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One technique that future mathematicians should 
dominate is proof by reductio ad absurdum. This pa-
per presents part of a research study in which college 
students performed a task in which they needed to ap-
ply the knowledge gained using this technique. Small 
group discussions and a discussion led by the teacher 
were the methodology used in the classroom to solve the 
task. Both types of interactions were analyzed using the 
RBC-C model (Schwarz, Dreyfus, & Hershkowitz, 2009) 
to document how the construction process took place. It 
was found through consolidation of epistemic actions 
that although the students had to deal with difficulties 
associated with the proof, they were able to use the newly 
acquired knowledge. 

Keywords: Proof, interaction, construction, knowledge.

INTRODUCTION

One of the main activities in mathematics is to prove. 
However, in recent years, some countries, such as 
Spain and Mexico have almost banished the practice of 
proofs from the school curriculum: “The idea of   prov-
ing has changed over time; it depends on the context 
and cultural environment. Since the development of 
modern mathematics, which put too much emphasis 
on formal proofs, there has been a decline in their use 
in high school, this has strong implications for the 
transition to college”(Gómez-Chacón, 2009).

Possible reasons for the difficulties students face 
when having to develop a proof are a poor ability to 
formulate [and identify] mathematical statements, 
inappropriate concept images, a lack of training to 
generate and use their own examples and only an in-
tuitive understanding of the concepts involved in the 
proof (Moore, 1994).

Everyday language is an obstacle for the learning of 
a mathematical proof because of the differences be-
tween this language and mathematical language (Epp, 
2003). A conditional statement in every day language 
often admits various connotations of causality and 
temporality that makes its meaning quite different 
from the mathematical sense. Sometimes, ordinary 
language gives a different meaning to the statement 
caused by the tendency to deduce what is not said. In 
this sense, Epp (2003) suggests that the difference 
between everyday language and mathematical lan-
guage can lead to committing the “reciprocal error” 
in accepting that “p only if q” is logically equivalent 
to “if p then q”; to difficulty in the interpretation of 
quantified propositions; and to the mistakes made in 
trying to deny the implications. 

A lack of knowledge of proof techniques, how to 
choose the facts and theorems to be applied or when 
to use or not knowledge based solely on symbolic ma-
nipulation and the use of mathematical procedures 
are also perceived as problematic (Weber, 2001). Logic 
and proof are conceived separately; to avoid this, in-
struction must show the proof as a form of validation 
and the usefulness of language in developing and com-
municating proofs (Weber, 2001).

In this paper the process of solving a task using proof 
by reductio ad absurdum is analyzed in a study with 
university students in Mexico. This activity is part 
of a broader research study about the design of in-
structional tasks for teaching proofs and recording 
the advances made in the process of proving followed 
by the students as they solved these tasks. The solving 
process performed both in small groups and through 
guided interaction with the teacher are analyzed. 

However, observation and detailed analysis of the 
process of construction of proofs in context can be 
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very complicated when the data are massive and 
confusing. Hershkowitz, Hadas, Dreyfus, & Schwarz 
(2007) provides an example of research in which the 
flow of knowledge from one student to another is 
analyzed until they arrive at a common knowledge 
base. This type of research focuses on the process of 
construction and on the constructs at a given point 
until consolidation is acquired. The authors consider 
knowledge to be shared if the common knowledge 
base allows the group of students to continue building 
and updating knowledge collaboratively on the same 
topic. The authors acknowledge that they have relied 
on the work by Cobb (1995) in regard to collaborative 
learning.

CONCEPTUAL FRAMEWORK

Since students are expected to develop abstract 
mathematical knowledge, we consider Abstraction 
in Context (AiC) by Schwarz, Dreyfus, & Hershkowitz 
(2009) as the a suitable framework for analysis of the 
interaction. In AiC, abstraction is defined as “a vertical 
activity for the reorganization of previous mathe-
matical constructs within mathematics and by math-
ematical meanings so as to lead to a construct that is 
new to the learner” (Schwarz, Dreyfus, & Hershkowitz, 
2009, p. 24).

An abstraction process has three stages: the need for 
a new construct, emergence and consolidation. The 
abstraction cannot occur without the need for a new 
contruct; this need may arise from an intrinsic moti-
vation to overcome contradictions, surprises, or un-
certainty. The second stage is central and is where 
the new construct emerges. Three epistemic actions 
can be observed in this stage: R-actions (Recognizing), 
in which the learner recognizes that a specific prior 
construct is relevant to the situation at hand, B-actions 
(Building-with), with which the learner constructs 
recognized acts to achieve understanding of a situa-
tion or solve a problem; C-actions (Constructing), us-
ing B-actions and integrating previous actions to pro-
duce a new construct. The C-action refers to the first 
time that the learner uses or mentions a construct. 
In this process, R-actions are nested within B-actions 
and B-actions are nested within C-actions. C-actions 
can be nested in C-actions at a higher level. Finally, the 
third step, consolidation, is a long-term process which 
occurs when the construct is mentioned, constructed 
or used after a C-action. This stage is characterized 
by personal evidence, trust, immediacy, flexibility 

and care when working with the construct (Dreyfus 
& Tsamir, 2004) and also when the language is becom-
ing more precise (Hershkowitz, Schwarz, & Dreyfus, 
2001), although Kidron (2008) and Gilboa, Dreyfus, & 
Kidron (2011) consider that the increase in language 
precision is characteristic of the construction stage 
itself and not just the consolidation. 

In AiC the epistemic actions referred to are known 
the as RBC model (Recognizing, Building with, 
Constructing) and the RBC-C model, with the second 
C corresponding to the second stage of consolidation.

The aim of this paper is to describe the process of 
students’ proof construction and how they transfer 
the knowledge already acquired to solve new situa-
tions. We analyze the interaction of a group of five 
students and with the teacher using the AiC model 
(Hershkowitz, Schwarz, & Dreyfus, 2001). Therefore 
the research questions to be answered are: what are 
the epistemic actions that arise in the course of an 
interaction in a group and with the teacher during the 
process of proving a statement by reductio ad absur-
dum? And, are the students capable of consolidation 
during a long process of teaching of the concept of 
proof through a collaborative work effort?

METHODOLOGY

The activity described below is part of a broader re-
search study about introducing mathematical proofs 
to university students in their first semester of the 
Bachelor of Applied Mathematics program of Juarez 
University of Durango State, Mexico. The average age 
of the students was 18. Specifically, the task present-
ed in this paper pertains to the eleventh session and 
their participation was voluntary. The students had 
previously worked with other tasks about proofs such 
as the generation of definitions (Alvarado & González, 
2013a), which gave them some preliminary knowledge 
about proofs, the identification of the parts of a mathe-
matical proposition (Alvarado & González, 2013b), the 
use of logical connectives, the generation of examples 
and counterexamples, the formulation of conjectures 
and the proof by direct demonstration (Alvarado & 
Gonzalez, 2013c). In this session, the students were 
introduced to the process of proof by contradiction. 
The teacher began by explaining this technique with 
the following example: Show that prime numbers 
never finish, there is always one more. Different tasks 
were proposed to the students to prove some state-
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ments in the way shown by the teacher and once they 
had proved them, a challenge task, described in the 
next section, was proposed. The challenge task was 
to prove the following statement: It is impossible to 
write numbers using each of the ten digits once so that 
their sum is 100.

The classroom activity was conducted in a group 
with five students working on their own. Once they 
obtained an answer, an interaction with the teacher 
took place. Through collaborative dynamics the stu-
dents were given the opportunity to develop knowl-
edge together and express their ideas verbally. Planas 
& Morera (2011) argue that interaction is a skill that 
must be practiced by students and teachers in math 
class. This kind of an interaction is based on every 
participant’s right to express their opinion and try 
to convince the others of the validity of their ideas. 

The interactions can be effective if they feature a real 
and true exchange or communication. That is to say, if 
the participants: 1) undertake social interactions vol-
untarily with peers and with the teacher; 2) actively 
participate in interactions and engage with the task; 
3) have developed the basis for sharing and receiving 
(taken-as-shared) in equal conditions; and 4) do not 
represent a mathematical authority in the course of 
the interaction. Cobb (1995) and Steffe & Wiefel (1992) 
consider points 3) and 4) necessary for small group 
interactions, for good communication and genuine 
collaborative learning in mathematics. In this sense 
it is expected that effective interaction will result in 
a product (definition, rationale, conjecture, method, 
argument, demonstration, illustration, etc.) agreed 
on by all participants.

During small group work, the teacher can see if stu-
dents spend a long time looking for a way to approach 
the task. For this case the researchers had previously 
suggested that the teacher should interact with the 
students and give adequate support to their thinking. 
The teacher must take into account the four “teach-
er movements” (Jacobs & Ambrose, 2008) while the 
students continued working on the task. These move-
ments are: a) ensure that students understand the 
task (what do they know about the problem?) and if 
necessary change the context to a more familiar one, 
b) change the problem to a similar one with simpler 
values  , c) ask students what they have tried until that 
moment, and d) suggest using another strategy.

Discussions in the small group and with the teacher 
were videotaped and transcribed in their entirety. The 
analysis of interventions was made by identifying dif-
ferent units of analysis determined by the discussion 
of one aspect of the student’s task. For each unit of 
analysis the epistemic actions evidenced were iden-
tified, and this identification was then triangulated 
between the researchers. To identify the epistemic 
actions, in this analysis R-actions were considered 
to be the epistemic actions that the students used to 
recognize the information assumed to be true, as well 
as the definitions and concepts involved, the B-actions 
were those that emerged from the statement by ex-
traction of its meaning, or when calculations were 
performed to obtain deductions and to understand 
the meaning of the statement, to finally build the re-
quested proof and organize it (C-action). The C-action 
occurred once the statement of the proposition and 
its proof were considered as a unit.

DATA ANALYSIS

Below we describe, characterize and analyze the 
process of solving this task which took place in the 
classroom during the interaction of a group with five 
students. We have differentiated two parts: the first 
one describes the work in the group and the second 
one the corresponding interaction with the teacher. 

Group discussion
In the following dialogues only the students partic-
ipated. We have not differentiated which student 
made each contribution because we are interested 
in the whole process as the overall production of the 
group. Each contribution is numbered indicating that 
it belongs to one of the students.  The comments in 
brackets are comments made by the researchers.

The first R-actions served to recognize the assump-
tions or information available [2, 4], the conclusion 
[1 and 12] and the extraction of meaning from the data 
[5, 6]. As discussed below, students misinterpreted the 
information. They were considering a 10-digit num-
ber (all possible combinations) in which the digits 0 
through 9 appear only once.

1  We must see that [a number] with the 
given conditions is impossible. 

2  We have to use each of the 10 digits. 
3  Yeah. It is impossible. 
4  In P [the hypothesis] we have 10 digits. 
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5  We can put that we form a total of how-
ever many numbers but the digits 0 
through 9 always appear. 

6  You are going to do all such combina-
tions. One would be 1234567890.

Following this misinterpretation, we can identi-
fy some B-actions (advances in the proof from the 
R-actions) in their arguments [7–9 and 14] i.e. the com-
mutative property was applied. The students showed 
flexible thinking [10] using another B-action linked to 
the process of deducting from the back to the front 

“The only way you have 100 would be ...” and as a result 
some [12 and 13] B-actions took place to extend their 
peers’ understanding.

7 [...] The sum will always be the same because 
the digits change places but not their value. 

8  Good. P is that. Then P1 [the first deduction] 
which does not change the sum. 

9  And by the property of the sum 0 + 1 + 2 + ... + 9 
10  The only way you have 100 is with 10 places 

where the numbers were 10 and that’s not 
possible. 

11 I don’t understand. 
12  If the sum of all digits must give 100… 
13 You are going to have a big number with 10 

digits. Which you want without repeating. 
But their sum is not going to give 100. 

14  [They read again] Well, the sum will always 
be equal using the commutative property. 

15  But not different. It will always be the same. 
16  See. It says that it is impossible. 
17  How to build a contradiction?  
18  Now, what must we prove? 
19  That it’s impossible that the sum is 100. That 

is Q [the conclusion] //. 
20  Here’s something missing. The sum will al-

ways be 45. 

Another B-action occurred when formulating the 
negation of Q [21]. Finally [22 and 23] they found a 
contradiction and that was the step used to conclude 
that this was sufficient for proving the statement so 
this was the final C-action, i.e. the construction of a 
contradiction and thus the proof of the statement. It 
is important to mention that the statement did not 
appear in the conventional form “if P then Q”, and 
the students did not realize that the numbers could 
be formed with any number of digits, but each digit 

from 0 to 9 could only appear once. This led them to 
prove a different proposition from the one requested.

21  First there are 0, 1, ..., 9. Then assume that 
their sum is 100. 

22  Now I do the sum 0 + 1 + … + 9 and that gives 
me 45 different from 100. 

23  Since the digits always add up to 45 although 
we change positions, then the sum can never 
be that, and therefore Q is impossible, that 
the sum would be 100.

The figure below shows the written production made 
by the students, well-organized by steps in order to 
clearly communicate their ideas, even though they 
have not proved the adequate proposition.

Interaction with the teacher
The teacher reread the proof written by the group. 
First, he clarified the misunderstanding of the prop-
osition as students had thought they had to consider 
a single number with 10 digits and with each of the 
digits from 0 through 9 only once. In [24] the teacher 
presented an example involving two numbers [25]. 
The teacher [25] reframed the situation and students 
in R-actions [26 and 27] recognised the hypothesis and 
the negation of the conclusion [27] and implicitly the 
conclusion. They recognized [29] that they should 
move from hypothesis and NO Q to construct a contra-
diction. The teacher considered it important to verify 
that the interpretation of the task was suitable and 
asked for some examples [30]. They showed B-actions 
[31–35] to build examples with the aim of understand-
ing the nature of numbers and the negation of the 
conclusion.

24  Teacher:  [...] seems to be a confusion [...] 
Of course, if I write a number with the 
digits 0 to 9 each written once, their sum 
does not give me 100. But look. The exer-
cise is the sum of numbers written with 
these digits used only once [He writes 
two numbers: 12345, 6789] what is the 
sum? 

25  Teacher:  Well I can write it this way [two 
numbers] but the digits can appear once. 
Let’s see, what would be the way to re-
frame this situation? What do we know? 

26  Students:  The set of digits is 0, 1, 2, 3, 4, 5, 
6, 7, 8, 9. 
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27 Students:  The sum of them is equal to 100. 
That would be the negation [NO Q ]. 

28  Teacher:  How to build a contradiction? 
29  Student:  We must think of different num-

bers and their sum must be equal to 100. 
30  Teacher:  I have several numbers. I do not 

know how many. Their sum must be 
equal to 100. In addition, together they 
can contain no more than each digit 
once. See, what numbers would I use? 

31  Student:  So a1, a2 ... ak should only have 
each digit once. 

32  Teacher:  That is, you may have one, two 
or more numbers, but if one digit is here 
in that number, you cannot use it in an-
other number. 

33  Student:  Yes, [...] if I have 13, I cannot 
put 34 in another number [adding].

34  Student:  But if in that case, we can ob-
tain a sum even higher than 100. 

35  Student:  Yes, it may be higher, but we 
have assumed that it equals 100 [we must 
prove that it is impossible to add up to 
100 and then its negation is that their 
sum is 100]

In the following excerpt, deductions were made from 
the hypothesis (they used numbers like 1245, 736 and 
89) and the information derived from the negation 
of the conclusion. For the first deduction the teacher 

asked the students to analyze the digit of the units and 
think about what is required in this position so that 
the sum would be 100. They deduced with B-actions 
[37] that the sum of the digits of the units should give 
multiples of 10 or 20. They proposed examples of num-
bers to be in the position of the units [39–43] which 
is a B-action because it is a construction made by the 
students from the statement. Exploring with B-actions, 
they discovered that it was impossible to obtain the 
sum with 3-digit numbers [44–48]. When considering 
two-digit numbers [49] another B-action addressing 
the possibilities of the sum of the digits in the tens po-
sition [51] is given. They also gave an extreme example 
with the single case of a number with all digits. In this 
case the sum is itself [53 B-action] and greater than 100.

36  Teacher:  Yes. It would be 100 [the sum], 
and what does that imply? For example, 
look at the numbers of units. What is 
needed to be 100? 

37  Students:  The units must give me a multi-
ple of 10 [another student says]. Perhaps 
10 or 20. 

38  Teacher:  What would it be? For example? 
39–43 Students:  1 and 9 / 8 and 2 / 5, 2 and 3 / 7, 2 

and 1 / 1, 4, 2 and 3. 
44  Teacher:  For example, in the case of 9 and 

1, what happens? What about the oth-
er digits? Would they have a chance? If 
there were two numbers I would have 

Figure 1: Students’ written production



Proof by reductio ad absurdum: An experience with university students  (Angelina Alvarado Monroy and María Teresa González Astudillo)

77

to accommodate the 8 digits left. Also if 
there were three-digit numbers the last 
digit of the third one would be 0. 

45  Student:  And I should accommodate 7 
digits [2,3,4,5,6,7,8]. 

46  Teacher:  So, at least on one of those three 
numbers we would have 3 locations to 
accommodate digits. 

47  Students:  Yes. 
48  Teacher:  But the sum is greater than 100, 

then that happens with numbers with 
more than three digits. 

49  Students:  One can do it if the number has 
two-digits, but I can’t explain. Well, for 
example 5 two-digit numbers, using 
0,1,2,3,4… 

50  Teacher: For the units? 
51  Student:  Yeah, and then one must accom-

modate 5, 6, 7, 8, 9. We need to obtain in 
the tens, 9 [adding the units makes 10, 
therefore it accumulates 1 in the tens] 
and no ... 

52  Teacher:  Yes, well. I see.... Well, you can 
work on this idea. What matters to me is 
that you understand that the basic idea 
of   reductio ad absurdum is to assume 
that the sum is 100 accompanied by the 
hypothesis. If I explore the possibilities 
and arrive at a contradiction, then we 
have proved the proposition. 

53  Student:  Well, if we think of a number 
with all digits the sum would not be 100 
but rather greater. 

Finally, the teacher stopped the discussion consid-
ering that the important thing is to understand the 
technique and the students must continue working 
later on the proof of the proposition on their own. As 
this took place in the last two days of school we were 
not able to collect the final evidence of the students’ 
work on this proposition.

FINAL REMARKS

In this activity, a group discussion, the students’ writ-
ten production and the discussion led by the teacher 
to encourage knowledge construction from what they 
previously knew have allowed us to document the 
interactive generation of knowledge. The students 
recognized the hypothesis, the conclusion, and their 
role in the proof, they could construct the negation of 

the conclusion and from there, they proved the prop-
osition although they made a misinterpretation of the 
statement. This is evidence of the consolidation of the 
knowledge acquired by the students.

They carefully managed the premises and construct-
ed deductions from them, which is an indication of the 
consolidation of the new constructs as established in 
the RBC-C model and as shown by personal evidence. 
They also discussed the ideas they shared, showed 
confidence, immediacy, use of the construct when 
changing the context, working both in the group and 
with the teacher, seeking to clarify and refine their 
thinking, which may allow their language to increase 
in accuracy.

The RBC-C model allowed us to document and capture 
the complexity of group work for the construction of 
knowledge. Thanks to this model as a theoretical and 
methodological tool, we were able to identify the epis-
temic actions that occurred during the process. The 
group discussion with peers allowed students with 
the same level of knowledge to confront each other 
and identify some weaknesses, in this case compre-
hension of the task statement. The activity began with 
R-actions that progressed until a C-action. This activ-
ity sometimes required feedback to clarify to a class-
mate the reasoning performed, for example when a 
student says he does not understand. Throughout the 
task the students were persistent. They used examples 
in order to look at their structure, to understand their 
nature and to extract information in the construction 
of the contradiction. 

Interaction with the teacher was essential in this case 
to clarify the meaning of the proposition. In relation 
to comprehension and application of proof by reduc-
tio ad absurdum, the students managed the technique, 
handled it properly and they understood the function 
of negation of the conclusion in this proof. 
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