Cuum (711, W22, 12,791, 711,0), with 711 > %, is pre-
sented in Fig.

Interestingly, Theorem [4] shows that if at least one transmitter-receiver pair is in SIR, then
the sum-capacity cannot be improved. Finally, note that the thresholds %j; in the events Sy ;
and S5 ; coincide with those observed in Theorem [T}
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5 Generalized Degrees of Freedom

This section focuses on the analysis of the number of GDoF of the LD-IC-NOF for studying
the case in which feedback is simultaneously implemented in both transmitter-receiver pairs.
Moreover, the analysis is only performed for the symmetric case, i.e., W =T = 722, m =
N1y = ns1, and T %11 = ng, with (ﬁ,m, %) € IN3. The results in Lemma 1| allow a
more general analysis of the GDoF, e.g., non-symmetric case. However, the symmetric case
captures some of the most important insights about how the capacity region is enlarged when
feedback is used in both transmitter-receiver pairs. Essentially, given the parameters ﬁ), m and
7, with o = Z and 8 = %7 the number of GDoF, denoted by D(«, ), is the ratio between
the symmetric capacity, i.e., Csym(ﬁ),m, %) =sup{R: (R,R) € C(W, w,m,m, T, %)}7 and the
individual interference-free point-to-point capacity, i.e., 77, when (,m,n) — (00,00,00) at
constant ratios o = 2 and S = % More specifically, the number of GDoF is

Cloym (T, m, )
D(a,p)= _ i = . 41
Theorem [0l determines the number of GDoF for the two-user LD-IC-NOF.
Theorem 5 The number of GDoF for the two user symmetric LD-IC-NOF with parameters «
and [ is given by

,% (max(l,a) +(1- a)+) ,

max ((1 —a)",a,1— (max(1,a) — 5)+) )

D(«a, f)=min (max(l, «), max (1, B—(1- a)+>

é(max(l,a) +(1—a)t 4+ max ((1 —a)+ yo, 1 — (max (1, a) —B)Jr))- (42)

Proof: The proof of Theorem [5]is presented in Appendix [ |
The following properties are a direct consequence of Theorem
2 1
Ya € {0, 5} and f <1, max (5,6) < D(e,B) <1, (43a)
2 o
Ya € {0, g} and 8 >1, D(a,p8)=1- 3 (43b)
2
Ya € (§,2} ,  D(a,0) = D(«, 5) = D(cr, max(1, @)), (43c)
Va € (2,00) and B> 1, 1< D(a,f) < min (%ﬂ) , (43d)
Va € (2,00) and 8 <1, D(«,B)=1. (43e)

Properties and highlight the fact that the existence of feedback links in the symmetric
LD-IC in the VWIR and WIR does not have any impact in the GDoF when 5 < %, and the GDoF
will be equal to the case with perfect-output feedback when 8 > 1. Property underlines
that in the symmetric LD-IC in MIR and SIR, the number of GDoF is identical in both extreme
cases: without feedback (8 = 0) and with perfect-output feedback (5 = max(l,a)). Finally,
from and , it follows that for observing an improvement in the GDoF of the LD-IC-
NOF in VSIR, the following condition must be met: 5 > 1. That is, the number of bit-pipes in
the feedback links must be strictly bigger than the number of bit-pipes in the direct links.

Figure [5] shows the number of GDoF for the two user symmetric LD-IC-NOF for the case in

which 0 < a <3 and g€ {2,128}
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6 Conclusions

This research report presented the exact conditions on the feedback parameters %711 and %22,
beyond which the capacity region of the two-user LD-IC-NOF can be enlarged for any 4-tuple
(711, 99, n12, no1) € IN*. More specifically, the exact values of ARt (resp. sz) for which
C(7i 11, Ta2, N2, N1, 0,0) C C(TW 11, a2, n12, o1, 11,0) (resp. C(7 11, Wz, n12,m21,0,0) C
C(711, Wa2,n12,M01, 0, %22)), with strict inclusion. The exact conditions on "1y (resp. 7 22)

to observe an improvement on a single rate or the sum-rate capacity, for any 4-tuple (ﬁn, 722,

N2, n21) € IN* were also presented. Interestingly, there exist conditions in the two-user LD-IC-

NOF in which the use of feedback does not enlarge the capacity region. The gain in the capacity
of the two user LD-IC-NOF under symmetric conditions and for the VSIR can be bounded by
the noise in the feedback links. Finally, closed-form expressions for the number of GDoF are
presented in the case of symmetric LD-IC-NOF. As observed before in [I] and [11], the number of
GDoF is invariant with respect to the use of output feedback links in both moderate and strong
interference regimes. In all the other interference regimes, the exact improvement on the GDoF
is perfectly identified.
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Appendices

A Proof of Theorem [I} Enlargement of the Capacity Region
by Using Feedback in one Transmitter-Receiver Pair

The proof of Theoremis obtained by comparing C(ﬁn, ﬁgg, N12, Na1, %1170) (resp. C(ﬁll,
722, nis, na21, 0, %22)) and C(%}u, o9, ni2, n21, 0, 0), for all possible parameters 711,
799, N12, No1, and 1y (resp. W11, 122, N2, N1, and %22). More specifically, for each tu-
ple (711, a9, N1, ngl), the exact value %fl (resp %32) for which any %711 > %"1‘1 (resp
%22 > %;2) ensures C(ﬁu, 722, ni2, N21, 0,0) - C(ﬁn, 722, ni2, N21, ﬁll,O) (resp.
C(T 11, Waz,m12,n21,0,0) C C(T 11, W22, n12,m91,0, 7 az)) is calculated. This procedure is te-
dious and repetitive, and thus, in this appendix only one combination of interference regimes is
fully studied, e.g., VWIR - VWIR.
Proof:
Consider that both transmitter-receiver pairs are in VWIR, that is,

) 1 Nna1 1
= < = d = < - 44
m=FoSgada =<3 (44)

Under conditions , C(ﬁll,ﬁgg,nlg,ngl,0,0) is the set of non-negative rate pairs (R, Ro)
that satisfy

Ri<Tin 26y, (45a)
Ro< 99 £ 6y, (45b)

R; + Ry<min (max (722, nig) + Ty — nig, Max (711, ng1) + o — no1) = 63, (45c)
Ry + Ro<max (711 — ni2,n21) + max (a2 — nat, ni2) 2 04, (45d)
2R, + Ro<max (ﬁlhngl) + 711 — n1g + max (722 —ng1,n12) = O, (45¢)
Ri + 2Ro<max (%)2271112) + 792 — N9y + max (no1, T — n12) = 0. (45f)

Note that for all (ﬁll,ﬁgg,nlg,ngl,ﬁgg) € N° and %11 > max (ﬁn,nlg), it follows that
C(ﬁn, 722,7112,”21, %117 22) = C( ni11, ﬁ22,”12, n2171nax( ni11, n12), 22)~ Hence, in the fol-
lowing, the analysis is restricted to the following condition:

%11 g max (ﬁ)n,nlg) . (46)

Under conditions and , C(Wll, 722, N12,Na1, Wu, 0) is the set of non-negative rate pairs
(R1, Ro) that satisfy

Ri<T1 2 61, (47a)
Ro< 99 2 6, (47b)

R; + Ry<min (max (722, niz) + 11 — Ny, Max (711, ngy) + o — no1) = 6, (47c)
Ry + Ro<max (711 — niz, na1, 7 11) + max (Waz — nay, nia) 2 07, (47d)
2R1 + Ro<max (ﬁlhngl) + 711 — N1 + max (722 —ng1,n12) = O, (47e)
)

R1 + 2R2<IH&X (ﬁ227 nlg) + 722 — Nip1 + mMax (%)11 — Ni2,N21, %11) £ 98. (47f

When comparing C(77 11, 722, n12, n21,0,0) and C(7 11, a2, 712, a1, 7 11,0), note that (@5al),
(450, (45¢), and (45¢) are equivalent to (47a), (47h), (47c), and (47¢€]), respectively. Under these
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observations, the region C(ﬁn, 722, Nn12, Na1, Wn, 0) is greater than the region C(ﬁn, 722,
niz, na1, 0, 0) if at least one of the following conditions is true:

min(fs,604) < min(6s, 07) < 61 + 02, (48a)
06 < min (083 91 + 292, 02 + 93, 92 + 04) < min (01 + 292, 92 + 03, 02 + 07) . (48b)

Condition implies that the active sum-rate bound in C(ﬁll, 7227 N12,N21, %11, 0) is greater
than the active sum-rate bound in C(ﬁlh ﬁ227 n12,n91,0,0). Condition implies that the
active weighted sum-rate bound on R; + 2R in C(Wll, 722, Nn12, ngl,%u,O) is greater than the
active weighted sum-rate bound on R; + 2R in C(Wu, 7 22, M12,N21, 0,0).

To simplify the inequalities containing the operator max(-,-) in and , the following 4
cases are identified:

Case 1 Iﬁll —nio < N9 and 722 —Ng1 < N19; (49)
Case 2 1711 —N12 < N2t and 722 —N21 > N12; (50)
Case 3: 711 — n12 > nop and 722 —n21 < N19; and (51)
Case 4: Wll — n12 > no1 and 722 — Ng1 > Ni9. (52)
Case 1: Under assumptions (44)) and (49)), this case is not possible by contradiction.
Case 2: Under assumptions (44) and (50)), this case is possible.
Plugging (50) into . 47) yields:
Ry + Ro<min (Waz + W11 — niz, max (W11, m01) + Waz — Na1) (53a)
Rl + Rggmax (ngl, ﬁll) =+ ﬁgg — Na1, (53b)
Ry + 2R2§2ﬁ>22 — No1 + max (’I’Lgl, %11) . (530)
Plugging into yields:
Ri + Ro<T o2, (54a)
Ry + 2Ro<27 9. (54b)

To simplify the inequalities containing the operator max(-,-) in , the following 2 cases are
identified:

Case 2a 'ﬁu > ngp; and (55)
Case 2b 711 < na;. (56)
Case 2a: Plugging into yields:
Ry + Ry<Ti 11 + T a9 — nat, (57a)
Ry + Ry<max (na1, %11) + T ag — Na1, (57b)
Ry + 2R2§2ﬁ>22 — Ni21 + mMax (nzl, %11) . (57(3)

Comparing inequalities (b7a) and (57b)) with inequality (54al), it can be verified that min (ﬁu +

722 — N921, Max (7?,21, Wll) + 722 - n21> > 722 (CODditiOD " hOldS), when %11 > noq.

Therefore, ﬁfl = no; under assumptions , , , and .
Case 2b: Plugging into yields:

Ry + Ro< o2, (58a)
Ry + Ro<max (na1, Y 11) + 720 — na, (58b)
R+ 2R2<2ﬁ22 — N1 + max (7221, %11) . (580)
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Comparing inequalities (58a)) and (H8b]) with inequality (54al), it can be verified that min (722,
max (ngl, %11) +ﬁ>22—n21> = Moo (condition ([48a)) does not hold), for all 711 € N. Comparing

inequalities (58c]) and (54b]) it can be verified that 27 95 — N9y + max (no1, %11) > 27 99, when
11 > na91, which implies that 711 > max (ﬁll,nlz). However, under the assumptions ,

([@6), (50), and (56), the bounds (54b) and (58¢) are not active. Hence, condition ([A8b) does

not hold. Therefore, for all 'n1; € IN, the capacity region cannot be enlarged under assumptions
(@@, (@@, §0). nd ED.

Case 3: Under assumptions and (51)), this case is possible.

Plugging into yields:

Ry + Ro<min (max (722, m12) + 711 — N2, W11 + Wag — na1), (59a)
Ry + Ro<max (711 — 12, W 11) + naa, (59b)
Ry + 2Ry<max (ﬁ)m, ni2) + a9 — Ngy + max (711 — N2, %11) . (59¢)
Plugging into yields:
Ry + Ry<7i 11, (60a)
R1 4+ 2R;<max (7227 7’L12) + 722 — Na1 + %)11 — ni2. (60b)

To simplify the inequalities containing the operator max(-,-) in and , the following 2
cases are identified:

Case 3a : o > nio; and (61)
Case 3b 2722 < nig. (62)

Case 3a: Plugging into yields:
Ry + Ro<Ti 22 + W11 — o, (63a)
Ry + Ro<max (711 — nia, 7 11) + naa, (63b)
R1 + 2R2<2%}22 — Ng] + max (%}11 — Nni2, %11) . (63C)

Plugging into yields:

Ry + Ro<Ti 11, (64a)
R1 + 2R2<2ﬁ>22 — no1 + %}11 —Ni2. (64b)

Comparing inequalities (63a]) and (63b|) with inequality (64a)), it can be verified that min (ﬁgg +
ﬁll —nNi2, Max (ﬁu —nNnia, %11) +n12> > ﬁll (COHditiOH " hOidS), when %11 > 711 —MNi2.

Comparing inequalities and , it can be verified that 2722 — n91 + max (711 — N2,
%11) > 2722 — N2y + 11 — N2, (COIlditiOn " hOidS) when %11 > %)11 — Ni2. Therefore,
ﬁ’{l = 711 — n12 under assumptions , , (51)), and .

Case 3b: Plugging into yields:

Ry + Ro<Ti 11, (65a)
Ry + Ro<max (711 — nia, 7 11) + naa, (65b)
Ry 4 2Ry<nyg + Moo — ng1 4+ max (W11 — na2, 711) . (65¢)
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Plugging into yields:
Ry + Ro<Ti 11, (66a)
Ry +2Ro< s — moy + T 11 (66b)

Comparing inequalities (65a)) and (65bf) with inequality , it can be verified that min (711,
max (71177112, %11) +n12) =T (condition (48a)) does not hold), for all $711 € N. Comparing
inequalities (65¢|) and , it can be verified that nis + 79y — N9y + max (ﬁ)u — nya, WH) >

a9 —not + 111, (condition (48b)) holds) when $711 > 711 — n1a. Therefore, %Tl =11 —ni2

under conditions , , (51), and .
Case 4: Under conditions (44) and , this case is possible.

Plugging into yields:

Ry + Ro<min (7o + W11 — a2, W11 + Moz — na1) (67a)
Ry + Ro<max (711 — n2, 11) + oz — na1, (67b)
Ry + 2R2<2722 — N1 + max (ﬁ)u — N2, %11) . (670)
Plugging into yields:
Ry + Ro<T 11 — g + T ag — na, (68a)
R1 -+ 2R2<2ﬁ>22 — N21 -+ %)11 —Ni2. (68b)

Comparing inequalities (67a)) and (67b|) with inequality (68a)), it can be verified that min (min (722

— — — — — — —
+11 —nig, Wi+ n22—n21),maX(n11—n12, %11)4- n22—n21) > 111 —ni2 + a2 — N2t

(condition holds), when 711> 11 — ne. Comparing inequalities and , it can
be verified that: 2%)22 — N2 + max (ﬁll — N2, %11) > 2?22 — MNo1 + M11 — N2, (COHditiOH
holds) when %11 > 711 — n12. Therefore, %Tl = ﬁu — n19 under conditions 7 ,
and .

From all the observations above, when both transmitter-receiver pairs are in VWIR (event F;
is True), it follows that when 111 > %"1‘ and W11 > not (event Ey31 is True) with with
%Tl = max (ﬁ}n - 7112,7121), then C(ﬁlla 1 22, N12, Na21, 0, 0) - C(ﬁn, 7227 ni2, N21, %113 0)-
Otherwise C(%}lla 722, ni2, N21, 0, 0) = C(Wll, 722, N1z, N21, %117 0) Note that when events
E; and Ej3, hold simultaneously true, then the event S ; is true, which verifies the statement
of Theorem [Il The same procedure can be applied for all the other combinations of interference
regimes. This completes the proof. [ ]

B Proof of Theorem 2} Improvement of the Individual Rate
R; by Using Feedback in Link ¢

The proof of Theorem [2|is obtained by comparing C(Wu, ﬁgg, 12, Na1, %11, 0) (resp. C(Wll,
722, ni2, Nat, 0, %22) and C(ﬁu, 722, n12, Na1, 0, 0), for all possible parameters 7711, 77 20,
ni2, N21, and 11 (resp. 11, 22, M12, N21, and 22). More speciﬁcally, fOI‘ each tuple (ﬁlla
ﬁ)gg, ni2, Tlgl), the exact value WL (resp %;2) for which any 111 > %J{l (resp S99 > %;2)
ensures an improvement on R; (resp. Rs) , i.e., Al(ﬁu, o9, N2, nay, 011, 0) > 0 (resp.
Ag(ﬁn, 722, n12, No1, 0, %22) > 0), is calculated. This procedure is tedious and repetitive,
and thus, in this appendix only one combination of interference regimes is fully studied, e.g.,
VWIR - VWIR.
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Proof:

Consider that both transmitter-receiver pairs are in VWIR, i.e., conditions hold. Under
these conditions, the capacity regions C(Wll, M99, N1z, No1, 0, 0) and C(ﬁu, %}22, nia, N1,
11, 0) are given by and , respectively. When comparing C(ﬁ)lh ﬁgg, n12,ne1,0,0) and
C(ﬁu, 22,M12,M21, N 11,0), note that , , , and are equivalent to ,
, , and , respectively. In this case any improvement on R; is produced by an
improvement on R; + Rs (condition (48a))) or 2R; 4+ R, (condition (48a))), and thus, the proof
of Theorem 2]in these particular interference regimes follows exactly the same steps in Theorem
This completes the proof. ]

C Proof of Theorem (4} Improvement of the Sum-Rate Ca-
pacity by Using Feedback in one Transmitter-Receiver
Pair

The proof of Theorem {4is obtained by comparing C(Wll, 722, N2, No1, %11, 0) (resp. C(ﬁn,
M99, N2, Na1, 0, %22) and C(ﬁn, 92, N2, Na1, 0, 0), for all possible parameters i1, Moo,
nia, Na1, and Wy (resp. W11, oo, N2, no1, and M aa). More specifically, for each tuple (ﬁ)ll,
oo, Nia, ngl), the exact value %ﬁ (resp %;2) for which any 1 > WE (resp oy > W;B)
ensures an improvement on Rl +R2, i.e., E(ﬁll, ﬁgg, nigz, N21, %11,0) >0 (resp. E(ﬁn, ﬁzg,
ni2, N1, 0, %22) > 0), is calculated. This procedure is tedious and repetitive, and thus, in this
appendix only one combination of interference regimes is fully studied, e.g., VWIR - VWIR.
Proof:

Consider that both transmitter-receiver pairs are in VWIR, i.e., conditions hold. Under
these conditions, the capacity regions C(ﬁn, WQQ, niz, N21, O, 0) and C(ﬁn, 722, Nni2, N21,
11, 0) are given by and , respectively. When comparing C(ﬁu, 92, M2, 21, 0, 0) and
C(ﬁu, 92, N12,M21, 111, 0), note that , , , and are equivalent to ,
, 7 and espectively. In this case, the proof is focus on any improvement on

R; + Ry (condition (48a))), and thus, the proof of Theorem [4| in these particular interference
regimes follows exactly the same steps in Theorem

From the analysis presented in Appendix [A] it follows that:

Case 2a: condition holds true, when $711 > ngp under assumptions , , , and
9)-

Case 2b: condition (48a)) does not hold true, under assumptions , , and (/56]).

Case 3a: condition holds true, when 011 > 11 — n1o under assumptions (44)), , ,
and (61)).

Case 3b: condition does not hold true, when WH > 711 — n12 under assumptions ,
, , and .

Case 4: condition holds true, when Wn > 711 — n12 under assumptions , , and
52

From all the observations above, when both transmitter-receiver pairs are in VWIR, (event Fy is
True), it follows that when 111 > %ﬁ, 11 > nat (event Es34 is True) and Tas > nis (event
E1372 is True) with %-1’_1 = max (%}11 77’L12,’I7,21), then Z(Wll, %)22, N1z, N21, %11, 0) > 0.
Otherwise E(ﬁ)n, ﬁgg, N1z, N21, 11, 0) = 0. Note that when events Fy, Ey3; and Ey32
hold simultaneously true, then the event Sy ; is true, which verifies the statement of Theorem @
The same procedure can be applied for all the other combinations of interference regimes. This
completes the proof. [ ]
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D Proof of Theorem [5; Generalized Degrees of Freedom
This appendix provides a proof to Theorem [5] for the two user LD-IC-NOF.
Proof:
Under symmetric conditions i.e., = Wll = ﬁ)gg, m = nis = N9 and = %11 = ng,
from and with ¢ =1 and j = 2, it follows that:
R; < min (max (7, m) , max (W, - (1 — m)+)> 2 ay; (69)

from and 7 it follows that:

R; + Ro<min (max (7, m) + (7 —m)" , 2max ( (7 —m)",m,
2ay; (70)

=
|
)
&
3
B
|
=t
+
SN—
N—

and from with ¢ = 1 and j = 2, it follows that:

2Ry + Ro<max (7, m) + (7 —m)" + max ( (7 —m)*,m, W — (max (77, m) — W)Jr) £ ag
(71)

The symmetric sum-capacity, Csym(ﬁ,m,%) =sup{R: (R,R) € C(ﬁ,ﬁ,m,m,ﬁ,ﬁ)}, can
be obtained from , and as follows

as as a4)

C’sym:Inin (a17 293

max ((1 —a)Jr ,a,1 — (max (1, ) —B)Jr ,

+max((1—oz)+,oz,1—(max(1,oz)—B)+)>>. (73)

where o = & and § = % and this completes the proof. [ |
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