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DEVIATION INEQUALITIES FOR BANACH SPACE VALUED
MARTINGALES DIFFERENCES SEQUENCES AND RANDOM FIELDS

DAVIDE GIRAUDO

ABSTRACT. We establish deviation inequalities for the maxima of partial sums of a martin-
gale differences sequence, and of a strictly stationary orthomartingale random field. These
inequalities can be used to establish complete convergence of normalized maxima of partial

sums.

1. INTRODUCTION AND MAIN RESULTS

Probability inequalities play an important role in the study of properties of partial sums of
random variables. A particular attention has been given to martingales. In Burkholder’s paper
[Bur73], distribution function inequalities for maximum of martingales are established, and
moment inequalities are derived from them. Sharp results has been obtained for martingales
with bounded increments [Hoe63, Azu67]). When the increments of the considered martingale
are unbounded but square integrable, it is possible to control the tail function of the martingale
by that of the increments and of the sum of conditional variances, like in [Bur73,Hae84,d1P99,
FGL12,FGL15]. When the tail of increments have a polynomial decay, it seems that Nagaev’s
inequality [Nag03] gives the most satisfactory results. However, the involved martingales have
to be square integrable. A natural question is thus the extension to martingales with a finite
moment of order p € (1,2), which is the main motivation of this note.

The paper is organized as follows: in Subsection 1.1, we state a deviation inequality for
any Banach space valued martingale differences sequence, then for stationarity sequence. In
Subsection 1.2, we review orthomartingales, and state a deviation inequality for stationary
orthomartingale differences random fields. Section 2 is devoted to applications to complete
convergence for martingale differences arrays and large deviations for strictly stationary mar-
tingale differences sequence and orthomartingale differences random fields. All these results
are proven in Section 3.

1.1. Martingale differences sequences.

1.1.1. General case.

Definition 1.1. Let (2, F,PP) be a probability space and let (B, |-||z) be a separable Banach
space. For any p > 1, we denote by LY, the space of B-valued random variables such that
HXHE;;3 = E[[|X]|3] is finite. Let (F;);s, be an non-decreasing sequence of sub-c-algebras of
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F. We say that a sequence of B-valued random variables (Xi)i>1 is a martingale differences
sequence with respect to the filtration (F;);s, if

(1) for any i > 1, X; is F;-measurable and belongs to Lk;

(2) for any i > 2, E[X; | Fi—1] = Xi—1 almost surely.

Definition 1.2. Following [Pis75], we say that a Banach space (B, ||| z) is r-smooth (1 <
< 2) if there exists an equivalent norm ||| such that

1
sup - sup {lz + gyl + flo = tyll = 2 l2]] = flylf = 1} < oo.
From [Ass75], we know that if B is r-smooth and separable, then there exists a constant D

such that for any sequence of B-valued martingale differences (X;) i>10

n T

S

i=1

E

] <D E[IX:]] (L.L1)
B i=1

Definition 1.3. We say that a separable Banach space (B, |-||g) is (r, D)-smooth (1 <1 < 2)
if (B, |l g) is r-smooth and any sequence of B-valued martingale differences (X;);, satisfies
(1.1.1).

Our first main result is an inequality in the spirit of Theorem 1 in [Nag03].

Theorem 1.4. Let (B, |-||z) be a separable (r, D)-smooth Banach space where 1 < r < 2. For

each 1 < p < r and each g > 0, there exist two constants C' and ¢ depending only on q and

D such that for any martingale differences sequence (Xi,fi)i>0, the inequality holds for each
>1andz > 0:

P{lrilax I1Sill g > CE} C/ {max | X > cwu} u?tdu

1
-|-C'/ P{ZE[|X¢||Z)|}—Z-1] >cxpup}uq1du. (1.1.2)
0

i=1
Remark 1.5. We can choose ¢ = min {1/2, 2_‘1/\/1_)} and C' = ¢89/(29 — 1).

On one hand, Nagaev’s result [Nag03] applies to real valued supermartingales, while our
result is restricted to martingales. On the other hand, when applied to the latter class of
random variable, our result gives a generalization in two directions. First, we consider Banach
space valued random variables. Second, even when restricted to real-valued random variables,
our result can be used to treat martingales whose increments do not necessarily have a finite
moment of order 2.

1.1.2. Strictly stationary sequences. We now focus on the case of strictly stationary sequences.
We assume that T: 2 — Q is a bijective bi-measurable and measure preserving map and that
Fo is a sub-o-algebra of F such that TFy, C Fy. We assume that X; = m o T for some
function m: Q@ — B, since any strictly stationary sequence can be represented in this way
(see [Doob3], p. 456, second paragraph). Furthermore, we assume that the filtration F; has
the form F; = T—7F,. In this way, the second term of the right hand side of (1.1.2) involves
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a Birkhoff sum, for which the maximal ergodic theorem applies. Consequently, the right hand
side of (1.1.2) can be written only with the distribution function of ||m|| 5z and E [|[m]|% | T'Fo].
For a function f: Q — B, we denote Uf the function f o T, So(f) = 0 and S, (f) :=
Yoo foTI =51 U
Theorem 1.6. Let (B, ||-||z) be an (r, D)-smooth separable Banach space. For each1 <p <r
and each q > p, there exist two constants C' and ¢ depending only on p, q and D such that for
any strictly stationary martingale differences sequence (mo Ti,T_ifo)i>0 with values in B,
the following inequalities hold for any n > 1 and x > 0:

1
]P’{lrg_aé( |Si(m)]| 5 > xnl/p} < Cn/ P{HmHB > cxunl/p}uqfldu
<ign 0
—+o0
+ C/ P{E[|m|% | TFo] > czPuP} min {u™ ", uP~"} du; (1.1.3)
0

+00
P{lrgiagxn|5i|3 >;En1/p} < C/o P{||m| 5 > zu}min {u? ! u?~'} du. (1.1.4)
1.2. Stationary orthomartingale differences random fields. Let (Tq)Z:1 be bijective, bi-
measurable and measure preserving transformations on (€2, F,P). Assume that T,0Ty, = Ty o
T, for each q,¢' € {1,...,d}. Let Fo be a sub-o-algebra of F such that for each ¢ € {1,...,d},
Fo C Tq_lfg. In this way, F; := T iF, ie Zd, yields a filtration for the coordinatewise order
(that is, i < j if iy < jq for each g € {1,...,d}).

We also denote for k and 1 € Z? the coordinatewise minimum by k A 1= (min {k;, li})le.

If for each k,1 € Z% and each integrable and Fj-mesurable random variable Y,

E[Y | Fx]| = E[Y | Fxal] almost surely, (1.2.1)

the transformations (Tq)gzl are said to be completely commuting.
The collection of random variables {Mn, ne Nd} is said to be an orthomartingale random
field with respect to the completely commuting filtration (T*i}‘g)iezd if for each n € N, M,

is Fu-measurable, integrable and for each i,j € Zi such that i < j,

E [M; | Fi] = M;. (1.2.2)
We denote for n 3= 1 the partial sums by Sn (m) := > g5, 3 mo T!

Definition 1.7. Let m: Q2 — R be a measurable function. The random field (m o Ti)iezd is
an orthomartingale difference random field with respect to the completely commuting filtration
(T‘i]:o) if the random field (My), cna defined by My := Syn (m) is an orthomartingale random
field.

Orthomartingale random fields have good properties with respect to marginal filtrations
]-'éd) =0 (fk, ke <j, ke Zd), q € {1,...,d}. Furthermore, when a coordinate is fixed, we
still have an orthomartingale random field with respect to a completely commuting filtration
(see [Kho02], p.37, Theorem 3.5.1).

Lemma 1.8. Let m:  — R be a measurable function. Let (m o Ti)iezd
difference random field with respect to the completely commuting filtration (T_ifo)
the following properties hold.

be an orthomartingale

teza Then
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(1) For any n = (n1,...,nq—1) € N*71, the sequence (S, j)(m)) is a martingale with

j=0

respect to the filtration (f;d)) .
j=20

(2) For anyn = (ny,...,n4_1) € N¥=1 the sequence (maxie[l’n] ’S’(iyj) (m)’)po is a non-
negative submartingale with respect to the filtration (]-'J(d)) o

(3) For any j € N, the random field (S(n, ;) (m)) o
the completely commuting filtration (Tﬁi]-'())
by Ujez T'ea Fy.

nrl is an orthomartingale with respect to

iczd-1 where F{ is the o-algebra generated

We now state the analogue of Theorem 1.6 for strictly stationary orthomartingale differences
random fields.

Theorem 1.9. Let (B, ||| z) be an (r, D)-smooth separable Banach space. For each1 < p <,
q > p and positive integer d, there exist a constant C depending only on p, q, d and D such
that for any strictly stationary orthomartingale differences random field (m o Ti,Tfi]:g)iezd
with values in B, the following inequalities hold for any n € N%, x >0 and j € {1,...,d}:

IP’{ max [|S;(m)| 5 > |n|1/1’}

1<i<n

1
<Cny [ B {lmlly > wun)”} (14 ogul)* " u
0

J

—+oo
+ C/ P{E[|m|% | TjFo] > Pu”} min {u?™ ", uP~'} (1 + logu)* " du; (1.2.3)
0

IP’{ max [|S; (m)]| 5 > « |n|1/p}

1<ign
+oo
< C/ P{||m| 5 > zu}min {u?™ " uP~ 1} (1 + logu|)? " du. (1.2.4)
0

Remark 1.10. One can integrate the previously obtained inequalities to get moment inequali-
ties. For example, it is possible to recover a multidimensional Burkholder’s inequality in the
stationary case, like in [Faz05]. Like in the one dimensional case, it is also possible to establish
inequalities in weak IL? spaces like in [JS88], Remark 6.

2. APPLICATIONS

2.1. Complete convergence for martingale differences sequences. A immediate ap-
plication of Theorem 1.4 is a sufficient condition for the complete convergence of martingale
differences arrays.

Theorem 2.1. Let ((Xn,ka]:n,k)k>1> be sequences of square integrable martingale differ-
2L >

nz
ences with values in a separable (2, D)-smooth Banach space B. Let (cn)n>1 be a sequence of

non-negative real numbers. Assume that there exists some q > 0 such that for any positive R,

+oo +oo R
Z Cn Z/ P{|Xnklg>u}ui"du < +00 and (2.1.1)
n=1 k=170
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ch/ {ZE HXnkHB | ol 1} uQ}uqldu < 00. (2.1.2)

Then for each positive €,
k

Z Xn,i

+oo
Z cnlP {sup
n=1 i=1

k>1

> 5} < +00. (2.1.3)
B

Remark 2.2. The assumptions of Theorem 2.1 can hold even if the conditional variances
E ||X717;c||f3 | ]-"nyk,l} are not bounded, which was assumed in [WH14] and [GC98].

2.2. Large deviations for stationary martingale differences sequence and orthomartin-
gale differences random fields.

2.2.1. Stationary martingale differences sequences. Let (m oT?, Tfi]-'o) be a strictly station-
ary martingale differences sequence with values in an (r, D)-smooth separable Banach space.
We are interested in upper bounds for the quantity P {maxi<;<on ||S; (m)|| 5 > 2"z} ,n > 1.

For s > 1, we denote by L*°° (respectively L) the set of random variables X such that
sup;~o P {|| X || 5 > t} < +oo (respectively lim; o t*P{||X| 5 >t} = 0).

Theorem 2.3. Let (m o Ti,T_i]:o) be a strictly stationary martingale differences sequence
with values in an (r, D)-smooth separable Banach space B. Assume that 1 < p < r and that
(m oT?, T’i]:o) is a B-valued strictly stationary martingale differences sequence. If m belongs
to ILP, then

n——+00 1<ig2n

lim 2"@—1)1@{ max_||S; (m)|| 5 > 2%} =0. (2.2.1)
Boundedness of the sequence (2"P~VP {max;<;<an ||S; (m)|| 5 > 2"x}) _, was established
in Theorem 2.1 of [Li03], where the stationarity assumption is replaced by boundedness in L.

Remark 2.4. Tt seems that we cannot derive the results in [DMO07] from Theorem 1.6, even
with the help of stationarity.

When a moment of order greater than two is finite, we can formulate precise results in terms
of integrability of the increments and of the conditional variance term.

Theorem 2.5. Let s > 2 and let B be a separable (2, D)-smooth Banach space. There exists a
constant C (s, B) such that the following holds: for each B-valued strictly stationary martingale
differences sequence (m oTH, T’i]:o),

(1) if m € L3/2+1 and E [HmHQB | T]:o} € L5/ then for each x > 0,

sup2"5/2]P’{ max ||.S; (m)] 5 >2":1:}

n>1 <igL2n

< C(s,B) <supts/2+1p{||m||3 > tha /2! 4 sup t*/2P {E [||m||23 | Tfo] > t} 3:) :
t>0 t>0
(2.2.2)

(2) if me L8/2+1’°° and E [||m||23 | T]-'o} € L*/2°° then for each x > 0,

. ns/2 n —0-
nll}rilOOZ P{l?i’én IS (m)|| 5 > 2 x} 0; (2.2.3)
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(8) if m € L3/2%1 and E [||m|\2B | T]:o} € L*/2, then

io 2"%/%q,, (z) < C (s, B) 2~ (IE [Hmug/“l} +E [(]E [Hmug | T}"ODS/2D L (2.2.4)

For any non-negative random variable Y, sub-o-algebra G and any s > 2, E [Y2 | Q] belongs
to IL%/2°° (respectively L8/2’°O, IL*/2) provided that Y belongs to > (respectively Ly, L9).
As a consequence, we can derive from Theorem 2.5 similar results whose assumptions does not
directly carry on the conditional variance.

Corollary 2.6. Let s > 2 and let B be a separable (2, D)-smooth Banach space. There exists a
constant C (s, B) such that the following holds: for each B-valued strictly stationary martingale
differences sequence (m oTH, T’i]:o),

(1) if m belongs to L>°, then
sup supxSQ”S/Q]P’{ max ||S; (m)|| g > 2”33} < C(s,B)suptP{|m| gz > t}; (2.2.5)
n>1z>0 1<isen t>0

(2) if m belongs to Ly™ then for each x > 0,

. n(s/2) ) n —0-
nll)I-il:lOO2 P {12%%:5” I1S; (m)|| g > 2 :C} 0; (2.2.6)
(3) if m belongs to L, then
—+oo
> ons/2p {12“-2’5 1S; (m)] 5 > 2%} < C(s,B)z *E[|m]|5]. (2.2.7)
n=1 Sis2t

Remark 2.7. In view of Theorem 3.7 in [LV01], the weight 2"°/2 is optimal for stationary ergodic
martingale differences sequences in the following sense: if (Rn)n>1 is a sequence of real numbers
with goes to infinity and s > 2, then there exists a martingale differences sequence (m o Ti)z)o
such that m belongs to L* but the sequence (2"%/2R,P {maxi<;<an ||S; (m)|| 5 > 2”})7121 does
not converge to 0.

2.2.2. Orthomartingale differences random fields. Deviation inequalities has been used in [KL11,
Lagl16] for the question of complete convergence of orthomartingale differences random fields.

Similar results as in Subsubsection 2.2.1 can be proved for strictly stationary orthomartin-
gale differences sequences.

Theorem 2.8. Let (m oTH, T 1Fy,ic Nd) be a strictly stationary martingale differences se-
quence with values in an (r, D)-smooth separable Banach space B. Assume that 1 <p <r. If
E ||m|? (log (1 + |m|))d71} is finite, then for any x > 0,

li 2o Pl p ; 2%z ¢ = 0. 2.2.
i, (277 B { g [u )] > 2% —0 229
Theorem 2.9. Let s > 2, let B be a separable (2, D)-smooth Banach space and let d be an
integer greater than 1. There exists a constant C (s,d, B) such that the following holds: for each
B-valued strictly stationary orthomartingale differences random field (m oTH, T i Fy,ic Nd),
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(1) if m belongs to L>>°, then
sup |2“|S/2]P>{ max |[|S; (m)]| 5 > 2" 3:} < C(s,d,B) (xs sup t°P {||m| z > t}> ; (2.2.9)
nx=1 1ixg2n t>0
(2) If m belongs to L™ then for each x > 0,

lim |2“|S/2P{1<mii)§n [Si (m)]| g > |2“|:1c} =0. (2.2.10)

max n—-+o00

(3) If m belongs to L* then for each i€ {1,...,d},

—+oo
n|s/2 X n < —s s
sup g, 3 12772 F{ g 151 (m)l, > 2% 0| < C (s, By B[], (22.11)

1<
Rl =

3. PROOFS

3.1. Proofs of Theorems 1.4 and 1.6.

Proof of Theorem 1./. We first start by a distribution function inequality, which was first
established in the real valued case and p = 2 in [Bur73] (see also [Pis75], p. 24 for a proof).

Lemma 3.1. Let (X;,F;);5, be a martingale differences sequence with values in an (r,D)-
smooth separable Banach space and let S; = Z?:j Xi, Fo :={0,Q}. Then for each p < r,
6>1,0<d<pB—1,2>0andn > 1, the following inequality holds:

oP
) < - ;
P{lgggxnllszlg > Bw} <SG _6)1)DP{1I£?‘£(”|51HB > w}

i=1
Remark 3.2. A better result can be obtain when the increments are assumed to be conditionally

symmetric (see Lemma 4.2 in [Pin94]).

Proof of Lemma 3.1. We follow the proof of equation (21.2) in [Bur73]. Let n be fixed and
assume that X; = 0 for ¢ > n + 1. We define the random variables

+1

o = inf {l >1:[|Xi||g > d0x or ZE[HXZH% | Fici] > 5:0} ) (3.1.2)
i=1

pe=inf{I >1:|S|z >} and (3.1.3)

v:=inf{l > 1:|S| 5 > Bz}, (3.1.4)

and we consider the martingale started at u and stopped at min {v, o }:

Y, = Z 1{p<i<min{r,o}} X;. (3.1.5)
i=1
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Then we have the inequalities

n+1
P ({1%1?31 1Sill g > Bw} N {1%1%)(” 1 Xill g < } {ZE |1 X% | Fica] < })

<SP{p <v<+4oo}N{oc=+o0}) <P{1rila<x Yill g > (ﬂ—é—l)x}

1

Using Doob’s inequality followed by (1.1.1), we derive that

n+1
P(ngwwn3>ﬁx} { s 10, < 2} 0 {§2E|Xn ERE })

: L ) i pq.
S—o-Dalp- 1D;E[”1{M <i<min{r,o}} Xi3]; (3.1.7)

and since the event {y < i < min {v,o}} is F;_1-measurable, we get

n+1
P ({1%1?31 1Sill g > Bw} N {1%1%)(” 1 Xill g < } {ZE 1 Xall% | Fica] < })

1 D n . . )
S G Do 1D LBl <i <min (oK | Fiall. (318)

Since 1{p < i < min{v,o}}E[|X;||%5 | Fic1] < 1{p < oo} 1{i <o}E[||X;||% | Fi-1], we in-
fer that

n+1
P ({1%1?31 1Sill g > Bw} N {1%1%)(" 1Xillp < } {ZE XI5 | Fiea] < })

1 P
ST s nayp- 17"

T{u < OO}ZE[HXZ'H% | fi—l]]

(dz)" p
<G5 1)$)pp_1DP{u < oo}, (3.1.9)

hence
n+1
P(ngwwn3>ﬁx} { s 10, < 2} 0 {}jEnxn | Fii) < })
o P D]P’{ max |5 > ;v} (3.1.10)
(ﬂ §—1)"p 1<i<n
which gives (3.1.1). This ends the proof of Lemma 3.1. O

Lemma 3.3. Let f and g be two non-increasing functions defined on the positive real line,
taking their values between 0 and 2. Assume that for any q > 0, there exists a positive constant
b such that for any positive x,

F2z) <270 f(2) + g (bx). (3.1.11)
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Then for each q > 0, there exists C such that for any x > 0,

1
flz) < C/ g (bat) 14" dt. (3.1.12)
0
As the proof will show, we can choose an explicit valued for C, namely, C' = ¢87/(29 — 1).

Proof of Lemma 3.5. Let ¢ > 0 be fixed. We define for a fixed ¢y > 0 the sequence of numbers
(th)rso PY th := 2%ty. By assumption, we derive that for any integer k > 0,

f (i) <270 (t) + g (bty) - (3.1.13)

Now, define a sequence (cx);~o by cx = 29k f (t;). We then have in view of (3.1.13) and
2ty = tpt1,

chpr = 295D () < 200D o=a (1) 4 29D g (bt ) = ¢ 4+ 295D g (bty) . (3.1.14)

It follows that for any n > 0,

Cnt1 =Y crp1— ek +co < 29 g (bty) + f (o), (3.1.15)
k=0 k=0
hence
(tns1) < Z2q<k g (bty) + 279D £ (1) . (3.1.16)

Notice that since g is non-increasing,

n t t -1
22‘1(’“ g (bty) < 232“]“_")/’c g (bu) uitdu (/k uq_ldU> (3.1.17)
tr—1

k=1 th—1
n th .
= Z ga(k—n) / g (bu) u? 'dug (] —t]_,) (3.1.18)
k=1 th—1
n th
=qy 20k (2’“*%0)"’/ g (bu)u?'du (29 —1)"" (3.1.19)
k=1 te—1
q b
= ty 929274 / g (bu) u?'du, (3.1.20)
2¢ — 1 to
which yields, by (3.1.16),
t’Vl
J () S ggg 208, / g (bw)u"du + 279 (bto) + 279V f (fg).  (3.1.21)
_ “
Let t be a real number such that t,41 <t < t,, 42 for some n > —1. Since f is non-increasing,
we have
f@) < f(tnsr) (3.1.22)
tn
< 54 12‘14qtn+2 / g (bu) ud™ du 4+ 27g (bto) + 279D £ (1) (3.1.23)
_ '
q87 i ' q—1 —ng —q(n+1)
< 50 170 | 9 (bu) u? "du+ 27 "g (bto) + 2 f(to) - (3.1.24)
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We thus get
+oo +oo g8 1 t
f (t) Z 1[2n+1t012n+2t0) (t) < Z 1[2n+1t012n+2t0) (t) 01 ; g (bu) wd ldu
n=-—1 n=—1

—+oo —+oo
+ g (btg) Z 27nq1[2n+1t0)2n+2t0) ) + f (to) Z 27q(n+1)1[2n+1t0)2n+2t0) (t), (3.1.25)

n=—1 n=—1

and since Z::il Tignt1g,2n+240) (t) = L1y, 400) (t), this can be rewritten as

87 1 [*

— q-1
117 ), g (bu)u? du

J (@) Litg,400) (1) < Lizg, 400 (1)

+oo too
+g (bto) Z 2—nq1[27l+1t012n+2t0) (t) + f (to) Z 2_q(’ﬂ+1)1[2n+1t012n+2t0) (t) , (3126)
n=-—1 n=—1
Notice that if ¢ belongs to [2"T1ty, 2"+2ty), we have 2" > 4/ (ty) hence 279 < (t/ (4ty)) ? =
49¢3 /1. Since f and g are bounded above by 2, we derive that

—+oo +oo
g (bto) Z 2_nq1[2n+1t012n+2t0) (t) + f (to) Z 2_q(n+1)1[2n+1t012n+2t0) (t) < 4.q+1tg/tq
n=-—1 n=—1

(3.1.27)
hence in view of (3.1.26), we get that
@89 1 (!

ﬁt—q o g (bu) quldu + 1[t0,+oo) (t) 4q+1tg/tq, (3128)

f (t) l[to,—i-oo) (t) < l[to,—i-oo) (t)
Since tg is arbitrary, we get (3.1.12). This ends the proof of Lemma 3.3. O

In order to prove Theorem 1.4, we define

flz):=P {121?51 |Sill g > x} (3.1.29)
glx):=P {12?571 1 Xl g > :C} +P {leE 11Xl | Fie1] > :cp} . (3.1.30)
An application of Lemma 3.1 with § such that
52

— 2 P pgaov (3.1.31)

(1-6)~p—1
shows that the functions f and g satisfy the assumptions of Lemma 3.3. Its use gives (1.1.2),
which finishes the proof of Theorem 1.4. O

Proof of Theorem 1.0. We shall need the following lemma.

Lemma 3.4. Assume that X and Y are two non-negative random variables such that for each
positive x, we have

2P{X >z} <E[Y1{X > z}]. (3.1.32)
Then for each t, the following inequality holds:

+oo
P{X > 2t} < / P{Y > st} ds. (3.1.33)
1
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Proof of Lemma 3.4. Rewriting the expectation as

—+o0 —+o0
E[Yl{X}Qt}]:/ ]P’{Yl{X>2t}>u}du<t]P’{X>2t}+/ P{Y > u}du,
0 t
(3.1.34)
we derive by the assumption the bound
+oo
2UP (X > 2t} < tP{X > 2t} +/ P{Y > u}du. (3.1.35)
t
We conclude using the substitution ts := w. O

We apply Theorem 1.4 with X; :=moT? for i > 0 and F; := T~ 'F,. We get

IP’{ max |S;(m)]| 5 > xnl/p}

1<i<n

1 1 n
_ 1 .
< C'/ ]P{ max ||moTZH > cxunl/p} uqfldu—FC'/ P {— g E[|fII” | TFo]oT" > cxpup} uwi ™t du.
o 1<i<n 0 n

=1

(3.1.36)
We bound the term fol P {maxi<i<n [|m| 5 > czun/P} ui~tdu by n fol P{|mlp > crun'/P} ui~du.
By the maximal ergodic theorem, inequality (3.1.34) holds with X := supn 'S, (E[|m| | TFo])
n>=1

and Y = E[||m]|% | TFo], hence by Lemma 3.4 the estimate
—+o0
P{n='S, (E[|lm|% | TFo]) > 2uPtP} < / P{E[|m|% | TFo] > uPtPs}ds (3.1.37)
1

is valid for any n. We can deduce from inequalities (3.1.36) and (3.1.37) that (1.1.3) is satisfied
(after having switched the integrals).

In order to prove (1.1.4), we go back to (3.1.36) and we define for an integrable function
g:Q = R, Vg :=UE][g| TFo). Notice that V is an L*-L°> contraction and that V"(g) =
U™E[g | TFo]. Therefore, we have the bound

1
/ P{n= 'S, (E[|lm|% | TFo]) > 2uPt?} u?'du <
0

1 +oo 1 +oo
/ / ]P’{Hm”% > uptp’u}uqfld’udu < / / ]P’{HmHB > Utvl/P} quld’Ud’u,, (3138)
0 1 0 1

and using the substitution v’ := uv'/?, we get

1 +o0 “+oo “+oo
[l > weot b urtawdo = [ (i > w0y | WLy dudd
0 1 0

max{1,u'P}
p oo 1
= P{|m| > tu} ud™" (max {1,u"})' "¥? du

q—PJo
(3.1.39)

1 “+o00 Lo
L] el > we b taudo = 2 [T (gl > i fur o0
0 1 q—7p 0
(3.1.40)
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We now bound the first term of (3.1.36) independently of n. Putting v = n'/Pu, we have

nl/p

1
n/ ]P){HmHB > nl/Put} wi Ydu = nl—Q/P/ P{”mHB > vt} 07 Ldu. (3.1'41)
0 0

If v < 1, we use the bound n'~9/Py9~1 < 9= (since ¢ > p). If 1 < v < n'/?, then
nt=4/Pyi=1 L =1 We thus have

1 +00
n/ P{||m||B >n1/Put} uqfldu/ P{|mlp > vt} v~ dv. (3.1.42)
0 0
Combining (3.1.36), (3.1.38), (3.1.40) and (3.1.42), we get (1.1.4). This ends the proof of
Theorem 1.6. |

3.2. Proof of Theorem 1.9. We start by proving (1.2.4) by induction on d.
For d = 1, this reduces to (1.1.4). Assume that for some d > 2, we have the following
property: if (m o Ti‘)i cza—1 5@ strictly stationary orthomartingale difference random field with

respect to the completely commuting filtration (T*ifg) _, with values in a (r, D)-smooth

iezd
separable Banach space and ¢ > p, p < r, then for each ¢t > 0 and each n € N~

1/p
P{lrgax 1S5 (m)| 5 > Hnl t}

+oo
< e(g,d — 1)/ P{||ml 5 > tv} (1 + |10gv|)(d*1)71 min {v?~ ', 0?9} do.  (3.2.1)
0

We have to prove that this property is still valid for d, namely, that if (m o Ti)i cza 1S a strictly
stationary orthomartingale difference random field with respect to the completely commuting
filtration (Tﬁi]:o)iezd and ¢ > p, p < r, then for each ¢, each n € N¢ and each j € {1,...,d},
(1.2.4) holds. Let us take such a random field and ¢ > p. Using item 2 of Lemma 1.8 and
Lemma 3.4, we obtain this first estimate

d 400 d
P gy P 1/py 2.2
{3:%'5 =10 } J {lgf?ﬁ\sw 2 Hmtispde (22

=1 =1

Now, using item 3 of Lemma 1.8 and the induction assumption, we derive

d
P{lril?j(nw m)| 2}:[171;/]0215} <c(g,d—1)
+oo  ptoo
/1 /0 P {}S(O,nd)} > tsvni/p} (14 [logv)) @Y ~1 min {oP= 1 07 h duds.  (3.2.3)
Switching the integrals and letting s’ := sv for a fixed v, we get
LI
P{lril?j(nw |>Hn/p2t} q,d—1)

o0 +o0
/ P{’S(O,nd)’ > ts’n;/p} / Ligsor(1+ [log v]) @Y= min {vP72 v77%} duds’.
0 0
(3.2.4)
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The inner integral is equal to

/01 (1 + [log (s'w))* * min {(s'w)p_2 , (s’w)q_z} wdw, (3.2.5)

which can be bounded by K (g, d)(1 + |log(s")|)¢~2 min {3/7 gla—1 }
It thus follows that

d
]P’{ max |Si(m)| = Hn}/PQt} <clg,d—1)K(g,d)

1<ixn =1

+oo
/ P {|S(O,nd)| > tsn;/p} (1+ |log s|)<dil)71 min {s"~", 597"} ds.  (3.2.6)
0

Now, by (1.1.4), we obtain

1<ixn

d
IP’{ max |Si(m)] > Hnll/p%} < elq,d —1)K(g,d)e(q)
=1
+oo +oo
/ / P{|m| > tsu} (1 + |10gs|)(d71)71min{spfl,sqfl}min {wP~! u?'} duds
0 0

+oo  ptoo
=c(q,d—1)K(q,cl)c(q)/O /O P{|m| > tv} [(v)dv, (3.2.7)

I(v) = /(J+OO(1 + Jlog s)) =D~  min {572, 572} min { (3)p_1 , (E)Q_l} ds.  (3.2.8)

S S

Assume that v < 1. Then

q—1

v 1
— d-2q-2 (V)71 a2 g2 (¥
I(v) /0(1+|10g8|) s (S) d8+/v(1+|10g8|) s (S) ds
+oo g—1
1 1 d—2 _p—2 g d
[ sl (£) s

1 1
1

< vpfl/ (1 + |log s|)4™2s77 P~ ds + v? (1 + |1ogv|)d*2/ —ds
0 v S

ds, (3.2.9)

+oo
q—1 d—2
+ v /1 (1+ |logs|) prm—]
and since the ¢ > p, the integrals f01(1+|10g s|)4=2s47P~1ds and f1+°°(1—|—|10g s|)4=21/s97P~1ds
are convergent. Consequently, there exists a constant K depending only on d, p and ¢ such
that for any v € (0,1), I(v) < Kv? (1 + [logv|)¢~L.
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Assume now that v > 1. Then

v

1 p—1 v\P—1
Iw)= | (1+ogs))? 2772 () d /1 logs|)?222 (Y1) d
)= [ togsh 20 (£) st [ (4 pogs) 2 (1) as
+oo -1
d—2 p—2 (V\?
+/v (1+ |log s|)4~2s (S) ds

1 v
_ 1
< vpil/ (1 + [log s|) 257"~ ds + vP~" (1 + [log v])* 2/ —ds
0 1 S

+oo 1
+ Pt / (14 Jlog(u)| + |10g(v)|)”l_27du7
1

ui—r+1

and here again, there exists a constant K depending only on d and ¢ such that for any v > 1
I(v) < KvP=1 (14 |logv|)™*. This shows the estimate

)

I(v) < K (14 [logv)* " min {oP= 0 o > 0. (3.2.10)

The combination of (3.2.7) and (3.2.10) gives (1.2.4), which shows that the considered property
is valid for d.

We now prove (1.2.3). We start from (3.2.6). Using this time (1.1.3), we obtain

P { max |Sj(m)| > 2 H nl/pt} g,d — 1)K (q,d)c(q)

1<in
—+o0 —+o0
nd/ / P {|m| > tsun;/p} (1 + |log s)) =Y~ min {sP71, s min {uP~ ", wi" "} duds
0 0

+elgd— 1K /+OO/+OO [m? | TaFo])'"* > tus}

(1—|—|10gs|)(d V- "min {u”" ! u? ! dumin {P7F, 597 ds. (3.2.11)

After having done the substitution v := us for a fixed s and rearranged the integrals, we get

(1.2.3) when j = d. The proof for a general j € {1,...,d} can be carried out similarly. This
concludes the proof of Theorem 1.9.

3.3. Proof of the results of Section 2.

Proof of Theorem 2.1. We write start from the equality

k
sup Xn i >egp= lim P sup Xni > e 3.3.1
and we bound P {sup1<k<N HZfﬂ Xnil| > 5} by Theorem 1.4. |
XV — B

Proof of Theorem 2.3. We use inequality (1.1.4) with ¢ > p to get
n(p—1) n
2000 { a5, ()l > 2}

1
< C/ on(P—Lp {||mHB > 2”(171/”)9011} u?tdu
0

+oo
+C/ 2"(p_1)P{||m||B > 2"(1_1/p)3:u} wPdu.  (3.3.2)
1
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One bounds the first term by

1
C:E_p/ sup tPP {||m|| 5 > t} u? P du,
0

t>2n(1=1/p) gy

and the second one by Cz~P/pE [||m|% 1{||m||z > 2"0~Y/P)z}]. Therefore, we can find a
constant K such that for any integer n,

2"(>-Vp {m i ()l > 2%} < KE [[mlf 1 {m] 5 > 2702z }]
which ends the proof of Theorem 2.3. g

Proof of Theorem 2.5. We use inequality (1.1.3) with p = 2 and ¢ = 2s. We get

1
2n5/2}p{1313x 1S; (m)]| 5 > 2%} < 02"8/22"/ P{||m| 5 > cru2"} u**~du
" 0

<iK2

+oo
n C2ns/2/ P {E [||m||2B | T]-'O} > cw2u22"} min {u25—1, u} du. (3.3.3)
0

ssume that m belongs to 20 an m o| € °?. One bounds the
1) A hat m bel L3/241% and E 2| TF| € L#/%>. One bounds th
first term of the right hand side of (3.3.3) by

1
C278/29" qup t5/2 1P {llm|| 5 > t}/ (cxu2”)7(s/2+1) uw du
t>0 0

1
= Csupt*/? 1P {||m| 5 > t} (cw)_(s/2+l)/ w7 2du. (3.3.4)
>0 0

One bounds the second term of the right hand side of (3.3.3) by
2 teo —s/2
02732 sup t*/2P {E [||m||B | T]-'o} > t}/ (cx®u®2") min {u** ", u} du
>0 0

+oo
= C (cx) " supt*/?P {E [||m||2B | T]-'o} > t}/ min {u*" ! u'"*} du, (3.3.5)
>0 0

and since s > 2, the latter integral is finite.
(2) Assume that m € LS/QH’OO and E {||m||2B | T]-'O] € L#/2°°. Plugging the bounds

P{|lm| 5 > cxu2"} < (czu2™) "> sup t5/2>F'P{||m|, >t} and (3.3.6)
t>cxu2™

]P’{IE {||m||2B | T]-'o} > c;v2u22"} < (c:t2u22")75/2 sup  t%/%P {IE {||m||2B | T]-'O] > t}.
t>cx2u2n
(3.3.7)
into (3.3.3), we get

2”5/2P{ max ||S; (m)]| g > 2":10}

1<i<2n

1
<C (cx)_s/z_l/ sup /2P {||m| 5 > t} w2 2du
0 t>czu2™

+oo
+C (cx2)_s/2/0 sup  t%/%P {E [||m||23 | T]-'O} > t} max {u*"",u' "%} du, (3.3.8)

t>cx2u?2n
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and the right hand side goes to zero by monotone convergence.
(3) Assume that m € L¥/?*! and E {||m||]23 | T}'O] € L#/2. In view of (3.3.3), we have

400 00 1
ns/2 . n < ns/2on ny,,2s—1
7;2 P{lggn [1S; (m)|| 5 > 2 3:} \C;Q 2 /O P {||m| 5 > czu2"} u**'du
+oo 400
+ CZ 2"5/2/ P {E [||m||2B | T]:o} > cx2u22"} min {u**~" u}du. (3.3.9)
n=1 0

Since for any non-negative random variable Y and any ¢ > 2, :z 2P {Y > 2"} <
2 [Y'?], we get the conclusion of item 3 of Theorem 2.5.

O

Proof of Theorem 2.8. We use inequality (1.2.4) with a ¢ > p to obtain

nip—1 n
2o P{ max [ (m)] > |2 |x}

1ixg2n

1
< C|2“|p’1/ B {lmls > w27}t (1 logul)®! du
0

+oo
4O 2t / P {lmlly > w2277} wrt (14 flogul)' du. (3.3.10)
1
Using Markov’s inequality, the first term of the right hand side of (3.3.10) does not exceed
1
C:E_p/ E [||m||’;3 1 {||m||B > zu |2“|1_1/pH w1 (1 + flogu)* " du
0

and by monotone convergence, this quantity goes to 0 as maxn — +o0.
The second term of the right hand side of (3.3.10) does not exceed

d—1
p mll
CE | [|m|5 <10g <1 + - |2n|11/p>>

which goes to 0 as max n goes to infinity. This ends the proof of Theorem 2.3. O

Proof of Theorem 2.9. We use inequality (1.2.4) with p = 2 in order to obtain
12272 P max ||S; (m)]|5 > |27«
1xix2n B

+oo
< c|2“|5/2/ ]P’{||m||B > xu|2“|1/2} (1+ logu)? " ustdu. (3.3.11)
0
(1) Assume that m belongs to L*°°. Then we use the bound
P {||mHB > zu |2n|1/2} <supt°P{[|ml > t} (a:u |2n|1/2)_ (3.3.12)
t>0

to get (2.2.9).
(2) Assume that m belongs to Ly°°. Then we use the bound

IP’{||m||B > xu|2“|1/2} < sup  CP{|mlg =t} (:Eu |2n|1/2)7 (3.3.13)

t>zu|2n|/?



DEVIATION INEQUALITIES MARTINGALES DIFFERENCES SEQUENCES AND RANDOM FIELDS 17

to get (2.2.10).
(3) Assume that m belongs to L°. Then for each i € {1,...,d}, denoting n’ := n — n;e;,
the following inequalities hold:

+oo

n|s/2 3 n
> e s 185 m)l > 2712
X s oo /2 i1
<C Z ‘2n 27”5/2/ P {||m||B > zu2nis/? ‘2“ } (1+|logu)* min{u!™", u}du
nizl 0
,18/2 +oo ,1—s/2 d—1
<2C ’2“ 3:75/ T ‘2“ (14 logu|)* " min {u", u} du, (3.3.14)
0
from which (2.2.11) follows.
This ends the proof of Theorem 2.9. O
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