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This contribution is dedicated to Professor Willi Jager on his 75th birthday. Multi-
scale analysis and biological applications are two subjects of focus in Willi’s research
over his professional life.

Abstract We study a shadow limit (the infinite diffusion coefficient-limit) of a sys-
tem of ODEs coupled with a semilinear heat equation in a bounded domain with
Neumann boundary conditions. In the literature, it was established formally that in
the limit, the original semilinear heat equation reduces to an ODE involving the space
averages of the solution to the semilinear heat equation and of the nonlinearity. It
is coupled with the original system of ODEs for every space point x .We present
derivation of the limit using the renormalization group (RG) and the center manifold
approaches. The RG approach provides also further approximating expansion terms.
The error estimate in the terms of the inverse of the diffusion coefficient is obtained
for the finite time intervals. For the infinite times, the center manifolds for the starting
problem and for its shadow limit approximation are compared and it is proved that
their distance is of the order of the inverse of the diffusion coefficient.
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1 Introduction

In the study of reaction-diffusion equations describing Turing-type pattern formation,
it is necessary to consider very different diffusion coefficients. A number of such
models was proposed in mathematical biology and chemistry, including the activator-
inhibitor model of Gierer and Meinhardt [10], Gray-Scott model [8], Lengyel-Epstein
model [18], and many others [24].

To study spatio-temporal evolution of solutions of such models, it is worthy to
consider a reduced version of the model by letting the large diffusion coefficient
tend infinity. The resulting system is useful only if it is a good approximation of the
original dynamics and preserves the phenomenon of pattern formation. Such model
reduction has been recently proposed also in analysis of reaction-diffusion-ode mod-
els with a single diffusion [20]. Reaction-diffusion-ode models, called also receptor-
based models, arise in description of interactions between intracellular or cell dy-
namics regulated by a diffusive signaling factor. They have already been employed
in various biological contexts, see eg. [14,16,22,23]. In this paper we focus on a
rigorous proof of a large diffusion limit for such models.

A representative example is an ODE system, coupled with a semilinear parabolic
equation with a large diffusion coefficient. Its ratio to the other coefficients is equal
to the inverse of a small parameter € > 0. In the analysis of the model, we follow
the approach established for problems having two characteristic times. We assume
that Q is a given open bounded set with a smooth boundary and focus on the Cauchy
problem

% :f(lle,vs), in (O,T)XQ; ue(o):uO(x)’xe!z7 )
% - %Avﬁé(“e’ve)’ in (0,7)xQ, ve(0)=1"(x),xeQ (2
dve )

W—O in (0,T)xdQ. 3)

Asymptotic analysis of problem (1)-(3) with € — 0 has attracted a considerable
interest in the literature in the case where the first equation is a quasilinear parabolic
equation, starting from the papers of Keener [15] and Hale [11].

In our case, the shadow limit reduction of equations (1)-(3) yields the following
system of integro-differential equations

Jdu

o~ fw), @
dv 1

= = @/Q(D(u(x,t),v(t)) dx. )

For a finite time intervals, convergence of solutions of the e-problem (1)-(3) to the
solution of the shadow problem (4)- (5) was shown by Marciniak-Czochra and col-
laborators in ref. [20]. An approach using semigroup convergence has been recently
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established by Bobrowski in ref. [1]. However, its application to system (1)-(3) re-
quired some properties of the solutions which are not satisfied in general.

In this article we present a detailed study of the limit process by comparing so-
lutions of the two systems (1)-(3) and (4)-(5) and proving an error estimate in terms
of €. The employed methods are the renormalization group technique (RG) and the
center manifold theorem.

The paper is organized as follows. We formally derive the renormalization group
(RG) equation in Section 2. It yields the shadow limit equation and, also, allows to
determine the next order correction term. Next, in Section 3 we prove the approxi-
mation for finite time intervals. The results are given in Theorem 3 , which is proven
in two steps. First we construct appropriate cut-offs and a barrier function and prove
that the difference of solutions is of the order O(€) in L*(2 x (0,T). Then, using
energy estimates, the perturbation from the mean for the semilinear heat equation (2)
is proven to be of the order O(&%?) in L?>(0,T;H'(R)). In Section 4 we determine
the center manifold around a critical point for both systems (1)-(3) and (4)-(5). The
main result is obtained in Theorem 4 through a comparison between the constructed
center manifolds. We give their construction and prove that (i) their central spectra
coincide , (ii) the “master” equation is the same and (iii) the reduction function for
the perturbation part from the mean for the semilinear heat equation (2) is of the order
O(¢€) in the sup-norm.

2 RG approach to the shadow limit

The RG method originates from theoretical physics. It was introduced for singular
perturbation problems by Chen, Goldenfeld and Oono in references [3,4], where the
method was formally applied to several examples. One advantage of the RG method
is that it provides an algorithm for derivation of reduced models. Its first step is a
straightforward perturbation expansion. The expansion usually involves secular terms
that exhibit unbounded growth in time, which can be however removed by the ap-
propriate reparametrization provided by the RG equations. The procedure leads to
correct asymptotic expansions. The RG method allows to identify all multiple scales
present in the problem and provides the result based on a systematic procedure. The
involved computations may be tedious, but they are straightforward.

A mathematically rigorous theory of the RG method was developed for systems
of ordinary differential equations of the form

dx

e Fx+eh(x,t),

valid for long time intervals. Here F is a matrix with purely imaginary eigenvalues.
In the naive expansion approach secular terms appear and asymptotic expansions are

not valid for the time intervals of the length 7' = O( o ). It was shown in references [5],

[6] and [9] that the RG method provides a good approximation also for long times.
Furthermore they pointed out that the RG method unifies the multiple time scale ex-
pansion techniques, the center manifold theory, the geometric singular perturbation
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and other perturbation methods. The RG method has been also applied to some par-
tial differential equations, in particular, to the geostrophic flows, see ref. [29], [25],
[26]. In a recent article [7] Chiba considered approximation of the perturbed higher
order nonlinear parabolic PDEs by simpler amplitude parabolic PDEs. The shadow
limit approximation does not enter into that class of problems. Nevertheless, in this
section we will give a formal derivation of the shadow limit system (4)-(5) from (1)-
(3) using the RG approach. Once the time variable is rescaled, we see immediately
the analogy with the above quoted works. We construct the RG approximation, which
is a simple case of the RG transform ¢ from Chiba’s articles. It contains the solution
to the shadow limit problem (4)-(5) and the “coordinate transformation > ew®. w®
controls the ’slave” modes in the nonlinearity @.

In this paper, we consider the Cauchy’ problem (1)-(3). The nonlinearities f and
@ are defined on R"™*!, m > 1, and take values in R” and R', respectively. It is
assumed that they are C> with bounded derivatives and that problem (1)-(3) has a
unique globally defined smooth solution.

In order to apply the renormalization group (RG) approach, we change time scale
by setting T =t /€. System (1)-(3) becomes

d pa .
;; = ef(ue,ve) and % —Ave =€P(ug,ve), in Q2 x(0,7); (6)
% =0 on (0, T) x 00, ug(O) —u’ and Vg(()) -0 in O A

2.1 Prerequisites

Before presenting the RG calculations we recall two elementary results from the
parabolic theory and a simple lemma about ODEs with an exponentially decaying
right-hand side.

1. We consider the spectral problem:
Find w € H'(Q), which is not identically equal to zero, and A € R such that
dw

—Aw=Aw in Q; —=0 on JRQ. (8)
v

It admits a countable set of eigenvalues and eigenfunctions {A4;,w;}. The prin-
cipal eigenvalue A = 0 and wy = 1/1/|Q]. A; tends to infinity as j — . The
eigenfunctions {w;} form an orthonormal basis for L?(£2) and an orthogonal ba-
sis for H'(Q).

2. LetUp € L*(2) and F € L*(Q x (0,T)). Then, the initial/boundary-value prob-

lem
U .
5 —AU =F(x,t) in Qx(0,7), )
a—U:0 on dQ x(0,T), Ul=o=Uy in Q, (10)

ov

parabl

parab2
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[pomior] 3.

has a unique variational solution U € L*(0,T;H'(2))NC([0,T];L*(R2)), given
by the separation of variables formula

f o0
l):<U()+/O F(, Z{ Uvaj L2 ) 7)th

+/ )W Lz(_Q)e*’lf(’*s) ds}wj(x), (11)

where the arithmetic mean is
1
(o = 7/ z(x)dx, zeL'(Q).
12| /e

Lemma 1l Let g: R x [0,4) — R, g = g(y,7) be a continuous function that is
Lipschitz in y and satisfies the inequality

lg(y,1)| <Ce™,  forsomey>0 andallt € [0,+). (12)

Then, the solution y for the Cauchy problem

dy

I =g»t), y(0)=yo, (13)

is a globally defined function such that

t
¥lli=®y) <C and  sup | | y(s)ds—ty(1)] <C. (14)
teRy 0

2.2 Application of RG method

We now proceed by usual RG method steps.

1.

We assume that the problem can be solved as a regular perturbation problem and
calculate the straightforward expansion

ue(x,7) = up(x, 7) 4 euy (x, 7) + 2w (x,T) + ...,
Ve (x,7) = vo(x,T) +&vi(x,T) + €2 (x,7) ..

It yields

0
a—(U()-l-Sul +€ llz—‘r ) = ef(ug,vo)+
€*(V.f(ug, vo)ui (%) + uf(ug, vo)v1 (7)) + ..,

0
(E fo) (vo+evy +£2V2 ...)=¢€eP(ug,vp)+

0P
SZ{VH(P(U(),VQ) ‘U ("L') + =

B (ug,vo)vi(T)}+....
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Comparing the terms of the order zero we obtain

d d
(a—T—Ax)vo—O and  =—up = 0. (15)
Equations (15) yield
+o0
u(x,7) =A(x) and w(x,7) =B+ Y bjw;(x)e M, (16)
j=1

where B is a constant.
On the order O(€), we obtain

P) .
(% fo)vl =®(A,v), in Qx(0,T), (17)

d

M= f(A,v), in Qx(0,T). (18)
We note that f(A, vo) = f(A, vo) — f(A, B) + (A, B), with [f(A, vo (7)) — (A, B)| <
Cexp{—A,7}. Hence, equation (18) leads to

u;(x,7) = f(A,B) + Cy,(x,7), (19)

where Cj,, is a solution to the Cauchy problem (13) with g; = f;(A,°) — (A, B).
By Lemma 1, the function Cy, is uniformly bounded with respect to 7.

We use equation (17) to calculate v;. Once again, we decompose the right-hand
side as @(A,vg) = P(A,B) + P(A,vy) — P(A,B). Using formula (11), with the
right-hand side ®(A,vy) — @(A, B) exponentially decreasing in 7, yields a solu-
tion that is uniformly bounded in T € R.. The right-hand side ¢ (A, B) is bounded
with respect to 7 and it contributes as an affine term in 7:

= wix
Vl(xa T) = T<(D(A7B)>.Q + .le((p(AaB>7Wj)L2(Q) jz'(j ) +Clva
j=

where C, is a solution of the Cauchy problem (13) with g|Q| = [, (P (A1) —
®(A,B)) dx.

By Lemma 1, the function Cj, is uniformly bounded with respect to 7.
Comparing the terms of the order O(&?) for u, we obtain

d
afrllz(x, ’C) = Vuf(uO,Vo)ll] (x7 ’L') + avf(llo,\/())vl (x7 T) =

2(V.f(A,B)E(A, B) + O,f(A, B)(D(A, B))q) + Vuf(A, B)C(x, 7)+

(A, B) (Cru(x,T) + Jf(db(A,B),w Dz le(f“) )+0((1+)e™M7),  (20)
j=1 J
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and consequently

2
u(x,7) = > <Vuf(A,B)f(A,B) + 8vf(A,B)<cD(A,B)>Q) +

oo wilx
T(Vuf(A,B)Clu(X, )+ o,f(A,B) (C1y(x,7) + Z](¢(A7B)7W1)L2(Q) it )))
=

+Cay (x, ‘L').
By estimates (14), the function Cy,(x, 7) is uniformly bounded in 7.

Next, comparing the terms of the order 0(82) for v,, we obtain

(a% —Ax)vz(x, T) =V, ®(A,v0) -us + 3, D(A,vo)vi = 7(V,P(A,B)-f(A, B)
+0,®(A,B)(®(A,B))q) +VuP(A,B)-Ci,+ 9, P(A,B) (Ciy(x,T)

oo :
+2(¢(A,B),wj)Lz(Q>W’)L(fC))+0((1+r)e4ﬂ) in Qx(0,7), @
= j

together with boundary and initial conditions (10). The separation of variables
formula (11) and Lemma 1 yield

v (x,T) = %2 ((VMCD(A,B) f(A,B))o + <8V§D(A,B)>Q<<D(A,B)>_Q> +

T (<VM(I7(A,B) : C1u>Q + <8v<15(A,B) (C]V()C, T) + f(‘b(A,B),Wj)l;(Q)
j=1

~—

w; (X

A

~
~—
o]
N———

+oo

+7)°

Jj=1

wij(x)

Aj

((Vu®@(A,B) (A, B),w))12(q) + (A P(A,B), wj)12q) (P(A, B)) )

Jrsz(x, ‘L').

By estimates (14), the function Cy,(x, ) is uniformly bounded in 7.
The approximation takes the form

ue(x,T) = ug(x, T) + euy (x,7) + 2wz (x, 7) + O(&%), (22)
ve(x,T) = vo(x,T) + €vi (x,T) + £2v2 (x,T) + O(€°). (23)

Since solutions uy, vy, u; and v, involve terms with polynomials in T which yield
secular terms in the expansion (23), the approximation is valid only for time in-
tervals with length of the order O(1). In order to have an approximation valid for
longer time intervals, it is necessary to eliminate the secular terms.

2. The idea of the renormalization is to introduce an arbitrary time u, split T as T —
U+ 1 and absorb the terms containing Y into the renormalized counterparts A (1)
and B(u) of A and B, respectively. We introduce two renormalization constants

Z' = 1+ae+are?,
Zp = 1+b18+b282.
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We renormalize the coefficients A and B using the following expansions

A= (1 +a1k8+a2k82)Ak(u), k=1,....m
B = (1+bie+be*)B(p). (24)

The coefficients a;, a;, b> and b can be chosen to eliminate the terms containing
the secular terms e , pe® and pu’e”. Consequently, only the terms in T — u
remain in the approximation.

Inserting formulas (24) into the approximation (22)-(23), we obtain

k(T I»L):Mok( )+8u1k( )-‘rSzuzk( )=(1+a1k€+a2k82)Ak(ﬂ)+

e(t— /.LJr/,L)(fk(A B) +828u/fk (A,B)ay;A;(1) + €Bb1d,fi(A, B))
=1

2

eclu,k+2<72—u2+u2>(vuf<A7B>f<A,B>+avf<A,B><¢<A,B>>Q)k+

e(t—p+u) ((Vuf(A7B)C1u(x, 7)), + 0 fk (A, B) (Cry(x,T)+

oo ,
Z(@(A,wa,-)y(mwf")))+82czu,k<x,r>, k=1.m  @25)
=1 J

(T, 1) = vo(T) +evi (1) +€*(t) =B(u)(1+b1e+bre?) +e(t—p

1) ({9(AB))a +¢ Y. (9, B(ABlay 4, (1)) o + £(Bb1 0, B (A B)) o)
j=1

I | ‘ w;(x)
+8C1v+82((p(A(1+8a )7B(1+8b1))7W1)L2(Q) A +
j=1 /

%2(72 - /.12 + “2) <<Vu¢(AvB) 'f(A7B)>Q + <avq‘)(A7B)>.Q <¢(A7B)>.Q) +

E(T—pu+p) <<vuq>(A,B) Cr)a + (3,P(A,B) (Cro(x, T)+

foo (%) +oo
Z%((P(A?B),Wj)m e Z ( (Vu®(A,B) -£(A,B),wj)120)+
= =
(O D(A,B),w)) 12 )+s Co(x,7) +0(e )+ 0(€).  (26)

Next, we choose the renormalization constants a; and b in such way that the
secular terms in i of the order O(¢) are eliminated. Consequently, we obtain

ark(H)Ar(p) + 1 fi (A, B) + Crup =0,
implying

alk:—Aﬂfk(A,B)—T’, k=1,....m. @7)
k k
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Analogously, for by it holds

HoipA Ci 1+m¢A wi(x )
—3(PAB)a—— =5 ) (PAB).w))q) % (28)

=1

~—

b =

Now we insert formulas (27) and (28) into (25)-(26). The terms of the order
O(£?), containing only u and its powers (the secular terms), are to be elimi-
nated and only terms containing T — u and 7> — u? should remain. We achieve
this goal by choosing appropriate {as}r=1,..» and by, given explicitly by com-
parmg the corresponding terms of the order 0( 2). The resulting expressions for
{M (T, 1) b=, ,m are

”k(f7ﬂ) :Ak(“) +8(T—[J) (fk(A7B) —€ i au,fk(A>B)(.ufj(A>B) +C1u,j)_

€0, fv(A,B) (U(P(A,B))q + Cry(x,7) + Z (A,B), W./')Lz(.Q)Wﬁ(j'X)))Jr
Jj=

%2(* ) (Vuf<A7B)f(A,B> + 8vf<A7B><<I>(A7B)>Q> +
k

82(7 —u) ((Vuf(A7B)C1u(x7 T))k + &vfk(A7B) (Clv(x, T)+

oo ,
Z(‘I’(A,B),Wj)p(g)wjl(x))), k=1,...,m. (29)
- j

Jj=1

and for v(7, )

(z1) = B(u) + £z — ) ((D(A.B))a — Y. (3, P(AB) (117,(A.B) + Cuu )
j—l

—£(0,@(A,B) (L(D(A,B))q +Ciy(x,7) + Z (A,B), Wj)Lz<Q>Wj(_x))>a)+
=

e u2>(<vu¢><A,B>-f<A,B>>Q+<av¢<A,B>>g<¢<A,B>>Q)+

e2(1—p) ((Vudb(A,B) -Cru)a + (9, B(A,B) (Cry(x,7)+
& <

jzzl(q)(AvB)’Wj)Lz(

o+ Z W’ (V.®(A,B)- f(A,B),wj)12(0)+

(av(p(A,B),W])LZ(_Q)<¢’(A7B)>_Q)> +0(eilf)+0(£3) (30)
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. The parameter u is arbitrary and the solution does not depend on it. Therefore,

we take the condition of tangentiality

quith),
8“ = - k)
Iv(T, 1)
Em lu=z =0, forall 7. (31)

After noticing that terms multiplying €27 and & in the equation for u* cancel and
that in the equation for v from O(¢?) terms only the last two remain, we arrive at
the RG equations

W = ef(A(x,7),B(7)), for 7>0; (32)
T w(x

di(:) = e(D(A(-,7),B(7))a+€ ), ;L(~ ) ((Vu®(A,B)-£(A,B), w)) 20+
A

(8V<I>(A,B),wj)Lz(_Q)<<15(A,B)>_Q), for 7>0. (33)
Returning to the original variable t = €7, we obtain the desired approximation

IA(x,1)

o= f(A(x,1),B(t)), for t>0; (34)
B (A1), B1))a +e Zl W’i(,x) ((Vu®(AB) £(AB), wj)iz(a)+
=
(8vd5(A,B),wj)Lz(_Q)(@(A,B)}g), for t>0. (335)

Note that x €  is now just a parameter in (34). For t = O(1) the initial time layer
effects became negligible and the approximation is expressed by A(x,?).

The correct behavior for small times is described by the initial time layers, as in
the classical literature (see e.g. [19], [27] and [28]).

3 The shadow limit through energy estimates

Existence results for the shadow problem

We start by summarizing properties of the shadow system (4)-(5):

aa—?:f(A,B,x,t) on Qx(0,T); A(x0)=u’(x) on Q; (36
W @@Bxna o 0.7 BO)= (0, G7)

where Q is a bounded open set in R", with a smooth boundary.
We make the following Assumptions:

Al. fis a C! function of x € Q and a continuous function of 7. ® is a continuous

function in (x,#) € Q x [0,T].

RGeqSP1

RGeqSP1B

RGeqSP1A

RGeqSP1BA
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A2. fand @ are C' functions in R”*! and locally Lipschitz in (A, B) € R+,
A3. W e ()W e H (Q)NL?(Q).

Applying Picard iteration to our infinite dimensional setting yields

Theorem 1 Under Assumptions AI-A3, there is a constant Ty > 0 such that problem
(36)-(37) has a unique solution {A,B} € C'([~T,T],L*(Q2)" x R), for all T < Ty,.

Regularity with respect to the space is not restricted to L= (). Let #(2) be a vector
space of all functions defined everywhere on €2 that are bounded and measurable
over . %(£2) becomes a Banach space when equipped with the norm ||g|| (o) =

sup [g(x)].
xeQ

Corollary 1 Let Assumptions A1-A3 hold. Then, if in addition u® € B(Q)™, there
is a constant Ty > 0 such that problem (36)-(37) has a unique solution {A,B} €
CY([~T,T],B(2)" xR), forall T < T.

_An analogous result, with () replaced by C(Q), holds if we assume u’ €
C(Q).
Differentiability properties can be shown along the same lines:

Proposition 1 Let Assumptions AI1-A3 hold. Then, if in addition u® € H' (Q)™, there
is a constant Ty > 0 such that problem (36)-(37) has a unique solution {A,B} €
CY([~T,T],(H'(2)"NL*(2)™) x R), forall T < Ty.

If, in addition to Assumptions A1-A3, we assume

A4. There exist continuous functions c, k, defined on R with values in R, such that

160y, 1)l [zt @pm + (@Y, 1))@ < e(t) +k(D)|¥lgmer, ¥y €R™H, (38)

then every maximal solution to problem (36)-(37) is global.

Auxiliary problems for analysis of the €-problem.

In the following we introduce two auxiliary problems.

The first problem is linked to the fact that in the shadow limit equation, only the
mean of @ appears. We have to take care of the replacement of @ by its spatial mean
and to introduce a correction w® by

—Aw® = ®(A,B,x,1) — (O(A,B,x,1))q in Q, (39)
a [e3]
7 "a =0 )

WzOonaﬂ, (w

Problem (39)-(40) admits a unique variational solution w® € C([0,T]; H'(£)). Fur-
thermore, w® € C([0,T];W?"(Q)), for all r € [1,+0).
Next d,w? satisfies

—AOW® =V, PO,A+ pPI,B+ 0P — (Vs PIA) o —

(O DIB) o — (AP € C(10,T];L7(Q)); (1)

D
a%’vvv —00n9dQ, (Gw®)q=0. (42)




12 Anna Marciniak-Czochra, Andro Mikeli¢

Therefore
aw® € C([0,T);W?"(R)), Vre[l,+o).

The second one is linked to the fact that the shadow approximation uses only the
space average of the initial value v* of v. It creates an initial time layer given by

0 ; .
(% _Ax)é’(x, 7)=0 in Q X (0,+4co), (43)
(Zil =00n9Q x (0,+), E(x,0)=1"(x)—ew®(x,0)— (W)oinQ. (44)

Assumption A.3. and the separation of variables for the heat equation yield

Ellx,7) = i e*”ﬂ(vo,w,)Lzm)wj(t) e L2(0,T;H' (2))NC([0,T];L*(R)), (45)
j=1

for all finite positive 7', with ¥ = v(? —ew®(x,0). Furthermore, by a simple compari-
son principle i € L™ (Q) implies & € L™ (2 x (0,T)). Note that #° € H' () implies
E € L?(2x(0,T)) and E' € L(0,T; H' (R)). In the remainder of this section, we

use the initial layer function %€ (x,1) = E'(x, —).

~—

M|~

Well-posedness of the €-problem

Next, we focus on a short time well-posedness of the e-problem (1)-(3). Here we
consider a more general variant of the problem given by:

d
aulg :f(u57v87x7l)v in (OaT) X‘Q; uE(O):uO(x)7 XEQ; (46)
dve 1 )
W B EAVS = ¢)(u87V£7-x7t)7 mn (O’T) x Q’ (47)
Ive

ve(0) =0 (x), x € Q; =0 in (0,7)x0Q. (48)

av
Existence of a mild solution for a short time follows from the standard theory, see
e.g. the textbook of Henry [13] or ref. [21].

For completeness of the presentation, in the remainder of this section we pro-
vide an independent proof of the short time existence and uniqueness of solutions of
e-problem (46)-(48). Using an explicit decomposition of the solution, we link the ex-
istence time interval of system (46)-(48), to the existence time interval of the reduced
problem (36)-(37). The proposed decomposition provides dependence of the spatial
regularity of the solution on the regularity of the initial datum. Moreover, it proves to
be useful in the error estimation in Theorem 3 showing that that the time existence
interval for variational solutions of problem (46)-(48) is always greater or equal to
the existence time interval for problem (36)-(37).

Initlayl
Initiallay2
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We start by recalling some classical results on linear parabolic equations from the
monograph [17], chapter IV, subsection 9. Let us consider the following problem

dz 1 ) -
g_EAZ*qu’(xvt)a n (07T)><Q’ (49)
2(0) =0, x€ Q; % =0 in (0,T)x 0. (50)

For Fp € L*(Q x (0,T)), the problem (49)-(50) has smooth solutions. The corre-
sponding functional space for the solutions is

Wil (Qr) = {9 €L(Qr) |/ Dig € LU(Qr) for 2r+s<2},
with Oy = Q x (0,T) and 1 < g < oo
The solutions are characterized by the following result:

Proposition 2 ([17]) Let Fp € L*(2), g > max{3,(n+2)/2} and 0 < k <2 — (n+
2)/q. Then the solution to (49)-(50) is an element 0fW,127l (Or) and

||ZHCK"K/2(§T> < Cl||ZHqu,1<QT) < CHF(DHLq(QT). (&2))

If g > n+2, then Vyz is also Holder continuous in x and t.

Now we are ready to prove a local in time existence of unique solutions to system
(46)-(48).

Theorem 2 Let Assumptions A1-A3 hold and let V° € H' (Q)NL>(Q). Then, there

LadshadG2
LadshadG3

aprioriq

exists Ty > 0 such that problem (46)-(48) has a unique solution {ug,ve} € C' ([0, T];L>(2))™ x

(L*(0;T;H'(2))NL=(Qr)), dve € L*(2 x (0,T)).

Proof of Theorem 2.
The proof is based on Schauder’s fixed point theorem.
We introduce a convex set

K={zeX=L*0,T:H"(Q))NC([0,T];L*(R))| ||z||x <R}
and search for a solution in the form

u. =A+0U,
ve = B+ew® +EE 1V,

In the decomposition, ¢ contains the information about the initial condition. V
is a smooth function needed for application of the compact embedding in the proof.
The decomposition allows proving the result without supposing a high regularity of
the initial condition °. Note that for sufficiently small T, the functions A and B are
well-defined.

Let V(1) € K. Then we define U as a solution of the following problem

%—Itj =fA+U VD 4+ B+ew® + £ x,1) —f(A,B,x,t) in (0,T); U(x,0) =0, (52)
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for almost all x € Q. Assumptions A1-A3 and boundedness of w® and E¢ yield
that problem (52) has a unique solution U € C!([0,T];L*(R2)), T < Tp, such that
IUllc(jo,1):=(ym) < Ck T, where Cx depend on R, but not on 402
Next, we define V' as the solution of the equation
av 1
— ——AV
Jdr €
= D(U+A, VY 4 B+ew® +E x.1)— (P(A,B,x,1)) g +Aw® —edw®
= d(U+A, VYD 4 B1ew® + £ x 1) — D(A,B,x,1) —edw®
in (0,T)xQ; (53)

awv

V(x,0)=0, x € Q; 3v

0 in (0,7T)x9Q. (54)

Existence of a unique solution V € L*(0,T;H'(Q)), 9,V € L*((0,T) x Q) of prob-
lem (53)-(54) is straightforward (see e.g. [13]) and the basic energy estimate implies

R .
Vl=0,m:202)) T V20701 (2)) < 5 for a sufficiently small Tp.
Next for sufficiently small 7, estimate (51) yields

0| X

IVleqo,mi=@) < 5 (55)

Now we define the nonlinear mapping .7 : K — L(0,T; H' (Q))NC([0,T];L*(R2)),
T < Ty, by 7 (V) = V. The above discussion yields .7 (K) C K. Next .7 is obvi-
ously continuous with respect to the strong topology on K. Finally, .7 maps K into a
ball in qu’l (Qr), for any g < 4-eo. By (51), qu‘l (Qr) is for ¢ > max{3, (n+2)/2}
compactly imbedded into C(Q7) and, also, into L?(0,T; H' (Q)).Therefore the range
of 7 is precompact in K for T < Ty and, by Schauder’s theorem, the problem has
at least one fixed point in K. Furthermore, from regularity of the ODE solutions we
conclude that U € C' ([0, T]; L= (2))™.

Now ue = U+ A € CI{([0,T];L>(Q))" and ve = V + B+ ew® 4 £ ¢
L2(0;T;H' (Q))NL*(Qr), and 9,ve € L2((0,T) x Q).

The regularity and Lipschitz property imply uniqueness. O

An error estimate for the shadow approximation on finite time intervals

Now we introduce the error functions by
Ue=ug—A and ¥ =ve—B—ew® £ (56)

Our goal is to estimate the error functions and to show that they are small in a suitable
norm. Such estimates allow to conclude that problems (46)-(48) and (36)-(37) have
the same maximal time existence interval. Note that the nonlinearities are Lipschitz
functions on any cylinder where a solution exists.
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The function ¥ is given by

07 1 .
af —AYe= D(U:+A, Ve +B+ew® +E% x1)— P(A,B,x,1) — ew?®
i Qx(0.7); 57)
a2
Ye(x,0) =0, x € Q; aV‘S:O in 9Q x(0,T). (58)

We start with an L* error estimate.
Our first cut-off function is

—elog(l/€), for z< —elog(l/€);

O(z) =1 z, for —elog(1/e) <z<elog(l/e); (59)
elog(1/e), for z>elog(l/e).

Next, we write the right hand side in equation (57) as

D(Ue+A, Ve +B+ew® +E x,1)— D(AB,x,1) = VA P(A,B,x,1)Ue+
I D(A,B,x,t) (Ve +ew® +EV) 4 F(Ue, Ve + ew® + EF), (60)
where F is quadratic in its variables. Following ideas of the center manifold theory

(see e.g. [2], we construct a convenient cut-off in F. We use the second cut-off func-
tion p : R — [0, 1], being a C* function with compact support and satisfying

1, for <1;
p(C){o forIgI>2. (61)
Next we set F¢(y,z) = p(\';E)F(O(yl)7 ..,0(yy),2). Itis straightforward to see that

|Fe(»,2)] = 0(1)|(v,2), I%Fe(y)l =0(D)|3:3)], lIFeller = O(1) Ve, [|Fellc = O(1)e.

Our cut-off of the higher order terms in (3) is

|z| 2M

Fe(y,z,1) = P(%)F(@(m),...,®(yn),z)(l _p(—slogs))+
PP (et JF(O).....O0).2) )

A direct calculation gives

Lemma 2 There is a constant C > 0, independent of €, such that for all (y,z,t) we
have

[Fe(,0)] < Ce+Clly<_croge/20))}- (63)
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We search to prove an L*-bound for ;. In order to do it we introduce a problem
where the higher order nonlinearities are cut:

9Pe éAﬁg = VAD(A,B,x,1)(O(Wz),...,0(Ue))+ OpP(A,B,x,1)(Be+

ot
ew®? +E) —egw® +F, in Qx(0,T); (64)
)
Be(x0) =0, xe0: e

o, =0 on 92x(0.T). (65)

Proposition 3 Let Assumptions A1-A3 hold and letV° € H' (Q)NL*(R),u’ € L~(Q)".
Then there exists a constant C > 0, independent of €, such that for € < & we have

1
sup |Be(x.0)] < Celog(-). (66)

(x,1)€Q%(0,T) E

Proof We test equation (64) by (Be —CM (1)), where CM is a nonnegative function
to be determined. It yields the variational equality

L e axt L[ VB P et
/Q(ﬁs—CM(t))+(%cM—qub(A,B,x,z)(@(OZ/l,g),...,@(02/,,,8))—Fs+eatw¢—
I D(A,B,x,1)(CY + ew® 4+ E1¢)) dx:/;)chb(A,B,x,t)(ﬁg—CM(t))’i dx. (67)

Now, if CY is chosen in the way that the third term at the left hand side of (67) is
nonnegative, then (65) and Gronwall’s inequality would give (B¢ —CM(¢)), =0 a.e.
on Q x (0,T),i.e. Be(x,t) < CY(t) ae. on 2 x (0,T).

Let us now construct an appropriate barrier function C™. We recall that Vo @ (A, B, x, 1)
and dp®(A,B,x,t) are bounded functions. Next, estimate (63) and boundedness of
d,w? yield that the term in question in nonnegative if

dom uCM 4-Cy(elog( !

& 2+ Licmetoge/aay) o0 (0.7 C¥(0) =0, (68)

where p = [|dpP(A, B, x,1)||1=(ax(0,r)) and C1 is a constant in the estimate for the

terms which do not contain CV. After integration of Cauchy’s problem (68), we find
out that CM(¢) < Celog(L) on (0,T). This proves the upper bound in (66).
Proving the lower bound is analogous. O

Next, we study the initial value problem for %, defined by (56):

ajt/g =f(A+ W, Ve +B+ew® + &€ x,t) —£(A,B,x,t)in (0,T); %(x,0) =0, (69)

for almost all x € 2. We write the nonlinearities at the right hand side in the following
form:

f(A+ e, Ve +B+ew® + £ x,1) —£(A,B,x,t) = VAF(A, B, x,0) U+
Ouf(A,B,x,1) (Ve + ew® + &) + G(Ue, Ve + ew® + EXF), (70)
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where G is quadratic in its arguments. As before, we will slightly modify arguments
in G and consider the function G given by

Ge(3.2) =G(O(y1),-.-,0(yn),2) (71
and consider the problem

a .
87?;8 :VAf(A’B7x’t)y5+aAf(A,B,X,t)(ﬁg+8W¢+§l,8)+
Ge(Ye, Be +ew® +&€) in (0.T);  7%(x,0) =0, (72)

for almost all x € 2. The explicit representation formula for the solutions to the linear
nonautonomous systems of ODEs and estimate (66) yield

Lemma 3 The solution 7, to Cauchy problem (72) satisfies the estimate

1
sup  |Ye(x,1)| < Celog(-). (73)
(x,t)€Qx(0,T) €

Proposition 4 The functions % and V¢, defined by (56), satisfy the L™ error estimate

|%e || 1= (@x (0,r)ym + | PellL=(@x (0.1)) < CE. (74)

Proof Due to estimates (66) and (73), (¥, B¢ ) satisfies the same equations as (%, ¥ ).

Therefore, by uniqueness, ¥z = % and Bz = ¥¢. Estimates (66) and (73) imply

1
% || L= (@ 0,r)m + [ Pel L= (@x 0,r)) < CE 10g(g)~ (75)

Next we write system (57)-(58), (72) dans la forme

‘9;?3 _ %A% = VD (AL, B x,1) U + I P (AL, B x,1) (Ve t
ew® +&) —edw® in Q@ x(0,7); (76)
2]
Ye(x,0) =0, x€Q; ;\?:0 on  dQx(0,T); 77

ajf = VAf(A®, BE x,1) % + Ouf(AE, B x,1) (Ve +ew® + E€)in Q x (0,T); (78)
Ue(x,00=0 xe, (79)

where (A%, Bf) are intermediate values. After (67) and (73), we know that the coeffi-
cients V4D, dgP , V4f and dif are uniformly bounded on Q x (0,T'), independently
of €. After repeating the calculations from Proposition 3 and Lemma 3, we obtain
estimate (74). O

It is convenient to decompose it to ¥ = (¥:)qo + He, (He)o = 0 and estimate
both terms, (¥z) o and He, separately.

Using a constant as a test function in (76) and applying Gronwall’s inequality
yield

Modifnon

SchaudlErr

Errorestim2

Linftyerrestl

Linftyerresti2

shadcutl

shadcut?2

shadcut3

shadcut4
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Corollary 2 Let (%, Ve) be given by (69), (57)-(58). Then
d _
1% |e=@xr)ym <C(T)e  and || % (1)l|1~@m < C(T)(e +e hife); (80)
d
e)allor) <CTE and |5 (ea@] <CT)e+e ™). @)

Next we estimate the perturbation term He = ¥ — (¥¢) o

Proposition 5 The perturbation term H satisfies the estimate

||He|[? <C(T)e>. (82)

||L°°(O,T;L2( HVHE

||L2 Qx(0,T))"

Proof of Proposition 5. We use H, as a test function for equation (57). It yields a
standard energy equality

2d:/ H? dx+ = / |VHg|2dx_/ Jp®(AE, B, x,t)H? dx+
/ (VAQD(AE,B X,1)Ue — WP+
Q0

D (AE, B x,1)((Ve) o +ew® + &%) He dx, (83)

where (A%, B?) are intermediate values. The nonlinear term at the second line of
(83) is a Lipschitz function in the first two arguments and we estimate integrals of
products of various components of the approximation by He. The leading order terms

are
L IH c
/\/§|a§la£|M dx < i/ |Hg|2dx+C18/|
E JQ Q

NG
Co 2 2 G 2 3

f|%e — | |He|* dx+Cie | |%|* dx< — | |He|* dx+Ci€°.
€ Jo Q € Ja

and

|He|

f

Next we take sufficiently small Cy and apply Poincaré’s inequality ||He|[;2(o) <
Cp||VHel|2(q) in the energy estimate. It yields

d | .
—/Hszdx—kf/ \VHS\degc/Hgdx+Cs3+Ce/ P dr.  (84)
dt Jo €Ja JQ Q

After integrating in time from O to 7 and using the decay in time of £, we obtain
the assertion of the Proposition.O

Theorem 3 Under Assumptions A1-A3, it holds
[[ae = Al[=(@x(0,1))) < C(T)e, (85)
[{ve) @ = Bl|1=(0,r) < C(T)e, (86)
Vel lve =& = Bl 1=(ax (0. + IV (ve = & —ew®)|| 20 0.y < C(T)EY? (8T)

on every time existence interval (0,T) for problem (36)-(37), i.e. the maximal time
existence interval for the shadow problem.

perturbErr0

perturbErril

perturbErr2

Grono

vectErr
meanErr



Shadow limit using Renormalization Group method and Center Manifold method 19

Proof of Theorem 3. The proof is a direct consequence of Corollary 2 and Proposition
5.0

Corollary 3 Ifin addition Assumption A4 holds, then estimates (85)-(87) hold for all
T < oo,

4 The shadow limit using a local center manifold theorem in Banach spaces

The weak point of the results obtained in preceding section is that the estimates de-
pend on the length of the time interval T. Since our basic tool was Gronwall’s in-
equality, the constants exhibit an exponential dependence on 7. To obtain estimates
for long time intervals, we have to change the strategy.

A good approach is to eliminate the perturbation term H, through an estimate
independent of 7. Then {ug, (¥;)q} satisfies the system

d .
% = f(ug, Be + ew® + EX + He, x,1) on Q x (0,T); ug(x,0) = u’(x) on 2; (88)
dB .

dte:<¢(u8,Bg+8w¢+§Z’S+Hg,x,t)>g on (0,7); Be(0)=(")g. (89)

We note that system (88)-(89) is a nonlocal and nonlinear perturbation of system (36)-
(37). So its behavior for small &, at arbitrary times, is linked to the long time behavior
of system (36)-(37). We limit our considerations to the case of the autonomous system
(36)-(37) in the paragraphs which follow.

The center manifold theorem for system (36)-(37)

We start by proving the center manifold theorem for system (36)-(37). We recall
that it is non-local in x and we have to consider (36)-(37) as an ODE in an appropriate
Banach space.

Using spectral problem (8) and smoothness of the boundary of the bounded do-
main £2, it is easy to prove that there is a smooth orthonormal basis {\/ﬁ, Wi,...}

for H'(Q).
The function A can be represented through Fourier series

A]<()C,l‘):<Ak(‘,l‘)>_Q‘|‘iAkj(l‘)Wj()C)7 k=1,...,m, (90)
=1

which converges in H' () for every ¢t > 0.
If we calculate the Fourier coefficients {A;} ke{l,...m},jeN- then A is determined.

We study behavior in a neighborhood of an equilibrium point {A*, B*}. For sim-
plicity we assume {A*,B*} =0 and set

f(A,B) = VAf(0)A + dpf(0)B+g(A,B); 1)

D(A,B) =V, P(0)-A+dpP(0)B+ga(A,B); (92)
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where
gcC’ g0)=0 and Vapg(0)=0
g0 €C*, go(0)=0 and V4pge(0)=0.

After multiplying equation (36) by w; and integrating over £2, we obtain the shadow
limit ODEs system

d

5B =Va®(0)- (A)g +dP(0)B+ (30(A,B)) s 93)
%<A>Q — VAE(0)(A)o + 35E(0)B+ (3(A,B)) o o4)
(A)a(0) =" qa; B(0)= (). (95)
d m

2740 = Y (Vaf(0))wrArj + (8(A, B),wj) 2y, k=1,.0com, j =15 (96)
r=1

Aj(0) = (i, w)) 123 97)

The unknowns are B and the Fourier coefficients from (90).
Next we introduce the operator L, which denotes the linearization of our shadow
limit ODE system:

— Lis defined on the Hilbert space W = R ¢ ¢2(N)™, with (*(N) = {z = (z1,...,) |
Z‘;’:l z? < oo}, as a block-diagonal operator

Lo =& 5 (Le), ¢ ={bpa’a,...}.

ak = (aig,. .. ,am;) contains the components of the kth Fourier coefficient and the

blocks (L¢)/ are given by

o =03 = [ Y0 1]

(L) = Vaf(0)a/, j=1.2,...

— First block corresponds to the restriction of L to R”*!. It corresponds to the lin-
earized ODEs for B and < A >g. Obviously, L maps R"*! into itself. Next blocks
are built from m times m matrices, corresponding to the Fourier coefficients Ay.
Invariance is again obvious.

— Hence, L is a bounded linear operator, defined on W with values in the same
space.

Let us study the spectrum of L:

If Lo =0, o # 0, then either V4£(0) has a zero eigenvalue or Ay has it or both.
Due to the block structure, L is surjective if and only if it is injective. Consequently,
its spectrum contains only eigenvalues and their number is smaller or equal to 2m + 1.
We write the spectrum ¢ as 6 = 04 Uo,U0_, where

- 04 ={A € 0 |RA >0} (the unstable spectrum).
- 0, ={A € 6 |RA =0} (the central spectrum).

sysSHL4

sysSHL3

sysSHL5

sysSHL1

sysSHL2
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- 01 ={A € 0 |RA <0} (the stable spectrum).

In order to construct the center manifold description for problem (36)-(37) we use the
theory from the book of Haragus and Iooss [12], chapter 2. In addition to the above
established properties of the operator L and the functional space W, one has to check
the following hypothesis

Spectral decomposition hypothesis ([12], page 31) The set o, consists of a finite
number of eigenvalues with finite algebraic multiplicities.

Note that if 0 is an eigenvalue for V4£(0), then the corresponding eigenspace is infi-
nite dimensional. Hence we assume

A5. All eigenvalues of V4£f(0) are with non-zero real part. o, is linked to A and it
is not empty.

Next let P. € £ (W) be the spectral projector corresponding to o,. Then
PE2 =P, P.Lu=LPu, YueW and Im P. is finite dimensional.
Let P, =1— P.. Then
P} =P, PLu=LPu, YucW and P,€.ZL(W).
Let & = Im P.= Ker P, C W, W,, = Im P, = Ker P. C W. Then, it holds
W =& & W,

Obviously, dim &y < m+ 1 and it is linked to the eigenvalues of Ay with RA = 0.
Assumption A5 yields existence of ¥ > 0 such that

inf RA >y and sup RA < —7.

A,EO'+ Aco_
Letn € [0,7] and

Co(RW) = {uc CRW) | Iulls, = sup(e ™ [lu(t)[lw) < +oo}.

teR

©n(R,W) is a Banach space.
We search to solve the evolution problem

duh

ar = Lyup+ f(1) 93)

in ¢ (R, W) and to prove that it defines a linear map K}, Kj, f = uy,, which is contin-
uous from &y (R, W) to itself. Ly, is the restriction of L to W, = B,W.

First we remark that the initial value is determined by the exponential growth and
Aj, j > 1, are given by

+eo i
Aj(t) = —/[ VAO=9p, £:(s) ds+[ VAO=Ip £1(5) ds,

Aj = (A]j,...,Amj), j>1.
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For the remaining part we have

][, 2] [N [ om

Since all problems are finite dimensional, we have a unique solution u;, € €, (R, W},)
and Kj, is defined by setting u;, = K}, f. Continuity of K}, is obvious.

Consequently, we have checked all assumptions of Theorem 2.9 from book [12],
i.e. the continuity of the operator L and choice of the functional space W, the spectral
decomposition, following from Assumption A5, and the solvability of problem (98).
We conclude

Proposition 6 Let Assumptions Al-A3, AS hold. Then there exists amap ¥ € C' (&, Wy,),

with
¥Y(0)=0, V¥Y(0)=0, (100)

and a neighborhood N of 0 in W = R"™*1 @ (2(N)" such that the local center mani-

fold
Mo = {uc+¥(uc) |uc €&} CW (101)
has the following properties:

(i) My is locally invariant, i.e. if u= (B,A) = (bo,a’,al,...) is a solution for (93)-
(97) (and consequently for (36)-(37)) satisfying u(0) € MoyN AN and u(t) € N
forallt €0,T], then u(t) € .4, forallt € [0,T)].

(ii) My contains the set of bounded solutions of (36)-(37) staying in N forallt € R,
i.e. if uis a solution of (36)-(37) satisfying u(t) € N forallt € R, then u(0) € 4.

Corollary 4 Let the assumptions of Proposition 6 hold. Then every solution u =
(B,A) for (36)-(37) which belongs to .# for all t € (0,T) C R is of the form u =
uc + ¥ (u.) and u, satisfies

d
Jotte = Lette P, {gﬂ , (102)

where L. is the restriction of L on &. Furthermore, the reduction function satisfies
equation
d

G =L 15| B | (103

The center manifold construction for system (1)-(3)

Now we present the center manifold construction for system (1)-(3). In order to
simplify the notation, we denote u, by A.
Next, the unknown function B is replaced by v¢, which we expand as

ve = By + iBj(t)wj(x).
=
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After multiplying equation (1) by w; and integrating over £2, we obtain

d m
274k () = X (Vaf(0))rAr; + (958(0)) ;B; + (24 (A, B), ) 120,
r=1
k=1,...,m, j>1; (104)
Ak (0) = (uf, w)) 2 0); (105)
d
77 A)e = Vaf(0){A)q + 9pf(0)Bo + (¢(A, B))a:  (A)a(0)= (W)g.  (106)
Next we multiply equation (2) by w; and integrate over £. It yields
d
EBO = VA(D(O) . <A>Q + 8345(0)30 + <gq>(A,B)>Q; BQ(O) = <VO>Q. (107)
d Aj
SB)(0) = (0D(0) — 1B (1) + VAP(0)- A+ (g0 (A B) w2y (108)

B;(0) = (*,wj)r2(q), j > 1. (109)

The new operator L' is is defined on W' = R”*! @ ¢2(N)"™*! as a block-diagonal op-
erator. For ¢ = {bg,a’,a' by,a% by, ...}, with ak = (ayx,...,au), the block (L'¢@)k
is defined as follows:

First block corresponds to the restriction of L! to R”*+! and it reads as before:

b
(L10)° =L hznni 0 = o ]

Obviously, L! maps R"*! into itself. Next blocks are slightly different and built from
m+ 1 times m+ 1 matrices, corresponding to the action of L' on {a*, b*}. They read

VAE0)  pE(0)
VA ®(0) dpd(0) —

€

1=

Invariance is again obvious. Hence, L' is a bounded linear operator, defined on W
with values in the same space.
Since

det(Ay — Alyyq) =det(Ag — Alyyq) — %det(VAf(O) —AlLy),

the classical perturbation theory for the eigenvalues yields that there is ¢ > 0 such
that the first m eigenvalues of matrix A; correspond to an 0(81/ ) perturbation of
the eigenvalues of V4f(0). Using assumption A5, for € < &, we obtain again that
the real parts of these eigenvalues are different from zero. Finally, the last eigenvalue
is —A;/e+ O(1) and belongs to o_. Again, problem (98) has a unique solution and
Theorem 2.9, page 34, [12] holds true. Hence we have an analogue of Proposition
6 and Corollary 4. We note that in both case we have the same space &y. The new
equation (102), for u., differs only in the nonlinear part. Equation (103) now reads

d

1y _ 1 g
E'P(uc) =LY (u.)+ P, [gJ . (110)

sysSHL10

sysSHL20

sysSHL30

sysSHL50

sysSHL60

sysSHL70
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Theorem 4 Let assumptions of Proposition 6 hold. Then, every solution of problem
(1)-(3), which belongs to . for all t € (0,T) C R, is of the form u' = ul +¥(ul).
Functions Bj tend exponentially to a corresponding solution of system (1)-(3) on #y
and ||B j| |11 Ry) < Ce. Moreover, the distance between the bounded solutions of prob-
lem (1)-(3) and its shadow approximation (36)-(37) with the same initial conditions
is smaller than Ce in L= (R,.).

Proof of Theorem 4. The result is a consequence of the term —A;B;/€ in equation
(108).
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