N
N

N

On a phenomenon of Turan concerning the summands of

HAL

open science

partitions

Cécile Dartyge, Mihaly Szalay

» To cite this version:

Cécile Dartyge, Mihaly Szalay. On a phenomenon of Turdn concerning the summands of partitions.
Acta Mathematica Hungarica, 2016, 149 (2), pp.375-395. 10.1007/s10474-016-0623-0 . hal-01280845

HAL Id: hal-01280845
https://hal.science/hal-01280845
Submitted on 1 Mar 2016

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-01280845
https://hal.archives-ouvertes.fr

On a phenomenon of Turan concerning the
summands of partitions

CECILE DARTYGE * MIHALY SZALAY *

February 11, 2016

Abstract
Turén [12] proved that for almost all pairs of partitions of an integer,
the proportion of common parts is very high, that is greater than % —€
with € > 0 arbitrarily small. In this paper we prove that this surpris-
ing phenomenon persists when we look only at the summands in a fixed
arithmetic progression.

1 Introduction

For n € N, let p(n) be the number of partitions of n. By Hardy and
Ramanujan [9] we have:

p(n) = (1+0(1))

L (207,
4nV/3 V6

Turdn [12], [13], [14] proved a surprising phenomenon related to the parti-
tions of integers. If we take randomly k partitions of an integer n then in
almost all cases with at most o(p(n)*) exceptions, the proportion of the
parts common to all these k partitions is greater than % — 0 with d >0
as small as we want.

Forn € Nand II(n) : n = A+ -+Am, A1 > ... > A\, & partition of n,
we denote by II(n) = {A1,..., Awm} the multiset formed by the summands
of TI(n). Erdds and Lehner [7] proved that for almost all partitions, the
number of parts m(Il) is (1 + 0(1))% log n.

The result of Turén is in fact more general than what we previously
recalled. Precisely ([13] Theorem I’ p. 192), he proved that for any § > 0,
n(l4+o0(1)) <ni <n2 <...<np <n(l+o(1)), for almost all k-tuples
(II1(n1), ..., g(nk)) we have:

I (n1) N NI (ng)| > (% — ) max(|ITy(n1)|, ..., i (nk)|).
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The aim of this paper is to examine whether such phenomenon still
exists when we consider only the parts in a given arithmetic progression.
In the papers [1], [2], [3] it is proved that for almost all partitions, the
summands are well distributed in residue classes. In particular in [1] it is
proved that if 1 < a < d are fixed integers then for almost all partitions
of n the number of summands =a mod d is (1 + 0(1))% logn.

In [3] we obtained some results valid for d < n'/?7¢ but with some
limitations due to the fact that the small parts occur frequently. In [4] we
in fact proved that there are some “dominant” residue classes, the small
classes 1 mod d, 2 mod d appearing more frequently than the class m
mod d when m is large.

Extending the notations of Turén to this context of arithmetic pro-
gressions, we now consider for 1 < a < d, (II(n), a,d) the multiset of the
summands = a mod d from II(n).

Our first result shows that Turdn ’s phenomenon persists for the parts
in a fixed arithmetic progressions.

Theorem 1. Let k > 2, a,d fized integers with 1 < a < d. Then for
n—=oo,n<n <ng<...<ng <n(l+4+o0(1)),d >0, for almost all
partitions 11 (n1), ... ,Hx(nk) of na,...,nk respectively, we have:

V6

()@, d) NN (), )] 2 (1= 8) 5

vnlogn,

with at most o(p(n1) - --p(nk)) exceptions.

Let a(ni,...,ng;m;a,d) denote the number of multisets such that

[(IT1(n1),a,d) N...N (Uk(nk),a,d)| = m.

The proof of Theorem 1 is based on an upper bound on

Z a(ni,...,ng;m;a,d).

m<M

It would be interesting to have estimates for the individual a(ni, ..., nk; m;a, d)
at least when m is close to the expected number of common summands.
Here we concentrate on the most natural case, that is when k£ = 2 and

ny = na.

Theorem 2. Let 1 < a <d be fized. For e >0 and M satisfying

(3o ¥

— < < —
1) g losn =M<
we have:
2nd\1-G 1
aln,ni Mia,d) = (1+ o) (Z5=) iy
d
ord 1
V6n exp( 26\/%”) ot T )
XeXp(fo @ \/ﬁ)

A first application is the following estimate on the cardinality of the
intersection of two multisets form by two partitions of an integer n.



Corollary 1. Let 1 < a < d be some fized integers and € > 0. For almost
all pairs (TII1(n),d2(n)) of partitions of n, i. e. with at most o(p*(n))
exceptions, we have:

(Bt e) g < [T N (L ad < @

4
In [14], Turdn posed the following problem ([14] Problem 3 p.319). Let
k>2, XeRfixedand n < n; <nz <...<ni <n(l+o0(1)). Denoting
by K(ni,n2,...,nk;A) the number of k-tuples of unrestricted partitions
(II1,...,I%) of ni,...,nt with property

\ﬁlﬂmﬂ...ﬁm|2%logn+Aﬁ. 3)

Is it true that
li K(nl,n%...,nk;)\)
im

n—oco  p(n1)---p(nk)

= 3())

exists?

‘We can apply Theorem 2 to solve this problem in the case k = 2 and
n1 = nz = n. Furthermore we can detect the distribution of the number
of common parts = a mod d. Let K(ni,...,nk;A;a,d) be the number
of k-tuples of unrestricted partitions (Ily,...,IIx) of n1,...,nt with the
same property as (3) but with each II;(n;) replaced by(IL;(n;), a,d) and
Y61 1650 4 Ay by L(¥52 logn + Ay/n).

2wk 2k
Corollary 2. Let 1 < a < d be fized integer and A € R also fized. We
have:

5 -
K T AL 1 wd © a
lim (n,z,)\,a, d) = — /2 ! e a1t
n— o0 p (n) F(E) 0

Theorem 2 and its corollaries are valid only for pairs of partitions
whereas the general situation of Theorem 1. We have chosen this particu-
lar case in order to facilitate the presentations of the proofs but it doesn’t
seem to have real difficulty to obtain analogous results for k-tuples of
partitions.

In [3] and [4] the results are valid for large range for d for example for
d < n/®7¢. Tt is probably possible to obtain something interesting for
such a region of d. Here again we decided to concentrate in case of fixed
d in order to avoid some complications in the computations.

2 On an identity of Turan

Let D(n1,na, ..., nk, L) denote the number of k-tuples (I11(n1), ..., g (ng))

such that |[II;(n1) NIIz2(n2) N--- N g (nk)| < L. Turdn [13] Lemma I p.
193 proved for all 0 < z; < 1 the following identity:

%) o) k k %) k
S>> Dy, ne DY [[2f = [[F@) [ =]z,
n1=0 ng=0 =1 =1 v=L+1 =1



where
oo

Fr)=[Ja-m7" (4)

v=1
In this section we adapt this identity of Turdn to our context with
some arithmetic progression condition. We want to study the generating

function associated to the coefficients a(n1,...,nk;m;a,d):
oo oo} oo
Gxz)= D - 3. > alm,....nymia,d)a} - aph 2™, (5)
n1=0 nE=0m=0
with the notation x = (x1,...,2x).
Adapting Turén ’s argument we obtain
Lemma 1. For any |z1] < 1,...,|zk| < 1,|af - 2kz| <1 we have:
o0
1 1— (21 zp)”
G0 = | ¥ 1oy
co=tllompa—pnt I =e50

v=a mod d

Proof. We examine the contribution of the parts equal to a given integer
v > 1 in the function G. Let (IT1(n1),...,Hx(nk)) be a k-tuple of parti-
tions counted in «(nq,...,nk; m;a,d). We may write each II;(n;) in the
way n; = ZU>1 hy)y where h,(f) denotes the number of parts equal to v
in the partition II;(n;).

If v Z a mod d then any multiplicity RS in partitions of the n; is pos-
sible when n; is running over all the positive integers. In other words the
terms with part v will appear in the form 1" - . - a:}k”“y with h1,..., hg > 0.
Thus the contribution of the v # @ mod d brings to G

wo<[I(E) 1G5 o

i=1  h;=0 i=

We study now the case when v = a mod d. The generic contribution of
the parts ¥ may be written in the following way:

wghl ...xzhk (zh(an . --xk)’“’), (7)

where at least one exponent h; = 0. Such terms correspond to the parti-
tions of some n1,...,nk such that the summand v occurs exactly h times
in the intersection of IIy(ni) N - NIk (nk). We deduce that the contri-
bution of such v to the function G is

¢S]

wr= (X TS+ 5 T4

IC{l,..,k} i€l h=
|T|#k (8)

- () )
[T (1 —ar)/ M= 2T e
By (6) and (8) we deduce that

Gx2= [ a0 I oW,

v>1 v>1
vZa mod d v=a mod d




this ends the proof of Lemma 1.
Now we compute the coefficient of 2™ in G(x, z). If we write G(x, z) =
o5 9(x,m)z™ then we have:

g(x,m) = Z Z a(n,...,ng;m;a, d)z]t - xpk. (9)

n1=0 ng=0

These coefficient g(x, m) have the following form:

Lemma 2. For |z1| < 1,...,|zx] < 1,|zf - -2zfz] <1, m € N, we have
. 1 - +d (x1---2p)*™
g(x,m) = { V}{ (I=(z1 - 2x)" ”)} 0 -
H=7 1L [T, (= (@)

Proof. We will use the following formula (for example, see [10] Theorem
349 p. 280)

Lemma 3 (Euler ). For |A| < 1,|¢\| < 1 we have

o0 1 oo
[T =5 = e
p=1 n=0
with
)\N

cu(X) = (TN = A2 (1= )

The first product in the expression of G(x, z) given in Lemma 1 doesn’t
depend on z, thus we only need to study the second product with the v = a
mod d. Writing v = a + pd we have

1= (ziae)” oy L= (wnme) (@) h)”
J;[l 1—(z1- )2 _}:[0 1— (1'1"'xk)aZ((x1~~;pk)d)u'
v=a mod d

Then we apply Euler’s formula (Lemma 3) to expand the denominator
1— (21 x)” (Oo +d
-l R 1— )G M)
H 1*(1'1"’%%)”2 H (ml l‘k)
pn=0

o ((@m)t)™

T, (= (1w )

X

This ends the proof of Lemma 2.

3 Proof of Theorem 1

Let A(ni,...,nk; M;a,d) = E%:o a(ni,...,ng;m,a,d) the number of
k-tuples of partitions with few common summands = a mod d. To prove
Theorem 1 it is sufficient to show that

A(ni,...,ng; M;a,d) = o(p(ni) - - p(nk))



when M < (1 — 6)(v/6/(27kd))y/nlogn.
By Lemma 2, we have:

oo ) k o k
S S A Miad) [T = (T 1—20)
n1=0 nE=0 i=1 v=11i=1 K
% (ﬁ(lf (ﬁx')a+du)) i (1'1~~~£Ek)“m
pn=0 i=1 ' m=0 H?Zl(l = (1 wp)i?)
For 0 < z1,...,zk < 1, we get:
k oo k oo
Ao Mia ) [Tor < (TTTT =) (110 = o))
i=1 v=1i=1 i p=0

(10)
Since z; €]0,1[ the sum for 0 < m < M is less than

M am 1

(z1 - ap) -
mz::o T2, (1= (@1 m)74) = (1= (1)) [y (1= (21 - - ap)7%)

(11)
The factor (1 — (z1---zx)?%) in the previous fraction appears also in the
product in g in (10). Thus we can remove the factor y = 0 in this product.
Next we use the fact that 1 — (z1 - 25)* "% < 1— (21 - )Y for all
p > 1. With this trick we find some simplifications with the product in
the variable j in (11). After all these manipulations we get:

co k
o n n 1 1
A, msdia et o < e (T =)

v=1j=1
(I = Gm)™).
p=M+1
Let f(2) =[[22,(1 — e "*)"" for Rez > 0. Choosing z; = e ', ¢; > 0,
7 =1,...,k we have:

k
A(n1,...7nk;M;a7d)exp(—Zniti) <
i=1

<TI0 (—du(3 1))
pu=M+1 =1
Next we use the following inequalities :
1  ew(@Tht) _ew(@sh,o)
1—exp(—d( SF ti)  exp (d >F ti)—1 " SF dt



oo 0o 1
176Xp d,Uz t —exp log
M:1:4[+1 ( Z ( P %;H l—exp(—duXl, tz))
oo k
§exp(— Z exp(—d,uZti))
p=M+1 i=1
_exp(fd(MJrl)Zl lt)
—exp( 1fexp(fdz:i:1 l) )
We obtain
A(”1~~~nkMadexp( Zn”) %Hf
- dzl 1 =1
e (—dM )Y 1)
xeXp( l—exp(—dzizl Z) )

Since for t > 0, t = 40, f(t) = (1+0(1))y/ 5= exp (g—f% we obtain for
maxi<;<k t]' — 40,

k 1/2
Ani,...,ng; M;a,d) < (EL ltl) exp(z nzt +
Zz 1 =1

exp ( —dM Zi:l ti)
— (1+0(1)) T )

Finally, let ¢t; = w/\/6nj, 5 = 1,...,k. Then for n — oo,
n(l+o(1)) <ni <...<np <n(l+o(1))

we have:
A(ni,...,ng; M;a,d)

<t exp (= (14 o(1)) SRL L oM/ i)y [Tp(n)

dkm //6n
<<exp(3k+210gn7(1+0(1))exp( (1 dk;/\/gkﬂ/\/% )Hp ny)

This upper bound is o(p(n1) - - - p(nk)) if M = [(1—6)(v6n/(27kd)) log n]
with a fixed, small positive §. This ends the proof of Theorem 1.

4 The saddle point method

We focus now on the case k = 2, n1 = n2 = n. By Lemma 2 and the
Cauchy formula we have for any 0 < §,0 < 1:

1
o 2” w11=6 J |og|= g 1—901)(1—905))

M— 1_aM-— 1
a ni— Cli'a no—

% {};[0(1 - (x1x2)“+d“)}ai}[] L- (2$1$2)Jd) dondae




As it is usual for partition problems we write x1 = e ~ %!, xo = e~ *2, with

z1 =+ 1y, zazar—&—it,x:\/%. Then we have

atnMiad) = o5 [ [ s+ s

11— exp(—(a+ dw)2x +ily+ 1)) (12)
T2, (1 — exp(—dj(2z +i(y +1))))
xexp((n —aM)(2z+i(y +1t)))dydt.

Next we split the integral in two ranges. The main contribution will come
from the square max(|y|, |t|) < 27z.

5 Some trivial upper bounds for all the
range —7 <y, t <1

A standard way to handle the generating function f is to write this prod-
uct as the sum of logarithms in the exponent, next to expand in analytic
series the logarithms and finally to exchange the order of summations and
compute some geometric series:

flatiy) f(z+it) = exp (mzzzl %(exp(m(m ir iy)) — 1+eXP(m($1+ it) — 1)>

(13)
Next for every y € [—7, 7], we have |exp(m(z +iy)) —1| > e™* —1 >
mx. Thus for every —m < y,t < m we have:

e te 0l <o (o5 L) = (5) =om (557).

V6

Now we examine the ratio of products in (12). Let R(y,t) denote this

ratio:
[0 — exp(—(a+ du)(2z +i(y +1))))
[Z, (1 = exp(=dj(2z +i(y + 1))
By some trivial upper bounds we have:
(1+ e ) [To2, (1 + exp(—2dux))
H?il(l —exp(—2djz))
In the denominator we may take M = oo if we want only an upper bound.

The resulting quantity may then be written as the quotient of two values
of f:

R(y,t) =

|R(y,t)| <

i {(1 — exp(—4dua)) (1 — exp(—2dux)) "'} 2f2(2da)
172, (1 — exp(—2djz)) - f(4dz)

Next we use the well-known formula (see for example [8])

|R(y,t)] <2

f(w) = exp (Lw+llog%+0(|w|))7 (14)



for w — 0 in |argw| < m/2 and Rew > 0. We obtain:
2

IRy, )] < (xfz+o<1>>\/§ exp (5-)-

It remains to handle one factor in (12):

27‘(‘\/5).

|exp((n — al)(2z +i(y + £)))] < exp(2n) = exp ( %

These upper bounds yield to:
2 2 m? 2 5
a(n,n; M;a,d) < n°p”(n) exp (%) =o(p“(n)) exp (@)
When a = d we can easily obtain a better result for the fraction R(y,t)

because there are some cancellations between the product in numerator
and the product in denominator:

T |1 = exp(—d(u+ )2z + i(y + 1))

R(y, = M ; ;
R (y, 1)l Hj:l |1 —exp(—dj(2z +i(y + t)))|
= H |1 —exp(—dj(2x +i(y +1)))|.
j=M+1

With trivial upper bounds we obtain

IR0 <[]0+ ep(-2i) = 2E9 . Lo (7). (15)

Thus we obtain

a(n,n; M;d,d) < o(p®(n)) exp (%)

6 The range 2mz < |y| <7

In this section we prove the following lemma

Lemma 4. With the notations f and R of the previous sections, we have:

1 27w 2mx
atnnMiad) = o5 [ [ e+ e+ iR
—27x J 27z

x exp((n —aM)(2z +i(y +t)))dydt

)

2

+ 0(p(n) exp ( -

Let us write co = v/6/(87) for the coefficient in the exponent in the
above error term.



Proof. We start with (13) and isolate the term with m = 1:

1 1 2
j it)] < (§R ‘ )
i atin] < exp (Re gy ar o+ 2 e =)
Then we use the upper bound proved in [4] p. 78:
f(x + iy)f(z + it)] < ex (i+1+ i 2 )
4 = OxXP 2ly| =z = xm?
2
cow (- te T (16)
2yl =z x
2
s 3
< L _ 2
= exXp (B:c 4x)’
when 27z < |y| < . Thus the contribution of f2m<|yl<m f\t\<7r is

o () exp (1o~ ).

If d > 2 we see easily that it is o(p?(n))e ~°°V" with the co defined
above. If d = 1, then a = d = 1: we combine (16) with (15) and this gives
a contribution bounded by

o(pZ(n)) exp (% — %) — 0(p2(n))e_coﬁ.

The same result can be obtained for 27rx < |t| < 7, |y| < 7 and this ends
the proof of Lemma 4.

7 The special case a = d.
By Lemma 4 we have
o, M, ) = 1+ ofp(n) e 0",

where I is the contribution from max(|y|, [¢|) < 27z. In the case a = d
the integral I has an easier presentation:

1 27 27w ) ) st ) )
. 472/ / fa+inf@+i) [ (- ep(—dj@o+i(y+1))
™ —27x J 27z :
j=M+1
x exp((n —dM)(2x +i(y+1t)))dydt.
Suppose that £ > 0 and
3 1 v6n ns
et _ < < —.
(7 +e)gg g, loan <M< — (17)

For j > M, |exp(—dj(2z+i(y+t)))| = exp(—2djz) < exp(—2dMz) <
n"§5. In [4] we have already met a similar situation. There we worked
with the functions g (w) = f(w) ;55,4 (1 — exp(—jw)).

10



Following the proof of formula (4.2) in [4] we obtain:

1 i ; _ exp(—2dMx)
j};{[ﬂ(l —exp(—dj(2z +i(y +t)))) = exp ( - SRS

+ O(exp(—Qde)(\/ﬁM\y +t+1+ % exp(—Qde)))).

When n~%/8+¢/3 < |y| < 27z (or n~/8+%/3 < |t| < 27x) the terms in
f(z + iy) give an extra factor exp(—n'/*) (see [4] p. 77). Therefore

1
aln,n Mid,d) = - / / o fa i S+t
472 J Jimax(yl lth<n " 815

x [ (0= exp(—dj(2z +i(y +1))))
Jj=M+1

x exp((n — dM) (22 +i(y + 1)) dy dt + o(p*(n)) e~ ",

The range n3/4te/3 < ly] < n~8/8+e/3 (or n3/4te/3 < [t] < n75/8+€/3)
can be settled as in [4] pp. 76-77:

a(n,n; M;d, d) = “;7;2(1)//‘W|< IR CERTCRRD)

_ exp(—2dMw)
% exp( 2dx )

x exp((n — dM)(2z +i(y +t)) dydt + Op*(n)e ™).
After some simplifications we apply (14)

1+ 0(1) ox ( _ exp—2dMwz
4?2 P 2dzx

" </\y|<n—%+% flz +1y) exp(n(z +iy))dy)2

a(n,n; M;d,d) = - 2de)

+ 0@ (n)e ™)

= (1+ o)y (n) exp (— ZRL24ME)

2dzx B Qde)

since
( exp(—2dMx)
exp| ——=

Sz + 2de> < exp(cznl/g).

8 The general case 1 <a <d
As in the case a = d we apply Lemma 4:
a(n,n; M, a,d) = I + o(p*(n)e V™),

but in this general case, the integral I has a more complicated form:

27X 27T
= ﬁ/ l2ﬂx flx+iy)f(z+it)D(2x +i(y + t))

—27

X H (1 —exp(—dj(2z +i(y + 1)) exp((n — aM)(2z +i(y + t)) dydt.
J=M+1

11



We recognize the formula in the case a = d but with a disruptive quotient
D2z +i(y + t)) in addition

o (1 = exp(—(a + du)w))
D(w) = 12,0 —exp(—djw))

We will now obtain some convenient upper bounds for D(2z + i(y + t))
when max(|y|, [t|) > n~3/4*</3 and asymptotic estimates for the range
max(|y|, [t]) < n™3/4+%/3. Then the proof of Theorem 2 will be a conse-
quence of these estimations and the work done in the previous section for
the case a = d.

(18)

Lemma 5. For |y, |t| < 27z, we have
|D(2z +i(y + t))| = exp(O(logn)). (19)

Proof. In (18) we change the index of the denominator in order to start
with 7 = 0 instead of 1. Next we do some suitable manipulations which
transform the quotients (1 —...)/(1 —...) in terms like 1 — .. .:

. _ b exp((d—a)(2z +i(y+1t))) —1
D(2e+ily+1) = [T (1- exp((d+dj)(2z +i(y +1))) — 1)'

§=0
Now the numerator above is independent of j:

T (14 lexpld=a@s +ity-+ ) =11y

|D(2x +i(y +t))| < exp(2duzx) — 1

When d is fixed, |exp((d — a)(2z + i(y +t))) — 1| = O(n~"'/?). By the
classical formula 1 + 4 < e (u € R) we obtain

oo n—1/2
|D(2z +i(y +1))| Sexp(Z%). (20)

We split the summation over p in two parts. When g is small that is
u < 1/(2dx), we use the fact that exp(2udz) — 1 > 2dux otherwise we use
the fact that (1 — exp(—2dux))~' = O(1):

]

exp( 2du:ﬂ)
Z 2udaz -1 Z de,u Z 1 — exp(—2dux)
=1
" <oix v 5 (21)
- 1
1 —2dpz 1
< 2z 8 2dx Z < 2dm 8 Yz

It remains to insert (21) in (20) to finish the proof of Lemma 5.

The upper bound of Lemma 5 is small enough to deduce with the
computations of the previous section that the contribution of the range

n~5/8T¢/3 < max t) < 27z is O(p%(n)) e ~1"""* for some ¢} > 0.
= Yl = p 1
Now we study the case max(|yl, |t|) < n=5/8+5/3,

12



—5/8+¢</3

Lemma 6. For max(|yl,|t]) <n the modifying factor satisfies

. e T exp((d —a)2z) — 1
D(2 ) =0+0mn st (1 - )
o+t +0) =+ 0 b IT (1= SF 00
Proof. The challenge of the proof is to obtain an approximation of D(2z+
i(y+t)) by an expression independent of y and ¢. We recall the expression
of D:

exp((d —a)(2z +i(y + 1)) — 1)

D2z +i(y +t)) = };[1 (1 © exp(dp(2z iy +t)) — 1

We will proceed in two steps. In the first step we will compare D(2z +
i(y + t)) with a similar product but with no y and ¢ in the numerators.

We will prove that

oo __exp((d—a)(2z+i(y+t)))—1
I (1 exp (@ (2 iy 1)1
1
)

(9] exp((d—a)2z))—
[ (1 - siessiem)

p=1 oxp(dpu(2a-+i(y+1))
The second step consists of removing y and ¢ in the denominators, that

> =14 0(n"5%). (22)

is to prove:
Hoo . ( N e);p((d—a)QJ:)—l >
= X 2x+1 t)))—1
H exp(du(2z+i(y+t))) -1+ O(n—%—l—a)‘ (23)

Hoo 1— exp((d—a)2z)—1
p=1 exp(2dzp)—1
Lemma 6 will be a consequence of (22) and (23).

We now prove (22). Le T3 denote the left hand side of this formula. As

in the proof of Lemma 5, we write each term in a product of type 1 — .. .:

o (=3 ) oxp(aa(d—)
o . exp(du(2z+i(y+t)))—1
Tl o H 1 o exp(2z(d—a))—1
n=1 exp(du(2z+i(y+t)))—1

The denominators exp(du(2x + i(y + t))) — 1 are cancelling, next we
factorize with exp((d — a)2z), this gives:
ad exp((d—a)i(y+1t)) —1
n=1[(1- :
=11 exp((dp — d + a)2z +idu(y + 1)) — 1)

p=1

Next we proceed as in the previous sections, we write the product as the

sum of the logarithms in the exponent and use some standard inequalities:

N 1
Ty =exp ( - Z log 1 — _ _ep((d=a)ily+rt)-1 )
p=1 exp((du—d+a)2z+idu(y+t))—1

13



This gives the upper bound

n=exp (0( Y0 ‘exp( <dZXf(§Ta§L§i(ifd2?y_fw> =1l))

. (d—a)ly +1]
P (0(1) = exp((du — d + a)2z) — 1)
= exp(O(n~59)) = 1+ O(n"579).

This ends the proof of (22). We now prove (23). Let T> denote the left
hand side of this formula. For 1 < a < d we start in the same way as for
Tli

00 czxp((Qa:(df(a));)l) N exp(2(x(df(;))fl
. _exp du(2z+i(y+t)))—1 exp(2dpz)—1
T2 o H 1 1— exp(2z(d—a))—1
exp(2dux)—1

p=1
We factor out exp(2z(d — a)) — 1 and/or simplify by it:

o) 1 1
exp(du(z+i(y+t))—1 ~ exp(2udz)—1
TQ - H 1 - 1 — 1
p=1 exp((d—a)2z)—1 exp(2udz)—1

We put in the same denominator the two differences of fractions and next

we factor out exp(2dux). After these two manipulations we obtain:

00 1(—e>((p(dﬂz'(y+§gg

. exp(dp(2z+i(y+t)))—1

T2 - H 1= 1—exp(—(du—d+a)2x)
n=1 exp((d—a)2z)—1

We are now ready to do some standard upper bounds using the same

type of ideas as in T7i:

= | St i)
. exp(du(2z+i(y+t
T2 - eXp O Z ]_—exp(—(du—d-i-a)z/l?
p=1 exp((d—a)2z)—1

1
)

Thus we obtain

- duly + t|(exp(2z(d — a)) — 1)
T5 = exp (0(1) ; (exp(2dpzx) — 1)(1 — exp(—(dp — d + a)Qm))).

As in the end of the proof of Lemma 5 we split the sum on g in two
sums and handle these sums as before:

B duly + t|22(d — a) ply +t|d*x
To = exp (O(l) > Sude(di —d + a2z ow > exp(2udz) )

p<1/(2dz) p>1/(2dz)

= exp(O(1)|y + t|v/nlogn + O1)d’|y + t|z Z p(exp(—2dx))").

n=1

14



The last sum in g is O(1/2%). Thus we obtain
Ty = exp(O(n~5%%)) = 1+ O(n~ 5.

This ends the proof of (23).

9 The modifying factor

Let P(2z) denote the product in the right hand side of the formula of
Lemma 6. We can write this product in the following way:

PQr)=f@2dz) [[ (1 —exp(—2wn)) = f(2dz)Q(22),
nzanzrrlwd d
say. The product Q(x)~" is the generating series associated with parti-
tions with parts = a mod d. It appears in [11] as the first example of
application of the general result of Meinardus. Following his method we
find when 0 € R, 0 — 0:

2

Qo)™ = (14 0(0)) exp (éZTU)F(g) %'

Thus we obtain:

- 1—a/d 1/2 T l1—a
Plas) = (140 B = o) (D)

This ends the proof of Theorem 2.

10 Proofs of the corollaries

Before proving Corollary 1 we prove the following lemma on some stability
of the behaviour of a(n,n; M, a,d).

Lemma 7. Let a,d, M,e satisfy all the conditions of Theorem 2. For
[t — M| < n& =2 we have

2rd\1-q 1
a(n,n; M;a,d) = (14 o(1 2(n) (=
( )= oo Z=) o
X ex (— 6nexp(_jgt)_2at T )
P 2rd Vén/'
Proof. We consider the function
V6 exp(=2Z4t)
Von ™
H(t) = — -2 . 2
(t) exp( e at \/%) (25)

By Theorem 2 it is sufficient to prove that H(M) = H(t)(1 + o(1)).
By a direct computation, we have:

V6n —27dM —27dt 2am(M —t)
,Wd(exp( \/an)fexp(m))f o )

15



Clearly we have:

( 2am(M —
exp| - ———+

t) —1/2
=14+0(|M —tln .
o) (1M — 1} %)
For the difference of the two exponential we see that:
V6n (exp (—27rdM) B (—27rdt)) _ Vbn exp (—27rdM)
2rd \V6n \V6n 2md V6n
—27d(t — M)
X (1 —ex
(1-e (—5))
= 0(jt — Mlexp - 2mdM
Proof of Cor
and Ba(n) =

3
&‘ ool

we have:

Voén ))
= O(|t — M|n~5*%)
ollary 1. For brevity we will write By

glogn

Z(n) = (14 o(1))p*(n)

2nd )1*% 1

= (i+e)
Let Z(n) denote the number of pairs of partitions of n,
(11 (n), I2(n)) satisfying (2). By Theorem 2 and using the notation (25)
Von

0 > H(m).
d/ Bi(n)
Next following the ideas of [4] or [5], [6], we approximate the summation
over m by an integral.
m € [Bi(n), B2(n)]:

<m<Ba(n)

Since by Lemma 7 we have uniformly for all
we obtain

2n) = 1+ o)) (E2) T o
we obtain

Ba(n)
(E) Bi(n)
Let I(n) denote the above integral on ¢. If we set u = exp ( —

oy — _Yon

2"—\/%) then
uz(n) u/bny a_,
yon — i-1q
2wd exp( 2nrd )u b
uy(n)
with ui(n) = exp ( QW%M), u2(n) = exp ( — M\/Gln(")).
Next we do a second change of variables, that is v = ”2‘7/37" . We observe
some simplifications in the expression of Z(n):
2 ug(n)v6n/(2rd)
p-(n) [*
2(m) = ~(tro) 2 [
r(g) Ju

 (n)V/GT/ (2md)
by [4] p. 83. This ends the proof of Corollary 1.

e w4 dv = p*(n) (140(1)),
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Proof of Corollary 2 B
By Corollary 1, it is sufficient to evaluate K (n,n; \; a,d), the number
of pairs of partitions (II1(n),II2(n)) such that

1(\/6n
d* 4r

logn+)‘\/ﬁ) < ‘(Hl(n)vavd) n (HQ(n)vavd)‘ < BQ(”)

Next we apply Theorem 2 for every M € [5(% logn+ Ay/n), B2(n)] and
Lemma 7 to work with some truncated gamma integral as in the previous
proof. We conclude with quite the same computations as in the proof of

Corollary 1. We skip the details.
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