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Local distribution of the parts of unequal

partitions in arithmetic progressions II

*

Cécile Dartyge (Nancy) and Mihdly Szalay (Budapest)

1. Introduction

This paper contains the main parts of the proofs of the results announced in [6]. We recall
below some notations and the main result of this paper but we recommend to the reader
to study first [6]. Let d € N*, D a non-empty subset of {1,...,d} and D¢ ={1,...,d} \D
its complement. Let Rp = {N, : r € D} be a multiset of |D| non-negative integers. The
main goal of our work is to obtain an asymptotic formula for IT};(n, Rp), the number of
unequal partitions of n with exactly N, parts congruent to r modulo d for all » € D. We
adopt the convention II};(0, Rp) =1 if Rp = {0,...,0} and 0 otherwise.

Recall that if n > 1 and II};(n, Rp) > 1 then n satisfies

(1-1) n = Rp (mod ),

where Rp = ) ., 7N, and ¢ is the g. c. d. of the elements of D°U{d}. In the introduction
of [6], we observed that the N,., r € D may be expected to be close to kg with

2\/§log2@
—

™

(12) ko =
More precisely we suppose that for all » € D we have

n%\/logn
d'/3|D|2/3w(n)’

where w(n) is a non-decreasing function such that w(n) — oo if n — co. Let us recall the
main result of [6]

(1-3) |N, — ko| <

Theorem 1.1. Let € > 0. The following two propositions hold.
(i) Let d < n*/4=¢, D = {1,...,d} and n = Rp (modd). Let R = Rp = {Ni,..., Ny}
be a multiset of integers satisfying (1-3). Then we have

. B d d /2
Ii(n, Ri) = (1-+ o(1) () —— 12(10g2)2(2 o)

72

d d
oo { = S gy (10 ) i )

(ii) We suppose now that d < n'/%~¢ and D C {1,...,d}. Then under (1-1) and (1-3)
we have

5(1+o(1)) ( d )muz

IT3(n, Rp) = q(n) e

1— 12|D|(log 2)?
dm?

0g?2)? 2
XeXP(_7r<1_2\1/2§|1(71(|1é§;)2>\/ﬁ<§(]v”_ °> 2\/3_nz r = ko) )
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2 CECILE DARTYGE AND MIHALY SZALAY

First we complete the proof of Theorem 1.1 in the case D = {1,...,d}, after we will
handle the complementary case when D¢ # &. The last sections are devoted to the proofs
of the different corollaries of [6].

2. The term S

We begin to assume that
(2-1) d<nz"°

with some fixed positive € and

n
Let
T
2.3 T 1= , t:=dxg.
(23) e 0
Then
(24) ]{/’ot = k‘od.ﬁ[)o = log 2.

We also suppose that
(2:5) |NT—kOy:o<§) (r=1,...,d).

In Section 4 of [6] we proved that as n — oo then we have

2330 2:1,’()

d w2 (log 2)?
(2:6 [T g (do) = exp (35— + +o(vn))

According to the notations of [6] Sections 3 and 4, we have

d

sl<g | /d{HmN (20 + )|} exp((n — R~ Q)zo) dy
Tro<|y|<m

The main part of this section is the following lemma

Lemma 2.1. Under the notations and hypotheses (1-2), (2:1), (2-2), (2-3), (24), and
3rxo < |y| < w/d, we have

-1 —i—o(l))'

[96(d(o +i9))| < ge(do) exp (=

Proof. This time we start out from the first expression of g and develop the logarithms:

(27)

]~

UQ

lo ﬁ) = exp (Z i % Vmw))

=1

Zexp —vmw ) = (ﬁ:exp uw)+i %iexp(—ymw))

v=1

gr(w) = exp (

=

N
Il
—_
t
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We take the moduli

Jge(w)] < exp | iexm—um\ S %iexp<—umt>)

m=2

= g(t) exp <‘ Zk: exp(—l/w)‘ — Xk: exp(—yt))
— gu(t) exp ('1’ Qxfffff)__k?)' 1 ;523(:%

<1 +exp(—kt) 1- exp(—k;t)>
|exp(w) — 1| exp(t) — 1

< gr(t) ex

When |Smw| <,

4lpf?

|exp(w) — 1|? = (exp(t) — 1)? + 4e’(sin(b/2))? = 4(sin(b/2))* > o

thus

1+exp(—kt) 1- exp(—kt))

w)| < t)e (
)] < et exp (g - =

if |Smw| < 7. Therefore, 3mzy < |y| < 7/d implies that

1+ exp(—kdzg) 1-— exp(—k:d:cg)>
%d|y| exp(dzg) — 1

1 4 exp(—kdzg) 1-— exp(—kd$0))
6dz exp(dzg) — 1

lge(d(o + )| < gi(dao) exp

< guldao) exp

By (1'2)3 (2'1)7 (2'2)7 (2'3)a (2'4)7

34, )
|9 (d(wo +iy))| < gr(dwo) exp ( ; (;Ld:v(()l) - eX;(jl_ﬁo()l)— 1)

3., 1.,
= gr(dzo) exp ( 2 g;xf)l) 3 ;:Eo(l) + 0(1))
= gx(dzp) exp ( ! jl_d(a):il))'

This ends the proof of Lemma 2.1.

By (2-5) we obtain for Ss,

521 < { T ow. o)} esp ( — 220 xp((n— 1~ Q)

(2-8)

by (2:6) and according to the estimates of ) and R obtained in Sections 2 and 4 of [6].
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3. The term S
Next, we will try to give a similar and simple estimation for n~ §te < ly| < 3mxo.

Lemma 3.1. (i) Under the notations and hypotheses (1-2), (2-1), (2-2), (2-3), (2-4), for
n=8te < |y| < 3mag we have

\/§n1/4+25>

lgu(d(o + iy))| < guldro)exp (— o

(ii) Under the notations and hypotheses (1-2), (2-1), (2-2), (2-3), (2:4), for n=175 < |y| <

,g+€
\/§n2£/3
2775d )

Proof of (i). We suppose that n~8+¢ < |y| < 3wzo. By (2-7) we have

k 0o k
w) = exp (Z exp(—vw) + Z % Z exp(—umw)).

We study again |gx(w)|:

lgr (w)| < exp (?Re (iexp(—uw)) + i %exp(—umt))

n we have

98(d(wo + )| < guldao) exp ((—

exp(zk:%e (exp(—vw)) — Zi:exp(—ut))

t) exp (Zexp —vt)(Re exp(—vib) — 1))

k

t) exp (Zexp —vt)(cos(vb) — 1))

exp( 2Zexp —vt) sin ( H))

v=1

Let Ky := Ifk=Fky+ 0(\?) then k > Kj for n large enough :

L310g2J

|91 (w)] < g1 exp( QZeXp —ut) sin ( vib |))

Ko

|b’ _ .92 V|b|
< gk (t) exp( Z;exp —kot) sin ( 5 )) = gr(t) exp ( - ;sm (7))
Writing w = d(z¢ + iy) and using the inequality |sint| > @ for |t| < w/2 , we obtain
Ko
: vdlyly?
d <o(tm)ew (=3 (7))
gk (d(z0 + iy))| < gr(dzo) exp ; -

since

vd|y| < Kyd3mxg < kodmxg 7
2 2 = 2log2 27
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. K K3
Since Y-, % v? > 52, we have

| dyl 2 K3 VBnl/se
lge(d(o +i9))| < gi(dao) exp (— (T2 50 ) < guldao) exp (= ).
(ii) can be obtained similarly. 0

gn..(

[T o (o + i) | exp((n — R~ Q)wo) dy

r=1

< d/
< —
5
2m n” 8 E|y|<3mzo

nit2e

< { f[gNT(dxo)} exp ( — @5733) exp((n — R — Q)xop).

We have to stop here since the previously error term o(y/n) is rough. Otherwise the above
proof can be applied, e. g., for n=375 < |y| < n~#7¢ and results that

d d . .
Py /71_%+%<|y|<n_%+5 {L[l gn, (d(zo + zy))} exp((n — R — Q)(zo +iy)) dy

d
\/§n2€/3
< {H gNr(dazo)} exp ( — 7r5—33> exp((n — R — Q)xop).
r=1
Finally we obtain for Sy:

(3-1) 151 < { ﬁ gNT(dxg)} exp ( - \/igigz/g) exp((n — R — Q)xo).

r=1

4. The function g;, in the range |y| < y;.

1

Let |y| <y1 =n~ 315, w =1t +ib= dzg + idy. Now @ = O(n~1t3).
In this section we work with a general subset D C {1,...,d}.
Instead of (2-2) and (2-5), we suppose that

n%\/logn

ni\/logn
11 k — kol < _NIVORT
kel D u(n)

I m and |Nr—k0’ <

(reD)

where w(n) is a non-decreasing function such that w(n) — oo if n — oo. The aim of this
paragraph is to obtain an asymptotic formula for gx(xg +iy) for |y| < y1. Instead of (2-1),
we suppose that

(4-2) d< ni2e.

Thus (4-1) implies (2-2) and (2-5). We will prove the following Lemma :
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Lemma 4.1. Under (4-1) we have

gr(w) = f(w) exp{ — % + (k — ko) log 2 — (k —2ko)2t N lo§2
(G A ) (I B ()
We have again by Lemma 4.1 of [6]
1 1 1 &0 .
grlw) = 7w eXp{ Cw mzzl 2 S(=hmuw) + 5 mZ:l — exp(—kmw) + O(k 1)}.
By (1-2) and (2-2), 2
£ =05 =0 7).

Then + = O(n~%/d) and @ = o(n=°d~1). Since now |y| < y1, it is possible to replace w
by t in the different exp(—kmuw), in cost of an admissible error term:

Lemma 4.2. (i) We have

m=1 m m=1 m m=1
k2p2 e k3‘ ’3 0
- — —kmt) + O —kmt
” mz::lexp( mt) + ( o] )mz::lmexp( mt)

Proof. By standard approximations we have

Z %exp(—kmw) = Z %(1 — (1 — exp(—kmib))) exp(—kmt)

m=1 m=1
=1 =1
= mzl — exp(—kmt) + mzl — exp(—kmt)O(km|p|)
R S !br L. b
—mzzzlmexp( k:mt)+0 mz::lm kmt)—i—()(t)

1 o= 1 1 o= 1 ,
- Z — exp(—kmw) = » Z — exp(—kmt) exp(—ikmb)

(kmb)?
2

= LS exp(—hmi) {1~ ikmb - + O((kmlb])®)}.

It remains to develop to end the proof of Lemma 4.2. O
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We also have

Z mexp(—kmt) =

m=1

exp(—kt) B 1 _ 1
(1 —exp(—kt))2  (exp(kt) — 1)(1 — exp(—kt)) ~ (kt)?’

since for u > 0,
o n 00

w _ U u" o
e _1_UTLZ()W>UZ(JW_U€27

thus (1 —e %) > ue /2 and (e* — 1)(1 — e~ %) > u?.
This gives for g (w) :

1 e 1
ge(w) = fw)exp{ = — " — exp(—kmt)
m=1
ikb <= 1 22 =
—§ - —kmt —§ —kmt
+w mexp( mt) + exp(—kmt)

n—E

i) o)}

The next step of the proof of Lemma 4.1 consists of “replacing” % by % and computing
the terms arisen by this manipulation. We use the formula

(4:3) izm:%@‘i%‘gw(f—f»

+ % Z %exp(—k;mt) + 0<

This gives for gi(w)

5 et o) o))

m=1

We collect the terms with ib, the terms with b2:
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Now we compute the different summations over m. By (4-1), exp(—kmt) is close to
exp(—komt) if m is not too large, but we have again some computations to do to control
this approximation. For s = 0,1, 2:

— 1 = 1
mzl poa exp(—kmt) = mzl poas exp(—komt) exp(—(k — ko)mt).
Since e” = Y M Lo+ 3% v L, we have
ot _ i ﬁ‘ < Ja M+ i M < Ja|MHel!
v nll = T n! = '
Thus we obtain
i 1 exp(—kmt) = i 1 exp(—komt){l — (k — ko)mt + = (k: ko)2m2t?
1 1

1
- 6(1{: — ko)PmB3t® 4+ O(|k — ko|*m*t* exp(|k — ko|mt)).

By (2-2), exp(|k — ko|mt) < exp(mkot/2). Next we use the fact that kot =log2 :

=1 =1
— —kmt) = k — ko)mt E — ko)?m2t?
3 o explkmt) = 37 e (1= (k= kot L (k — ko)*m
1
— 5 (k= ko) 33 4+ O(|k — ko|*m*t*2™/2))
:Z Sm_(k_ko)t S—
m:1m2 m:lm '
1 2o~ 27 (k=K 2
+ 5 (k kO)th:lms_z s tmzjlms_g
> 9—m/2
1444
+O<\l<: ko\t;m3_4).
We obtain for the function g
B 1 1 =1 (k— ko)t = .,
gk(w)_f(w)eXp{_Zmz::lW—i—(k_kO)n;QO_ 5 ;2
Ok~ k*2) + 23" L4 0k — kolt)
2m:1m2m
VR N | (k—ko) = 1 )
+Zb(t2mz::1m22m t mz:lm2m+0(k Fol)
Eas 1
=Y —k(k—ko) Y 27+ O(kt|k — k
S ) YRR L)
1 <1 |k ko E s 1 k|k — kol
2( - - I E————
<zm< )i 3 e o)
k?z > —-m 2 —e 7—1 1 ’b|3
+57 D2 ~|—O(k|k:—k:0|))~|—o(n d )+O((k+t)t3)}.
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Next we compute the different sums on m:

i) = fw)exp{ ~ P 4 (ko) oga — L F

Cy  (k—k klog 2 Ok k
+b( 2—ulog2+ 2g —k:(k;—k:o)>+b2( 2 t—210g2+2—t>

t
|k — ko|b?
12

+ Lo
9 %8

+ O(Jk — ko|>t? + |k — ko|t + |k — ko|?|b] +

(G i)}
d to 3 /)
Then by (4-1) the above error terms give o(n=¢|D|~1) and we can replace —k(k — ko) with
—ko(k — ko) in the coefficient of ib and analogously in that of b?. Finally,

)

£

>+O<(k+

C kE—ko)?t log?2
gk(w):f(w)exp{72+(kk:0)10g2( 20) + g

(GBI ) (G e K )

as claimed in Lemma 4.1. O

5. The term Sy, end of the proof of Theorem 1.1 in the case

D=1{1,...,d}.

As a special case of Lemma 4.1 applied with D = {1,...,d}, we remark that

gi(do) = f(doo) exp { - o\ py)loga — T Rldao | log2 o(n_€>}a

dl‘o 2 2 d
and
H (dzo) = f4(dxo) exp{ _ G + i( — ko) log2
r=1 To r=1
oy _ d dl_ 2
dzg 0
- W ko)® + o2 4 o(n9)).

Since f(w) = exp<

Z 1log 2 + O(|w|)) for w — 0 in |argw| < k < 7/2 and Rew > 0,
we have for |y| < y1 <

2

F(d(z0 + iy)) = exp (m + % log (W} +O(dry)).

f(d(xo + iy)) = exp <7T72 + gllog (M> + O(dzmo))

6(xo +1y) 2 27
m iy oy ly® d, dxg
- 1= _ 9 ) 9 oe (2P0
eXp(Gxo( To x0+0( 0) +2 Og(27r)

+ Slog (14 )+ O(dan)
71'2 7T2 2,,2 d

. ™Y dxo 75>
- iy Ty Do (50 .
eXp(Gxo Yoz T 63 2 o8 (5 ) +oln™)
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We obtain for the integrand

d
= { T 9. (w0 + i) b exp((n — R ~ Q)(ao + iy))

72 2 2y d dxg
— e y——s — —Z_ 4 o (=2 -
eXp{Gxo zny% 63 + 2 og ( 2 ) +o(n™)
O & 1< ) d
+(n—R—Q)(zo +iy) — ot (N, — ko) log 2 — 52(]\@ — ko) dao + 7 log2
r=1 r=1
d
. 02 k‘o log 2 2 92 02 ko log 2 kO _
e= — ko >_(Ny = ko) ) + o) ‘1
+1 e + o o;( 0)) +d7y g + o + 2g +o(n
We collect terms in iy, y%:
7T2 d d.’BQ
pP= {— % log “R-
eXP | O—i— (2ﬁ)+(n R—Q)xo
d
1 dlog?2
Z » — ko) log2 — 52 - — ko)?dzo + 2g

20y dkglog? d
+iy(n—R—Q—W—2+—§+070g—dng(Nr—k:O))

6xg  x§ T ~

72 Cy dkolog2 %k .
“f( 623 © §+ Ox%, +2x00>+0(” )}‘

As a special case, we obtained that

d 2

{ TLow doo)}expl(n — B — Qo) = exp { £ + S 1o (52) + (n = R = Q)zo
r=1
C d
(5-2) - ac_j + ;(NT — ko) log2
d
A ]
r=1
Consequently,
d
{ TL 9. (o + iy)) } exp((n — R = Q)(ao + i)

= { ﬁ gNT(de)} exp((n — R — Q)xo)

—
t
w

~—

=3
Il
[a

2 d

s dkg 1
xexp{iy(n—R—Q—%+xing:1m212m 4+ 20 og 2 —dkoZ(Nr—k0)>

X X
6 0 0 r=1

2 27.2
of 7™ 1 1 dkolog2 d k‘o) e }
+y ( 623 +$gm2::1m22m + 2 + 520 +o(n" ).
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The coefficient of y? in (5-3) is

1 2 72 log®2 d*k2x 2v3 121og?2

(- 4+ - dkoo log 2 00):_ - =20)

xg( 6 12 2 dorolest T T a2 )
where 12102g22 < 122049 % <1.

The coefficient of 7y in (5-3) is

2

1 — 1
”_R_Q_F(W__Z —dkoxologQ) dkoz » — ko)
0 m

6 :1m22m
log? 2 d
=-R-Q+ 222 —dkO;( - — ko) ——Qdkoz  — ko) + O(ni2).

Since |y|O(n72¢) = o(n"¢) we infer from (5-3) that

d
{ H gn, (d(zo + zy))} exp((n — R — Q)(zo + iy))

d

60 ={ T ow (dw) fexp((n — R~ Q)o)

d 3 2
2v3n% /. 1210g?2
X exp{ — iy2dko Y (N, — ko) — o \/E" (1 _ 208 ) + o(n—f)},

T2
r=1

3
Let A= 2@”2 (1 — L2log? 2), (A >0) and B = 2dky Zizl(NT — ko). Then, from (5-4)

2

So = % /_Z: {ggM(d(wO + iy))} exp((n — R — Q)(zo +1y)) dy
d 2 Y1
— %{ L[lgm(d:vo)} exp((n — R — Q)xo) /_y1 exp(—iyB — Ay? + o(n~%)) dy.

Lemma 5.1. We have :

(5-5) /yl exp(—iyB — Ay® + o(n~%))dy = \/gexp ( fj) {1 +o(n”") exp (fj)}

Y1

Proof. These are standard manipulations on Gaussian integrals thus we won’t write all
the details. Let Iap(y1) be the integral of the left hand side of (5-5). Since for |y| < y1,
exp(—iyB — Ay? + o(n=¢)) = (1 + o(n=¢)) exp(—iyB — Ay?)), we have :

—+oo
Lan(y) = / exp(—iyB — Ay?) dy

—0Q

+oo “+o0

+0( [ expl-Ay)dy) +oln™) [ exp(-ay?)dy.
Y1 —0o0

The main term is a Gaussian integral :

“+o0 ‘ T B2
/ exp(—iyB — Ay?) dy = 4/ - &XP ( — H)

— 00
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For the error terms we have
e 2 1 2 e 2 1
exp(—Ay°)dy € — exp(—Ay?) and / exp(—Ay*) € —,
/yl p(—Ay”) dy o p(—Ay7) - p(—Ay?) 7a

the Lemma follows.
Furthermore

B = 0 (V') ot

Thus the error term in Lemma 5.1 is :

Therefore

So=(1+ 0<1>>\/§ exp (- g)%{ ﬁgmdxo)} exp((n — R — Qo).

Adding the estimates for the trivial parts (see (2-8), (3-1)) we obtain that for n =
R (mod d),

d
m(n, R) = { [T on.(dwo) } exp((n — R ~ Q)o)

{1 +o(1) \ﬁexp< f;j)im( (-11705”))
2e \/_ 2¢/3
(o (- Lgon®* ))+0<exp(—r§3n )}

T B?
= (1 o)y Fewn ( 1q ) o d HgN (dzo) } exp((n — B = Q).
To end the proof, it remains to insert the classical formula

7 o) = (14 0(0)) i o0 ().

3

+0

and our previous results on the gy, (dzg) (see (5-2)), and to do the convenient computa-
tions. We obtain

1 d d \4/2 B?
IT;(n, R) = (1+0(1))4.3"/4 - —
i R) = (o8 0l Gas) = (-1
(5-8) . " .
+ ) (N, — ko) log2 — 2o(R + Q — log’ 2) 1 > (N, - ko)2dxo)
r=1 ’ ’ 2:1;0 2 r=1 ' .
By formulae (2.11) and (2.12) of [6] and by (2-4), we have:
d
log? 2 dk d
R+Q - g 0 4 dky Z — ko) + 5 (N = ko)” + o(v/m).
0 r:l
Thus the argument of the exponential in (5-8) is
2 B?  log2 4 9
exp(—m—f— ) exp(—H—T—dxog(Nr—ko) +0(1)).

Inserting this in (5-8) ends the proof of Theorem 1.1 for D = {1,...,d}.
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6. First steps of the proof of Theorem 1.1 for D # {1,...,d}

Like in Section 3 of [6], we apply Lemma 2.1 of [6], the Cauchy formula and write
z=x0 +1y:

IT(n,Rp) = / {Hh $0—|—2y}
(6-1) reDe
< { T] 9. (d(xo + i) } exp (n = Rp = Qo) (o + i) dy,
reD

with -
H 1+ exp(—(r + jd)z)).

When D¢ # @ and D¢ # {d}, the functions h, are not 2w /d-periodic but we still split
the integral in intervales of length 27 /d in order to use our previous work on the functions

9k-

1 T+

IT5(n, Rp) = — / .+ B,
2m - _£+2>\_ﬂ'

A4 a4
with
0 B B if d is odd
- f__:JrE vt fﬂ_l .= f;_f if d is even.
d d

Next we do some convenient change of variables :

Hfz(n,RD):Qi / H hy( x0+zy+z— }{HQN $0+iy))}
—daagd” ™

reDe reD

x exp((n — Rp — @p)(zo +iy) + (n — Rp)

say. We will write the splitting
S(A) = So(A) + S1(A) + Sa(N),

where in Sp(A) the range of integration for y is |y| < y1, in S1(A) it is for y1 < |y| < yo
(with y2 = 3720) and in Sz(X\) we take yo < |y| < 5 (cf. (4.11) of [6]).

7. Upper bounds of S;(A) and Sa()

To obtain a convenient upper bound of these terms we first remark that

29
=)

(7-1) |hor (20 + iy + < he(20).-

Let j € N. To prove (7-1) it is enough to prove that each T; < 1 with

’1+exp(— (r—i—jd)(mo—i-z'y—k@))‘
T, .=
J 11+ exp(—(r + jd)zo)|
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By a simple computation we have

T2 dexp(—zo(r + jd))sin® (4(r + jd) + =3%)

j (1 + oxp(—ao(r + jd)))? sb

By Lemma 2.1 we have
%0 { 1] o (do) }{ 11 hT(xO)} exp((n — Rp — Qp)zo) exp (W)
reb reDe

By Lemma 3.1 we also have

[S1(A { H gn, (dxg) }{ H hr(xo)}exp((n— Rp — Qp)xo)exp(— W)

2775d
reD reDe

If |D| is small, i.e., if |D| < dn~/? this last estimate for S;(\) is not sufficient. However,
by Lemma 3.1 (i), the contribution of the range n=5/8%¢ < |y| < 3wxg to S1(A) is

S { H gNT(dgEO)}{ Tgc hT(fUO)} exp((n — Rp — Qp)xo) exp ( — %)

reD

Thus it remains to handle the case |D| < dn~%/3 in the range y; < |y| < n=%/8+¢.
e First we study the case A = 0. We use a similar argument as in the proof of Lemma 3.1.
For any 1 < r < d, let J, denote the set of the integers j such that

1 1
72 — < jd < —.
(7-2) 2wy ST IS
Then for j € J, we have
(73) exp(—zo(r + jd)) < 1

(14 exp(—zo(r + jd)))2 ~ e(l +e-1/2)2"
This gives for the correspondent T} :

4

<1 —
e(l +e1/2)2

J

sin? (%(r + jd)).

Next, quite like in the proof of Lemma 3.1, we have for n large enough

, 4 y? A\ Irl/2
(20 + iy)| < hr(lio)(l - e(1 + e1/2)2 47r2x2>
2 2¢/3
Y1 V3n
< - 7L )< VIR ),
< fn(wo) exp ( 487r2dx8> < fin(wo) exp ( 2mwod )
This upper bound combined with Lemma 3.1 is sufficient to obtain
\/§n25/3
|51(0 { H gn, (dzo) }{ H hr(xo)} exp((n — Rp — Qp)xo) exp ( - W)

reDe

e Now we suppose that A # 0. We write 3 = ()i‘—,, with (X,d’) =1 and d’ > 0.
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First we suppose that d’ > n®/*. Since (\,d’) = 1, there are dzl + O(1) integers
ro € {1,...,d'} such that /\dfomod 1 € [4,4]. Thus there are ¢ + O(%) integers
re{l,. d} such that ,’” mod 1 € [§, 3] (again for n large enough).

Since ]D| <dn/3 < ¢ —|— O( -) for n large enough, there exists r1 € D¢ such that 2 r

mod 1 € [, 3]. For j c Jrus |(ry + jd)y| < n= /3. Thus sin((ry + jd)§ A’"“T)) >

2 1 d
U
sin E —.4

This gives

IT 17500 (—)‘M < exp(— ),
2 12 30d-z,

which is a sufficient upper bound.
Now we suppose that 2 < d' < n¢/%. There are d — —, integers r such that d’ fr. For
these integers r and j € J,., we have

TAT Lo T 1
sin ((7“+jd) + 7) > sin <ﬁ) > ok

Since |D| < dn~/3, there are at least d/3 such integers r € D¢ such that d’ fr.
Thus we have :

7 “""O“w) e 1 (1 5) <o (- g )

reDe reDe jEJr
r20 (mod d’)

which is a sufficient upper bound when d < n'/4-2¢,

8. The terms Sg(A) for A #0
We have to consider the integrals

So(A) = % { I 7o + iy + QW)\ }{ IT 9. (d(zo —|—z’y))}

‘y|<yl reDe reD

20T

e First we suppose that there exists r € D¢ such that Ar #Z 0 (mod d). In the previous
section we remarked that

x exp((n — Rp — Qp)(wo + iy +

Tr)\r)

27N ) 1‘1"[ (- dexp(—ao(r + jd)) sin® (§(r + jd) +

1/2
hy : '
[ (20 + 1y + — (1 + exp(—wo(r + jd))? )

§=0
We work again with the sets J, defined by (7-2) in the previous section. For j € J,,

Ar =a(modd),1 < |a| <d/2 and |y| < y1 we have:

o (Y o TATY L orTal |yl lal o(T Y1) 3
sind (§rgd)+ =) = sin? (S 5 ) 2 sin (2= ) > s (G- 00) > 5.
for n large enough (we recall that d < n!/4=29).
. _ 1 1 )
Since |J;| = 5= + O(1) = 35, we have:

. 29T A 12 1/2

2 “1/2\2
d e ed?(1 +e-1/
1 12
< hp (o) exp (m log (1 — (1 + e—1/2)2))
2
< hn(@o) exp < B ed3xo(1 4+ e_1/2)2>'
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Thus if there exists ro € D° such that Arg # 0 (mod d) then
(8'1)

|So (A H gn, (dxg) H hy(xo) exp((n — Rp — Qp)xo) exp( 2 )

3 ~1/2)2
reD reDe edzo(1 +e1/%)

This upper bound is sufficient only for d < n'/%-¢.

e We suppose now that
(8-2) Ar = 0 (mod d) for all r € D°.

If D¢ = {d} then by (1-1), n — Rp — Qp = 0 (mod d) and Sp(A\) = Sp(0) for all A.
In the general case, if (8-2) holds then we must have ﬁh‘. Thus (/\;‘ld)|5 and again by

(1-1), we have n — Rp — @Qp = 0 (mod ()\dd)) Thus exp((n — Rp — Qp)%22) = 1 and

So(A) = Su(0).
For D¢ given, there exists J integers A modulo d such that 7A = 0 (mod d) for all r € D¢.
We summarize these observations in the following lemma.

Lemma 8.1. For d < n'/%~¢ we have:

Z So(A) = 350(0)(1 +o(1).

9. The function h; ! in the range ly| < y1

The generating function associated to unequal partitions is h(z) = [[;2,(1 + 27). For
So(0) it remains to handle the integral

L gn, (d(zo + iy)) .
2 hexp(=(zo +iy)) exp((n — Rp — @p)(zo + iy)) dy.
2 ly|<y1 ( ( 0 { rel_[D mo + zy) } (( D D)( 0 ))

In this section we will state an asymptotic estimate related to h, ! in the range |y| < 1

The following method looks like the general method of Meinardus [7] for studying
generating functions associated to partitions (this method is presented in details in the
book of Andrews [1]). In fact we were also inspired by the chapter on the application of
saddle point method to the partitions function in the Master course of Tenenbaum [8].

In Lemma 4.1, we obtained an estimation of gx(dw) in function of f(dw). This leads
us to try in fact to obtain an estimation of U,(z) := f(dz)h, '(z) for |y| < y1 instead of

h.71(z). This change will make some computations easier. Thus we consider

H (1 —exp(—jdz))~ H (1 +exp(—(r +jd)z)) "

The main result of this section is the following lemma

Lemma 9.1. Let n > 0. For |y| < y1 and 1 < r < d, we have

2

+(E—1)log2+ - 1og(d >+O(d1+”r 2] + O(d~! —26)).

Ur(z) = exp ( z y

12dz

In the next section we will apply this lemma with n > 0 small enough such that
d*|z| < nE.
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Proof. If r = d, there are quite no work to do since

1+ exp(—jdz)) " (1 — exp(—jdz))~ (1 — exp(—2jdz))~" = f(2dz).
]:1 7j=1
Thus

Ua(e) = exp (5 + 41  log (22dz) +O(dl)).

Now we suppose that r # d. We prefer to work with

H (1 — exp(—7jdz)) "' (1 + exp(—(r + jd)2)) "
r(Z)(l + exp(—rz)) = Ur(2)ur(2).

We easily see that

(9-1) ur(2) = (2+ O(r|z])).

Let F(v,8) = pey CXP( ) If Rew > 0, then s — F(v,s) is analytic on C.
The first step of the proof is the followmg result.

Lemma 9.2. Forr #d,n >0, z=xq + iy with |y| < y1, we have

~ 1 /w2 . 1 dz
log(U,.(2)) = E <€ + F(rz + i, 2)) 5108 (5-)
dz/ 1
- —F(rz +im, 1) + E(_ SHFG+ iw,O)) + O(|zlr—d ).

12
it is O(|z|r="d'*"). The following proof uses Mellin formula and looks like the general
method of Meinardus for studying generating functions associated to partitions.
We begin by some standard manipulations

The last term % ( -3+ F(z +im, 0)) in the above formula could be removed because

Ur(z) = exp{ — Z(log(l + exp(—(r + jd)z)) + log(1 — exp(—jdz))}

= exp{ Z M((—l)k exp(—krz) + 1)}

k
k=1

Let us write
B(m)

m

log(Un(2)) = )

m=1

exp(—mdz),

with
Blm) = > j((=1)F exp(—krz) +1).

jk=m

By the Mellin transform formula we have:

ﬂ 1 /2+ioo F(S)
1 — d
og(U Z m 27 Jy s (mdz)* s

m=>1 2-
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But the Dirichlet series is

1 14 (=1)* exp(—krz
st+1 :Zj_sz( + )kSHP( )

m>1 j=>1 k>1

=((s)({(s+ 1)+ F(rz+im,s+1)).

Thus we have

log(ﬁ () = ds.

1 /Z'HOO [(s)((s)(C(s+ 1)+ F(rz+im,s+1))
27 J3ine (dz)*

Let n €]0, 1[. We move the integral until the line e s = —1 — 7. This gives

5 —1—n+ioco .
log(U,(2)) = i/ I‘(s)((s)(C(s—i—1)+}s7’(rz+27r,s+l)) ds
2im —1—n—ioco (dZ)
+ Res(1) + Res(0) + Res(—1) + E,
where F is the error term arising from the horizontal branches.
For Re s € [-1 — n,2] we have:
Fzr+im,s+1 Z e_ze”( L °” )
’ (20)st1 (20 —1)s+1
=1
1 1 —2@7‘z0
_ —20zr
Ze ( (20)5+1 (20— 1)s+1) < 2] Z f1+Res >
=1 =1
When / is small, the term e ¢ is O(1). Thus for —1 —n < Re s < 2, we have :
2€rx0 o0 )
Z £1+§Res Z 677 + Z Zne_ o < (er)_ _77’
£>1 €<100/7‘m0 £>100/rzo

since for the second sum we have

1-n
Z ene—ZZTzo < Z ge—2€ra:0 (’I"Z'o)l_n < (T‘TO) o3
(1 — exp(—2rxg))
€>100/T‘:U0 £>100/7‘x0

For the other term we have

1 —2[7”10 1 + |5|
—20rz
’Ze ( yits (20— 1)1+8)‘ <@+ ls) Z 1=n < (rao)n”

21 21

Thus for —1 —n < Re s < 2, we have
(9-2) |F(2r +im, s 4+ 1)| < |s|(rao) ™" + r|z|(rag) "1,

We will also use the following classical results for the functions ¢ and I' in vertical strips:

- there exists H > 0 such that |((s)| < [Sms|H for —3 < Res < 3 (in fact more
generally for Res € [01,02]) and [Sms| > 1 (cf. [2] Theorem 12.23 p. 270 for a more
precise formulation) ;
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- for =3 < Res < 3 (or Res € [01,02]) and |Im s| — 400, ([9] Corollaire 11.0.13 p.
182) we have

I'(s) = (1+0(Sm 3]71))\/%]%m s\%es*%e*ﬂ%mswem(s),

with a(s) = (Sm s) log |Sm s| — Sms + sm(Re s — 1) sgn(Sm s).

With this two formulae and by (9-2) we easily see that

2+4T [(s)((s)(C(s+ 1)+ F(rz+im,s+1))

9-3 lim ds =0,
(6:3) T—+00 J 1 _ptiT (dz)*
and
(9-4) ’ / Loloelo £ D & Pz s 1) gy pongitols),
Res=—1—n (dz)s
Now we compute the different residues:
We have
L)+ F i, 2 1 72

(9-5) Res(1) = W@+ Flrz +im )) (W + F(rz +im,2)).

dz T dz

In s = 0, we have two poles, one from I, the other from the function s — ((s + 1). We
use the well known results IV (1) = —v, ((s) = =15 +7+ O(|s — 1|)).
Thus Res(0) is the coefficient in s~ in the following formula:

(222 O o) + s¢7(0) + 0(1sP2)
X E +v+O(]s]) + F(rz + im, 1)} (1 — slog(dz) + O(|s]?)).
C/

Since ((0) = —3, ¢/(0) = —4 log(2n), we find

(96) Res(0) = %(log (;ijr

In s = —1, I' has a simple pole with residue —1 thus we have:

Res(—1) = —=((—1)(¢(0) + F(rz +im,0))d=.

)—F(rz+i7r,1)).

Since ((—1) = — 2, we obtain

dz

(9-7) Res(—1) = E( - % + F(rz +im,0)).

Formulae (9-5), (9:6), (9-7), (9-3), (9-4) end the proof of Lemma 9.2.
Now we have to study the terms F'(x, s) with s = 0,1, 2. First we have

TZ +7/7T 0 Z eXp mTZ) = _HTI)(TZ) = —5 + O(frn_l/Q),

m=1

for |y| < y1. For the contribution of F(rz + im, 1) we have

X 1\ym+1
(9-8) Z % exp(—mrz) = %log (1 + exp(—rz)) = %log2 + O(r|z]).

m=1

The contribution of F(rz + im,2) is more difficult to handle because of the factor (dz)~*
We will prove the following lemma
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Lemma 9.3. For |y| < y1, we have for d < n'/4=%

1 2
EF(TZ +im,2) = —% +3 log2 + O(d~'n=%).

Proof. Let M be an odd integer. We have

M +o0

1 , 1 (—1)™ exp(—mrz) (—1)™ exp(—mrz)

—F 2) = — =T +T

- (rz+1im,2) p -~ + E o2 1+ 13,
m=1 m=M+1

say. We begin with T5. Since the sum is absolutely convergent, we can regroup the terms

m = 2¢ with the terms m =2¢ + 1
X1 14002

+o0o
1 exp(—rz) 1
T < —— —2 (— - 7‘ < - S w4
Il < g Z exp(=2620) | 7 ~ ry 12 d|z|KZM:+1 a2 (20t 1)
1 = 40+ 1 7| 2| 1 r
< —.
SR ; <4£2(2f+ RS 1)2)> SaEpe T ar

nl/4te For T) we use the fact that

This leads us to choose M the smallest odd integer
exp(—mrz) is near 1 if M is not too large. Let J € N to be specified later

M
1 1)imiri 23
(= ) 1—mrz+z e +O0(m7r!|z|7)).

By the same type of argument as for T, (which are standard manipulations on alternating

series) we show that
2 1

Ly~ ()" LN (Y 1.
dz 2= m? _@g;7ﬁ +O%MM9__MM+O%MMJ’

and
(=)™

(_1)m +o0
Z_ - —i—O(dM) dlog2+0(dM)

M

> =
m=1

Next, for each 2 < j < J — 1 we have (recall that r < d < n'/4-2)

i)zt - P |z M2 n—(2+i)e
_1 m J ‘
d ’ Z( yrm < d < d

Ul

Ul

Finally for the last error term we have:

J’Z’J 1d lsz 2 M’Z’)J 1 Jd < ni fJed 1

which is small enough for J = [g}

This ends the proof of Lemma 9.3.
If we insert (9-8) and Lemma 9.3 in Lemma 9.2 and don’t forget (9-1) we obtain

Lemma 9.1 in the case r # d.
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10. The term Sy(0), end of the proof of Theorem 1.1

Recall that )

hexp(—z)) = exp (% ~ Slog2+ O(yzr))

if z — 0 with |arg z| < k < 7/2. By Lemma 9.1 we have for |y| <

21

T |D| |D| log 2
h(exp(— HU —exp(12 (1-1—7)—#—1 2
reD
d
-1—2 10g2—|—| |log( )+O(n_€)).
reD
As in the case D = {1,...,d} we insert above the two formulae:
1 1 ; 2 3
- == % — y_3 —1-0(%) and log z = log xg +O(|y|>
z  xy T§ xg xo
and we apply Lemma 4.1:
1 Y1 - 9
S0(0) = or / exp(Cp +iyBp —y“Ap) dy,
Q —Y1
with
72 |D| |D| log 2 r |D| d
_ 1+ 20y Hgg gy — 282 L 1) log2+ Tlog (=
Cp 12;1;0( +og) oy gz = = +7§)(d Jlog2+ - log ()
(10-1) C2|D|  |D|log?2 dxg 9
— Ny —kg)log2 — — N, — k
de T + ) ( 0) log 5 > 0)
reD reD
+ (TL — Rp — QD)(EO + O(nia),
2 m D[\ , Ca|D| | |Dlkolog2
10-2) B 1 —dk N, —k — Rp — ,
(10-2) Bp = 12%( p — )+ di2 + -~ OTEZD( 0)+n—Rp—Qp
2 [D|, Co/D| [Dlkolog2 d|DIK3
10-3 A 1 - — .
(10-3) b= 12x0( + d ) dz3 x3 20

Since kodzg = log2, and Cy = 1—2 (logQ) ., Ap, Bp and Cp may be simplified :

72 |D|(log2)®  2V/3n? (1 B 12|D(1og2)2>

Ap =
"= T ddd i
1
Recall that ko = L?mlog? and | N, — ko| < W \l%

By Lemma 2.2 of [6 ] for ly| < y1, we have

yBp = ~2ydky > (N, — ko) + o<n—6/3) — yBp + 0<n—€/3),

reD

say.
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We end the computations as in the case D = {1,...,d}. Finally we obtain

T 2
(10-4) T (n, Rp) = (1 + 0(1))%1 [ exp (o - fTZ;)'

To simplify Cp we need some more precise estimations of Rp and Qp:

zoRp = xoko Z r 4 O(d*3|D|V/3n~1/4+e),

reD
d dk2|D|  dDlk
Qoo = 50 3 (N = ko) + kodo Y (Ny = ko) + = 20| | _d] ’20950 O 1),
reD reD

It remains to insert these different formulae in (10-4) to finish the proof of Theorem 1.1.

11. Local stability of IT%;(n,Rp)

In this section we settle a result analogous to Corollary 9.1 of [5]. If Rp = {N, : r € D}
and Ry = {N; : r € D} are two sets of integers satisfying (1-1) and such that N is
near IV, on average then in the estimation of II}(n, Rp) given by Theorem 1.1, we may
replace the N,. by N*. Like in [5] this corollary will be useful for the proofs of the different
corollaries announced in the introduction of [6].

Corollary 11.1. Let 0 < £ < 1072, n > ng, d®|D| < n'/?>73% and two sets Rp = {N, :
r €D} € ZIPI, Rs = {N; :r € D} € RIPI such that

(i) (1-1) is satisfied for Rp ;

1

(ii) | Ny — ko| < dl%T % for all r € D where w(n) is a non decreasing function such
that lim, o w(u) = co;

(i) S rep Ne = N2 <64 D] =1, X, ep Ny — NZP <62+ [D| 1.

Then we have

II3(n, Rp) = q(n)

5(1+ o(1)) ( d )m\/z

1— 12|D|(log 2)2 \24/3n
dm?

V3 ? \ .
xexp(w(l—QlQ?fj;i’jz)Z))\/ﬁ(;(Nrko )22\/%2 (N} — ko) )

reD

Proof. By (iii), >, cp [Ny — N;| < 2d and we have
(N = ko)™ (3D (N7 = ko))< (D2 1N = NZ1) (2 1N, — kol + > [N = )
reD reD reD reD reD

4 /
O(d2/3‘D‘1/3n1/ logn +d2> — 0(”1/2)-
w(n)

Similarly we have using also 0 < |D| + 1 (since § < mingepe a if D¢ # @)

(Ve = ko) = (N — ko)?| < D IN = NEIIN, — Kol + [N, = N )

reD reD reD

/4.1
< (6 +|D| = 1)[D|2/3q~ /3L V08T | 52 4 )
w(n)
/4 /1
< |D|V/3q-1/3 VOB 52 4 ip) = 0(\/_5)
w(n) d

This ends the proof of Corollary 11.1.
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12. On the normal order of the numbers of parts: proof of

Corollary 1.2 of [6]
o n n'/4\/logn o n'/4\/logn
Let Cp = [BEPE2E — stz |d and Dp = | BERE2E 4 e ld.
To prove Corollary 1.2 of [6], it is sufficient to show that

(12-1) S*i= Y In,Rp) =q(n)(1+o0(1)).

N,€[Cp,Dp|

reD

Rp=n (mod )
As in [5] p. 82, we have to remove the dependence between n and the N, given by the
congruence condition modulo 6. If 1 € D then 6 = 1, there are no difficulty and we take
N} = N, for all 7 € D. If 1 € D we write Nf = |5 |§ and N} = N, for r € D~ {1}.
Now we will suppose that 1 € D, the proof of the other case being similar. Next we apply
Corollary 11.1 with these two sets:

S* = (1+ o(1))q(n) 1) (2\?%>ID/2

12|D|(log 2)?
| — 12Dldog2)?

dm
2v/3(log 2)? 2
X Z exp(— V3(log2) <5N1 — ko + Z (Nr—k'o)>
12|D|(log 2)?
Cp<N16<Dp 71-(1 - dr? )\/ﬁ reD~{1}
N,.€[Cp,Dp|
TE’D\{I}

2\/_ <(5N1 ko)® + re;{l}(Nr - k0)2>)'

We apply again Corollary 11.1 with N} =¢; so that |t; — N;| < 1 for i € D, we easily see

that
6t = N1 P+ Y (= N.)? <8 +|D| - L.
reD~{1}

Thus we have (after replacing 6t} by ¢; in the integral) :

S* = (1+ 0(1))g(n) 1 (2\?%>|D|/2

12|D|(log 2)?
===
™

Dp 2 2
X / / exp 2\1/2§£101g 23 2 (Z(t’" — kzo))
Cp 1— LIE (b2 >\/ﬁ reD

_2\7;‘;_”<7Zt — ko) )) H dt,.

reD

Lemma 12.1. We have

1 d \IPI/2
S*=(1 1
( + 0( ))q(n) 1 B 12\D\(10g 2)2 (2\/3_n)

dn?

" /;OO ' /:O exp ( B 2v/3(log 2)? (Z(tr - ko))2

12|D|(log 2)2
(- ) 2

_2\7;6;_71(Zt — ko) )) IT at.

reD reD
w(n)|D)>/3 7d'/?logn
19) et bl B _
* (q(n) d1/6 /10gneXp< 2\/§]D|4/3w2(n))>
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Proof. We have to consider the contribution of terms of type f Do D Do (?DD -+, Clearly
it is less than
00 Dp
md
exp ( t — k‘o )) dt,.
[
But
Dp d 400 dt2 2/3
/ eXP(-Tr—(tr—ko)2>dtT</ exp(— T T)dtr: _Vn7

Cop 2v3n —oo 2v/3n d

and

Dp 2V 3n Dp 2\/ Sn
2v/3n wd
=Y - Dp — ko)?
7d(Dp — ko) eXp( 23 DP o) )

We have d*/3|DJ?/3 = d¥C|D|*/2|D|'/¢ < d°/%|D|*/? = (d®|D|)'/? < n'/*~=. Thus the

contribution of some term of type [ g‘; (?D” CL?DD .o to S* is

w(n)|DJ?/3 7d'/3logn
0 —_— - .
(q(n) dl/G\/logn exPp ( 2\/§|'D|4/3w2(n))>

Since there are 2|D| such error terms we obtain Lemma 12.1. It remains to compute the
main term to finish the proof of Corollary 1.2 of [6]. We remark that
(12-2)

exp (_77(1 _2\1/257(31(;?;3)22 > R (Tezp(t’”_ko))g_ 2\7;;{—”(1;(tr_k0)2)) = eXp(—%TtMT),

— ko
to — k‘o
with T' = ) € RIPl and M is the symmetric matrix M = (mij)1<i,j< p| defined
tp — ko
by
2v/3(log 2)? d ,
5 = \1/2_£01g3 + T = V4U (1<i<|D))
2 7T(1— ‘ (li(ﬂ'cz)g ) >\/ﬁ 2\/371
mij mji 2\/§(log 2)2

2 2 7r<1 _ 12|D0\l(:2>g2)2)\/ﬁ
A classical result on determinant announces that

md )IDI (1 12|D|(log 2)2)1
V3n dm?

Thus the function (12-2) is proportional to the density of the law of a Gaussian vector
with covariance matrix M ~1. We deduce that

[

W)\/ﬁ reD reD re€D
= (2m)IP12Vdet M 1.
This ends the proof of Corollary 1.2 of [6].

detM = 2PIyIPI=\(U7 + |D|V) = (
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13. Unequal partitions with equilibrated residue classes: proof of
Corollary 1.3 of [6]

For 1 <a <b<d,let E*(a,b) denote the number of unequal partitions of n such that
N, =Ny :

E* (CL, b) = Z Hrl(nv R{a,b}) = Z Hrl(nv R{a,b}) + O(q(n))7
No,=N No,=N
n=aN,+bNy %mod ) NaG[C,E)]

n=aN,+bN}, (mod J)

by Corollary 1.2 of [6] applied with w(n) = 272/3loglogn,
2v/3log2v/n  n'/*/logn 2v/31og 2 Vn n nt/4/logn

v d2  d*/3loglogn T d® ' d/3loglogn
Next we apply Theorem 1.1 and Corollary 11.1. Here again we have to remove the
condition n = alN, + b}, (mod §) otherwise N,, Ny, n wouldn’t be independent. If d > 5
then § = 1. For 2 < d < 4, the problematic cases are (a,b,d) € {(1,2,2), (1,2,3), (1,3,4)}.
We will handle these cases later. Suppose now that § = 1.

C=] ldand D = | ———

1 d
E*(a,b) =
(a,0) = a(n) 24(log 2)2 (2\/371)

1 - T dr?

o Gy A e

= [t + ola(m)).

As in the proof of Corollary 1.2 of [6] we show that the contributions of [ --- and ffjoo
are small enough. When ¢ > 1, as explained in [5] we fixe some congruence conditions on
N, and N, and next do quite the same computations.

14. Comparison between the number of parts in two residue
classes: proof of Corollary 1.4 of [6]

We proceed in the same way as in the previous section. Le A € {0,1}. We have to

estimate
T*(a,b) = > I (1, Rap})-

Nu.>Nb+A
n=Ry, 1} (mod )

We take A = 0 to examine the unequal partitions with N, > N, and A = 1 for the
unequal partitions with N, > N,. In the same way as in the proof of Corollary 1.3 of [6],

we obtain
1 d
T"(a,b) = q(n ( >
( ) () 1— 24(1og2)2 2/ 3n

/ / eXp 2\/§(log 2)° (to, +ty — 2k0)2
b - 2R

(ta = ko) < — ko)?| dta dty + ofq(n)).

7d
 2v3n

In the same way we find a similar formula for 77*(b,a). This proves that 7%(a,b) =

q(n)/2 4 o(q(n)).
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15. On the d regularity of the unequal partitions: proof of
Corollary 1.5 of [6]

Now we suppose that d is fixed in order to use Corollary 1.3 of [6] uniformly. We now
study for A=0or 1:

W*(a) == > I (n, R).
Ni,...;Nq
n=R (mod d)
Na)Aeraxb;ﬁa Ny

We proceed as [5] Sections 12, 13 and like the previous paragraphs of this present paper :

W(a)

with

olq(n)) + d ( d )d/z/ / Fltrso o ta)dty - dt
1 /1_12(10;52)2 2v/3n to>maxyq th A @

2 d d
Fltrseeesta) e { - 2R (St~ k) = TS (0~ 7).
2 r=1

(1 — 20820 i\ 2

By Corollary 1.3 of [6] applied d times (it is why d is fixed), we have

d
> W (a) = q(n) + olq(n)).
a=1
Since f(t1,...,tq) is symmetrical the above terms are asymptotically equal :

W (a) = (5 +o(1))a(n),

as it was conjectured in [4] p.334 and in the introduction of [3].
The proof of the second assertion of Corollary 1.5 of [6] is similar. We have only to
replace the condition N, = maxp2, Np by Ny(1) = Ny2) 2 -+ 2 No(ay-

(1]
2]

(3]
(4]
(5]
[6]
[7]
(8]

[9]
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