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From Newton’s law to the linear Boltzmann equation without
cut-off

Nathalie AYI

Abstract

We provide a rigorous derivation of the linear Boltzmann equation without cut-off starting
from a system of particles interacting via a potential with infinite range as the number of
particles N goes to infinity under the Boltzmann-Grad scaling.

The main difficulty in our context is that, due to the infinite range of the potential, a non-
integrable singularity appears in the angular collision kernel, making no longer valid the single-
use of Lanford’s strategy.

Our proof relies then on a combination of Lanford’s strategy, of tools developed recently by
Bodineau, Gallagher and Saint-Raymond to study the collision process, and of new duality
arguments to study the additional terms associated to the long-range interaction, leading to
some explicit weak estimates.

1 Introduction

In kinetic theory, a gas is described as a physical system constituted of a large number of small
particles. The point of view adopted is a statistical one. The fundamental model is the evolution
equation for the density of particles of a sufficiently rarefied gas first obtained by Boltzmann in
1872. One of its interesting aspect can be found in the fact that Boltzmann’s kinetic equation can
be used as an intermediate step in the transition between atomistic and continuous models for gas
dynamics as it is mentioned in the famous sixth problem of Hilbert. Consequently, the problem
of the derivation of kinetic transport equations from systems of particles is an issue which has
been widely studied in the literature, especially in the context of the Boltzmann equation. The
historical result in this field is due to Lanford [14] in the case of hard-spheres. He proved the
convergence in the low density limit (only for short times). His proof has been completed recently
by Gallagher, Saint-Raymond and Texier [10] and by Pulvirenti, Saffirio and Simonella [15] in the
case of hard-spheres and short-range potentials.

Theorem 1.1. Consider a system of N particles interacting
e cither as hard-spheres of diameter

e or via a repulsive potential ., with support in B(0,¢), radial and singular at 0 and such that
the scattering of particles can be parametrized by their deflection angle.

Let fo : R?** — R™T be a continuous density of probability such that

B
1fo exp(S [0l (mexmg) < exp(—p)

for some >0, ueR.

Assume that the N particles are initially identically distributed according to fy and “independent”
(meaning the correlations vanish asymptotically). Then, there exists some T* > 0 (depending only
on (3 and i) such that, in the Boltzmann-Grad limit N — oo, Ne@~! = 1, the distribution function



of the particles converges uniformly on [0,T*] x R?? to the solution of the Boltzmann equation

Q= [ [ U0 = @] o )dnds (101)
v*=v+uv.(vy —o)y, v =v; —v.(v; — V),

with a locally bounded cross-section b depending on ® implicitly, and with initial data fy. In the
case of a hard-sphere interaction, the cross section is given by

b(v —v1,v) = ((v—v1)V), . (1.0.2)

Remark 1.1. In the case of hard-spheres for example, the notion of “independence” is translated
this way

N
1
—0= — iy ;)1 1.0.
fN\tfo ZNi];[lfO(xu'Ul) DN ( 03)

with DY == {(x1,v1,...,2n,0n) € R?* Vi £ j, |z; — x;] > €}, while Z,, normalizes the integral
of fnji=o to 1.

More recently, Bodineau, Gallagher and Saint-Raymond have been able in [7] to extend this result
to any time interval [0,¢] with ¢t < loglog N and overcome the difficulty of the short time validity
in the particular case of a fluctuation around equilibrium. The key point of their proof is to ex-
ploit the maximum principle and establish global uniform a priori bounds for the distribution of
particles, and more generally for all finite order marginals of the N-particle distribution.

However, so far the question of the convergence in the case of long-range potentials is still open.
Indeed, for a long time Grad’s cut-off assumption, which consists in postulating that the collision
kernel is integrable with respect to the angular variable (see [11]), was crucial to work even at the
level of the kinetic equation. The problem is that, in the case of infinite range forces, whatever the
decay at infinity the huge amount of grazing collisions produces a non integrable singularity in the
“angular collision kernel”. However, recently a couple of breakthroughs have been made regarding
the Cauchy theory for this singular equation [1, 2, 3, 4, 5, 12] inciting us to reconsider this context.

A first partial result in the direction of a derivation from a system of particles with long-range
interactions has been obtained by Desvillettes and Pulvirenti [9]. Nevertheless, in their case the
long-range interactions are asymptotic, meaning the range of interaction is finite for any fixed N
and tends to oo only in the limit N — co. Moreover, the particle moves in a frozen background,
the obstacles being distributed according to some Poisson Law.

A huge number of microscopic contexts has been investigated (see the book by Spohn [16] for a
survey on this topic). What we intend to do here is to obtain a complete derivation of the linear
Boltzmann equation without cut-off. Our framework will be to consider potentials with strong
decay (see Assumption 4.1). Our result is far from being reach near the limit case of Coulomb
interaction for which we obtain the Landau equation (see [6] for a derivation of the Landau equation
starting from a particle system). Actually, it appears that with our strategy, we can not hope to
obtain a result for much less decreasing potential. We end up quite confident about the fact that
a different approach is needed to obtain a similar result for more classical potentials such as power
law interaction ones for example. Nevertheless, it is a first step into reaching the linear Boltzmann
equation without cut-off starting from an infinite range potential at the microscopic level.

2 Main result and General strategy

We are interested in describing at the mesoscopic level the behavior of a gas constituted of N
particles. We denote the positions by Xy = (x1,...,2y5) and the velocities by Vi = (v1,...,vN).



We will consider Xy in (T4)Y and Vi in (R?)Y where T¢ is the d-dimensional torus. We denote
ZN = (21,...,2n) where z; := (z;,v;) for 1 <i < N. With a slight abuse we say that Zy belongs
to T x R if Xy belongs to T and Vy to R4V,
The microscopic model is given by : for i € [1, N,
N

dJUi dvi 1 Ti — Ty

— s —2 = __ i) A A 2.0.4
a0 dt EZ;V ( € 20.4)

J,_ .
J#i

with ® a function satisfying the following assumption:

Assumption 2.1. ® : R — R is a radial, nonnegative, nonincreasing function which does not
vanish, goes to zero at infinity and present a singularity in 0. Moreover, V® is a Lipschitz function
with fast decay (see Assumption /.1 for more precisions).

The Liouville equation satisfied by the N-particle distribution function fy is

athJerV S _ZZV‘I’(%_ )vvlfN_o (2.0.5)

=1 j=1
J#i

We denote the marginals of order s of fr by f](\f ) (t, Zs) and we define them as follows
O, 7,) /fN (t, Zn)dzes1 ... d2n (2.0.6)

2.1 Main result

The framework is the following: we examine a small perturbation around the equilibrium of a fixed
number of particles. For the sake of simplicity, we initially perturb only one particle (which will be
labeled by 1) with respect to the position x; of the tagged particle. In order to do so, we consider
initial data of the form

I (ZN) = My 3(Zn)p° (21) (2.1.1)

where p® is a continuous density of probability on T¢ and M N3 is the Gibbs measure defined as
follows: for 8 > 0 given

dN/2
My p(Zn) = % (2’67;) exp(—BHN(Zn)) (2.1.2)

1 .
with Hy(Zn) :== Z §|vi|2—|— Z @(%) and

1<i<N 1<i<j<N

dN/2
Zy ;:/ <2ﬁ) exp(—BHy (Zx))dZx. (2.1.3)
TdN wR4AN Y3

Indeed, it is well known that stationary solutions of the Liouville equation (2.0.5) provide asymp-
totically stationary solutions to the Boltzmann hierarchy.

Theorem 2.1. We consider the initial distribution f3 defined in (2.1.1) describing the state of a
tagged particle in a background of N — 1 particles at equilibrium. Under Assumptions 2.1 and 4.1

on the potential, the distribution f](\,l)(t,x, v) of the tagged particle converges in D'(T? x R?) when



N goes to oo under the Boltzmann-Grad scaling Ne®=* = 1 to Mg(v)h(t,x,v) where h(t,z,v) is
the solution of the linear Boltzmann equation without cut-off

Oth +v.Vzh = // )N Mp(v1)b(v — v1)dvidv (2.1.4)

/2
with initial data p°(x1) and where Mg(v) := QE exp <—§|v|2> , 8> 0. The cross-section b
7r

has a non-integrable singularity depending implicitly on .

Remark 2.1. We notice that because of the translation invariance of T and p° belonging to
LY(TY), the distribution f$ is normalized by 1 in L*(TN x RN). Let us also point out that,
the tagged particle being the number 1, due to this distinction fy—o is symmetric with respect to
Z2,...,2N but not to z;.

2.2 Series expansion and general convergence strategy

In order to introduce the necessary notions, we briefly recall the case of hard-spheres.

2.2.1 Lanford’s strategy in the hard-spheres case

Let us assume in this subsection that the microscopic dynamics is the hard-spheres one. A general
strategy consists in using the Green’s formula to obtain the following system of equations for s < N
which is called the BBGKY hierarchy:

8t+2vz DI Z0) = Coarn fST(E, Z4) (2.2.1)

on D? with the operator C~S7S+1 defining the collision term as follows

Cosr [ST)(Z5)

= (N —s)ed™! Z/ f](\,SH)(. s Ty U T e, v ) (Vsgr — vi).v)  dvdug g
d— 1><Rd
—(N — s)e?™ 12/ (SH (cooymiy gy i+ e, Us41) (Vsg1 — ;) V) _ dvdugiq
d— 1><Rd
(2.2.2)

where S?~! denotes the unit sphere in RY, and v} and v} 1 stand for the pre-collisional velocities
for the particles ¢ and s + 1. Mild solutions of the hierarchy can then be defined by Duhamel’s
formula:

IOE / Tolt — t1)Coar fCTV (1) dty (2.2.3)

where we denote by 7T the group associated to free transport in D? with specular reflection on the
boundary. The key point of Lanford’s proof is the iterated Duhamel formula in order to express
solutions of the BBGKY hierarchy in terms of a series of operators applied to the initial marginals:

Z// / To(t—11)Cos1 o1 (t1—t2)Coststz - Toin(ta) 57 (0)dtn ... dt1.

(2.2.4)
The Boltzmann series expansion is obtained by taking the formal limit. The asymptotic expression
for the collision operator is given by



(C2p19"t9)(Z5)

_ (s+1) - - — ), dvd
: g TV T, U Vs v;).v), drdug
Z.Z/sdlxm ( 1) (U =i ), i (2.2.5)

S
— Z/ gV i vi i ver1) (Ve — 3).v) _ dvdog
Sd—1xRd

and the iterated Duhamel formula for the Boltzmann equation leads to the following expression

gt Z// / Tt = t1)C0 1 T (1—t2)Co 1 gy -+ Togn(tn) g™ (0)dty . . . dty

n>0
(2.2.6)
where we denote by T2 the free flow of s particles on R2%.

Two steps are then necessary to prove Lanford’s result:

- a uniform short time bound for the series expansion associated to the BBGKY hierarchy and
the Boltzmann equation,

- the term by term convergence.

Let us be more precise and introduce the notion of pseudo-trajectory to explain the strategy of
convergence. We introduce the following notation

s s+1 — Zcé s+1 é;;a,_l (2.2.7)
where

( s 3+1f SH)) (Zs) := (N — 5)ed! / f](\fﬂ)(. Ty Uy, T EV, U )
Sd-1xRd
((Vs41 —v3).v) L dvdogyy  (2.2.8)

with vj = v} and v}, = v}, for Cj;ﬂrl and v; = v; and v, | = veyq for C ' ;. We can do the
same for C7 ., ;. We call elementary terms in the series the following elements

t1 t”71
/0 / A Tolt — t1)CI M Tora (t — 12)C 20 o Tasn(ta) £ (0)dl . dty (2.2.9)

with (j1,Jo,...,Jn) € {+,—} and m; € {1,2,...,s+4i—1}. Each elementary term has a geometric
interpretation as an integral over some pseudo-trajectory.

Definition 2.2. We call pseudo-trajectory associated to the BBGKY hierarchy and the elementary
term

t tn—1
/ / / Tolt — t1)CI T Tora(t — 02)C2 20 o Topn (b)) [T 0Vt .. dty (2.2.10)
0 0

the following description of the evolution of the positions and the velocities:

o We start at time t with s particles with the configuration Zs € T4 x R%. We denote by W,
the backward s-particle flow. For u € [t1,t], Zs(u) := Wy(u)Zs.

o The first collision operator Cilgfll is interpreted as the adjunction at time t1 of a new particle

at T, (t1) + evsy1 for a deflection angle vsiq € ST1 and a velocity veyq € R



o Then Zsy1 evolves according to the backward s+1-particles flow \iJS_H during the time interval
[t2,t1] starting at t1 from

Zop1(t1) = ({2t} itmes (Tm (1), 0m, (81))s (T, (B1) + eVsp1,0541))  if 1= —
({Zj (t1>}j7’5m17 (Tm, (t1), U;knl (t1)), (Tm, (t1) + evsyt, ’U;+1)) if 1 TQ—;.ll)

o We iterate this procedure by adding a particle labeled s + i at time t; at T, (t;) + evsq, for
a deflection angle v, ; € ST ! and a velocity vsy; € R?. The evolution of Zs,; follows the
flow of the backward s + i-particles flow Vgy; during the time interval [t;11,t;] starting at t;
from

Zsti(ti) = ({2 igm (@m, (6), vm, (8)s (T, (8) + eVsti, V1)) if Ji= —
({2 ()} jzzms (@, (83), 03, (60)), (2, (83) + €V vEy,))  if Ji =+
(2.2.12)

The elementary term can then be rewritten as follows

t t1 tn—l
6(dfl)”(N—s)(N—s—1)...(N—s—n+1)// / dty ...dt
0o Jo 0

/ i1 Vepndvgst .. dvgyn [ (Wsri = vm, (1) vers) P (Zs4n (0))
(Sd-1txR4)n i=1

(2.2.13)

where Zs11,(0) is the pseudo-trajectory at time 0.
We then give the definition of the two notions of collision and recollision.

Definition 2.3. We call a collision the creation of a particle in the process described above and a
recollision the event when two particles collide in the flow Wy y;, with 0 <i < N —s.

Note that the pseudo-trajectories do not involve physical particles but are a geometric interpre-
tation of the iterated Duhamel formula in terms of a branching process flowing backward in time
and determined by

- the collision times T := (t1,...,t,) which are interpreted as branching times,

- the labels of the particles involved in the collisions m := (my,...,Msyn—1) from which
branching occurs and such that 1 < m; < i for all 4,

- the coordinate of the initial particles Z, at time ¢,

- the velocities vsi1,...,Vsqp in R? and deflection angles Vstlye--sVsti € S9-1 for each addi-
tional particle.

Wk N Ot =
Hkv
[\

~—+

0 ta 131
Ficure 1. Representation of a collision tree associated to the term
t ot 5 5
Jo Jo T = t)CRPTL (b1 — 12)C4% T (1) £ (0)dtadty



Definition 2.4. We call pseudo-trajectory associated to the Boltzmann hierarchy and the elemen-
tary term

t1 tn71 .
/ / / — t)COIT To (ty — )OI T () ST (0)dty . dty (2.2.14)
0 0

the following description of the evolution of the positions and the velocities:

we start at time t with s particles with the configuration Z° € T x R*. The (s + k)" particle
15 added at x%k (tx) with a velocity veiy, € RY. Then Zg+k evolves according to the backward free

flow denoted by \ingrk during the time interval [tx11,tr] until the next creation, starting from

Zngk(t’f) = ({Z?(tk)}jimk’ (xg)nk (tk) Umy, (tk))v( (tk) Us-Hc)) if Jk = —
= ({27 ()Y gmes @0, (8)s v, (80)) (20, (8),v30))  if k= +

The elementary term can then be rewritten as follows

t  pt1 tn—1
// / dt, ... dt,
0 JO 0

/ AVagr - Vaynvar . dvgpn [ [ (Veri = Om, (8) vera) 2T (22,,(0))  (2.2.16)
(Sd-1xRd)n i

(2.2.15)

where Z?2,,,(0) is the Boltzmann pseudo-trajectory at time 0.

Remark 2.2. The notion of collision is defined similarly as previously as the creation of a particle
in the above process. Nevertheless, in the case of the pseudo-trajectory associated to the Boltzmann
hierarchy, the particles are points and no recollision occurs in the branching process.

The key point to prove the convergence is actually to prove that the pseudo-trajectories associated
to both series can be coupled precisely. Indeed, the differences between the BBGKY series and the
Boltzmann series are the prefactors (N — s)e?~!, the micro-translation x; + ev when a particle is
created in the BBGKY pseudo-trajectory and most importantly the absence of recollisions in the
case of the Boltzmann pseudo-trajectories. The two first points are easily dealt with by passing
to the limit. The main concern of the proof is then to deal with the third one and prove that
outside a geometrical ensemble of vanishing measure, no recollision occurs either for the BBGKY
pseudo-trajectories.

2.2.2 The linear case

In the original method of Lanford, after a short time (depending on the initial data), the bounding
series becomes divergent since possible cancellations between gain and loss terms are completely
neglected in this strategy. The idea developed in [7] is to take advantage of the control by stationary
solutions to remove the short time limitation. Considering particles living in the torus T¢ (and
no longer in Rd) with a perturbation of some equilibrium, Bodineau et al proved the convergence
to the linear Boltzmann equation using a slightly different iterative strategy that we will adopt
in Section 3.2. The main idea is to bound the number of collisions by working with the so-called
collision trees of “ controled size”.

Definition 2.5. Let us fix a (small) parameter 7 > 0 and denote t := K1 for some large integer
K to be fized later. We split the time interval [0,t] into intervals Ui<p<xk [(k — 1), k7]. We call a
collision tree “of controlled size” a collision tree such that it has less than ny, = 2 branching points
on the interval [t — kr,t — (k — 1)7].

We call a collision tree with super-exponential growth a collision tree which does mot satisfy the
above property.



The strategy is then to define by iteration what we will call a main term where the collision trees
involved are collision trees of “controlled size”, i.e. where the trajectories with at least n; collisions
during the interval time [t — k7,t — (k — 1)7] are truncated, giving birth to some remainders where
collision trees with super-exponential growth are involved. The final result is then obtained by
proving the convergence of the main term and the vanishing of the remainders (in other words,
proving that the contribution of super-exponential trees is negligible).

2.2.3 The case of a non cut-off potential

Let us go back to the long-range interaction case. The issue is the following, no matter how
decreasing the potential is taken, a non-integrable singularity in the angular collision kernel appears
due to the huge amount of grazing collisions. By grazing collisions, we mean collisions with a very
large impact parameter, the impact parameter being the distance of closest approach if the two
particles move freely (so concretely, grazing collisions involve colliding particles which are barely
deviated).

Example 2.1. In the model case of inverse-power law potentials
s> 2. (2.2.17)

the cross-section satisfies

—(2d—-1
b(lv — v*|,cos80) = q(cosh)|v —v*|7, v = % (2.2.18)
where q is a function which is only implicitly defined, locally smooth and has a non-integrable
singularity for § — 0:
(sinf)2q(cos ) ~ CO1" a >0 (2.2.19)

(see [8] for more details).

So the strategy consisting in neglecting the cancellations between the gain and the loss terms no
longer works, even for a short time. Indeed, separating the gain and the loss terms no longer makes
sens since the two integrals diverge in

//Sd_lde F@W)F ()b — v, v)durdy — //sm F(0)f(0)b(0 — v1.0)dvsdu

So, the key point will be to separate the contribution of the long-range interaction from the one of
the “moderate-range” interaction by introducing a truncation parameter R. The “moderate-range”
interaction part should be treated using exactly the same strategy as the one explain above in the
hard-spheres case introducing some fictitious boundary at distance Re (see [13]). The long-range
interaction part should be treated as an additional remainder term which will vanish in the limit
provided that R goes to oo. The main difficulty in that last term (which does not appear in the
case of a short-range potential) is due to the presence of derivatives acting on the marginals. The
strategy will be not to iterate on terms involving derivatives and to adopt a weak approach making
the derivatives act on test functions. It is actually the core of our proof to develop new duality
arguments to study those additional terms and then establish some weak estimates.

Similarly as previously, we will define the notion of pseudo-trajectories associated to the “moderate-
range” interaction part the same way as the ones associated to the BBGKY hierarchy in the
hard-spheres case except that the new particle created will be add at a distance Re instead of
€. Moreover, the scattering not being instantaneous in the case of a potential, when a particle is
added in a post-collisional configuration, the two particles perform a backward scattering during
the scattering time denoted t.. However, in the case of long-range interactions, the notion of
recollision needs to be defined since once a particle is created, it actually never stops interacting
with its “progenitor” (the particle is added next to).



Definition 2.6. We call a collision the creation of a particle in the process described in the def-
inition of a pseudo-trajectory and a recollision the event where two particles are at a distance Re
while it is not a creation of a particle.

Then, as previously, we will conclude by coupling the pseudo-trajectories, proving that they remain
close outside a set leading to situations involving recollisions which will be of vanishing measure.
2.3 The iteration strategy

Due to the presence of the long-range potential, we artificially truncate the potential by considering
truncated marginals f J(\f)R defined as follows

(5) (t Zs) = / ING Zsy 254155 2N) H 1{|mi,m_j|>R€}dZ(s+17N) (2.3.1)
TN =) x RAUN 1<i<s
s+HI<GEN

where dZ(s+1,N) ‘= dzs41d2s42...dzN.

We consider A® a smooth function such that

1 ifl|x|>R
AR@‘{ 0 if x| <R—1.

We will denote &~ (z) := ®(z)A%(z) and ®<(z) := ®(z)(1 — AR(x)).

Applying Green’s formula in a similar way as in [10], we obtain the following BBGKY hierarchy

r(s . r(s T; — s
O r+ Y viVa N — = Z vos (M) v, i
i=1 g=1
R
Ly ver (it v, 7
4,j=1
i#]
+(]V7_SZ/ V@(M)v f (tZ) H 1 dz
c £ Jopacn-o) xpeatn-—o - -V JN\L, 4N AL {lzi—x)|>Re} L (s+1,N)
s+1<k<N
+Cosr1fN R s“’ +Cs é+1f§$§) (2.3.2)

where for g,yq : T4 x RAG+H) L R

S
_ +1,i
Cs,s+19s+1(Zs) = —s) E / H Lgj—zoia|>re | V77 (Vs — v3)
Jj=1

SRre ZL)XRd
J#i

Js+1 (Z3+1)dai(x3+1)dvs+1 (233)

s+1,d Ls4+1 —

with v do; is the surface measure on Sg. := {z € T, |z — x;| = Re} and

|Ts41 — x1|

—(s+1)
Ingr (6 Zsi1) 1:/ In(t, ZnN)
TN = (541)) x RAN = (5+1))

N
H llmk—xl|>Re 1- H llacj—acs+1\>Ra dZ(s+2,N)' (2'3'4)
1<k<s j=s+2

s+2<I<N



We denote by HS the s-particle Hamiltonian defined as follows
1 T; — X4
< . 2|2 < (%i Ty
HS(Zy) = Z 5 lvil* + Z i) ( = ) (2.3.5)
1<i<s 1<i<j<s
and we notice that HS depends on ¢ and R.

Remark 2.3. We notice that if the potential is supported in the ball of radius R, the equation
becomes

(s 2 s (s+1
HIN R+ Y Ve f EJW BV fSh = CosntFSHY + CosniTan (23.6)
=1 1] 1
i#j

which is perfectly consistent with the expression found in Section 9.4 of [10], the only difference
being the expression of the second term of the right-hand side of (2.3.6). Let us investigate it.
The situation described is the following: we have a collision between a particle i € {1,...,s} and

particle s + 1, both being at a distance Re. Moreover, the presence of (1 — H;.V:H_Q 1‘$J_1_§+1|>R€>

m ?5\?}1) implies that there exists at least one jo € {s+ 2,...,N} such that particle s + 1 and

particle jo are at a distance lower or equal to Re. This means that we are in presence of multiple
simultaneous collisions. The strategy in [10] is to decompose this term and write it using clusters
(clusters describe all kind of situations that can happen when multiple collisions are involved) and
to force the appearance of truncated marginals of higher order. We can then obtain a closed system
on which an argument of Cauchy-Kowalewskaya’s type can be applied. There is no need to do that
in our case because the control on the marginals is obtained directly from the mazimum principle
thanks to some a priori estimates (see Section /).

Mild solutions of the BBGKY hierarchy are thus defined by Duhamel’s formula
VRt 2s) = s<> N (0. 24)
+- Z / Syt —t1) {vqﬁ(% — )V Iy R} (t1, Zs)dty

4,J=1
Z#J

s t s
e Salt—t Vo(——) .V,
+ ; [sa-wlf o vemEg, g

H Y jmi—an|>ReydZ(s41,n) | (t1, Zs)dty

1<I<s
s+1<k<N
/ Syt —t1)Cs 541 f, SH)(tb Zs)dty
s+1

/ S ss+1f§VR)(t1aZs)dt1

(2.3.7)
denoting by S, the group associated to the solution operator

Ss(t) : f € CO(T® x R%;R) — f(U (—t,.)) € CO(T% x R¥;R) (2.3.8)

where W (t) is the s-particle Hamiltonian flow associated to HS. We notice that S; depends on &
and R.

Before explaining the iteration strategy, let us point out four possible obstacles to the convergence:

- the very long-range interactions,

10



- clusters (or multiple simultaneous interactions),
- the presence of recollisions,
- a super-exponential collision process.

So the strategy will be to iterate Duhamel’s formula on a term where none of those four situations
happens. The other terms where at least one those four situations happen will give remainders
and we will prove that they vanish in the limit.

Let us go back to (2.3.7). It seems then obvious that we will not iterate the Duhamel formula
on the second and third terms of the right-hand side or the last one because they respectively
are associated to the long-range interaction part and clusters. Moreover, two of them involve v-
derivatives. So those terms will create remainders. The idea will be then to split the fourth term
into two terms with one where no recollision happens. Finally on this recollision free term, we will
control the number of collisions by again splitting it into two terms, one for which the number
of collisions is super-exponential (which will give the last remainder) and another one. On this
final term, none of the four obstacles being involved, we will iterate the Duhamel formula and so on.

Structure of the paper. The main theorem will actually be proved by steps: first proving that
the difference between the BBGKY first marginal and the solution of the Boltzmann with cut-off
hierarchy converges to 0 when passing to the limit on the truncation parameter in Section 8, second,
passing to the same limit, proving the convergence of the solution of the Boltzmann with cut-off
equation to the solution of the Boltzmann without cut-off equation in Section 9. The core of our
study consists actually in proving that the remainders built in the elaboration of the expression
of the first marginal in Section 3 vanish asymptotically. It will be done in Section 7. The main
innovation in this paper is then the treatment of the remainders associated to the long-range part
and will be investigated in Section 4. Moreover, due to the presence of those terms, the treatment
of recollisions has to be slightly different as we will see it in Section 6. Other remainders are treated
in Section 5.

3 Expression of the marginals

In this section, our aim is to build the main term and to get an expression for it and for the
remainders. As we mentioned in the previous section, since we choose to iterate on the fourth
term of the right-hand side of (2.3.7) where the event of very long-range interactions and clusters
are excluded, the only thing left to do is to get rid technically of the recollisions and control the
number of collisions. For the first challenge, the idea is to remove a geometrical ensemble outside
of which no recollision occurs. Regarding the second one, the key will be to apply the pruning
process developed in [7]. Though those techniques are interlocked in the iteration process, we will
first present them separately for more clarity.

3.1 Elimination of recollisions in the iteration strategy

It can be proved that outside a geometrical ensemble that we will call geom(s + k), s + k particles
will not undergo a recollision (see Section 6.1). Though we will construct properly this set by an
inductive method later, let us here mention the properties that will be needed in the iteration.
We fix the parameters 25+t Re < g9 < min(6E,1) with K some large integer, 6 > 0, E > 0
parameters to be fixed later. Let us introduce the notion of good configuration.

Definition 3.1. The set of good configuration Gi(eo) is defined as follows:

Gr(eo) := {Z1, € T x R¥|\Vu € [0,] Vi # j d(2; — uv;, x5 — uvj) > o} (3.1.1)

11



The set geom(s + k), a subset of S?~! x R4, satisfies the following property. We consider s + k
particles such that all their velocities are bounded by E. Since the construction of geom(s + k)
is iterative, we assume that before the creation of the (s + k)!"-particle, the s + k — 1 particles
are in a good configuration. Then when we add the (s + k)!-particle. After a delay &, outside
the ensemble geom(s + k), the s + k particles are in a good configuration. A fortiori, they do not
undergo recollisions and the transport W coincides with the free flow.

This property implies that in the iteration strategy, we will need to get rid of large velocities and
to separate the collisions by a duration of at least § to make sure that at each step the particles
are in a good configuration. To deal with the large velocities, we use the classical method which
consists in cutting off the energy of the system. We consider XE2 a smooth function such that

g2, [ 1 if|yl <E?
X ) = { 0 iffyl > E?+1. (3-12)

By analogy with the indicator function, we will then abusively denote yZ~ (Hi(Zk)) bY X{Hy(20)<E2}
for all integer k.

We point out that because of the presence of new terms due to the long-range part of the potential,
the strategy of iteration will be slightly different from the one developed in the previous papers.
Indeed, the truncations mentioned above must be done at each iteration of the Duhamel formula,
and as we will see in Section 4, we need to introduce an additional truncation on small relative
velocities in order to deal more easily with the new terms. Then we consider x” a smooth function

such that £yl /
0 if jy| <n/2
i = . 3.1.3
X" (y) { 1 if |y| > ( )
and we define X {vie{1,... .k}, Jvi—vir1 |20} = I I X" (vi — Vk41).

Finally, we define Xgcom(x) as follows

Xgeom (k) *= lgeom(k) * Qg (314)
where o, is an approximation of the identity on S¢~! x R9.
Let us make one iteration. We start from (2.3.7) and we want to iterate on the fourth term of
the right-hand side but first we need to prepare it by separating the collisions by a duration of J,

getting rid of large velocities, remove the recollisions and the small relative velocities. So we obtain
the following expression:

/ 8 t_tl ss+1f S+1)(t1aZS)dt1
Su(t = 11)Cosir [y 1 (b1, Zo)dty
t—0
+/ Su(t = 11)Cowi1 (1= X(a sz <m2y) TN R (01, Z2)dty
0

-6
/ S t - tl)cs sHIX{Hs11(Zsy1)<E2} Xgeom( s+l)fN (t17 s)dtl
0

/ Ss(t = t1)Co,st1X{H, 41 (Zo4 1) <52} (1 = Xgeom(st1)) (1 = Xqvie 1, shloi—vara>n})
For (b, Zg)dt
t—0
+ So(t = t1)Co s 1X{Hor1(Zor)<E2} (1 = Xgeom(s41)) X{¥i€{1, ...} [0 —ver1| >0}
0
(H_l)(tla s)dt1~
(3.1.5)
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The fifth term is now ready for the next step. We replace f(g'H) (t1,Zs) in (3.1.5) by its expression
given by Duhamel’s formula. Then we identify the new term on which we want to iterate which
does not involve very-long range interactions or clusters, prepare it the same way and so on.

From now on, for more concision, let us denote x(y, (z,)<r2} just by xu, and X (vic{1,....k},Jvi—vii1|>n}
by X, We define the following operators:

Qs,s(t) == Ss(t)
t—6 pt1—8 th—1—0
Qusin(t) = /0 /0 /0 Sa(t=t1)Coss1Xt. 11 (1= Xgeom(s+1) Xnosr -+ (3.1.)

.. Sernfl(tnfl - tn)Cernfl,ernXHern (1 - Xgeom(s+n)) Xn5+n85+n (tn)dtn o.dty.

We iterate m times as explained above. Doing the change of variables, fori = 1,...,n, t; = t;—t,11,
t,+1 = tpy1 along with a use of Fubini’s theorem, we obtain the following expansion:

m
IR Z) = Quuain O FN R0, Z0) + Tmi1 (0,1, Z) (3.1.7)
n=0
where
Tsmt1(0,t, Zg) i= 1l on (0,1, Zy) + rfgffl(o,t,z) + O (0,8, Z,) + rlim(0,t, Z,)

B (0,8, Zy)+ rReot (0,1, Zg) + RV (0,4, Z,) + Quspmet (O FS T (b, Zs)

(3.1.8)
with the following respective definitions:
- for the remainders associated to the very long-range interaction part
Pot, t—nd
sfnfl 0 t Z Z/ Qs s+n n+1)
s+n T —
c Z {V(I)> : ) vvzf S+n) (tn+1, Zs)dtnyr  (3.1.9)
z] 1
i#j

and

Tffrf—f-}l (0,¢,Z) Z/ Qs s4n(t — n+1)w

3

+
€T

/ A
V.
Td(N—(s4n)) x RA(N —(s+n)) 13 '

i

=1

H L{joi—an|> RV A2 (s pnny | (s, Zs)dbnyr,  (3.1.10)

1<i<s+n
s+n+1<k<N

- for the remainders associated to clusters

t—nd
u (s+n+1
scinJrl(O t, Z E :/ QS S+n( - n+1)cs+n s+n+1f ( n+17Zs)dtn+1~ (3~1~11)
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Indeed, the domain of integration for those terms regarding the times is {0 < t,,41 < t, <t,_1—0 <
tn,2—25§ Stl—(n—l)(5§t—n§}

We introduce the following second operator

t—9 n—2—0
s s+n / / / / t - tl s, 9+1XH<+1 (1 - Xgeom(s+1)) XTI5+1 v

.. SS+TL—1(tn—1 - tn)cs+n—1,s+nXHs+n (1 - Xgeom(ern)) X'ns+n,ss+n (tn)dtn e dtl (3112)

The remainders where the two last collisions are separated in time by less than ¢ is defined as
follows

t—nd
ZjvlvTJrl 0 t, Z Z/ s, s+n - tn+1)cs+n s+n+1f(s+n+1)(tn+lv ZS)dthrl (3-1'13)

which is consistent with the domain of integration regarding the times of this term {0 < ¢, — <
tn+1 Stn andOStnStn,1—5§tn,2—25§~~ §t1—(n—1)5§t—n5}

Finally, we define

- the remainders corresponding to situations where the energy of the system is not bounded

t—(n+1)8
sEZLell(O t Z Z / Qs s+n(t - t7z+1)cs+n s+n+1

(1= Xttsnss) PSR T (g1, Zs)dtpsr,  (3.1.14)

- the remainders associated to the possible recollisions

t—(n+1)6
fzﬁrl{ (07 t, Zs) = Z / Qs7s+n(t - tn+1)Cs+n,s+n+lXHs+n+1Xgeom(s+n+1)
o (tngts Zo)dtnr, (3.1.15)

- the remainders where the lower bound for all the relative velocities no longer holds

t—(n+1)8
rgfiTiVel (0 2 Z Z/ QS S+n(t tn+1)cs+n s+n+1XHsynt1 (1 - Xgeom(s—i—n—i—l))
n=0

(1 - an+n+1) ~J(\?,erszrl)(tn+lvZS)dtn-i-lv (3-1-16)

the domain of integration regarding the times of those terms being {0 < ¢, 41 < t,—0 < tp_1—25 <
<t —nd<t—(n+1)8}
3.2 Control of the growth of collision trees in the iteration strategy

As mentioned previously, one of the key point to get the convergence is to work with collision trees of
“controlled size”. We recall that, as mentioned in Definition 2.5, a collision tree “of controlled size”
is a collision tree such that it has less than n, = 2¥ branch points on the interval [t —k7,t— (k—1)7].

For the sake of completeness, we will recall the pruning process in the hard-spheres case. As seen
in Section 2.2.1, iterating the Duhamel formula N — s times we get
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N—s t1 tn—1 _ B
‘() = Z// A Ta(t—11)Carsp1Tor1 (b1 —12)Cor1.042 - - Tonn (tn) ST (0)dtry .. . dty.

(3.2.1)
As our main result concerns the first marginal, we start by using this formula with s = 1 but this
time on the time interval [t — 7, t] instead of [0,¢] and by iterating ny — 1 times instead of N — s:

ni—1

Z Ql 1+]1 (1+J1)( ) + Rl,nl (t - T, t) (322)

J1=0

where the term R, ,, corresponds to pseudo-trajectories with at least n; collisions

Ry, (1) Z Qras,(t =) (3.2.3)

p=n1

and Q is defined in the hard-spheres case in a quite similar way as Q in our case. More generally,
Ry, stands for

Rin(t'1) Z Qript =S (3.2.4)

p=n

and this term described trajectories originating at k points at time ¢ and involving at least n col-
lisions during the time span t — t'.

The idea in the pruning process is that nj being chosen equal to 2¥ the number of collisions in-
volved in the term R; ,, is super-exponential. Such a behavior should be atypical and it can be
proved that those terms vanish when passing to the limit.

Let us go back to our pruning process. We can iterate the Duhamel formula in the first term of the
right-hand side of (3.2.2) this time on the interval [t — 27,¢ — 7] and truncating the contributions
with more than nsy collisions. We get

ny—1no—1

Lbii i
Z Z Ql 1+]1 Q1+]1,1+]1+72 <T)f1(\7+jl+]2)(t - 27-)

j1=0 j2=0

n11

+ I n1 Z Ql 1+]1 Rl+]1 n2( =27t — 7')- (325)
Jj1=0

Iterating this procedure K times and truncating the trajectories with at least ny collisions during
the time interval [t — k7,t — (k — 1)7], we finally get

1 LK
@) =30 + RE (1) (3.2.6)
where denoting Jy :=1, Jy :=1+j1 + -+ + jg,

n11 TLK1

GO0 =3 Y Q@ (1) Qg (R (3.2.7)

J1=0 Jjrk=0

K ni—1 ng—1—1

Ry() =YY Y Qup(™) Qs (DR, (t = kit — (k= 1)7). (3.2.8)

k=1 j1=0 Jk—1=0
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3.3 Final expression of the first marginal

Let us go back to our problem. The idea will be to combine these two methods in order to construct
the main term and the remainders. Let us explain how specifically.

e First, we start on the time interval [t — 7,¢]. We apply Duhamel’s formula for the first
marginal and get rid of the recollisions by iterating the process explain in Section 3.1. In
order to apply the pruning process, we iterate this process n; — 1 times. Then we get

’ﬂll

Z Q1,144 (T (HJI)( T) 4+ T, (=T, 1) (3.3.1)

71=0
with r1 ,,, (t — 7,t) defined in Section 3.1.
e Then we work on the time interval [t — 27,¢ — 7] with the marginal f(lﬂl)(t — 7). As

previously, we apply Duhamel’s formula and get rid of the recollisions by iterating no — 1
times the process of Section 3.1. We get

no— 1
F(1+j 1
V=) = Y Qi (DI (= 27) + i (E =2 = 7). (3.3.2)
Jj2=0
e Finally, we replace fy (HJ 1)( 7) by the above expression in (3.3.1) and we get

ny— 1TL2 1

L ta
Z Z Ql 1+]1 Q1+J1 1+]1+]2( ) ](\/',-i}_%-]1-~_J2)(lf - 27—)

Jj1=0 j2=0

ni—1

+ Y Quati (Mrgjime (=21t = 7) + 11, (E—7.1). (3.3.3)
j1=0

e We iterate this procedure K times and we finally obtain the following expression

] K
VR = Fun) @)+ K@) (3.3.4)
where ) X
ny— ng—
FO0 = 3 Y Q)@ (7)o Qe (IS (335)
7J1=0 jx=0
and

K ni—1 ng—1—1

= Z Z e Z Ql,Jl (T) s QJk—27Jk—1 (T)Tkahnk (t —kT,t— (k — 1)7’) (336)

k=1 j1=0 Jk—1=0

4 Terms associated to the long-range part of the potential

In this section, our aim will be to deal with the new types of terms which appear in the case of a
long-range potential. Our context here is particular since we consider potentials that satisfy the
following assumptions:

Assumption 4.1. VO is a Lipschitz function with fast decay such that
log (log | log V®(z)|) > A (1 + |z|2@~D) (4.0.7)

with X\ a constant to be chosen later.
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Moreover we have

z (<I>—1 (%))290?02 o0 (4.0.8)
and
1B’ 0 ®| > Id. (4.0.9)

Remark 4.1. The main restriction in our context is the decay of V®. The two last hypotheses are
technical and should not be difficult to obtain for a class of functions satisfying the imposed decay.

Pot,a Pot,b.

Let us recall the expression of r and r

t—mnd
Pot,
sfnfl 0 t Z Z/ st+n - n+1)

s+n
= Z {vqﬁ (B2 Y, S| (bngrs Zo)dtnr (4.0.10)

z] 1
i#£]

and

o N—(s+n
511;&11:1 0.1, Z Z/ Qs s-&-n tftn+1)( ( ))

o xr €T
i Ls+n+1
> U Vo(Z—=41 ) v fy
Td(Nf(s#»n))XRd(Nf(si»n)) 13

=1

I I 1{|xl—$k\>Ra}dZ(s+n,N) (tn+1yzs)dtn+17 (4011)
1<i<s+n
s+n+1<k<N

On the previous papers, the classical strategy to deal wih the remainders was to use continuity
estimates on the collision operator together with some a priori estimates on the marginals.

Let us define X, o the space of continous functions fi, defined on T% x R such that

ko = sup | fu(Zk) exp(aHy (Zy))| < o (4.0.12)
Z), €Tk x Rk

where we recall

HE(Zy) = > 2|vz Y e (I’_ ) (4.0.13)

1<i<k 1<i<j<k

In our context we can also obtain some a priori estimates on the truncated marginals applying the
maximum principle for the Liouville equation.

Proposition 4.1. For any fired N, considering the initial data (2.1.1) for any s > 1, we have the
following uniform bound (with respect to time)

i i ds/2 »
A0l < 101 (50 (1= emalt)exp (55°07 ). (4.0.14)

The proof of Proposition 4.1 is quite classical and can be found in Appendix A. The problematic
is then the following: thanks to our a priori estimates, we have a control on the marginals but not
on the derivatives of the marginals. So the classical strategy can not work. The idea is to adopt a
weak approach in order to make the derivatives act on a test function ¢ : T¢ x R — R.
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FIGURE 2. Representation of a pseudo-trajectory undergoing one colli-

sion in the pre-collisional case. By construction, at time t;, we have
z1(t1) = (x1 —v1(t —t1),v1) and 22(t1) = (1 —v1(t — t1) + eva, v2).

The advantage of the iteration method adopted is that, at this point, we know that there is no
recollision in the pseudo-trajectories involved. Then, we can easily pass from the state of particles
at t,, to the state of particle 1 at ¢ via changes of variables defined as follows:

Pt TEx [0t =] x ST X R X - x [0, -1 — 6] x S x RT —  TmHDd x Rm+1)d

(Z,tl,l/g,’l)g,...,tm,l/m+1,’l)m+1) — Zm+1 = Zm+1(tm)
(4.0.15)
where Z,,1+1(t,,) is a pseudo-trajectory associated to a collision tree at time t,,. Then, the state
of the particle 1 at time t can be expressed in function of (Z1,01,. .., Zm+1,0m+1), the positions

at time £,,.

Remark 4.2. We point out that there is as much changes of variables as pseudo-trajectories and
so as much as collision trees.

4.1 Lipschitz control of the pseudo-trajectory

In this section, we establish that the functions which allow to pass from the state of particle 1 at
time t to states of particles at other times are Lipschitz. In order to do so, we will have to study
the microscopic interaction.

Let us start with the following lemma about the microscopic time of interaction that we denote 7*.

Proposition 4.2. When the relative velocity has a lower bound equal to n, we have the following
bound:
R
< O— (4.1.1)
n
with C' > 0 a constant.

Proof. We consider two particles z; and zy which are precollisional at time ¢_ and study the
following rescaled problem

dyr dys
éTT_wl’ dar " (4.1.2)
WL Oa<(y ) — W2 .
dr Ve (1 — 1) dr
where
r= Ty = 1D ) i, (4.1.3)



We recall here the expression of the microscopic time of interation 7% obtain after a careful study
of the dynamics (see [10] for more details)

R
T = 2/ (Eo — W(p, &0, To)) "M 2dp
e

where & = |Awg|?, Iy := W =:sina and ¥ := 5017‘?2 + 4®<(p) and where (p,w) are the
wo 14

polar coordinates of the trajectory and p* := max{py € (0, R) | ¥(p, o, Zy) = &y} is the minimal

radius. Ay and Awg stand respectfully for the initial difference of rescaled positions and the

initial difference of rescaled velocities.

apse line

Ay()

FIGURE 3. Representation of the reduced dynamics.

For the rest of the proof, we will drop the exponent “<” in V®< for more clarity.
After the change of variables y = & — ¥(p, £y, Zp), using

d 280I2 R? ,
7,60 Wlp&0.T0)) = S0 49/ (p) >

260I2R? _ 2,12
p? °

PP T R

we get the following bound

R £0(1-73) 1 R 9R /11— 12
< 2 < N/E(—T2) = LN T0
Tmmt),  avTamel-® - 2Va

Moreover, noticing that ®(p*) < £, then p* > ®~!(£) and we define iy € (0,1) by ig :=

2\/15 R<I>_1 (%) Then we distinguish two cases which are respectively associated to the two different

following situations:
- the particle barely get into the sphere during the collision, arriving tangentially (or almost),

- the collision is head-on, which implies that the particle will deeply get into the sphere (but
not for long).

Let us deal with these two situations.

(1) We start with the first one. Then we assume that Zg > ig. Therefore, we have

. < 2R < 16 R?
T < — < 5
Vs VE(@ ()
1
By the assumption (4.0.8) on the potential, we have — 0 and &' (%)

2
VE (@71 ()" Boree
5—>0 oo. Thus, there exists two constant Ay, As > 0 such that for all & > A,
0o—>

! <1<l
VE @)
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for all & < Ay,
1 < 1 - l
VE (@t (2)) T VR
W is a continuous function on [Ay, As] and is
bounded and for & € [A1, Az]. Thus, for all & such that n? < &,

for n? < &. Moreover, &

2
<o (4.1.4)
n

where C' is a constant which does not depend on R and 7.

Let us now assume Zy < ig to deal with the second situation. We define v := &~} (%) and
we split 7% into two integrals
=1 +7

-
with 71 = 2/ (&0 — U (p, &0, L))~ %dp. Indeed, we have the following bound
o

5013 R2§ 5()20 R2 502% @
4(p*)? 4(p*)2" T 4x 83 32

Thus, we get that
&o &I S 750 S &o

4 4(p)2 T 3278

(- ) o0 ()0
)l

4
> 0. We notice that because of assumption (4.0.9) on the

and then

We put M (®) :=inf < < |®'(p

potential, we have on [p*, 7]
d 26015 R?
&= 1) = Op—g’ —49'(p) > 4M(®)
8
> &
-2

Finally, we have
1 /50/250131{2/"/2 dy

o< =2 =
! &/2 Jo VY
_ 22 /2 2
_ V& /2 - ET3R? v < V2 SCR—.
&o/2 &o n
Moreover, directly bounding the integrand in 75, we get

. 2R
T .
2= \/50/2—501'8]%2/’72

22 2
Using the fact that EOIO § SoigR- < & we get

‘ < 2R 4\/
2T /2= &8 ="

which completes the proof.

Ci
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FIGURE 4. Representation of two collision trees with different times of colli-
sions.

Let us go back to our study. In the following, we first deal with the particular case corresponding
to observing two different trees with identical times of collisions. We will explain later how to de-
duce from it the general case with different times of collision for each tree as represented in Figure 4.

Before stating our result, let us prove the following lemma dealing with the case of two particles
interacting.

Lemma 4.1. We denote by (29,09), (9,09) and (29, 9?), (29, 09) two different initial positions as-
sociated to particles 1 and 2, and by (x1,v1), (x2,v2) and (£1,01), (Z2,02) their respective positions
after scattering. Then, we have the following inequality:

C'R?
o N N N € N N N N
|21 = &1 |+ |w2 — B[+ [v1 — 1]+ |v2 —Da] < (|23 = 9] + |2 — &5] + [v] — 87| + |v2 — 3])
(4.1.5)
with C' a constant which depend on V.
Proof. Let us go back to the study of the following dynamics
dyr _ dy2 B
g dar (4.1.6)
w dw i
71 = —VCI)<(y1 —y2) = TQ
-
hn w1
By hypothesison V&<,4: | 22| — w2 is C'-Lipschitz where ¢’ = max(1, C
y hyp w, _VO< (g1 — ) P (1,Cvoe)
w2 VO<(y1 —y2)
with Cye the LipscAhitZ constant of V®. So by the Cauchy-Lipschitz theorem, given U :=
(Y1, Y2, w1, w2) and U := (§1,92, W1, W) with respective initial data U° = (y9, 99, w?,wl) and

U= (49,99, 09, 09), then ) / A
U(r) = U(r)| < eCTIU° - 0

and so

0

Ty = B+ |y — 93]+ [w — @Y + [w) — B])

lyr — 91| + ly2 — G2| + |w1 — 1| + |we — 2| <e
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and finally

T2 Io

9 9

€1 I

9 9

0
T = 80 o — @8|) .

o1 —n [+ foa—ta] < 7 (’xl _ 4
)

So using 1 < % on both sides, we finally obtain

eCI’T*

IN

(J2f — 28] + |2§ — &3] + [0} — 0] + Jvg — 03]

|21 — &1| + |22 — T2| + |v1 — 01| + |va — D2

ec/ R? /n

IN

(Jf = 28] + |25 — &3] + [} — 09| + |vy — B3)]).
O

Using this result, we can now go back to the case of several collisions.

Q\@£

/

0 to tq

|
|
|
|
|
|
|
|
!
|
°
|
|
|

.
t

FIGURE 5. Representation of a pseudo-trajectory undergoing two collisions.

We have the following result:

Lemma 4.2. With the assumption of identical times of collisions for two different trees, the

function (Z1,01,...,Tp41,0k+1) — 2 = 2(Z1,01, ..., Tkt+1, Okt1), where (T1,01,. .., Tky1,Tp41) 18

the state of the k + 1 particles after k collisions at time t;rl (i.e. before the k + 1-th collision) on
N k . CeCR?/n

a pseudo-trajectory is a (CR,,,,E) -Lipschitz function with Cr, . = ——— and C is a constant

€

which can only depend on VO.

Proof. Let us prove this result by induction.

Initialization: We start with the post-collisional case. By construction of the pseudo-trajectory,
particle 1 moves freely on [t1,t] and starts its scattering at ¢;. Then, we deduce from Lemma 4.1
that

eC'R?/n

lz1(t1) — 21(t1)] < (|21 (t1 —te) — 21(t1 — to)| + |22(t1 — te) — 22(t1 — te)]] (4.1.7)

where t. is the scattering time. Moreover, since by construction we know that particle 1 and 2
move freely on [t],¢; — t.], we have

21t = te) = 21(t1 — )| + |z2(tr — o) = Z2(t1 — )| < O [|21(t5) = 21(83)] + |22(83) — 22(13)]] -
(4.1.8)
Thus, we have
CeC/RQ/n

[21(0) = £1(0)] £ = [la(8) = 21(8)] + [2a(t) — 22(6)] (4.1.9)
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since particle 1 moves freely on [t1,¢]. Furthermore, since in the pre-collisional case, there is only
free transport, the above inequality holds true for ¢ small enough.

Induction step: By assumption on the inductive step, we have

CeCR?/n o
5) (I (B5) = 2080 + |22(t) = 22D+ - -
ce () = Z(tD)]) . (4.1.10)

Let us denote by my the “progenitor” of particle k 4+ 1 (i.e. my is the particle it is added next to).
By the initialization applied for particles my and k + 1, we have that

[21(t) = 21(8)] < (

R CeCRn R )
|2y (tk) = Zmy (t)] < <€> Hzmk (thrl) — Zmy (t;+1)| + |Zk+1(tz+1) - Zk-&-l(t;Jrl)H (4.1.11)

Moreover, by construction of the pseudo-trajectories with our iteration strategy, we know that the
other particles move via free transport on }ta_l, tr]. Then, we deduce that for ¢ small enough,

CeCR*/n g
=201 < () [t = 2+ o) — S i)l] - (4112)
which completes the proof. O

Let us go back to the general case. For two different trees, we will denote by t and #;, the respective
times of collisions. Noticing that the scattering does not depend on time, the general case is only
different from the one above because of translations in the positions. Indeed, for instance particle
1 starts its scattering at ¢; while particle 1 keeps moving freely on [t1,t1] in the case t; < t;.
Then, it will imply an error on the positions directly bounded by R|t; — 1|, the velocities being
bounded by R. Thus, if we prove that collisions times are also Lipschitz, we will be able to conclude.

Before proving it, we need to make a precision not necessary until now. In our iteration strategy,
when we truncate to remove recollisions (we will explain how exactly in Section 6.1), the geometrical
set observed will be one from which we will also remove grazing collisions by truncating parameters
such that the angle between v*™! and (vs;1 — v;) belongs to [7/2 — e, 7/2]. The measure of the
set associated to possible recollisions and grazing collisions being of the same order as the one of
the set only associated to possible recollisions, the corresponding term will vanish exactly the same
way as if we would have only remove recollisions.

Lemma 4.3. We denote by t. a time of collision and by x and v the respective relative positions
and relative velocities of the two particles colliding with nn < |v|. Then, we have

Ot. C

ot
Igilleo + 15 5l < T leos (2 —9)| (4.1.13)
with C' a constant and where x* and v' are the i-th coordinates of respectively x and v.
Proof. Starting from the following equality
|z —t.v| = Re (4.1.14)
which characterizes collision times, we differentiate it and obtain
gij - n”.zv and chi = :an (4.1.15)

with n the vector of norm 1 associated to the collision and n’ its i-th coordinate. Therefore, using
the bound 7 < |v| and the construction of the iteration term regarding the grazing collisions leads
to the conclusion. O
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Finally, using the two above lemmas we can deduce the following result:

Corollary 4.3. The function (Z1,01, ..., Tk+1, 0k+1) = 2 = 2(Z1,01, ..., Tgt1, Opt1), where (Tq, 01, ...

Tp+1,Vkt1) 18 the state of the k+ 1 particles after k collisions at time t;;_l (i.e. before the k+ 1-th
CReCR /n

T _

collision) on a pseudo-trajectory is a (C’R,nﬁg)k—Lipschitz function with Cpype = ——————
nlcos(5 —¢)le

and C is a constant which can only depend on V.

4.2 Estimates of the remainders associated to the long-range part of the
potential

From now on, C is a constant which can depend on ¢, p°, § and which can include factors as

(1 —ergR?) ™! or again exp (8|®>||oo)- This is not a problem since those two last terms converges

to 1 as N goes to co. Moreover, we will assume that € < 7. Indeed, the orders of magnitude
adopted in section 7 will satisfy this property.

First of all, let us notice that we can rewrite the remainder TJI\D,Ot’a(t) as follows:

K ni—1 ng—1—1
e ) = Y Y Q) Qi (NI (= kTt = (= D7)
k=1 j1=0 Jk—1=0
K ni—1 ng—1
_ Z . Z FPOt’a(J(k),Z)
k=1j1=0  j,=0
(4.2.1)
where for J*) = (1,41,...,j%) fixed, we denote
FPOt7a(J(k)7 Z) = Ql,Jl (T) s QJk—ka—l (T)
T=gkd 1 & T — X (Jk)
/0 Quyrn (T =3~ > [V@(gj)-w A (g, 2)dt g, (4.2.2)
i,j=1
i#]

Proposition 4.4. Let k be an integer, 1 < k < K. There exists a constant C' such that for any
>0, J® = (§1,..., %) with j; € {0,...,n; — 1} for all i,

2 Jk
oo
<C (C%) +£ ||V(I)>||OO(I€T)J)“(RdilEdle)Jk-

T _

n|cos (% —¢)le

/rd o w(z)FPOt"a(J(k),z)dz
X

(4.2.3)
Proof. For each collision tree p, we know that the changes of variables associated

Pz, t1, 02,09, .yt —1, V0, V0, ) — Zg (E,)s (4.2.4)

P
where Z;, (t;,) is the pseudo-trajectory at time ¢, associated to the tree p, maps the measure

Jp—1
H (R€)d_l(’l}i+1 — Umy; (ti)).l/i+1)d2dt1 ‘e dtjk_ldl/g . .dl/Jkd’ljl ‘e dUJk (425)

=1
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on the Lebesgue measure dZ;, . So applying those ones, we get that

/rd s gp(z)FPOt’“(J(k),z)dz‘
X

kr—(Jp—1)5
SN‘]’“_lz / / X p(z(x1,v1,. .., 20, 05,))
p 0 Im(pP) (426)
li Vo> <W> Vo P (8., Z,)dZ,, dt
Ei’j:1 - Vi SN R\" k> “Jk Jr G Ty
i#]

where we will denote by x the product of all the “smooth indicator function” involved in the con-
struction of those terms.

Jk
Moreover, since xy = H [XH, Xgeom (i) Xn, | and for each i,
i=2

1 1 C
|V [XHngeom(i)Xm” <C <1 + - + 77) < =

(see (3.1.2), (3.1.3), (3.1.4)) we have

J]
VXl < (4.2.7)
In addition, applying Corollary 4.3 we have

‘Vvq'@(z(xlvvla s vakvka))‘ < ||V<,0HOO|VUZ.Z($1,U1, s ’xkaka)‘

2 Jp—1
CReCR/n (4.2.8)

< Vel | 77— :

n|cos (% —¢)le

Noticing that integrating the measure (4.2.5) on the domain of integration that we consider gives

; Ji!
i=1
on the right-hand side of inequality (4.2.6), we deduce from (4.2.7) and (4.2.8) that

Ji—1 J
k k
a constant which is O (( H (Re)d_1E> Ed (T)>, then after doing an integration by parts

/Td o @(z)FPoba(JR) | 2)dz
X

) Ji—1
CRe“R"/n ) +ﬁ 1
) e e|e

< NL()! (

o Vo> S +(Jk) )lo
n |cos (% —¢ I I tZIO)HfN,R( )i

n (4.2.9)

d—1\Ix =1 (d+1) 7, (kT)

E W -
. (R Ji!
CR?/n k
< C C'Re— + ig ||V(I>>||OO(Rd—1Ed+1)Jk (kT)Jk.
n|cos (% —¢)le €

O

Quite similarly, we can rewrite the remainder rJ]\J,Ot’b(t) as follows:

K ni—1 ng—1

TﬁOt’b’K(t) _ Z Z Z FPOt’b(J(k),Z) (4_2.10)

k=1 j1=0 Je=0
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where for J*) = (1,j1,...,jx) fixed, we denote

T—JjK0 (N _ Jk)
FPOt’b(J(k)a Z) = QLJ1 (T) s QJk—2»Jk—l (T) /O QJk—lek (T - th) c
T X X
i L J+1
> / VO(———2)Vo v [ Yoi—aysreyd20041,8) | (Eays 2)dE, .
| Td(N—Jp) xRN —Jp) 3 1<1<.J),

Jp+1<j<N
(4.2.11)

Using a quite similar reasoning and the fact that Ne?~! = 1, we get an equivalent proposition for
Pot,b
ronY,

Proposition 4.5. Let k be an integer, 1 < k < K. There exists a constant C' such that for any
7>0,J =01, Jk—1) with j; € {0,...,n; — 1} for all i,

C CReCS Iy B
<< ( - ) 4 B 907 o (k) (RO,

nlcos (3 —e)le

/Td o o(2)FPotb (g 2)dz
X

(4.2.12)

5 Continuity estimates and control of some remainders

In this section, we will use the classical techniques based on some continuity estimates to control
the remainders associated to superexponential growth and to clusters.

First of all, let us recall here the general result concerning continuity estimates for the collision
operators. In order for the paper to be more self-contained, we recall the proof in Appendix C.
We denote by |Q|s,s+n the operators obtained by summing the absolute values of all elementary
contributions

t—6 pt1—6 tn—1—0
1Qlossn(t) i= / / / Salt = 11)[Corsi1|Sust (b1 — £2)[Cos1 ssol .-
0 0 0
e Sutnet (bt — £ Cornot sinldtn .. dtr. (5.0.13)

where

(1Caaal75™)(20)

— (N — 5)(Re)?! Z/S

S
H 1{‘$j—ws+1>RE|} (V'(US+1 - Ui))+
j=1
i

d—1yRd

(s+1)
In G w4 Rev, vl )dvdug

H 1{\zj—xs+1>Rs|} (V'(Uerl - Ui))—
=1
J#i

d—1ywRd

s d—1 -
+(N — s)(Re) 2/5

fj(vsﬂ)(. ey Xy Vg ey T+ Rev, vgyq)dvdugiy .
(5.0.14)

We deliberately omit some “smooth indicator functions” involved for more concision but the result
holds true in their presence.

26



Lemma 5.1. There is a constant Cy depending only on d such that for all s, n € N, t > 0, the oper-
ators |Qls,s+n(t) satisfy the following continuity estimates: for all fsin € Xe sin.a; |@ls,s+n(t) fsin
belongs to Xc 5o and

o [CaR&T\"
|||Q|s,s+n(t)fs+n||s,s,% <e ! <d+1 ||fs+n||s,s+n,a- (5-0-15)

o 2

5.1 Remainders with a superexponential growth

Proposition 5.1. Let k be an integer, 1 < k < K. There exists a constant C' such that for any
7>0,J=1,-..,k—1) with j; € {0,...,n; — 1} for all i,

/I‘d R @(Z)Ql,h (T)QJngZ (T) s QJk—zaJk—l(T)r:?:fleizpk (t —kr,t - (k - 1)7—7 Z)dZ
X

k

<c [(C‘Rd’l)zhr (5.1.1)

with C 1= %(1—5/§de)_1 exp (B]|®|o0), T?}Z‘ffii (t—kr,t—(k—1)7,2) == Q1 Ty +ns (T) ~](VJ7’§{1+"’°).

Proof. Obviously, we have

/ @(Z)Ql,Jl (T)QJl,Jz (T) cee QJk—27Jk—1 (T)T’i:ffa;i (t —kr,t - (k - 1)7-7 Z)dZ
TdxRd ’

Supex
< CllellolllQ1a—y ((k = 1)m)ry o0 (8 = k1t — (b — 1)7)|| oo (1a x Ra)-

Indeed, the exact distribution of collisions in the last k — 1 intervals is not needed. Then, applying
Lemma C.1 a first time, we get

Supex
Q1 gy (k= 1)r)r P (¢ — k7t — (k — 1)7)|| oo (T xRa)

Rd_lcd(k' — 1)7' Dot Supex
< (sz> I3y (¢ = k7t = (k= D7)l /2

Supexp
Je—1,mk

Observing the expression of r (t —k7r,t — (k—1)7), we apply Lemma C.1 a second time and

we finally get

Q1,5 ((k = D)T)r5 e (t — kr,t — (k — 1)7)|| 1 (T xR
ROk — 1)r\ " RO\ ™ rrtne)
= ( Bld+1)/2 ) (ﬁ(d+1)/2 ) Higg fN,]}{ (7] A

Using the a priori estimate on the truncated marginals (4.0.14), the fact that (k—1)7 < ¢ and that
Ji—1 < 2F = ny, we get the final result. O

5.2 Remainders with clusters
As previously, we notice that we can rewrite the term rf,lu’K(t) as follows

K nlfl nk-*l

r]C\']lu,K(t) — Z Z . Z FCIU(J(k)7Z) (521)

k=151=0  jx=0

where for J*) = (1,41,...,jx) fixed, we denote
Cluy 7(k) TJk? —(Je+1)
F (J 72) = Q17J1 (T)"'QJk—27Jk—1(T) Qkath (T_th)CJk7Jk+1 N,R (tJmZ)dth'
0
(5.2.2)
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So using the continuity estimates of the collision operators, a control on the cluster part should be
enough. Let us recall here its expression

—(s+1)
g (t Zstr) ;:/ In(t Zn)
TN~ (s41)) ) RAN — (s1))

N
H 1|mk—ml|>Rs 1- H ]-|rcj—ms+1\>Rs dZ(s+2,N)- (523)
1<k<s j=s+2

s+2<I<N

We are actually able to obtain some a priori estimates for it too using again the maximum principle
for the Liouville equation. Let us state the result here, the proof could be found in Appendix A.

Proposition 5.2. For any fired N, considering the initial data (2.1.1) for any s > 1, we have the
following uniform bound (with respect to time)

ds/2
+(s) p —(s—
[P n (Ol < 101 (5) (1 emalty O oxp (32187 o) R (524)

Finally, we get the following estimate for the remainder associated to the cluster part.

Proposition 5.3. Let k be an integer, 1 < k < K. There exists a constant C' such that for any
7>0,J=01,...,Jk-1) with j; €{0,...,n; — 1} for alli,

Ik

(5.2.5)

L, et a®,
X

< CR% (C’Rd’lt>

Proof. First of all, doing the exact same reasoning as in the proof of Proposition 5.1, we get the
following bound

[rd R ('D(Z)FCZu(J(k)7Z)dZ
X

R0k — )7\
< Cllellso (W)

)
—(Ji+1)
| ; Qurs0 (T =t3)Co g1 fNR  (taes2)dt s e g 5)2-

Using again the Lemma C.1, we get that

79 (Jr+1)
—(Jk
/ QJk—le (T_th-,)CJk,Jk+1fN,R (th,Z)dth
0

e,Jx—1,8/2
_ ju+1
< RCar " su H*(J’C)(t)”
=\ pl+1)/2 tzg N,R\U)lle,Ji,B-

So finally, using the control of the cluster part in the above inequality together with the fact that
(k — 1)7 <t leads to the conclusion. O

6 Remainders and geometrical control

6.1 Some geometrical considerations

We recall that in order to get the convergence, our aim is to couple the pseudo-trajectories associ-
ated to the BBGKY series to the ones of the Boltzmann with cut-off. As we mentioned previously
the main difference between those two terms comes from the possible recollisions that can occur
in the BBGKY case while they never occur in the Boltzmann case.
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FIGURE 6. An example of a recollision between particles 1 and 2 at time t*.
As it can be observed the distance between the BBGKY trajectories and the
Boltzmann ones (i.e. between the plain arrows and the dashed ones) is small
until a recollision happens between particles 1 and 2. Then the plain and the
dashed arrows do not behave the same way at all and the distance between
them increases linearly in time.

6.1.1 Adjunction of one particle

In the following, we just deal with the pre-collisional case. Let us explain why it is enough. What
we do is slightly different from what has be done in the previous papers. Indeed, instead of working
with the fact that some sets are small in the measure dvidvy for vy, fixed to prevent recollisions,
we use the idea that if we consider all the parameters and not only (v, vy ), the scattering preserves
the measure since it is an involution. In other words, instead of cutting only the last integral in
(Vk, vg) with vy, fixed, we cut all the integrals. Therefore, we will always define the pathological
sets leading to possible recollisions in function of the pre-collisional parameters. The key point is
that if some sets are small in those parameters, thanks to the property of the scattering mentioned
above, they remain small in post-collisional parameters.

Let us go back to the study of the pre-collisional case. One of the advantages is that particles
move freely in that case, making almost straightforward the study of possible recollisions. The
strategy is to construct a set outside of which there will be no recollisions using the notion of good
configurations and geometrical arguments. We recall that as mentioned in Definition 3.1 for k&
particles the set of good configurations Gi(g¢) is a set such that the particles remain at a distance
0. We fix the parameters with the following orders of magnitude 25+ Re < @ < g9 < min(6F, 1)
with K some large integer, § > 0, ' > 0 parameters to be chosen later. The set Gi(¢o) has the
obvious following properties:

Proposition 6.1. For particles in Gi(co) the transport Uy, coincides with the free flow. Moreover,
if at time t the configurations Zy, Z? are such that

Vi <k, |z;—2? <a, v; =) (6.1.1)

%

and that Z) belongs to Gy (o), then the configurations Wy (u) Zx, W9 (u)ZY will remain at a distance
less than @ for u € [0,1].

The main concern is to prove that the good configurations are stable by adjunction of the k + 1-th
particle by using the following lemma which state a control on free trajectories.

Lemma 6.1. Givent > 0, and a > 0 satisfying 251 Re < @ < g9 < min(6E, 1), consider two
points 9, 9 in T such that d(x9,29) > ¢ and a velocity vy € Bg. Then there exists a subset
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K(29 — 29,¢0,a) of R? with measure bounded by

—\ d—1
(K (2 — a3, 0,a)| < CE* <<3> + (Et)dad—1> (6.1.2)

€0

and a subset Ks(x9 — 29, ¢0,a) of R?, the measure of which satisfies
d-1
(K520 — 29, ¢0,a) < CEY ((%") + (Et)dEd—lgg-l) (6.1.3)

such that for any va € Bg and x1,x2 such that |x1 — 29| < @, |z — 29| < @, the following results
hold:

o Ifv; —vy & K(2) —29,e0,a), then
Yu € [0,t],d(zq — uvy, z9 — uve) > Re
and a fortiori, there is no recollision.
o Ifvy — o & Ks(29 — 29, ¢0,a), then
Yu € [6,t],d(x1 — uvy, ze — uve) > £q,

and so after a time &, they stay in a good configuration.

T — T2

F1GURE 7. The idea in the proof of Lemma 6.1 is to exclude sets which will
lead to pathological situations as illustrated in this picture. Indeed, for relative
velocity taken in the cone, the relative positions after transport will belong to
the depicted ball of small size, so the particles will be close.

The proof of this lemma in the context of the torus T¢ can be found in [7]. Finally, it can be
deduced from this result the following property of stability of good configurations by adjunction
of an additional particles (see [7]). Let us state it here:

Proposition 6.2. Given Z) = (X2, V) € Gi(eo) and my < k, there is a subset B.'*(Z}) of
S?=1 x Bg of small measure

—\ d—1 de1
B (Z3)| < Ck (Ed <ﬁ) +EYEY) T + B (5_0> )
€o )

such that good configurations close to Z? are stable by adjunction of a collisional particle close to
the particle :l:?nk in the following sense.
Let Zi, = (Xk, Vi) be a configuration of k particles satisfying

Vi <k |z, —2¥ <@, v =) (6.1.4)

i

Given (Vg41,v6+1) € (ST x Bg) \ BI'"(ZY), a new particle with velocity vyy1 is added at
T, + Revitr to Zy, and at x?nk to Z,g.
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For a pre-collisional configuration vii1.(Vg+1 — Um,) < 0 then

Vi#je{l,...,k}, dlz; —uv;, z; —uv;) > Re
Vu €0, { Vied{l,...,k}, d(zm, + Revgs1 — uvgs1,x; — uv;) > Re. (6.1.5)
Moreover, after the time §, the k + 1 particles are in a good configuration
Xpo — uVi, Vi, Ty, + ReViq1 — U041, Viy1) € Grr1(€0/2)
Yau €[5, ( K 6.1.6
.4 { (XR — uVi, Vi, 20, + Reviyn — wvpg1, vkq1) € Grr(€0)- (6.1.6)

We will not recall the proof of Proposition 6.2, our concern here will be to rather insist on how we
will use it in a slightly different way as usual in the next subsection.

6.1.2 Inductive construction of the bad sets to remove

In this previous section, Proposition 6.2 is actually the elementary step for adding a new particle.
Let us now iterate it to obtain the construction of the bad sets to remove. The difference in our
strategy with what has be done in the previous papers is that since we want to work only with
pre-collisional parameters to remove the bad sets, we need to work at each step with updated
parameters. In our construction, at stage k, we will work with the particles at time t; —t., i.e. the
k + 1 particles in their precollisional state. Therefore, when we will truncate on viq1(tx — te), it
will actually be as if we were truncating in all the previous velocities involved since vgy1(tx — tc)
depends on those ones.

We first deal with the initialization of our problem i.e. the construction of geom(2). At this stage,
we have one particle, we add a second one and we want to prevent recollisions. We notice here
that if the particle lived in R? we will have nothing to do, but in the case of the torus, there are
no longer dispersion properties. So waiting for a sufficiently long time, we expect trajectories to
go back e-close to their initial positions. Then we need to fix an interval of time [0,¢] and use
Proposition 6.2 to prevent this.

As the construction of the sets geom is interlocked with the iteration strategy, let us recall it here
for the first iteration. As explained in Section 3.1, after separating the collisions by a time ¢ and
getting rid of large velocities, we want to remove collisions in the term

t—9
/ o(2) / Sut— t0)CTS i, F (1, 2)dlty dz (6.1.7)
Tdx R4 0

At this point, we have two possibilities:

- if it is precollisional, we can rewrite the above integral as follows

t—9
_ d=10(0 _ o D))
/T‘ide QO(Z)/O ‘/Sd—lde(N 1)(RE) (( 2 ml(t ) 2))
(b, Zo(tr))dvaduvydty decy oy (6.1.8)

Noticing that in the precollisional case t. = 0, we actually have vy = vi(t; — t.) and vy =
va(t1 — te) and idem for vy we can rewrite (6.1.8) and obtain

t—4&
d—1
/TdXRd ‘P(Z)/O /sd—lde(N —1)(Re)* ((va — vim, (t1)-12)) -
(2 Za(t))dvs(ty — to)dvs (b — to)dtrday (1 = t)dvr (= t.). (6.1.9)

Then for (vo(t; — t.),v2(t1 — te)) ¢ BT (ZY), thanks to Proposition 6.2 we know that no
recollision occurs. We define geom(2) := B]"*(Z)) and we split the above integral into two
ones using

1 = Xgeom(2) 2ty — t), va(ty — te)) + (1 — Xgeom(2) (v2(t1 — te),v2(t1 —t2)))  (6.1.10)
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where Xgeom(2) is a regularization of the indicator function of geom(2) defined in (3.1.4),
the ensemble geom(2) being regular enough to allow such a regularization (it is an union of
cylinders).

Then, noticing that the free transport maps the measure (Re)4™1((vy — vy, (t1).v2))_dva(t; —
to) dvg(ty —to)dtydey (ty —t.)dvy (t —t.) on doo(t])dve (3 )da (t5 )dvy (t3), we keep going on
the iteration strategy with the latter updated parameters in the part of the integral associated
tol— Xgeom(2)+

- If it is post-collisional, we can rewrite (6.1.7) as follows

t—4&
Lo [ - DR (o = v ()am)s
TdxR4 0 Sd-1xR4
~I(V}’)R(t2,ZQ(tl))dl/zd’UthldiCld’Ul. (6111)

In this case, we actually have v = vi(t1), va = va(t1) and idem for v5. Noticing that
the scattering being an involution, it preserves the measure. Thus it maps the measure
dvo(t1)dva(t1)dvr (t1) on the measure dvo(ty — te)dva(th — to)dvi(t1 — te). Therefore after
doing this change of variables, as previously we can split the integral into two ones using
(6.1.10), with ¢. # 0 this time and we continue as in the pre-collisional case.

We can now deal with the iteration step. Let us assume that we add at time t; the particle k + 1
knowing that because of the presence of (1 — ngm(g)) (1 — Xgeom(g,)) (1 — Xgeom(k)) at this
stage, before adding the (k + 1)-th particle, the k other particles can not undergo recollisions.

- If it is precollisional, we can split the associated integral directly using

1= Xgeom(k+1)(l/k+1(tk - te)? vk+1(tk - ts)) + (1 - Xgeom(k’-l—l)(l/kJrl(tk - ts)a 'Uk+1<tk - te))) .
(6.1.12)

with t. = 0. Then, we update our parameters using the fact that the free transport maps the
measure (Re)¥ ™ ((vg41 — Vi, (tk)) -Via1) — AUyt (B — te)dtgdvgy (t — te)day (tg — te)doy (t, —
te) .. dag(ty — to)dvog(te — to) on day (t)dvy (t ) - - daggr (B )dvkga (8 )-

- If it is postcollisional, we use the fact that the scattering preserves the measure. Thus, it maps
the measure dvy.y1(t;)dvg11(te)dvm, (tr) on the measure dvyy1 (tp —te)dvg11 (t—te)dUm,, (tk—
t.). Then, after doing this change of variables, we conclude as in the precollisional case using
(6.1.12) with ¢, % 0 this time.

6.1.3 Estimates of the “geometrical” remainders
We conclude by giving the four last estimates. From now on, we assume that R, £ > 1. The orders

of magnitude adopted in Section 7 will satisfy this property.

6.1.4 Neglecting the pathological trajectories

As previously, we notice that we can rewrite the term rn " (¢) as follows

K ni—1 nk—1

pRecoll K (1) Z Z Z Fhecoll( g(k) -y (6.1.13)

k=1 j1=0 Jk=0

where for J*) = (1,j1,...,jx) fixed, we denote

FReCOll(‘](k)v Z) = Ql,Jl (T) cee Qkaz,kal (T)
TR0 H(Jp+1)
/ Q']k—la']k (T_tJ}c)ch,Jk+1XH.1k+1Xgeom(Jk+1)fN,§2 (th-vZ)dth' (6'1'14)
0

Then we get the following bound
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Proposition 6.3. Let k be an integer, 1 < k < K. There exists a constant C' such that for any
7>0,J=(1,...,4k—1) with j; € {0,...,n; — 1} for all i,

9K +1

’/Rd y QO(Z)FRECOZZ(J(k),Z)dZ
X

< ¢ 9K+ (éRd—lt)

(Ed <§))d1 + BYE)E 4 B ( ; )d_1>. (6.1.15)

Proof. The proof is quite similar to the ones of the remainders in Section 5 and is based on using
continuity estimates. Noticing the three following points leads to the conclusion:

- As previously, the exact distribution of collisions in the last k intervals is not needed.

- Concerning the last collision operator involved, Cj, s, 11, similarly as in the proof of the usual
continuity estimates in Appendix C, the integration with respect to velocity brings a factor
(27/B)4/? while the presence of Xgeom(J,+1) gives a factor

CJ, (Ed (;)d ' + EYEN Il 4 B (?)d1> (6.1.16)

according to Propositon 6.2.
_ Finally, Jk:1+j1+"'+jk < 1+n1+...+nk:% §2k+1 §2K+1_

Then we have
‘/ () FRecoll (1) )
RaxTd RI1O by T a d—1 en\d—1
< Cllelloo (W) K+ ( (80> +EY B+ B (FO) )
sup | FR (). o

. 2K+1 —_\ d—1 d—1
< Ok +1 (CRd—lt) <Ed (;‘) + BB 4 B (%0) )
0

which concludes the proof. O

6.2 Time separation

Tim,K

We can rewrite the term rjy (t) as follows

K ni—1 nk—1

szK Z Z Z Fsz J(k) ) (621)

k=1 j1=0 Jrx=0

where for J*) = (1,41,...,jx) fixed, we denote

) T—jK0
FTlm(J(k)vz) = QLJI (T) . 'QJk—Zka—l(T)/ QJk 1,J% (T th)C]k Jk+1f Jk+1)<th:7Z)dth'
0
(6.2.2)

Proposition 6.4. Let k be an integer, 1 < k < K. There exists a constant C' such that for any
7>0,J=1,..,0k-1) with j; € {0,...,n; — 1} for all i,

. K+1
’ / e(2) FTm(J® 2)dz| < ¢ (CRYt)? 2K+1% (6.2.3)
R xTd
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Proof. The reasoning is exactly the same as the one in the proof of the continuity estimates except

that it involves the integration over two consecutive times such that [t;,_1 —t5| < 6. Conse-
5th—1 Jk

quently, the integration with respect to time provides a factor —————— instead of

(Jp — 1! (Jp)! m the

usual proof.

Using the Stirling formula as in the proof of the classical continuity estimates together with the a
priori estimates on the truncated marginals and the fact that J, + 1 < 281 < 2K+1 Jeads to the
conclusion. O

6.3 Energy truncation
We can rewrite the term 7" () as follows

K ni—1 np—1

et =30 Y FErer () 2 (6.3.1)
k=1 j1=0 Je=0
where for J*) = (1,j1,...,jx) fixed, we denote

FEneT(J(k)7 Z) = Ql,Jl (7—) s QJk—Z,Jk—l (T)

T—JjK0
F(Je+1
/0 QJk—lka (T - th)CJIkaJFl (1 - XH.Ik+1) J(V,l;;r )(th7Z)dth' (632)

Proposition 6.5. Let k be an integer, 1 < k < K. There exists a constant C' such that for any
7>0,J=01,...,Jk-1) with j; €{0,...,n; — 1} for alli,

Ener( y(k) — 52 d—1 2K+t
w(z)F (JW 2)dz| < C e (CR¥'t) . (6.3.3)
R xT4d
Proof. Using the obvious following inequality
F(Jr+1 —B 2 #(Jp+1
up | (1= x4t 1z, 281 ) T Olleorns <€ S Ollcorns (634)
and the same arguments as previously leads to the result. O

6.4 Small relative velocities

We can rewrite the term 7n"“**" ¥ (t) as follows

K nlfl nkfl

T]I\?]elat.vel,K(t) _ Z Z . Z }pRelat.vel(J(k)7 Z) (641)

F=1j1=0  j=0
where for J*) = (1,41,...,j%) fixed, we denote

FRelat‘vel(J(k)’ Z) = QLJl (T) s QJk—Qka—l (T)

T*jk(s
F(Je+1
/0 Qkath (T - th)CJkaJk+1XHJk+1 (1 - Xg@om(Jk-‘rl)) (1 - X’?J,c+1) ](V,];% )(thaZ)dth'

(6.4.2)

Proposition 6.6. Let k be an integer, 1 < k < K. There exists a constant C' such that for any
7>0,J =1, ., Jk—1) with j; € {0,...,n; — 1} for all i,

K+1
‘ / p(z)FRelatvel (J0) yis| < ¢ (CRY)® 22K+, (6.4.3)
R xTd
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Proof. First of all, let us notice that

Jr
H 1|U7:*v1k+1|277 < Xnyy+1 (6.4.4)

i=1

and so we have the following inequality

k
1- Xnyy 1 <1- H llvf—ka+1|>?7 = Z llvf—ka+1|<?7 (6'4'5)

The reasoning is then quite similar to the previous ones except that because of the presence of
Z;]i 1 Loi—vy, 41]<n> the last collision operator will be bounded using the following inequality: for
alli e {1,...,Jk},

Ji+1 J
5 k 9 k 1 d
- (lvge+1] + [vi) exp ) Z vt Z lvj—vp 41| <n@VJ+1

I=1 j=1
/6 Je+1
< C Jintexp <2 Z |vl|2> . (6.4.6)

Then the same arguments as in the proof of the continuity estimates together with the a priori
estimates on fxy r and the fact that J, < 2K+1 Jeads to the conclusion. O

7 Asymptotic vanishing of the remainders

It is now time to prove in this section that the remainders will vanish asymptotically provided that
the parameters are correctly chosen.

Proposition 7.1. For ¢ a test function, for 8, €9, E, @, n, K and R satisfying the following
orders of magnitude:

- 1
§=ed, gg =) g =C\/loge|, a=25Fe, = Togdl" (7.0.7)
log (log |loge['/4) - 2(d—1)
log 2 <C’R (7.0.8)
and ( 1/2)
log (log |log €|
2(K+1) < 7.0.9
(1 1) < BB (709)
then
‘/ B(t,2)dz| — 0. (7.0.10)
Rded N—roo

Proof. Let us prove that they vanish in the right order. We start with 75*P¢®P. We choose
T < m with v €]0, 1[. Thanks to Proposition 5.1, after summing on k and ji, ..., ji, we get
the following bound

k

‘fRded P(2)ry PR (1, 2)dz| < CZk k(k+1) [(éRd—l)QtT} 2
< OZ k(k+1) ,.Y
= CZk:l exp (k(k +1)log2 + 2" log ) (7.0.11)
< CZkK:1 exp (2klog )
= CXm 0
< 2

cy“.
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This relation being true for any v €]0, 1] proves that this term vanish asymptotically. Moreover,
by summing on k and ji,...,j, with the orders of magnitude chosen for the parameters, we get
the following bound for o > 0 small enough,

‘/Rd N o(2) (T]]\%,ecoll,K(t Z)Jrrﬁme(t Z)+T1€nerK( )Jrrch( 72)) dz
X

< CK2EFDEAD (CRI142)2" o (7.0.12)

as a direct consequence of Propositions 5.3, 6.3, 6.4, 6.5

Let us take twice the logarithm on the right-hand side of (7.0.12). Then, the higher order term in
K is Klog2. Using the idea that if A(a) ~ B(a) then A(a) < 2B(a) for a small enough, then for
a—

€ small enough, we get the following inequality

‘/ o(2) (rﬁecou’K(t 2) + ) e B (@ 2) SR (1 ,z)) dz| < Cexp (225)e”
RdxTd

(7.0.13)
Consequently, by assumption (7.0.9) we can deduce that
1 1 1/2
ox < oglloael (7.0.14)
log 2
and we get
22K < |loge|'/2. (7.0.15)
Thus finally,
’/ RecollK( 2) 4 rTimE (g oy | pBnenK (g oy _'_Tglul((t,z)) &
R4 de s s (7.0.16)
< Ce|loge| e — Ce|10ge\ +aloge_(>)0.
e—
Moreover a similar argument shows that, for £ small enough,
‘/ pRAAVLE G ) dz| < Cexp (22K)77d (7.0.17)
Rded
as a consequence of Proposition 6.6. Then by assumption, we get
log (log | log e|'/?
2K < g (log | loge['/?)
log 2
and so
22K < log|loge|/2. (7.0.18)
Therefore finally,
’/ pRelativel K (y ) g,
Rixrt” (7.0.19)

d
<Celog|10g6|1/2 1 :C“Og5|l/2_>0
- |log g| [logeld e—0

Let us observe the two last terms. As a consequence of Propositions 4.4 and 4.5, after summing
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on k and ji,...,Jjk, we have the following bound:

Po a,K Pot,b,K
‘/d a ) t, )+Nt (,z))dz
RIXT R2 e
> w1 1 CRe® 2K +1
< CKZ(K+1) (Rd 1Ed+1t)2 — — + ||ch>||OO
£ nlcos (5 —¢)le
R oK +1
D1 CReC
< ORI (R g™ - V0 |-
5 n |cos (5 —¢)le
(7.0.20)

with the order of magnitude (7.0.7), (7.0.8) and (7.0.9) for € small enough. By a reasoning quite

similar to the previous one, we know that it is enough to conclude to prove the vanishing of the
2K+1

2
higher order term (eCRT) against ||V®||w as € goes to 0, the order of the other terms not

being large enough to change this convergence.

We denote T'(z) := exp (— exp (12 exp (6’2|x|2(d_1) log 2))) By Assumption 4.1, V® decreases
at least like I" for the appropriate choice of A in (4.0.7). Then,
2 2K+1
(%) IVel
< £C25 ! [(log(10g | log |'/2))? | 1og ] exp (— exp (126Xp (C«2R2(d71) log 2))
< eC’log |loge|Y/2(log(log | log |*/?))?| log e] exp (_ exp (12 exp (log (10g ‘ 10g€|1/4>>)>
< (Closios )" 1osel o, (| 1ogef?)
< BC\ log |2 —|log ¢|® — 0
e—0

(7.0.21)
which concludes the proof. O

8 Convergence to the Boltzmann with cut-off equation

8.1 The Boltzmann with cut-off series

The dynamics associated to the Boltzmann with cut-off hierarchy are governed by the following
integral equations

93 (t) = ¢ / SOt —7)COE gtV (r)dr (8.1.1)

where S0 denotes the free flow of s particles on T% x R and Cg)ﬁ_l represents the collision
operator defined as follows:

(€O fer)( RZ / ver—ony50 (1 (Uag1 — 7))

a— 1><Rd
[f(s+1)(. o i) (. (Ve — v) dvdvg
— f(SJrl)(, R N VE I ,SL’i,USJrl)}dVdUerl (812)
*R , %R

where (v; ™", v ) are obtained from (v;, vs41) applying the inverse scattering operator correspond-
ing to the Boltzmann with cut-off case. We will denote this scattering operator by og.

We put
9°)(Z,) = p° (1) MG*(V7) (8.1.3)
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27

/2
where we recall Mg(v) = (ﬁ) exp (—§|v|2>.

The iteration strategy adopted previously can also be applied here. From now on, we will denote
gg) by gr. We obtained then the following expansion for gg:

/ o(2)gr(t, z)dz :/ o(2)g9p (LK) (t z)dz+/ @(Z)T%K(t,z)dz (8.1.4)
TdxR4 TexRd TdxRd
where
ny— 1 N — 1
1,K o(J
ZEOED DR DA R/ AI T (8.1.5)
Jj1=0 Jk=0
K ni—1 ng—1—1
0,R
= Z Z Z Ql Jl ij 2,k — I(T)TJk 1 nk( - kTyt - (k - 1)7-) (816)
k=1 j1=0 Jk—1=0
with Q% s+n( ) and
0,R . _0,RTim 0,R,Ener 0,R,Recoll 0,R,Relat.vel 0,R,Supex
TJk—hnk : er 1,Mk +r Jk 1,Mk +r Jk 1,k +7r Jk 1m0k +T‘]k71’nf P (817)

defined similarly as in the case of the BBGKY hierarchy.

Remark 8.1. The notation TOJIERSEO” s not actually appropriate since there is no recollision in

the Boltzmann case. Yet, by this we only mean that we do the truncation Xgeom associated to
situations where there may be recollisions in the BBGKY case.

In the following, we will state the results associated to this series without giving the proof, the
proof being essentially the same ones as in the case of the BBGKY series. Let us first start with
the continuity estimates.

Lemma 8.1. There is a constant Cyq depending only on d such that for all s, n € N, t >0, the
operators |Q|% s+n( ) (defined similarly as |Q|s,s+n(t)) satisfy the following continuity estimates:

for all fsin € Xe s4n,as |Q|27’i_n(t)f$+n belongs to X. s o and

o Cde_lt "
QISR () fapnlleny < € ( T (8.18)
a2

Moreover, applying the maximum principle for the linear Boltzmann equation with cut-off, we
obtain the following result:

Proposition 8.1. For any s > 1, we have the following uniform bound (with respect to time)

sup 917 (1, Z5) < 6%l ME* (V3). (8.1.9)

Then, following the same argument as in the previous sections, we can establish the below result:

Proposition 8.2. For ¢ a test function, for §, €y, E, a, n, K and R satisfying the orders of
magnitude stated in (7.0.7), (7.0.8) and (7.0.9), then

’/Rdm o) %K (1, 2)dz| —> 0. (8.1.10)

N —o00
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8.2 Convergence

As mentioned previously, one of our main aim in order to get the convergence is to couple the
pseudo-trajectories. Actually, a direct corollary of Proposition 6.2 allows us to state the following
result:

Proposition 8.3. Fiz J := (j1,...,jk), m = (m1,...,my—1) with m; < i. We consider the
pseudo-trajectories Z;, ZiR’O defined inductively by choosing at each collision time t; a deflection
angle viy1 and a velocity viy1 such that (viy1,v;11) € ST™! x Bg \ B:"i(Zf’o(ti)).

Then, in our context (low energy, collisions being separated by at least 6 and a low bound on
the relative velocities), the velocities of both pseudo-trajectories coincides as well as the positions
21 (u) = 2V (u) for u € [0,t]. Furthermore, for e sufficiently small ¥i < Jg —1, VI <i+1,

|z (tir1) — ) (i) < ei. (8.2.1)

The proof is quite straightforward reasoning by induction on ¢ and can be found in [7].

Let us now bring the attention on the fact that, as it can be seen in the expression of the main
term, there is a special role played by initial data. Actually, they do not only present the advantage
to provide some a priori estimates via the maximum principle as stated in Proposition 4.1 but they
also lead to an asymptotical factorisation (see Appendix B for the proof).

Proposition 8.4. For the initial data fn given in (2.1.1), the truncated marginal of order s

e ::/fj%(ZN) [T ooy dZiinn = 0@ My (2:) (8.2.2)
SJSFSZJSSSN

converges as N goes to oo, under the Boltzmann-Grad scaling Ne®™' = 1, to the function ¢°)
defined in (8.1.3).

We finally have all the tools to state the following result:

Proposition 8.5. For ¢ a test function, for §, €y, E, a, n, K and R satisfying the orders of
magnitude stated in (7.0.7), (7.0.8) and (7.0.9), we have

#(1,K 1,K

sup [ fi ) () = g™ (Ol (raxmay — 0. (8:2.3)
t>0 R—o0

Proof. We denote Ty5(7) :={T = (t1,. .. tye—1)|ti <tic1—0, (s, ty_,41) €[t —kr,t —(k—
1)7]}7 MJ = {m = (m17...,mJK,1)71 S m; S i}, J = (jl,...,jK).

Then, we can rewrite f](\}g ) and gg’m as follows
FLK _ _y (N=1)! —(1,K
](V,R )(t, Z) — Z(RE)(d 1)(Jk—1) — ' Z :SV,R)(J’ m) (824)
(N — Jg)!
J meM
and 1,K 1,K
gp " (t.2) = 3ROV 30 MR (m) (825)
J meM

where denoting by x the product of all the smooth indicator functions which are involved,

E%’g)(th) ::/ dT/ dVl...dVJKd’UQ...dUJKX
' T1,5(r) (S4-1xBp)/Kk—1

Jr—1
[T Gisr-(wisn = vm DD IRE (20 (0)) - (8:26)
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and

YO (Jm) = /

dT/ dvi...dvj.dvy...dvy.x
T1,5(7) (S4-1xBp)/K 1
Jr—1

[T i1-visr = v, @))% " (25 (0)). (8.2.7)

i=1

Then the only differences between those two series are the prefactors e(@—D(/x—1) (](VN_}Q!)I, the
small error on the positions Z;, (0) and ng(()) and the initial data ?,(‘;{K) and g%‘]’(). Using the
identity Ne?~! = 1, we can prove that the prefactors converges to 1 at infinity. Moreover, we have
the following identity

U (Z1, (0)) — g (25 (0))

< N (20,0 0) = 657 (Zi O] + |90 (20,0 (0)) = 572510 (8:2:8)

Then using Proposition 8.3 and Proposition 8.4 together with the continuity of g% leads to the
conclusion. O

Finally, the convergence to 0 of the difference between the truncated marginals and the marginals
can be obtained as stated in the following proposition that is proven in Appendix B.

Proposition 8.6. For the initial data f% given in (2.1.1), for all t > 0, the difference between

](\f’)R(t), the marginal of order s, and f](\i)R(t), the truncated marginals of order s, converges to 0

as N goes to oo under the Boltzmann-Grad scaling Ne@=1 = 1.

Thus, we finally have proved one of our main result:

Theorem 8.7. Consider the initial distribution f$ defined in (2.1.1), the distribution of the tagged

particle fj(vl)(tx,v) converges in D'(T? x RY) as N goes to oo under the Boltzmann-Grad scaling
Ned=t =1 to gg(t,z,v) with initial data ¢% stated in (8.1.3) on a fized [0,1].

Finally, in order to prove the main theorem of this paper announced in Theorem 2.1, it remains to
prove the convergence of Boltzmann with cut-off to Boltzmann without cut-off

9 From Boltzmann with cut-off to Boltzmann without cut-
off

For hp satisfying the linear Boltzmann equation with cut-off, with initial data p°, then the family
(hr(t,z)M ?S(Vg)) s>1 is a solution to the Boltzmann with cut-off hierarchy. However by definition,

(gg))szl is already a solution too. Then by uniqueness of the hierarchy, gr(t, z) = hg(t, 2) Ms(v).
Then, if we prove that hr solution of the Boltzmann equation with cut-off converges as R goes to
oo to h solution of the Boltzmann equation without cut-off, we would have completed the proof of
Theorem 2.1.

Proposition 9.1. For p° initial data, the solution hgr of the Boltzmann equation with cut-off
converges (up to an extraction of subsequence) in L™ weak-x to a solution h of the Boltzmann
equation without cut-off.
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Proof. hg being a solution of the Boltzmann equation with cut-off, for ¢ a test function, it satisfies:

T
f/ //hR(t,x,v)(atgoJrv.ngo)dvdzdt
o JTJ/r
7/ / pO(IE7U)Qﬁ(O,$,’U)d’UdI’
TJ/R

T
:/ // hR(t,x,v)/ R*7 [p(t,2,0) — o(t, 2,0 )] Mg(v1)((v—21).v) 4 dvrdvdodadt.
o JTJ/r S4-1xR
(9.0.9)

Applying the maximum principle, we know that the sequence hg (up to an extraction of a subse-
quence) converges weak-+ in L to a function h. So we can pass to the limit on the left-hand side
of (9.0.9).

Let us now deal with the right-hand side of (9.0.9) and study

(/ R*7 [p(t,2,v) — o(t, z,v* )] Mg(v1)((v — vl).y)+dvldu> (9.0.10)
Sd-1xR >0
Actually, it is enough to study the difference between the two following terms
/ R1 [o(t, z,v) — @(t,x,v*R)] Mpg(v1)((v — v1).v)4dvrdy (9.0.11)
Sd-1xR

and

/ 2R)* ! [(t, z,v) — @(t, ,v™2)] Mg(v1)((v —v1).v)+dvidy (9.0.12)

Sd-1xR

to conclude. Regarding this last term, let us split it in two terms by distinguishing two situations
for the trajectories involved in it:

- one where the trajectories get into the sphere of radius 2R without getting into the sphere
of radius R, implying particles involved to be barely deviated for large R,

- one where the trajectories get into the sphere of radius R.

/
.'

FIGURE 8. Representation of the two types of trajectories involved
Let us start with the first type of trajectories. The situation described is equivalent to work with

the potential V®x(r or| where x(g2g[ 1S a regularization of 1(g og[ such that it is equal to 1 on
[R,2R]. Thus the evolution of the positions and the velocities is the following

da

t
% (9.0.13)
dt



Therefore integrating (9.0.13) and by assumptions on V@, we get
[v(t) — vo| < exp (— exp (12 exp (C’2R2(d*1) log 2))) t (9.0.14)

Moreover, using the bound of the maximal time of interaction stated in Proposition 4.2, we obtain
that

~ R2
|v(t) — vo| < exp (— exp (12 exp (C’ZRQ(dfl) log 2))) o (9.0.15)
Thus, for ¢ : R — R a regular test function, we deduce from above that
2

|p(v™ ) — 3(v)| < C||V@||oo exp (— exp (12 exp (CN'ZRQ(‘FD log 2))) % (9.0.16)

Consequently, for the order of magnitude of our parameters stated in (7.0.7), (7.0.8) and (7.0.9),
the part of the integral (9.0.11) corresponding to those trajectories converges to 0.

Let us deal with the second type of trajectories. First of all, let us notice that the difference between
the trajectory and the free transport in the annulus goes to 0 as R grows. So the trajectory in
the annulus can reasonably be approximated by straight lines and together with the inequality
(9.0.15), we deduce that v*F — v*2F converges to 0 from

- R?
|o* B — *2 | < Cexp (— exp (12 exp (C’QRQ(d_l) log 2))) 7 (9.0.17)

Moreover, let us make a change of parametrization in (9.0.12) by parametrizing the the unit sphere
by (0,%) with ¢ € S=2, we have

dv = (sin6)*2 dfdrpdu, . (9.0.18)

Since the trajectories described in the second situation correspond to sinf < 1/2, we do the
following change of variable sin#’ = 2sinf. Then, we get

/ 2R)" [t &, v) — p(t, 2, v**F)] Mg (v1)((v = v1).v) 1 dvrdy
(S94-1xR)N{sinO<1/2}

= / R*7 [p(t,2,0) — p(t, 2,v* )] Mg(v1)((v — v1).v)4dvrdv.  (9.0.19)
Sd-1xR
Thus finally,
/ RA-1 [(p(t,x,v) — o(t, z, v*R)} Mg(v1)((v — v1).v)1dvrdy
Sd-1xR
-/ QR [t ,0) — (b, 2,0°)] Ma(01) (0 — v2) ) diado
(S9-1xR)N{sinH<1/2}

= /sd—lxR R* [p(t, 2, v*27) — o(t, 2, v )] Ma(v1)((v — v1).v) 4 dvrdy. (9.0.20)

Using similarly as previously the regularity of ¢ and the rate of convergence of v*% — v*2% proves
the convergence of the above term to 0 which concludes the proof.
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Appendix

A A priori estimates

In order to prove the a priori estimates, let us first establish the following lemma:

Lemma A.1. For N >0, s < N, in the Boltzmann-Grad scaling Ne@=1 =1, we have the following
bound for Zy defined in (2.1.3)

1<Zy Zn s < (1 — kaR%) ™ exp (85> |l o) (A.0.21)

where rkq denotes the volume of the unit ball in R®.

Proof. We have due to the nonnegativity of ® that

= Ti— Tgi T — 2
Zs = — Q| ——— | dxs — d dXs
+1 [rds /rd exp (=8 ) ( 6 ) Zop | |exp (=8 D ( - )

1<i<s 1<k<I<s

T — X =
- o (T2 ux, = Z..
/TdSeXp B> < . > ( (

1<k<I<s

IN

On the other hand,

—= Ty — Tet1
Z > ex — ol — 1, _ dx
s+1 = /Tds /I‘d p 6 1; ( - ) H |z;—xs41|>ReUls41

<i<s 1<i<s
T — Xy
exp | =B > <I><E> dXs
1<k<I<s
_ / / Ry ¢,>(xi—$s+1>
Tds Jd 1<i<s 9
T — X
H 1|xk—xs+1|>dexs+1eXp -B Z (I)< - > dX,
1<i<s 1<k<I<s
> [ ew (-ssle7))
Tds Td
T — Xy
H 1|Ik*Is+1|>R6d$s+leXp - Z (I)<€> dX,
1<i<s 1<k<I<s
T — Xy
> exp (7/85||(I)>HOO)/ / H 1|7;k—7;5+1|>R6dms+1 exp 7ﬂ Z q)< - > dXs.
Tds \JTT 12 1<k<I<s

However we know that

v

H 1\xk—xs+1\>de$s+1 / 1- E l\mk—acs+1\§Re dxs+1
d Td

T <i<s 1<i<s
= 1— kgs(Re)™
Therefore finally,

Zoi1 exp (—fs(|®7 [loo) Z5(1 = kas(Re)?)
exp (—Bs]|97 [|loc) Z4(1 — kaN(Re)?)
zZ

exp (—B5)97 [|o) Z5(1 — raR%)

v iIv
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and by induction - -
Zn > exp (—582H<I>>||oo) Zn_s(1 — kgR%)®

which allow us to obtain the expected bounds. O

We recall here the definitions for the truncated marginals f 1(\?)1% and the term associated to clusters

—(s)
InR:

fNJ(\/?,)R(t’ ZS) = / fN(t, ZS,ZS+1,...,ZN) H 1{|x,i—wj\>Re}dZ(s+1,N) (AO22)
Td(N—s5) xRA(N—s)

1<i<s
s+1<j<N
and
—(s+1)
Far (. Zu) = | f(t.Zy)
TA(N—(5+1)) x RA(N —(s+1))
N
H 1|wk—wz\>R5 1- H 1|wj—ms+1|>Rs dZ(s+2,N)' (AO23)
1<k<s j=s+2

s+2<I<N

Proposition A.1. For any fized N, considering the initial data (2.1.1) for any s > 1, we have
the following uniform bound (with respect to time)

» ﬂ ds/2 .
S0 | F (1) .5 < 116l (277 (1= eraR?) ™" exp (557]|2> rlloc) (A.0.24)
and
—(s) 38 ds/2
o [F (Ol < 1000 (5 ) (1 emal) D exp (55205 nl) R, (A.025)
Proof. We have that
fR(ZN)(t, Zn) = My (Zn)p° (1) < M s(Zn)]10"] - (A.0.26)

Applying the maximum principle for the Liouville equation, My g being a stationary solution, we
obtain for all t € R
In(t, Zn) < Mg (Z3) 7] oo- (A.0.27)

In order to obtain the bounds, we need to multiply (A.0.27) by the appropriate terms and integrate.

First, we are interested in the truncated marginals f](\f’)R

A Ixt.26) 1] rimeorey @2
Td(N—s) x RA(N—s) 1<i<s
sHI<GEN

dN/2
1
< — O (2= —BHN(Z [T Lioimey>reydZs
S /Td(Nis)XRd(Nﬂ) [l <2W) exp(—SHN(Zn)) {lzi—2;1>Re}AZ(s41,N)

1<i<s

sHI<GEN
1 B ds/2 o P
< =52 1P lexp(=BH(Z,)) exp| -8 > @ dX (s11,3)
ZNn \27 TN =) sH1<i<j<N <
4 ds/2 B B
< 2 Zu(4) Wl (615 (22),
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using the fact that ®< < ® and ® is nonnegative. Hence

- B ds/2 o
ett 2o (GHE(2)) 1< 1P (5 ) Zn' Znes

and finally

7(s) 0 BN®? o1
o [ Fe(0lens < 1 (52) 25 B
>0 T

We perform the same computations for ?5\8,) R

N
t,Zs)| = t,Z 1., 2 1- 1, o dZ
P rlt Z2)] /Td(Nis)de(M) In(t, Z) 1<’£IS_1 o —a1[> Re 4:111 oy —ral>Re | AZat1)
s+1<I<N !
1 3 dN/2
< = Ol o | == Hy(Z 1,
T ZN Jrdw-s) xRAN-3) 7] (27‘() exp (—BHn(Zn) ng |zj—zs|>Re
1 0 B ds/2 -
< = oo |\ 5 —-BH Zs
< 2P (5)  ew(-sHE(2)
Z / (/ (z]w5<RE)da:]> exp | —f3 Z (I)(w)
jmst1 ) TANZH) AJTd s+1<k<I<N €
k,l#j
d$5+1d$5+2...dxj,1d$j+1...d$N
ﬁ ds/2
< 1p°loo (27T> RdeN Zn—(s+1)exp (—BHS(Z,)) -
Hence
—(s) o B ds/2 y =1 =
a2 exp (HS(Z0) | < 10 (1) RIEZN 2oy
and finally
—(s) o ﬂ ds/2 N
s [FnOlles < 101 (3)  FZn' Znoer
>0 0
and we get the desired bound using again Lemma A.1. O

B Asymptotical factorisation of the initial data

Proposition B.1. Given 8 >0, s > 1, the truncated marginal of order s

MJ(VSV)B ::/MN’Q(ZN) H 1{\Ii—zj\>Rs}dZ(s+1,N)
1<i<s
sHI<j<N

converges as N goes to 0o, under the Boltzmann-Grad scaling Ne?™! =1 to the Maxwell distribu-

/2
tion ME’S where M?S =TI, Ms(v;) and Mg(v) := (%) exp <—§|v|2).
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Proof. We have that

) dAN/2 — T
i = g (5) ool mEeros ¥ (")

1<i<j<N
H |z, —a,|>Re}dZ(s+1,N)
1<i<s
sHI<j<N
! <6>d5/2 ( B - 2) T —Ij
= — (= exp ——Z|vi| exp [ - Z oY
S = 1<i<j<s <
/ /
_ Tj— Ty _ T — T}
/eXP B Z CI)( 5 ) exp ﬁZ@( - )
s+1<i<j<N i'<s<j’
1{‘Ik*$l|>R€}dX(s+l,N)
1<k<s
sHI<I<KN
ds/2 s
! ﬂ 6 2 Ti — X,
- Z.\on 57 i - F ) i §
Zn <27r> eXp( o ;h’ |* | exp [ =B Z -

1<i<j<s
[ZN—S - g(s-‘rl,N)]
because of the symmetry, with

Zow = o (-8 3 ‘I’<Iax]> l—exp (=8 > (x_x>

sH1<i<j<N i<s<j’

1{|Ik—£z\>R5}dX(s+1,N)-

1<k<s
s+1<I<N

Yet,

—=b
‘%wgl/exp S q><x;xj> (1 — exp (— 55297 |.0))

ZN ZN s+1<i<j<N

I toewusradX i
1<k<s
s+1<ISN

because of the monoticity of ® in Assumption 4.1. Finally,

—b —

Zs Z —5

TN < 2N (]~ exp (—B52]|07 o))
ZN N

using again the symmetry.

z z
N > and NZ *=1 bhoth converge

to 1 as N goes to co. Using the decreasing assumption on the potentlal leads to the statement

Because of the Assumption 4.1, Lemma A.1 allow us to prove that

that M converges to 0 as N goes to oo.
N
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So finally,
ds/2 s
- (s) ® (B p 2
|MN,/3(Zs) - M,@ *(Ve)| = <27r) exXp (2 ; |vi )

—b
ZN- T — T Z(s+1.N) T — 1
s — E o)) i’y — 1 = &y _ E o)) e’y
ZN P 5 ( € > ZN P 5 €

1<i<j<s 1<i<j<s

and using that by assumptions ® vanishes at infinity, and the statements of above about %
Z; . o .
and %, we conclude that this difference converges to 0 as N goes to oo which is precisely the

N
assertion of the proposition. O

Corollary B.2. For the initial data fn given in (2.1.1), the truncated marginal of order s

b ::/fz%(ZN) [T e redZinn = 0 (2) My () (B.0.28)
SEISSZJSEN

converges as N goes to oo, under the Boltzmann-Grad scaling Ne®=' = 1, to the function g°(*)
where g°®) is defined by ¢°*)(Z,) := po(xl)Mb@S(Vs).

The proof is straightforward using the fact that p° is bounded.

Proposition B.3. For the initial data f$ given in (2.1.1), for all t > 0, the difference between

1(\}9,)1!%(t)’ the marginal of order s, and fj(\,sy)R(t), the truncated marginals of order s, converges when
N goes to oo under the Boltzmann-Grad scaling Ne%=1 =1 to 0.

Proof. We have that

VAR O AN AT ) FE | (ETRR P
1<k<s
s+1<I<N

<17 / MystZn) [ 1= T Lgeeeone) | Zein

1<k<s
s+1<ISN
ds/2 s
||PO||oo B p 2 Ty — Tj
< Z, \2 exp | —5 E lvi|“ | exp | =8 E i) Y
=1 1<i<j<s

i — X4
/ 1= H 1{|Ik—1l\>Rs} exp | =0 Z (0} (EJ>

1<k<s s+1<i<j<N
s+1<I<N

T — T
exp (—F Y @~ dX (s+1,3)

i'<s<j’
0 - 6 ds/2
<l () exp (om0
- Ty — T4
(N_S)Z/1|mk7$5+1|§Rs exp | —f3 Z (I)< - j) dX(SJrLN)
i=1 s+1<i<j<N
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<

0 ds/2
1°sc (i) exp (—BH,(Z))

N

N

u Ti; —XI;
(N—S)Z/exp -8 Z P <€J> /1|3ck—9c5+1|§dexs+1dX(s+2,N)
i=1

sH2<i<i<N

P (BN ) (N — s)s(Rey i
< zN o Xp s(Zg €) RAL N—-s—1

Z ds/2
<P () e (-BHL(Z) sRery

which concludes the proof. O

C Continuity estimates
We recall the definition of the weighted norms: for fj, defined on T x R,

[fillea = sup  [fu(Zy) exp(aH (Zy))| < o0
Zp €Tk x Rk

Lemma C.1. There is a constant Cq depending only on d such that for all s, n € N, t >0, the
oeprators |Q|s,s+n (t) satisfy the following continuity estimates: for all fo1n € Xc sin,a; |Qls,s+n () fstn
belongs to Xc 5o and

_ C’deflt
”|Q|s7s+n(t)fs+n”678,% <es! (

d+1 ) ||fs+n||a,s+n,a- (0029)
o2

Proof. First of all, let us notice that the transport operators preserve the weighted norms. Indeed,
we have the following identities

k(8 flleka = [l fkllek.a- (C.0.30)

Second, let us obtain some bounds for the collision operators in the Boltzmann-Grad scaling
Ne?=! = 1. We have

S S

Cosirfent(Z)] = |[(N=5)Y /S e [T tie,-oniasre | v (0asr — v0)
i=1 Y P Re(Ti j=1
J#i

fs+1(Zsy1)doi(zs11)dvsi]

S (N o S) Z/ (|v5+1| + ‘IUZ'|)f5+1(Zs+1)d0'i(1's+1)dvs+1
i=1 Y Sre(wi)x R4
< Rd_1‘|f5+1| e,s+1,a Z /Rd(l’l}5+1| + ‘7}2|) exp(_aHS<+1(Z8+1))dvs+1
=1
_ «
< R4 1Hfs+1| e,s+1,00 €XP (—§HS< (ZS))
: «
Z/ (|’U3+1‘ + |U’i|)eXp(_§H5<+1(ZS+1))d’US+1
i=1 R4
— «
< R 1Hfs+1| e,5+1,a €XP (—§HS< (ZS))

s s+1
o
Z/Rd(h)sﬂ\ + |vi]) exp <—2 Z |Uk|2> dvgy1.
i=1 k=1

We know by a direct calculation that

s+1

a _ _ oo
/d(|vs+1| + |vi|) exp (—2 Z |1)k|2> dvgi1 < Caa~¥2(a V2 + |u;]) exp <—2 Z |”Uk|2> .
R k=1

k=1
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So in the end,

s o s
|Cs,s+1fs+1(Z5)| < Cdeilaid/2(3a71/2 + Zl |U1D €xp (2 ; vk2>
«
eXp(_gHS(Zs))Hsz||s,s+1,a- (C.0.31)

Finally, we pile together those inequalities, dispatching the first exponential above evenly on each
occurrence of a collision term. Noticing that by Cauchy-Schwarz inequality, we get that

o 2
D lulexp [ == > ) <4/ —(s+n-1) (C.0.32)

1<i<k 1<j<k

and we are able to establish that each collision operator can be bounded by the term Cy R4 a/(d+1)/2
(s +mn — 1) with a loss on the exponential weight. By integrating with respect to time, we obtain
a factor t"/n!l. All together with the Stirling formula, we are able to obtain the following bound

— 1)
t"w <t'"exp(s+mn—1)
n!
which allow us to conclude to the statement. O
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