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HOLDERIAN INVARIANCE PRINCIPLE FOR MARTINGALE
DIFFERENCE RANDOM FIELDS

DAVIDE GIRAUDO

ABSTRACT. We investigate the convergence in Holder spaces of the summation process
based on the collection of products of d intervals and associated to a strictly stationary
orthomartingale random field. We give a sufficient condition in terms of the law of the
common distribution and the conditional variances, and we discuss its sharpness. The main
tools of the proof are a tightness criterion in Holder spaces for the multidimensional summa-
tion processes associated to a strictly stationary random field and a probability inequality
for strictly stationary orthomartingale random fields. Finally, we obtain by approximation

a Hannan type condition.

1. INTRODUCTION AND NOTATIONS

Let (Q, F, ) be a probability space. Let T be a Z%measure preserving action, where d is
an integer greater than 2. We denote the Koopman operator U by Ulf(w) = f (Tiw), w € Q,
i € Z%. We will consider the partial order < on Z? given by i < j (respectively i 3= j) if iq < Jg
(resp. iq > jq) for each ¢ € {1...,d} =: (d). For i = 1, we denote the unit cube with upper

corner at i = (i1,...,1q) that is,
d
Ry =[] (ig — 1.4y . (1.0.1)
q=1
For a function f: 2 — R, we consider the partial sum process defined by
Sa(f,t) == Y A([0n-t]nR)U'f, te0,1]%ne (N, (1.0.2)
i€[1,n]

where A\ denotes the Lebesgue on R?, [0,n - t] = szl[o, ngty] and
[1,n] ={ie€Z% 1< i, <ngforeachge {1,...,d}}. (1.0.3)

We are interested in the functional central limit theorem in Holder spaces for the net (Sy(f, -))ne(N*)d
in order to understand the asymptotic behavior of the partial sums of (f o T%) over rectangles.
By "functional central limit theorem in a function space E", we mean that for each continuous
bounded functional F': E — R, the convergence F (Sn(f,)/an) — F (W) holds as mini;<q
goes to infinity, where W is a Gaussian process. Usually, the normalizing term a,, will be chosen
as n| := ngl Ng.

The question of the functional central limit theorem in the space of continuous functions
for strictly stationary random fields has been studied. Wichura [Wic69] established such a
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result for an i.i.d. centered random field with finite variance, which generalized Donsker’s
one dimensional result [Don51]. Wichura’s result was extended to a class of stationary er-
godic martingale differences random fields [BD79, PR98], and Dedecker found a projective
condition [Ded01]. Wang and Woodroofe [WW13] attempted to extend the Maxwell and
Woodroofe condition [MWO00] but found a weaker condition, which was improved by Volny
and Wang [VW14]. The later is a multidimensional extension of Hannan’s condition [Han73].
In the context of the mentioned works, the limiting process is a standard Brownian sheet
when the considered random field is ergodic, that is, a Gaussian process (Wt>te[o,1]d such
that Cov (Wy; Ws) = H?:l min {¢;,s;}. Since the paths of such a process are almost surely
Holder-continuous with exponent « for each a € (0,1/2), it is natural to try to investigate
the convergence of Sy(f,-)/+/|n| in Holder spaces. The i.i.d. case has been considered first
by Erickson [Eri81]: he proved that if (f o T%);cza is an i.i.d. centered random field such that
f € L for some q > d/(1/2 — «), then Sn(f,-)/+/|n| converges in distribution to a standard
Brownian sheet in the space of a-Holder continuous functions. This result was improved in
the case d = 2 [RZ05] and then to any d > 2 [RSZO07] in the sense that a necessary and
sufficient condition for the invariance principle in the space of a-Hoélder continuous functions
for an iid. centered random field (f o T%) is the boundedness of t1/2=®) ™", {|f| > t}. This
contrasts with the one dimensional case, for which the necessary and sufficient condition reads
/2= L1 F| > ¢} — 0 as t goes to +-00 (see [RS03]).

Once the i.i.d. case is solved, it is natural natural to seek for sufficient conditions ensuring
the Holderian invariance principle for strictly stationary random fields. In the one dimensional
case, like for the space of continuous functions, it is possible to approximate by strictly sta-
tionary martingale differences sequences. Indeed, a sufficient condition on the moments of the
increments is known (Theorem 2.2 of [Girl6]), namely, a finite strong moment of order p(a).
Then some projective conditions guarantee the existence of an approximating martingale: a
Hannan type condition (Theorem 2.6 of [Gir16]) and a Maxwell and Woodroofe type condition
(Theorem 1.1 of [Girl5b])

The functional central limit theorem in the space of continuous functions holds for strictly
stationary orthomartingale differences random fields if one of the transformations is ergodic
[Vol15] (see Subsection 1.2 for the definition). Approximating by such random fields, a mul-
tidimensional Hannan condition has been obtained [VW14]. It is thus natural to try such an
approach for the Holderian invariance principle. Even in the i.i.d. case, this limit theorem
requires a stronger condition on the common law than a finite second moment. In the one
dimensional case, the found condition for i.i.d. sequences does not extend to martingales with
stationary increments. Therefore, the first task is to find a sharp condition for orthomartin-
gales.

Usually, the main difficulty in the proof of Holderian invariance principle is tightness (the
convergence of finite-dimensional distributions holds because we impose conditions which guar-
antee the invariance principle in the space of continuous functions). To do so, we can use a
tightness criterion, given by (1.4) in [Girl5a]. Althought moment inequalities helped in the
ii.d. case, counter-example given in Theorem 2.6 in [Girl5a] shows that Burkholder’s type
inequalities are not sufficient in general. This is why it is preferable to work with deviation
inequalities instead of moment inequalities.
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Here we can also formulate a tightness criterion in the multidimensional setting. In order to
check it, we have to establish probability inequalities for orthomartingale differences random
fields, which are of independent interest.

The paper is organized as follows: in the first section, we give some properties of the Holder
spaces and the definition of orthomartingale random fields as well as that of related projectors.
We state the main results in the second section, with applications for a class of random fields.
In the third section, we establish a tightness criterion for the normalized partial sum process
defined by (1.0.2), which only involves the maxima of partial sums over rectangles. We also
prove probability inequalities for strictly stationary orthomartingale differences random fields.
The last section contains the proofs of main results.

1.1. Holder spaces. In this subsection, we recall some properties of Holder spaces. Define
for z: [0,1]? — R and ¢ € (0,1) the modulus of regularity
t) —
wa(x,0) ;= sup M (1.1.1)
o<lt—s|<s It —s]|
For 0 < a < 1, we denote by H2([0,1]¢) (respectively H2 ([0, 1]%)) the vector space of function
z: [0,1]7 — R such that
[zl := |2(0)] + wa(z, 1) < oo, (1.1.2)
(respectively wq(x,d) — 0 as 6 — 0).

Set for j > 0,
d

W= {k277,0<k <27} (1.1.3)
and
Vo =W, V;=W;\W;_1,5>1. (1.1.4)
We define for v € V; the pyramidal function A;+ by
Ajo(t) = At —v)), te][0,1]% (1.1.5)
where
A(t) := max {o, 1 — max |ti] — max |ti|} , o t=(t)L, e[-1,1]% (1.1.6)

For z € H2([0, 1]¢), we define the coefficients \; y(z) by Ao.v(z) = 2(v), v € Vp and for j > 1
and v € Vj,
1 _
Njv(®) = (V) — 3 (z(v7)+z(vh)), (1.1.7)
where vt and v~ are define in the following way. Each v € V; is represented in a unique way
by v = (ki2*j)j:1. Then vt := (v;1)%; and v~ := (v;)jzl are defined by

B v; — 277, if k; is odd; n v; +277,  if k; is odd;
v, = v = (1.1.8)
Vi, if k; is even Vi, if k; is even.
The sequential norm is defined by
]2 := sup 2° max |\;v(2)|, =€ HE ([0,1]%). (1.1.9)
§>0 vevV;

By [RS04], the norm ||-[|>* is equivalent to ||-||, on HZ ([0,1]9).

1.2. Orthomartingales and projection operators.
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1.2.1. Definition of orthomartingales. Let (Tq)g:1 be bijective, bi-measurable and measure
preserving transformations on (2, F, ). Assume that T, o Ty = Ty o T, for each ¢q,¢' €
{1,...,d}. Let M be a sub-c-algebra of F such that for each g € {1,...,d}, M C Tq_lj\/l. In
this way, Fi := T'M, i € Z%, yields a filtration. If for each k,1 € Z¢ and each integrable and
Fr-mesurable random variable Y,

E[Y | F] = E[Y | Finl] almost surely, (1.2.1)

the transformations (T,)%_; are said to be completely commuting.

The collection of random variables {Mn, ne Nd} is said to be an orthomartingale random
field with respect to the completely commuting filtration (T'~IM) if for each n € N¢, M,, is
Fn-measurable, integrable and for each i,j € Zi such that i < j,

E[M; | ] = M;. (1.2.2)
Here i < j means that i < j, for each ¢ € {1,...,d}.

Definition 1.1. The random field (m o Ti)iezd is an orthomartingale difference random field
with respect to the completely commuting filtration (T M) if the random field (Mn)pena de-

fined by My, := Zie[o no1]M° Ti is an orthomartingale random field.

1.2.2. Some properties of orthomartingales. Orthomartingale random fields have good proper-
ties with respect to marginal filtrations ]-'J(d) =0 (fk, ky <j, ke Zd). Furthermore, when a
coordinate is fixed, we still have an orthomartingale random field with respect to a completely
commyting filtration.

Lemma 1.2. Let (m o Ti)iezd be an orthomartingale difference random field with respect to

the completely commuting filtration (T_ij\/l) Then the following properties hold.

i€z’
(1) For any n = (ni,...,nq—1) € N4, the sequence (S j)(m))

respect to the filtration (}"(d)) .
Jj=20

j0 8 @ martingale with

J

(2) For anyn = (ny,...,ng_1) € N1 the sequence (maxie[l)n] ’S(i,j) (m)’)j>0 is a non-

negative submartingale with respect to the filtration (]:;d))
(8) For any j € N, the random field (S(“=J')(m))n>1

the completely commuting filtration (T_ij\/l')
ated by U,y Tiea M.

>0
is an orthomartingale with respect to

iczd-11 where M’ is the o-algebra gener-

1.2.3. Projection operators. The projection operators with respect to a commuting filtration
(Fi)jeza are defined by

d
p=1]P?. jez (1.2.3)
q=1

where for [ € Z, P : LY(F) — L!(F) is defined by

PO(f) =E [f] - B, [f] (1.2.4)
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and

EVM=E|-|\/A|,qe{l,....d} ,l e Z. (1.2.5)
icz?
ig<l

2. MAIN RESULTS

2.1. The orthomartingale case. When we try to extend a limit theorem for i.i.d. random to
strictly stationary orthomartingale difference random fields, it is natural to determine whether
the sufficient condition on the common law in the i.i.d. still is sufficient. In the case of the

Holderian weak invariance principle, like in the one dimensional case, the answer is negative.

Theorem 2.1. Let (Q,F,u) be a probability space, T a Z-measure preserving action. We
assume that the dynamical system (Q,F,u,T) is ergodic and of positive entropy. For each
a € (0,1/2), there exists a sub-o-algebra F such that (T7'M);cza is a commuting filtration, a
function m and an increasing sequence of positive integers (Nj)i>1 such that

(1) limy_yoo P p {|m| > t} = 0 where p(a) = (1/2 — a)~';

(2) (moT%)icza is an orthomartingale difference random field with respect to the filtration

(TﬁiM)ieZd;
(3) the sequence ((Nlld_l)_1/2 SN, 1 (m, )) is not tight in Ha ([0,1]%).

In the one dimensional case, a sufficient condition for the Holderian weak invariance principle
for stationary martingales differences sequences is expressed in terms of the common distribu-
tion of the sequence and the conditional variances. A similar condition can be formulated in
the multidimensional setting.

Theorem 2.2. Assume that T: Q — Q is a Z%-measure preserving action with T, ergodic for
some q € (d) and M is a sub—o-algebra such that (T_iM)ieZd is a commuting filtration. If
m is an orthomartingale martingale difference random field with respect to (T 7'M );cza such
that for some p > 2,

(1) lim¢—s oo tPp{[m| >t} = 0;

(2) for each q € {1,...,d}, E [m? | T,M] € LP/2,
then the convergence

1 min n—oo
|mwsn(m,-) 7% lml|y W in distribution in Hi 21, ([0, 1]%) (2.1.1)

takes place. In particular, if m € P, then the convergence (2.1.1) holds.
Remark 2.3. Ergodicity of one of the maps Tj, is not needed to guarantee asymptotic tightness
of (|n|_1/2 Sn(m, )) in H1/2-1/p ([0,1]%). This is only used for the convergence of
ne(N\{0})4

the finite dimensional distribution.

Remark 2.4. If (m o T%)jcze =: (&i)jeze is an iid. centered random field, then we do not
exactly recover Theorem 2 of [RSZ07]. Indeed, in this case, the conditions of Theorem 2.2 are
equivalent to p {|m| > t} = o(t~P), while that of Theorem 2 of [RSZ07] is p {|m| > t} = O(t~P).
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2.2. Hannan type condition. Once a sharp moment condition on the orthomartingale ran-
dom field is known, it is natural to try to extend it to stationary random fields which are
approximable in a satisfying way by orthomartingales. This is the case for Hannan’s condi-
tion, for which an invariance principle has been established [VW14].

We extend Theorem 2.6 of [Girl6] to random fields.

Theorem 2.5. Let p > 2 and let f be a Feo,... co-measurable function such E[f | Fi] — 0 in

P as minge gy iq — —00. Assume that one of the transformations T,, q € {1,...,d} is ergodic
and that

> IR, < oo (2.2.1)

iezd
Then .

minn—oco 2 3 . . . . 4
—|n|1/2 Su(f,) = oW in distribution in Hi/a—1/p ([0, 1] ) , (2.2.2)
where
2

iezd

Remark 2.6. Theorem 2.5 improves Theorem 2.3 in [EMG]. The later can be used only if
p > 2d, and the convergence is considered along n; = --- = ng4, which is less general than
mineqy n; — +o0o. Applying Theorem 2.5 with p = 3d, we obtain the invariance princi-
ple in H1/2-1/(3a) ([0,1]%) while Theorem 2.3 of [EMG] only gives the invariance principle in
H ([0,1]%) for any v < 1/2 —1/3. The proof of Theorem 2.3 of [EMG] rests on a general
tightness criterion given in [K1i07]. It turns out that the tightness criterion in Proposition 3.2
is more efficient for partial sum processes associated to a strictly stationary random field.

2.3. Applications. Theorem 2.5 can be applied in the context of functional of i.i.d. random
fields. Let (gi);jeze be an ii.d. random field and let g: RZ’ — R be a measurable function.
The random field (Xj);eza defined by

Xj=g(e-,ie z%),jez (2.3.1)

is strictly stationary (such a process is called Bernoulli shift in [Dou03]). Wu [Wu05] introduced
the following measure of dependence: let £ be a copy of e independent of (£;);cz4 and define
the random field (=)

I/ jen

dependence measure §; , is given by

, by €y = €p and €f = ¢; if i # 0. For each p > 1, the physical

jp = HXj - Xj*Hpv (2.3.2)

where X is the random variable defined by (2.3.1) with (e})jeza instead of (gj)jeza. The
random field (Xj)jeze defined by (2.3.1) is called p-stable if } ;4 d; 5 is finite.

In [Wu05], Theorem 1, it is shown that in dimension one, ||Fj||, can be bounded by 24; 2,
where P; is defined by (1.2.3). By similar argument, for a general d, defining M := o(e,i < 0)
and P; by (1.2.3), [[F5(f)||, can be controlled by a constant independent of f times d;5, hence
the conditions of Theorem 2.5 are satisfied by a p(«)-stable centered random field. We now give
some examples of such random fields (the proof of their p(«)-stability is contained in [BD14],
Section 2), which were also given in [EVW13].
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(1) Linear random fields. Let Xj be defined by

Xj = Z ai€j—i, (233)

i€zd

where (ai)jeze is a family of real numbers is a family of real numbers such that
Sieza @i < +oo and (g)sezq is a ii.d. centered random field such that gg € LP().
Since p(a) > 2, Rosenthal’s inequality (see Theorem 3 of [Ros70]) shows the ran-
dom field X = (Xj)jcza. is well defined in LP(®). Moreover, the random field X is
p(a)-stable if and only if D, ,q |ai| < 4-o0.

(2) Functionals of linear random fields. Let Xj be a linear random field as above (such that
> ieza lail < +00) and Y = (Vj)jeza be the random field defined by YVj = f (Xj), j € Z,
where f: R — R is a Lipschitz function. Then Y is p(«)-stable. More generally, if f is
H-Hoélder continuous with H € (0, 1], then Y is p(a)-stable if Yy € LP(®) | go € LP(@H
and Y zq la5] " < +o0.

(3) Volterra fields. They are defined by the equality

Xj: Z ak 1€j—kEj—1, (234)
k,lezd

where (g3)jezq is a i.i.d. centered random field such that o € LP(®) and (ax,1)k1ez4 18
a sequence such that axx = 0, k € Z% and ), |z af; < 0o (in this way, Xj is well
defined in ILP(®)). If furthermore

1/2

Yo D laga+angl? < o0, (2.3.5)

jezd \lez?

then (Xj)jeza is p(a)-stable.

3. TOOLS FOR THE PROOFS

3.1. Tightness criterion in Holder spaces. In this subsection, we give a sufficient condition
for tightness of the partial sum process associated to a strictly stationary random field. No
other assumption is done but of course, some dependence will be required for this condition to
be satisfied. A general tightness criterion is available.

Theorem 3.1 (Theorem 6, [RSZ07]). Let {(n,n € N?} and ¢ be random elements with values
in the space Hq ([O, l]d). Assume that the following conditions are satisfied.

(1) For each dyadic t € [0,1]¢, the net {(a(t),n € N} is asymptotically tight on R.
(2) For each positive ¢,

lim limsup p {sup 2 max [Ajv(Ca)| > 5} =0. (3.1.1)
vev;

J—00 minn—oo j=J

Then the net {¢a,m € N4} is asymptotically tight in the space Hq([0,1]%).
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3.1.1. Statement. In the sequel, we shall denote by log the binary logarithm. Let us state our
tightness criterion.

Proposition 3.2. Let f: Q — R be a measurable function. Then for eachn € N¢, J > 1 and
x > 0, the following inequality holds

i {sp 27 mac (80, ) > 0 <

>J veV;

d logmn;

d

<3 2911 { 29 USfl > C g e, (3.1.2

= Z Z K I<liSni2-7 1<is S > U I (3.1.2)
i=1 j=J ki 1xsx1 q=1

where C' depends only on d.
Therefore, if f is such that for each i € {1,...,d}, and each positive &

log n; d
lim lim sup g 271 2% max max E Usf| >e H Vg p =0, (3.1.3)
J—00 minn—oco 4 1< <277 IKgKng

j=J ki 1<sx1 g=1

then the net (|n|71/2 Sa(f, )) is asymptotically tight in Hio—1/,([0,1]%).

3.1.2. Proof of the tightness criterion. Consider for s := (sa,...,5q4) € [0,1]9" L and ¢,#' € [0,1]
the quantity

An(tt',8) = |Sulf, (t'.8)) — Su(f, (t,5))]. (3.1.4)

We recall the following lemma;:

Lemma 3.3 (Lemma 11, [RSZ07]). For any t',t € [0,1], t' > t, we have

[n1t']

1 .
sup A, (t,t',s) < 3% {t’—t} —} max Z Z U'f|+
s€[0,1]d—1 ni Igkisng | -
’ 2<i<d  |i=[nat]+1 1<a <k

2<1<d

+3%min {1,n;(t' —t)} max  max g U'f|. (3.1.5)
1<iisny 1<k -
2<1<d 1< <k
2<i<d

Now, we define for ¢ € (d) and s = (s1)ie(a\ (g} € [0,1]%71,
AD (1, 8) == |Sa(f, (51, -, Sq—1: 1, Sqr1s- -5 5a)) — Sn(f, (51, -, Sq=1,t, Sq11,- -5 54))| -
By definition of A;, and Vj, the inequality
" {Sup 299 max | \; v (Sa (/. )| > 2“13%} s
i>J vev;
d
Zu sup 2% max AW (tpy 1, tr;sa) > 2-3% 3 (3.1.6)

j>J  0<k<2d

a o<u<2/1

takes place, where ¢, = k277 and s, = (ui2_j)i€<d>\{q}.
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We have in view of Lemma 3.3 that for each g € (d),

j 1/2
4 sup 2% max AW (ty i1, ty;su) > 22 [n|"/
j=J  0<k<2?

O<u<2’1

1 [nq(a+1)277]
< p{sup max 2991279 > — max E E U'f|+
j>J0<a<2d Ng INE T - -
I#q tg=[nqa2=7]+1 1<lz;§kl
q

+min{1,n,277} max  max Z U'f| > 22 |n|*/?

1<ig<ng 1<k <y

I#q ISu <k
I#q
1 [ng(at+1)277]
. » . 1/2
< p{sup max 2%91<277 > — max Z Z uf >:1c|n|/ +
J>J0<a<21 ’n,q 1§k}1<’ﬂl . . "
1#£q ig=[nqa2=7]+1 1< <k

I#q

9

+ p sup2°‘3m1n{1 ng2~7} max  max Z Ufl>2zn/"? . (3.1.7)

1<ig<ng 1<k <ny

i>J
’z I#q

1< <k
l#q

Since the indicator in the first term of the right hand side of (3.1.7) vanishes if j > logn,, we

have
1 [ng(at+1)277)
j i 1/2
p{ sup max 2%914277 > — max E E U'f >x|n|/
j>J0<a<2i Ng 1<k i<ng || ) -
I#q ig=[nqa2=7]+1 1< <k
l#q
[ng(at+1)277]
j i 1/2
<p sup max 2% max E E U'f| >« |n] /
0<a<2i 1<ki<
J<j<logn, Usa< \l;lé;m ig=[ngaz—i]+1 1<u<k
I#q
log ng [ng(a41)2779]

< ZQj max p<{ 2%  max Z Z Ufl>zn/"? . (3.1.8)

- 0<a<2 1<ki<n
j=J S \l;lé; L ig=[nga2-i]4+1 1<y <k
I#q
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and by stationarity, it follows that

[nq(a+1)277]

) . 1 i 1/2
4 sup max 24914277 > — max E E Uu'f >x|n|/
j>J 0<a<2i ng ) 1<ki<n | , _
l1#q ig=[nqa2=7]+1 lél;lﬁgkl
q

log ng

. . i 1/2
< Z 29 < 2% max max Z U'f >x|n|/ . (3.1.9)
; 0<iq<2nqg27 1<ki<ny _
Jj=J 1u<k
l#q
l#q

For the second term of the right hand side of (3.1.7), notice that
sup 2% min {1,n,277 } < n. (3.1.10)
jzJ
Indeed, if j < logng, then 27 < ngy hence 2%/ min {1,7,277} < ng,
27 > ng, hence min {1,n4277 } = n,277 and for such j’s, we have 2*/n,27J = ng2~ (1= ng,

and if j > logng, then

since o« < 1. As a consequence, after having bounded the probability of the max over iy by the
sum of probabilities and used stationarity, we obtain

P —j i 1/2
p 4 sup2® min {1,n,277} max  max E U'f| >« n] /
. 1<ig<ng 1<k <y
izJ S 1<i <k

7 l#q

< i V2=l (3.1
< ngp Kn}gla%(m 1<Z<k U'f| >xn|""n, (3.1.11)
U
7 l;lfq l
Combining inequalities (3.1.7) with (3.1.9) and (3.1.11), we obtain (3.1.2).

The second part of Proposition 3.2 follows by Theorem 3.1.
3.2. Probability inequalities for orthomartingale random fields.

3.2.1. The one dimensional case. A lot of inequalities for martingales involve the maxima of
increments and the quadratic variance. Let us mention the following result by Nagaev, which
links the tail function of the maxima of a martingale with that of the increments and the

quadratic variance.

Theorem 3.4 (Theorem 1, [Nag03]). Let ¢ > 0 and C(q) := qe®®""" /qe*! and let (Sp, Fn)

be a martingale. Then

¢
—q q—1
y {mx 5> t} <@ [ Quyuian (3.2.1)
where
n 1/2
Qu) :=p {1211?571 | X5 | > u} +p (;E [X,g | fk_1]> >Uu . (3.2.2)

Let us focus on the stationary case. If ¢ is a real number greater than 2, we take § = §(q) > 0
such that 6(1 46 4+ /98)7 = 1.
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Proposition 3.5. Let T: Q — Q be a measure-preserving map. Assume that F is a sub-o-
algebra such that TF C F and that (M oT");>1 is a martingale difference sequence with respect
to the filtration (T~"F);>0. Then for each real number t, each ¢ > 2 and each positive integer
n, the following inequalities hold:

H{ max |S;(M)| > 2\/515/5} < C(q)N/ p{|M| > vnut} u?dut
0

1<i<n

+¢(q) /OOO ,LL{(E [M2 | T]-"Dl/2 > \/ﬁvt} min {v,vqfl} dv; (3.2.3)

+oo
" {ggag 5.0 > \/ﬁt} <elo) [ n{IMI > hmin {05 (3.2.4)
N 0

While this can be deduced from a combination of Theorem 3.4 and the maximal ergodic
theorem, we shall give a complete proof for the following two reasons. First, Nagaev’s result also
applies for supermartingales and in the martingale case, his proof can be simplified. Second,
the constant C(q) obtained in the general case can be improved when restricted to martingales.

The following lemma will be useful in the sequel.

Lemma 3.6. Assume that X andY are two random non-negative variables such that for each

positive X, we have

M{X > AP <SE[Y1{X > )\}]. (3.2.5)
Then for each t, the following inequality holds:
+oo
w{X > 2t} < / p{Y > st}ds. (3.2.6)
1
Proof of Lemma 3.6. Rewriting the expectation as
—+o0 —+oo
E[Yl{X}%}]:/ u{Yl{X22t}>u}du§tu{X}2t}+/ w{Y > u}du,
0 t
(3.2.7)
we derive by the assumption the bound
+oo
2tu{X > 2t} <tu{X > 2t} +/ pA{Y > u}du. (3.2.8)
t
We conclude using the substitution ts := w. O

For example, if (S;, F;);5, is a non-negative submartingale, then (3.2.5) holds with X =
maxigig<n 9; and Y =5, for each n > 1.

Proof of Proposition 3.5. It (S; = ngiXi,]-"i) is a martingale, then for each § > 1, § €
(0,86 —1) and A > 0, and each integer N > 1, the inequality

52
. < —_ .
u{lrgniang|Sl| > ﬂ/\} < Y 1)2M{12‘1XN|51| > /\} +

N
2| 2,2 ,
+u{§E[Xi | Fic1] > 67X } +M{121)§V|Xl| > 6)\} (3.2.9)
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takes place (see [THS0], p. 28). Let us consider a positive & such that §(1 +d +/6)9 = 1.
For fixed x, and a non-negative integer m, we define

Ym = (140 + V). (3.2.10)
By (3.2.9) applied with 8 =14 & + /4, it follows that for each m,
ft {f?f‘fn 1Si(M)| > ym} <op {f?f‘fn 1Si(M)] = ym—l} + Q(0ym—1), (3.2.11)

where @ is defined by (3.2.2) (with X = M o T* and F; = T~'F). Denoting by a,, the
quantity a,, := 6" u{maxici<n [Si(M)| = ym}, we have ap, < am—1 + Q(dYm—1), hence
m—1
ﬂ{ max |S;(M)| > ym} <Y Q)™ + u{ max |S;(M)| > 3:} smTl (3.2.12)

1<ign — 1<ign
1=

Since Q(dy;) < 2 and § < 1, we derive the bound

m—1
u{ max |S;(M)| > ym} <) Qi) 4 30m (3.2.13)

1<ign .
=1

Since the function u +— @Q(u) is non-increasing, we have
Yi Yi
Q((Syz)/ ui™du < / Q(6u)ut du,
Yi—1 Yi—1

hence
Yi —1
Q(dy;) < / Q(5u)uq_1du- ((yl - yi—l)yf_l) . (3.2.14)

Pluging this estimate and (3.2.10) into (3.2.13), we obtain

, >
" {mx 1S,(0M)] > ym}

m—1

D

Yi
<
i=1 YYi-1

1 )
Q(ouyu?™ du - yf, ((?Ji - yi_l)y?_l) §miTl g 35ml (3.2.15)

Bl

Now, since (14 6 + /)7 = 1, it follows that

—1 ) q ) ‘
Y ((yi - yi_l)yf_l) gm—i—1 _ ¥m __ Yi  sm-i-1

Yy Yi — Yim
=146+ V5)m—a (L+6+Vo)yi sm—i-1
0+ \/g)yiﬂ
_(1+9+ VD)
5(6 +V59)
3
< 7k

hence by (3.2.15), we derive

Ym—1
,u{ max |S;(M)| > ym} < N / Q(6u)u? tdu + 36™ 1. (3.2.16)
mo~ Jo

1<i<n
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Let y be such that ¥, < y < Yymy1; then

u{max |S; (M )|>y}<u{max |S; (M )|>ym}

1<ign 1<ign

Ym—1
< qiﬁ / Q(ou)ut du + 36m 1
Ym

< qiaz (ym"t‘l) / Q 6U uq 1du+36m 1
Y

= ‘13(52 (1—|—5—|—\/_ /Q5uuq tdu 4 36m7 1,

and using again the equality 6(1 + 0 4+ v/0)? = 1, we derive

u{lrgggnls( )| >y} Lz ,00)(y) < yq53/ Q(ou)u? ™ du - 1z o0 (y)+

m—1
+3 Z 0 z(14+5+/6)™, x(1+5+\/_)m+1)( ). (3.2.17)

Since z is arbitrary and 6 € (0, 1), the second term converges to 0 as « goes to 0, hence

qg—1
u{lrg?é(nw( )l 224} yq§3/ Q(ou)u? du. (3.2.18)

By definition of @) and the fact that T' is measure preserving, we obtain

o o, 15:001 > Vit < o [ (161> Vih o

1<i<n

1 n
+C(q)/ pn Y U (EIM? | TF]) > 40 puf~ du.  (3.2.19)
0 X

By the maximal ergodic theorem, inequality (3.2.7) holds with X = supn~'S, (IE[M 2 T]:])
n>=1

and Y = E[M? | TF], hence by Lemma 3.6 the estimate
n +OO
n~t Y UT (EIM? | TF]) > 4ut? § < / p{E[M? | TF] > 2u?s}ds  (3.2.20)
. 1

is valid for any n. We can deduce from inequalities (3.2.19) and (3.2.20) that (3.2.3) is satisfied
(after having switched the integrals).

In order to prove (3.2.4), we go back to (3.2.19) and we define for an integrable function
g:Q = R, Vg := UE[g | TM]. Notice that V is an L'-L> contraction and that V"(g) =



14 DAVIDE GIRAUDO

U"Elg | TM)]. Therefore, we have the bound
1 n—1 )
/ pnt Y U (EIM? | TF]) > 40t puf du <
0 =

1 “+o0
/ / 1 {M2 > 2u2t2v} w? dudv <
o J1

1 +oo
/ / p{|M| > uty/v} u? 'dudv, (3.2.21)
0o J1

and using the substitution v’ := u\/v, we get

1 “+o0 “+o0 +oo
/ / p{|M| > uty/v}u? 'dudy / w{|M| > tu}/ wI ™2 dudu
0 J1 0

max{1,u?}

1 /+Oo -1 21\1—¢q/2
= pw{|M| > tu}u? " (max {1, u /2y,
s M > e e 1))

2 [t
2—/ p{|M| > tu} min {u, u?"'} du.
—4qJo

We now bound the first term of (3.2.19) independently of n. We have

1 v
n/ p{IM| > vnut}u™du = nl_q/z/ p{|M| = vt} v? tdo. (3.2.22)
0 0

If v < 1, we use the bound nl=4/2ya-1 < vi 1l andif 1 <o < \/n, then nl=4/2pa=1 Ly,

This concludes the proof of Proposition 3.5. O
3.2.2. The multidimensional case. We extend Proposition 3.5 to the multlidimensional setting.

Proposition 3.7. Let (moT%);cza be a strictly stationary orthomartingale difference random
ieza ond q > 2. Then for each
t, each n € N% and each j € {1,...,d}, the following inequalities take place:

field with respect to the completely commuting filtration (T_i/\/l)

d
; >
z {m s > 11 s/_nzt}
i d—1
S C(qu)”j/ p{|m| > toy/m;} (1+ [logv])* " min {v,v "} dv
0
+oo ) 12 i 1
+c(q,d)/ u{(JE[m | T M) >tv}(1—|—|logv|) min {v, v 1} dv, (3.2.23)
0

and

d
u{ max |Si(m)] > Hmt}

1<ign
=1
—+oo
< c(q, d)/ p{lm| > tv} (1 + [logv|)* ' min {v,07 '} dv. (3.2.24)
0

Althought it will not be needed in the sequel, let us mention an immediate application of
the previous result.
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Corollary 3.8. Let p > 2 and m a function as in Proposition 3.7 and such that E|m|? is
finite. Then the family

Fi= {77 s Issm)l” n - 1 (3.2.25)

15j<n

is uniformly integrable.

Remark 3.9. For a fixed p > 2, one can deduce multidimensional Burkholder’s inequality
(see [Faz05]) by applying Proposition 3.7 with ¢ > p. Indeed, we multliply on both sides of
inequality (3.2.23) by pt?~! and integrate on [0, +00) using the convergence of fol 0?1 P~ ldy
and [ vlogv - v™Pdv (because 2 < p < q).

However, in this way, the obtained constant is certainly not optimal.

Remark 3.10. It seems that Proposition 3.7 is not efficient for second moments. In particular,
the uniform integrability result in [VW14] does not appear as a consequence of (3.2.24). This
is due to the fact that the integral floo 1/vdw is divergent.

Proof of Proposition 3.7. We start by proving (3.2.24) by induction on d.

For d = 1, this reduces to (3.2.4). Assume that for some d > 2, we have the following
property: if (moT%)jcza—1 is a strictly stationary orthomartingale difference random field with
respect to the completely commuting filtration (T_i/\/l) . and ¢ > 2. Then for each ¢t > 0

and each n € N1,

i€zd—

u{ max [Si(m)| > Hm}

1<i<n Pl

+oo
< (g, d— 1)/ p{|m| > tv} (1 + [logv]) D" min {v, 097!} dv.  (3.2.26)
0

We have to prove that this property is still valid for d, namely, that if (m o T%);cza is a strictly
stationary orthomartingale difference random field with respect to the completely commuting
filtration (T_iM)iezd and ¢ > 2. Then for each ¢, each n € N and each j € {1,...,d},
(3.2.24) holds. Let us take such a random field and ¢ > 2. Using item 2 of Lemma 1.2 and
Lemma 3.6, we obtain this first estimate

d 400
I {lglgnl&(m)l > llj[l \/n_z2t} < /1 u{ max |Sng(m)| =] \/n_zts} ds.  (3.2.27)

ic(1
i€[l,n Py
Now, using item 3 of Lemma 1.2 and the induction assumption, we derive

d
. > < _
[ {llgi‘cgnls‘l(m)l > H\/n_ﬂt} <clg,d—1)

=1

+oo +oo
/ / 1 {[Sona | > tsvv/ng} (14 llog v])@~Y =1 min {v,v97"} dvds.  (3.2.28)
1 0
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Switching the integrals and letting s’ := sv for a fixed v, we get

d
: > < —
[ {f??i‘n 1Sim)l = ] \/”—l2t} <clg,d—1)

=1
+o0 too
/ /L{}S(o)nd)|>ts/\/ﬁd}/ 1iy50)(1+ [logv]) "D~ min {1,092} dvds’.  (3.2.29)
0 0

Treating the cases s’ > 1 and s’ < 1, we notice that for some constant K (g, d), we have

/

/ (1 + [logv) D~  min {1,072} dv < K(g,d)(1 + [log(s")|)* ? min {s’, s~ '}, (3.2.30)
0

from which it follows that

d
u{ max [Si(m)| > H\/n_ﬂt} <c(g,d—1)K(q.d)

1<ixn =1

—+oo
/ 1 {|S(0.n0)| > tsv/ng} (1 +|logs)) 4" min {s,s7 '} ds. (3.2.31)
0

Now, by (3.2.4), we obtain

d
u{ max [Si(m)| > [ | x/n—ﬂt} < (g, d — 1)K (g, d)c(q)
=1

1<ign

“+oo “+o0
/ / p{m| > tsu} (1 + [logs|)@H~1 min {s, 57"} min {u,u""} duds
0 0
+oo “+o0
=c(g,d - 1)K(q, d)C(q)/ / p{|m| > tv} I(v)dv, (3.2.32)
0 0
where

+o0 1
I(v) :/ (1+ |1ogs|)<d—1>—1min{1,sq—2}min{3, (E)Q }ds. (3.2.33)
0 S S

Assume that v < 1. Then

v 1 .
I(U):/ (1+|1°g8|)d’28q*2§ds+/ (1 + [log s|)* 2572 (S) ds
O v

+oo q—1
—I—/ (1 + [log s)*~2 (E) ds
1 S
1 1
< v/ (1 + |log s])4™2s73ds + v~ (1 + |logv|)d’2/ —ds
0 » S
o0 1
4 vq-l/ (1+ llog sl —ds, (3.2.34)
1 S
and since the ¢ > 2, the integrals fol(l + |log s])4725973ds and f1+°°(1 + [log s[)472 L+ ds are

convergent. Consequently, there exists a constant K depending only on d and g such that for
any v € (0,1), I(v) < Kvi~1(1 + [logv|)?~1.
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Assume now that v > 1. Then
1 d v v d v Foo d v q—1
I(v) :/ (14 [log s|) _2sq_2—ds+/ (14 [log s|) _2—ds+/ (1+|log s|)4—2 (—) ds
0 S 1 § v §
1 v 1
< v/ (1 + [logs|)¥ 2577 3ds 4+ v(1 + |logv|)d’2/ —ds
0 1 S

+oo 3 1
+v/1 (1 + [log(u)| + [log(v)|)* 2F’ (3.2.35)

and here again, there exists a constant K depending only on d and ¢ such that for any v > 1
I(v) < Kv(1 + |logv|)?!. This shows the estimate

)

I(v) < Kv(1 + [logv|)* " min {v,v?" '} ,v > 0. (3.2.36)

The combination of (3.2.32) and (3.2.36) gives (3.2.24), which shows that the considered prop-
erty is valid for d.
We now prove (3.2.23). We start from (3.2.31). Using this time (3.2.3), we obtain

u{lgl?}nw 2H\/_t} (g, d —1)K(q,d)c(q)

=1

+oo +oo
nd/ / p{m| > tsuyv/ng} (14 llog s])4—1D~1 min {s, 57"} min {u,u""} duds
0 0

+oo +oo
+c(q,d— / / m? |TMD >tus}
(14 [log s|)4=Y~1 min {u, u? '} dumin {5,597} ds. (3.2.37)

After having done the substitution v := us for a fixed s and rearranged the integrals, we get
(3.2.23) when j = d. The proof for a general j € {1,...,d} can be carried out similarly. This
concludes the proof of Proposition 3.7. g

4. PROOFS

4.1. The orthomartingale case.

4.1.1. Proof of Theorem 2.1. In this subsection, we prove Theorem 2.1. The construction will
require a result on dynamical systems of positive entropy.

Lemma 4.1 (Lemma 1, [EV03]). There exist two T-invariant sub-o-algebras B and C of F
and a function g defined on Q such that
o the o-algebras B and C are independent;
o the function g is B-measurable, zero-mean, with values in {—1,0,1} and the random
field (g o T®)ycga is independent (identically distributed);
e the dynamical system (Q,C,p, T) is aperiodic: for each k € Z¢\ {0},

p{we Q| T*w=w} =0. (4.1.1)

Moreover, there exists 0 < a < 1 such that u{g=1} = p{g=-1} = a/2 and u{g =0} =
1—a.
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We consider four increasing sequences of positive integers (I);5;, (Ji);51, (K1);5; and
(L1);>, such that

ld+1 p(a)
Z (T) is convergent ; (4.1.2)
I>1 !
L
lim Jyp {|N| > —l} =1 (4.1.3)
[0 gl
lim [; = 4o0; (4.1.4)
l—00
. d—16;+J;+K; -K; _
Jim 19712 > 2% =0and (4.1.5)
i>1
=L 1 1/2
f hi 2 1 L__12(J'L+Ki)(1/2—0¢) -d—1 < - 2IL+JL+Kzld—1 —« ' 4.1.6
or et (1,3 i< L ) (4.1.6)

To construct such sequences, first define (I;);>1 and (L;);>1 satisfying (4.1.2) and (4.1.4) re-
spectively. Then consider (J;);>1 satisfying (4.1.3). Once these three sequences are chosen, we
can construct (K;);>; inductively such that (4.1.6) holds, K;11 > [K; and [¢-120+/i=Ki in
order to guarantee (4.1.5).

By the multidimensional version of Rokhlin’s lemma (see Theorem 3.1 in [Con73]), we can
find for each [ a measurable set Cj such that the family

(T'Cy) o<iy<nvi—1 is pairwise disjoint and (4.1.7)
0<iq<Lg>2

: 1
el U TC, | > = (4.1.8)

27
0<it <N —1
0<iq<lg>2
where N, := 2071+ K1 We define
211+j+1

1 (N 1/p(a) d 4 i N —i a 1—i
= 7 (E) 1Ny Tomaleled R oo [T G| (4.1.9)
j=1

i1 =21117 41 0<iy<l,g22 q=2
and the function m by the equalities
f:=Y_f, m=gf (4.1.10)
I>1
where g is the function obtained in Lemma 4.1.
We define the o-algebra M by the equality
M:=c(g0oT"150)VC. (4.1.11)

By Lemma 4.1, the o-algebra C is T-invariant, hence for each i,j € Z¢ such that i < j, the

inclusion T~IM C T~ M takes place, hence (T’i./\/l) is a stationary filtration.

i€zd

Proposition 4.2. The filtration (T_iM)iezd is commuting and the random field (Uim)
is an orthomartingale difference random field with respect to this filtration.

i€zd
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Proof. Denoting for j € Z, Fi o= T—3M, we have to check that for each i,j € Z? and each
bounded random variable X,

EE[X|A]|F] =E[X | Fungig] - (4.1.12)

We define G; := 0 (g o T",u < i) and apply Proposition 2 in [WW13] to the mutually indepen-
dent o-algebras

Fi=o(goT" uxidge(d)|us > jg) (4.1.13)
G = Gminfijy VC (4.1.14)
H:=0(goT" u=xj, g€ (d)|ug>ig) (4.1.15)

in order to get (4.1.12).
In order to prove the second part of Proposition 4.2, notice that for each ¢ € (d), we have
by (4.1.10) and (4.1.11) that

E[m|T,M]=E[fg|o(goT" 1< —eq) VC]. (4.1.16)

Since the function f is C-measurable and the function g is independent of o (g oTh 1< —eq) Ve,
the terms in (4.1.16) are zero. This concludes the proof of Proposition 4.2. |

Proposition 4.3. The function m satisfies lim;_, o0 t*() p {|m| > t} = 0.

Proof. We first estimate sup,-  t*(® u {|f;| >t} for a fixed [ > 1. Using Lemma 1.5 of [Girl16]
with

2Il+j+1 d
A= U o ]]75Crand (4.1.17)
i1 =20117 41 0<ig<l g 22 q=2
1/ N\ VP ‘
aj =T (ﬁ) j4-19=i/ple) (4.1.18)
we have the estimate
LN\ N\
iggt”("‘)u{lﬁl >ty max |7 (g) 1 277 " (A, (4.1.19)
i=1

and since p(A;) < 2htid-1g=(LtA+K) /jd=1 — 9i=Ji=Ki e obtain

“ e (1NN NP gy P
p(a Lm0 - =|— . 1.
ili]gt p{lfil >t} <2 7 (211) l ( T > (4.1.20)

Let us fix {j > 1. Since Zi‘):_ll fi is bounded, we have

+oo
lim sup 7 {f > 2t} < limsup 7Y Z fi>ty, (4.1.21)
t—+oo t—+oo I=lo+1
0
and since 3,77 172 < 1, we have, in view of (4.1.20)
+o0 -1 p(a)
lim sup 7Y { f > 2t} < Z (—) 12p(@), (4.1.22)
=00 o\ L

and since [y is arbitrary and ¢ is bounded by 1, we may conclude the proof of Proposition 4.3
by (4.1.2). O
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Now, we have to prove that the sequence ((Nlld*l)fl/2 SN, l(m,-)) is not tight in
H4([0,1]%). The first step in this direction is

Proposition 4.4. Forl large enough, we have

1 _ 1
12 {wa (WS(211+‘IL+KL’I VVVVV l) (g . f[),2 Kl) 2 1} > E (4123)

Proof. We fix [ > 1.

Let u = (uy,...,uq) be such that 0 < u; < N; — 20+ and 1 < uqg < I for 2 < ¢ < d.
Denoting u’ := (us, ..., uq), we observe that for each j € {1,...,J; — 1}, the following equality
holds:

1 (Tucl) |:S(Nl—u1—2ll+j,u/) (gfl) - S(Nl—u1—21l+j+1,u/) (gfl)i|

LN
- <ﬁ) 1(d=D/29=3/p(0) 1 (TCy) [S(leul,211+j_’u/) (9) = Sy —uy—2n+5+1 ) (9)} -
(4.1.24)

Indeed, if w belongs to T"Cy, then for each v = (vy,...,vq) € N such that N; —u; —2777+1 <
v1 <K Np—uy — 201 — 1 and 1 < v, <1 for 2 < ¢ < d, we have

vion— L (NN g )
!
Since 21117 /2lit T+ K £ 9=Ki | the inequality
! S 2-Ki) >
o | s S ) (97 50,271 ) 2
S(leulfﬂzﬂ'_’u/) (9f1) — S(leu17211+j+1_’u/) (gfl)‘

A X —— (4.1.26)
0wy <2/ gl 1<ug < Noizerear= (—wm —)
2<q<d DUESUESSE
holds. In view of equality (4.1.24), it suffices to prove that p; > 1/16, where
bri=p U U [TCin
o<u; <2t (2Kz 71) 1<uq <l
2<qg<d
‘S sy (9) =8 it (9)
Ny—uy =20+ w Ny—uq —20+i+1
e | L) e LR O DR

1< -1 VoIi+i
By (4.1.7) and the fact that the action T is measure preserving, we have

SN _on+i (9)—5 ol +i+1 (9)
o> (2IL+J1 (2Kz _ 1)+1)ld_1‘u )N max (Nl 21 ’1) (Nl 21 "1) > 1,

1< -1 VoLt
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The events {maxlgjg]l,1 }S(N172Il+j71) (9) — S(le2fz+f+1,1) (9)| V2=t > Ll} and C; be-
longing to B and C respectively, they are independent. Consequently,

}S(Nl_zfﬁj,l) (9) — S(Nl—2fz+i+1,1) (g)‘

> Ii+J; K _ d—1 >
pe= (20T (2% =)+ )1 (G ,Jaax N > L,
which entails, by (4.1.7) and (4.1.8),
12K
p>——n U A; ], (4.1.28)
1< -1
where
SN, —on+i 1) (9) = S(N,_an+i+ (9)‘
PR S Gl ) =2 ) W b (4.1.29)
VoLt
Using Bonferroni’s inequality and independence of the family (A;), <j<s 10 We derive
J—1
pl U A4 =D md) - D wA)uA))
1<j<di—1 Jj=1 1<i<j<Ji—1
Ji—1 = Ji—1
=D IENEEL D SHen +zz
j=1 Jj=1
2
Ji—1 1 J—1
=Y ) (T uay) L @
j=1 j=1
hence we have to prove that for [ large enough,
2
J—1 1 Ji—1 1
oA -5 [ Xman| =1 (41.31)
j=1 j=1
By the Berry-Esseen theorem, the estimate
C ,
|u(A;) = uiINTlglly > Li}| < o — o~ (Ii+i)/2 (4.1.32)
2
holds for any j € {1,...,J; — 1}, where C is independent of [ and j. Consequently,
Ji—1 C “+oo )
> (u(Ay) = p{INIlglly > La})| < —27 /2y 27972 (4.1.33)
j=1 llg H2 j=1
and by (4.1.3), (4.1.4) and (4.1.33), we have
2
Ji—1 = 1
Jim 2 wAy) =5 ; w4 | =3 (4.1.34)

which gives (4.1.23) in view of (4.1.28) and (4.1.31). This concludes the proof of Proposi-
tion 4.4. O
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Corollary 4.5. Forl large enough,

1 I
”{“a (ﬁ%w (m),2 ) > 5} 3 (4.1.35)
Proof. Let I be such that (4.1.23) holds. Since m = gfi +>_,,; gfi, we have to show that

the contribution of the term }_, ,; ¢ f; is negligible in (4.1.35). To this aim, we shall show the
following two things:

—_

<< (4.1.36)
Ha

1
‘—\/WS(QIﬁmeJ _____ ) (Zﬁkfu)
1=0

. 1 _
Jim | U {wa (WS<2IWKZ,Z,..J)<g-fz->,2 Kz);éo} — 0. (4.1.37)

i>l+1

Let us prove (4.1.36). If s and t are two distinct elements of [0,1]¢ and n € (N*)¢ then for a
function h,

|Sn (Byt) = Su (hys)[ = [ > (A([0,n-t] N Rs) = A([0,n-s] N Ry)) hoT"
iezd

< max [hoT- Y A(R;N ([0,nt] A[0,ns]))

ue(o,n] ez

< Inf max [ho 7 [ s
n

which gives for ||t — || < |n] ™',

1
—————— |Sn (B, t) — S (h,8)| < n| /20T max [hoT|, (4.1.38)
Vinl [t —s| ue(0.n]
and if 0 < ||t —s|| > |n| ™", we have

1 _
[Sn (,t) = S (h,8)] < —75= In| 1241-0-0) max |hoT"  (4.1.39)

1
Ve —s)* 7 IS oo

As a consequence, we obtain

1
VAT R () (ngu) (4.1.40)
- »
—(1/2—)
< 211+Jz+z<ll<d71>) ; 4.1.41
( po max o max ng , (4.1.41)

2<q<d

and since |gf;| is bounded by L; '(n;271)1/P(@)§d=1 " we infer that

1
[y (o)
=0

Ha

(1/2— Oc)

< (211+JL+Kzl<d—1)) ZL L2 Tiyl/2egd=1 (41 42)
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which in turn does not exceed 1/2 by (4.1.6). This proves (4.1.36).
We now show (4.1.37). Let us fix I > 1 and ¢ > [. The inclusion

w 1 |
{ <— WS(21L i Klyl ..... l) (g : f’L) ] 2 " ) }

0<u 2T+ K 1<u, <l
2€g<d

holds. We thus have

1 _
o (oo 0-0.+) 20
< (QIFIHE LAl Uf £ 0}, (4.1.44)

By (4.1.9), the inclusion

{fi#0}c U U (@) (4.1.45)

ol + I+ Ky ol +Jy Loy 2N K OSug <
2€g<d

holds, which entails, by (4.1.7) and (4.1.8),
p{f; # 0} < (25 1) A tom (it Ko jd=1 — ol =K (4.1.46)

Now (4.1.37) appears as a consequence of (4.1.44), (4.1.46) and (4.1.5). This concludes the
proof of Corollary 4.5 and that of Theorem 2.1. O

Remark 4.6. Since for each k € Z%, o (f oThi# k) Co (g oTl,i# k) V C, the random field
(U if )i ¢z, 18 a strong martingale random field in the sense of Nahapetian and Petrosian [NP92].
This shows that even with this choice of martingale random fields, the condition on the law of
m has to be reinforced compared to the i.i.d. case.

4.1.2. Proof of Theorem 2.2. We already know by [Voll15] that the finite dimensional distribu-
tions of |n|_1/2 Sn(m, ) converge to those of ||m|l, W as minn goes to infinity. The rest of the
proof is thus devoted to asymptotic tightness in 12 ([0, 1]%) of the net (|n|_1/2 Sn(m, ) )ns1-
It suffices to check that (3.1.3) holds. To this aim, we fix ¢ > 0 and consider J > 1 and n € N¢
such that logminn > J. Let i € {1,...,d}. An application of (3.2.23) with ¢ > (1/2 — a)7 !,
n’ defined by n), = n, if a # i and n}, = n;277 instead of n and ¢t = 27 Ce yields

1<l;<ni2-7 1< <n
RN \k;,;&\z k 1<s<1

Uz d
Z2ju 299 max max Z Usf >C£H\/n—q <
j=J q=1

logn;

+oo
c(g, d)n; Z / p{m| > miCev2™} (1 + [logv|)*™ " min {v,v97'} dv
j=J 70

logn;

+oo
+clg, d) Z 2j/0 /‘{(]E[m2 | TiM])1/2 > U2(1/2_0‘)j05} 1+ |logv|)gl_1 min {v,v?""'} dv

= A(J,n) + B(J,n). (4.1.47)
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Notice that for each j € {J,..., [logn;|}, we have \/n;27% > nzl/p(a) hence each positive v,
the following bound holds:

pi{|m| > /n;Cev2™}
< (\/n_iCEUQ*O‘j)ip(a) - sup {tp(o‘),u{|m| >t} t > Cavn;/p(a)} . (4.1.48)

Since p(a) - o = p(a)/2 — 1 and Z;O:g}l 21(P(0)/2-1) < i (a)n?™?7! we derive the estimate

—+o0
A(J,n) < k(a, 5)/ In(v) (1 + [logv))* ™ v~ P(®) min {v,v97"} do, (4.1.49)
0
where
Iu(v) = sup {tmm {Im| >t} ,¢ > Cev(min n)l/P<a>} . (4.1.50)
In order to control B(J,n), we use the following elementary inequality: for a non-negative
function f,
S Yu{f>2}<2E[f1{f>2"}]. (4.1.51)
JjzJ

Applying this to f := (E[m? | Ti/\/l])p/Q, we get

oo p/2 p/2
B(J,n) < x(C, E)/ E {(IE[m2 | M) 1 {(E[m2 | M) > 2JUC£H
0
v P (1 4 [logv|)* ! min {v, 097 } dv.  (4.1.52)
Combining inequalities (4.1.47), (4.1.49) and (4.1.52), we get

d

27 2% max max E Usf| > Ce H Vg » <
_Z Z H 1<l <ni2—3 1<lp<ng ! “f -
i=1 j=J k#i 1xsx1 q=1

+oo
k(g @, d)g_p/ In(v) (1 + Jlog o))" o™ min {v, 71} dy
0

d_ ptoo
rlg.ode Y [ B[ 7MY 1 { Em? | TM) > 270k

v (1 4 [logv])*™ " min {v,v9" !} dv, (4.1.53)

from which we deduce that (3.1.3) holds by monotone convergence. This concludes the proof
of Theorem 2.2.

4.2. Hannan type condition. The convergence of the finite dimensional distributions of
(|n|71/2 Sa(f, )) to those of 02W where o is given by (2.2.3) is implied by the result of [VW14]
and the Remark 1 of [Voll5]. Therefore, it remains to prove the asymptotic tightness of
(|n|—1/2 Sn(f, -))n>1. The main idea is to use the decomposition f = » ;4 B(f) and to
split the sum into two parts: the sum on the box [-R1, R1] and its complement for some large
R. The sum Zie[f R1,R1] Pi(f) admits an orthomartingale-coboundary decomposition, while
the partial sum process associated to P;(f) has a negligiible contribution.
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Let us write the presented idea in a precise way. The assumptions of Theorem 2.5 imply
that

f=> R, (4.2.1)
iezd
where the summation converges in LP. For a fixed positive integer R, let us introduce the
following functions:

f= 3" B(f). (4.2.2)
—R-1KixR1
We shall prove the asymptotic tightness of the net (|n|_1/ 2 S/, )) by using the following
n=1

relationship:

f=f—fB 4 B (4.2.3)
4.2.1. The orthomartingale-coboundary-case. The goal of this subsection is to prove the

Proposition 4.7. For each R > 1, the net (|n|71/2 Sa(fO . )) is asymptotically tight
n>1
in He ([0,1]%).

As noted in Theorem 4.1. of [VW14], for each intege R, the function fY) admits an
orthomartingale-coboundary decomposition, namely,

fBO= 3" J[U-U)me, (4.2.4)

EcC{l,...,d} a€E

where for each E C {1,...,d}, the random field (U'mg) ;cza is an orthomartingale differences
iq=0,4€E

random field with respect to a completely commuting filtration (and an element of LP(*)). This

was done when the filtration is generated by an i.i.d. random field, but the proof works for a

general completely commuting filtration.

Proof of Proposition /.7. We have to show that the net of normalized partial sum processes
associated to each element in (4.2.4) is asymptotically tight. This is already done for my (by
Theorem 2.2). Let us fix a non-empty subset E of {1,...,d}. We have to check that for each
i €{1,...,d} and each positive ¢,

; ; J aj s _ _
i tmap 2 2 2 e, x| 0 U LU =tmy > =Vinl =0
j=J ki 1gsxl a€E
(4.2.5)
We shall bound the involved probability by distinguishing the cases ¢ € E and i ¢ F.

Assume that i belongs to E. Using telescoping properties, we reduce the proof of (4.2.5) to

lim limsupinnau 2% max Z HU;qu >ey/In| p = 0. (4.2.6)

J——+o0 1<z <n
400 ST eE kg B - |1<5,<ly a2 B
q¢E
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Since (Uim E) jez¢ 1s an orthomartingale differences random field with respect to a completely
iq=0,qE€E
commuting filtration, we can apply inequality (3.2.24) with an exponent g > p(«). This gives,

accounting the relation p(a)a =p/2 — 1,

ng
LSl s | 5 TT05me|> =/l

ack j=J k¢E 1<sq<lq g2 E
q¢E
c(q,d H N Z/ {|mE| > 2 %ye H \/na} min {u,uq_l} du
a€ElE j=J a€ElE
ng +00
<clg,d) [ ng7@/2y - 2iert / E ||me["® 1 {|mE| > 27y [ “H min {u, u""} du
a€EE j=J 0 a€E

+oo
< (g, d)/o E [|mE|p(a) 1 {|mE| > ng/%aa}} min {u,u? '} du, (4.2.7)

and (4.2.6) is a consequence of the monotone convergence theorem.
Assume now that ¢ ¢ E. Using again telescoping properties, we have to show that

lim hmsupZTHn ©{ 2% max max Z HU;qu >ey/In] p =0.

J—=+00 ns+o0o 1<1;<2n; 279 1< <ny,

j=J a€E 1<s4<!q q¢ F
k¢ EU{i} ng aq¢
(4.2.8)
By (3.2.24) applied with ¢ > p(«), and using (4.1.51) we obtain
22] H afi § 2% 1<zI?2a§l2 S 1<l Sy Z H Ug'mg| > ey/In|
j=J a€k kg EU{:} 1<Z§}§lq q¢E
< Z 27 H na/ {|mE| > 27/p(@) H naus} min {u,u?"'} (14 log ul)? " du
j=- aclE aclE

+oo
< 2 H € a)E |mE| ] (11—;0(01)/2/ u—p(a) min {’U,, uq—l} (1 —+ |10gu|)d_l du,
aclE 0

which shows (4.2.8) (since p(«) > 2) hence (4.2.5). This concludes the proof of Proposition 4.7.
O

4.2.2. General case. Once we proved that the net (|n|71/2 Sn(fUH)] )) ) is asymptotically
nx=

tight in H,, ([O, 1]d) , we have to control the Hélderian norm of the partial sum process associated
to f — fUV. To this aim, we shall use the following inequality:

1 .
’ —s.a)| | <cwalrl,. iz (129)
VIn| Iy
This can be proved combining inequality (3.1.2) with J = 0 and (3.2.24), since (UjPi(f))jezd

is an orthomartingale differences random field.
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Using (4.2.9), we derive that
1 Cl(p,d
A== (=m0 et <C2L S RG, @20
|n| Ha icERr

where Eg := {i € Z%,|ig| > R for some ¢ € {1,...,d}}. By Proposition 4.7 and (4.2.10), w
derive that for each R,

. 2C(p, d)
a] . < —_—l 7 ) . 2.
lim limsup u {sup2 meax|)\Jv (Sa(f, )| > E} < - E ||P1(f)||p (4.2.11)

J—=+00 minn—+oco i=>J icEn

By (2.2.1), we obtain that

lim  limsup ,u{supZ Jmeax|/\jv( Snl(f,))] > |n|5}, (4.2.12)

J—+00 minn—+o00 i=J

which shows, by Theorem 3.1, that the net (|n|_1/2 Sa(f, )) is asymptotically tight in
n>=1
Ha ([O, 1]d). This ends the proof of Theorem 2.5.

REFERENCES
[BD79] A.K.Basuand C. C.Y. Dorea, On functional central limit theorem for stationary martingale random
fields, Acta Math. Acad. Sci. Hungar. 33 (1979), no. 3-4, 307-316. MR 542479 (80k:60037) 2
[BD14] H. Biermé and O. Durieu, Invariance principles for self-similar set-indexed random fields, Trans.

Amer. Math. Soc. 366 (2014), no. 11, 5963-5989. MR 3256190 6

[Con73] J. P. Conze, Entropie d’un groupe abélien de transformations, Z. Wahrscheinlichkeitstheorie und
Verw. Gebiete 25 (1972/73), 11-30. MR 0335754 (49 #534) 18

[Ded01] J. Dedecker, Ezponential inequalities and functional central limit theorems for a random fields,
ESAIM Probab. Statist. 5 (2001), 77-104. MR 1875665 (2003a:60054) 2

[Don51] M. D. Donsker, An invariance principle for certain probability limit theorems, Mem. Amer. Math.
Soc., 1951 (1951), no. 6, 12. MR 0040613 (12,723a) 2

[Dou03] P. Doukhan, Models, inequalities, and limit theorems for stationary sequences, Theory and appli-
cations of long-range dependence, Birkhauser Boston, Boston, MA, 2003, pp. 43—100. MR 1956044

6
[EMG] M. El Machkouri and D. Giraudo, Orthomartingale-coboundary de-
composition for stationary random fields, Stochastics and Dynamics,
6
[Eri81] R. V. Erickson, Lipschitz smoothness and convergence with applications to the central limit theorem
for summation processes, Ann. Probab. 9 (1981), no. 5, 831-851. MR 628876 (83h:60006) 2
[EV03] M. El Machkouri and D. Volny, Contre-ezemple dans le théoréme central limite fonctionnel pour

les champs aléatoires réels, Ann. Inst. H. Poincaré Probab. Statist. 39 (2003), no. 2, 325-337.
MR 1962780 (2003m:60077) 17

[EVW13] M. El Machkouri, D. Volny, and Wei Biao Wu, A central limit theorem for stationary random fields,
Stochastic Process. Appl. 123 (2013), no. 1, 1-14. MR 2988107 6

[Faz05]  I. Fazekas, Burkholder’s inequality for multiindex martingales, Ann. Math. Inform. 32 (2005), 45-51.
MR 2264866 (2008a:60105) 15

[Girl5a] D. Giraudo, Holderian weak invariance principle for stationary mizing sequences, Journal of Theo-
retical Probability (2015), 2

[Girl5b] D. Giraudo, Hdélderian weak invariance principle under Mazwell and Woodroofe condition, 2015

.2

[Gir16] D. Giraudo, Holderian weak invariance principle under a Hannan type condition, Stochastic Process.

Appl. 126 (2016), no. 1, 290-311. MR 3426520 2, 6, 19


http://www.worldscientific.com/doi/abs/10.1142/S0219493716500179
http://link.springer.com/article/10.1007/s10959-015-0633-9
https://hal.archives-ouvertes.fr/hal-01211819

28

[Han73]

[HHS0]

[K1i07]
[MWO00]

[Nag03]

[NP92]

[PROS]
[Ros70]
[RS03]
[RS04]

[RSZ07]

[RZ05]
[Vol15]
[VW14]
[Wic69]
[Wu05]

[WW13)]

DAVIDE GIRAUDO

E. J. Hannan, Central limit theorems for time series regression, Z. Wahrscheinlichkeitstheorie und
Verw. Gebiete 26 (1973), 157-170. MR 0331683 (48 #10015) 2

P. Hall and C. C. Heyde, Martingale limit theory and its application, Academic Press Inc. [Harcourt
Brace Jovanovich Publishers], New York, 1980, Probability and Mathematical Statistics. MR 624435
(83a:60001) 12

J. Klicnarova, Central limit theorem for Hoélder processes on R™-unit cube, Comment. Math. Univ.
Carolin. 48 (2007), no. 1, 83-91. MR 2338831 (2008g:60090) 6

M. Maxwell and M. Woodroofe, Central limit theorems for additive functionals of Markov chains,
Ann. Probab. 28 (2000), no. 2, 713-724. MR 1782272 (2001g:60164) 2

S. V. Nagaev, On probability and moment inequalities for supermartingales and martingales, Pro-
ceedings of the Eighth Vilnius Conference on Probability Theory and Mathematical Statistics, Part
IT (2002), vol. 79, 2003, pp. 35-46. MR 2021875 (2005f:60098) 10

B. S. Nahapetian and A. N. Petrosian, Martingale-difference Gibbs random fields and central limit
theorem, Ann. Acad. Sci. Fenn. Ser. A T Math. 17 (1992), no. 1, 105-110. MR 1162153 (93d:60090)
23

S. Poghosyan and S. Reelly, Invariance principle for martingale-difference random fields, Statist.
Probab. Lett. 38 (1998), no. 3, 235-245. MR 1629903 (99¢:60094) 2

H. P. Rosenthal, On the subspaces of LP (p > 2) spanned by sequences of independent random
variables, Israel J. Math. 8 (1970), 273-303. MR 0271721 (42 #6602) 7

A. Rackauskas and C. Suquet, Necessary and sufficient condition for the Lamperti invariance prin-
ciple, Teor. Imovir. Mat. Stat. (2003), no. 68, 115-124. MR 2000642 (2004g:60050) 2

A. Rackauskas and C. Suquet, Central limit theorems in Holder topologies for Banach space valued
random fields, Teor. Veroyatn. Primen. 49 (2004), no. 1, 109-125. MR 2141332 (2006b:60011) 3

A. Rackauskas, C. Suquet, and Vaidotas Zemlys, A Holderian functional central limit theorem
for a multi-indexed summation process, Stochastic Process. Appl. 117 (2007), no. 8, 1137-1164.
MR 2340883 (2008e:60086) 2, 5, 7, 8

A. Rackauskas and V. Zemlys, Functional central limit theorem for a double-indexed summation
process, Liet. Mat. Rink. 45 (2005), no. 3, 401-412. MR 2192992 (2006k:60064) 2

D. Volny, A central limit theorem for fields of martingale differences, C. R. Math. Acad. Sci. Paris
353 (2015), no. 12, 1159-1163. MR 3427925 2, 23, 24

D. Volny and Y. Wang, An invariance principle for stationary random fields under Hannan’s con-
dition, Stochastic Process. Appl. 124 (2014), no. 12, 4012-4029. MR 3264437 2, 6, 15, 24, 25

M. J. Wichura, Inequalities with applications to the weak convergence of random processes with multi-
dimensional time parameters, Ann. Math. Statist. 40 (1969), 681-687. MR 0246359 (39 #7663) 1
W. B. Wu, Nonlinear system theory: another look at dependence, Proc. Natl. Acad. Sci. USA 102
(2005), no. 40, 14150-14154. MR 2172215 6

Y. Wang and M. Woodroofe, A new condition for the invariance principle for stationary random
fields, Statist. Sinica 23 (2013), no. 4, 1673-1696. MR 3222815 2, 19

NORMANDIE UNIVERSITE, UNIVERSITE DE ROUEN, LABORATOIRE DE MATHEMATIQUES RAPHAEL SALEM,
CNRS, UMR 6085, AVENUE DE L'UNIVERSITE, BP 12, 76801 SAINT-ETIENNE DU ROUVRAY CEDEX, FRANCE.

E-mail address: davide.giraudol@univ-rouen.fr



	1. Introduction and notations
	1.1. Hölder spaces
	1.2. Orthomartingales and projection operators

	2. Main results
	2.1. The orthomartingale case
	2.2. Hannan type condition
	2.3. Applications

	3. Tools for the proofs
	3.1. Tightness criterion in Hölder spaces
	3.2. Probability inequalities for orthomartingale random fields

	4. Proofs
	4.1. The orthomartingale case
	4.2. Hannan type condition

	References

