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SOME RESULTS ON THE STATISTICS OF HULL PERIMETERS IN
LARGE PLANAR TRIANGULATIONS AND QUADRANGULATIONS

EMMANUEL GUITTER

ABSTRACT. The hull perimeter at distance d in a planar map with two marked vertices
at distance k from each other is the length of the closed curve separating these two
vertices and lying at distance d from the first one (d < k). We study the statistics of
hull perimeters in large random planar triangulations and quadrangulations as a function
of both k and d. Explicit expressions for the probability density of the hull perimeter
at distance d, as well as for the joint probability density of hull perimeters at distances
dy and da, are obtained in the limit of infinitely large k. We also consider the situation
where the distance d at which the hull perimeter is measured corresponds to a finite
fraction of k. The various laws that we obtain are identical for triangulations and for
quadrangulations, up to a global rescaling. Our approach is based on recursion relations
recently introduced by the author which determine the generating functions of so-called
slices, i.e. pieces of maps with appropriate distance constraints. It is indeed shown that
the map decompositions underlying these recursion relations are intimately linked to the
notion of hull perimeters and provide a simple way to fully control them.

hull boundary
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FIGURE 1. Left: A schematic picture of the hull boundary in a planar map
with an origin vg and a second marked vertex vy at distance k from vy. The
map is represented so that vertices appear at a height equal to their distance
from vy . The vertices at distance d from vy form a number of closed curves
at height d, one of which separates vy from v; and constitutes the hull
boundary. Right: When the map is infinite, exactly one of the connected
components formed by vertices at distance larger that d is infinite. Sending
k — oo ensures that v; belongs to this component. This heuristic view will
be made rigorous by precise definitions along the paper.
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2 EMMANUEL GUITTER

1. INTRODUCTION

Understanding the statistics of random planar maps, i.e. connected graphs embedded on
the sphere, as well as their various continuous limits, such as the Brownian map [9] [§] or the
Brownian plane [I], is a very active field of both combinatorics and probability theory. In
this paper, we study the statistics of hull perimeters in large planar maps, a problem which
may heuristically be understood as follows: consider a planar map M of some type (in the
following, we shall restrict our analysis to the case of triangulations and quadrangulations)
with two marked vertices, an origin vertex vy and a second distinguished vertex v; at graph
distance k from vg, for some k > 2. Consider now, for some d strictly between 0 and k, the
ball of radius d which, so to say, is the part of the map at graph distance less than d from the
origirﬂ This ball has a boundary made in general of several closed lines, each line linking
vertices at distance of order d from vy and separating vy from a connected domain where
all vertices are at distance larger than d (see figure . One of these domains Cy4 contains
the second distinguished vertex v; and we may define the hull of radius d as the domain
Hq = M\ Cyq, namely the union of the ball of radius d itself and of all the connected domains
at distance larger than d which do not contain v; (see figure [1| where Hg4 is represented in
light blue). The hull boundary is then the boundary of H4 (which is also that of Cy), forming
a closed line at distance d from vy and separating vy from v;. The length of this boundary
is called the hull perimeter at distance d and will be denoted by £(d) in the following.

The purpose of this paper is to study, as a function of both k and d, the statistics of the hull
perimeter £(d) within uniformly drawn planar maps of some given type (here triangulations
and quadrangulations) equipped with a randomly chosen pair of marked vertices at distance
k from one another. Even though the combinatorics developed in this paper allows us to keep
the size N (= number of faces) of the maps finite, explicit statistical laws will be presented
only in the limit of infinitely large maps, namely when N — oo. In this case, it is expected
that exactly one of the components outside the ball of radius d is infinite. In particular,
sending k — oo allows us to enforce that v; belongs to this infinite component so that the
hull of radius d no longer depends on v; in this case. This limits describes a slightly simpler
notion of hull boundary for vertex-pointed infinite planar maps, namely the line at distance
d from the origin vy separating this origin from infinity (see figure right).

The question of the hull perimeter statistics was already addressed in several papers
[7, 6l 2, B]. For a given choice of map ensemble, the above heuristic presentation may
be transformed into a well-defined statistical problem by a rigorous definition of the hull
boundary at distance d within the maps at hand. Several prescriptions may be adopted
and our precise choice will be detailed in Section 2.1} This choice is different from the
prescriptions used in [7), [6, 2] B] and is thus expected to give different results for the hull
perimeter statistics at finite d and k. In the limit of large d and k£ however, all prescriptions
should eventually yield the same universal laws (up to some possible finite rescalings). This
assumption is corroborated by our results on the hull perimeter probability density which
precisely reproduce the expressions of [7, 6] 2], 3], as displayed in egs. and below. The
laws that we find for large d and k are the same for triangulations and for quadrangulations,
up to a global scale change, and we expect that they should emerge for other families of
maps as well.

The paper is organized as follows: we start by giving in Section [2.1] our precise definition
of the hull boundary, which we view as a particular dividing line drawn on some canonical
“slice” representation of the map at hand. The construction of this line is slightly different
for triangulations and for quadrangulations and mimics that discussed by the author in
[EL 4] in a related context. We then present our main results in Section namely explicit
expressions for the probability density of the hull perimeter in (i) the regime of a large but

ISeveral prescriptions may be used to precisely define the ball, each leading to a slightly different notion
of hull.
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finite d and k — oo and (ii) the regime of large d and k with a fixed ratio d/k < 1, as well
as for the joint probability density of the hull perimeters at two large but finite distances dy
and ds for k — oo. Sections [3] and [] are devoted to the derivation of our main results. We
first recall in Section [3]the existence of a recursion relation for the generating function of the
slices representing our maps and show how the map decomposition underlying this recursion
may be related to our notion of hull boundary. This allows us to obtain easily a number
of explicit expressions for map generating functions with a control on hull perimeters. The
case of quadrangulations is discussed in Section [3.I] and that of triangulations in Section [3.2]
Expansions of these generating functions are presented in Appendix B, which display the
numbers of quadrangulations and triangulations with fixed N (= number of faces), k, d and
L(d) for the first allowed values. We then extract in Section [4| from the singularities of the
generating functions the desired hull perimeter probability densities for quadrangulations and
triangulations with an infinitely large number N of faces. The details of the technique are
discussed in Section [f.1] and we show in Section [1.2] how to slightly simplify the calculations
for large k. Some involved intermediate formulas are given in Appendix C. The case of large
d and k of the same order is discussed in Section[£.3] All over the paper, explicit expressions
are first obtained for the Laplace transforms of the various probability densities at hand.
The final step consisting in taking the desired inverse Laplace transforms is discussed in
Appendix A. We gather our concluding remarks in Section [5}

2. SUMMARY OF THE RESULTS

2.1. Definition of the hull boundary in pointed-rooted triangulations and quad-
rangulations. A natural way to define the hull boundary is to first construct the ball of
radius d: this requires deciding which faces of the map are retained in the balﬂ and many
inequivalent choices may be adopted, each leading to a slightly different definition of hull. In
[7], Krikun gave a particularly elegant prescription in the case of triangulations, later used in
[2], which allowed him to relate the hull boundary statistics to that of some “time-reversed”
branching process. An alternative way to define the ball and hull of radius d, described in [3],
is to use the graph distance on the dual map as a way one to assign distances directly to the
faces of the original map. Here we shall use yet another prescription and construct directly
the hull boundary at distance d without having recourse to a preliminary construction of the
ball of radius d. Our approach applies to both triangulations and quadrangulations and is
based on a technique developed recently in [Bl 4] to compute the twopoint function of these
maps.

Our starting point is an arbitrary k-pointed-rooted planar triangulation (respectively quad-
rangulation) i.e. a planar map whose all faces have degree 3 (respectively 4) endowed with
a marked vertex vg (the origin vertex) and a marked edge e; (the root edge) oriented from
a vertex vy at distance k from vy towards a vertex at distance k — 1 from vy (see figure
left)7 for some k > 1 (respectively k > 2). The use of a pointed-rooted map rather than a
simple vertex bi-pointed map (with two marked vertices vy and v;) is a standard procedure
which highly simplifies the underlying combinatorics. Note that, by definition, not all edges
leaving a vertex vy at distance k from vy can serve as root edge for our pointed-rooted map
(since we impose that e; necessarily points towards a vertex at distance k — 1 from vg) but
that, for each v; at distance k, at least one such edge exists.

It is well-known that any k-pointed-rooted planar map, as defined above, may be bijec-
tively transformed into a so-called k-slice by cutting the map along the leftmost shortest
patfﬁ from vy to vy and then unwrapping the map (see figure right). A k-slice is a planar

2As opposed to vertices which are simply characterized by their graph distance from vg, faces may be of
different types according to the graph distance of their incident vertices.

3This path is the sequence of edges obtained by taking ej as first step and then, at each encountered
vertex at distance £ from vg, picking the leftmost edge leading from this vertex to a vertex at distance £ — 1
from wvg, until the path eventually reaches vg.



4 EMMANUEL GUITTER

Vo
)
k—1
< k
*—r—9
V1 e

FIGURE 2. A schematic picture of a k-pointed-rooted planar map (left),
i.e. a map with a marked origin vy and a marked edge e; with extremities
at distance k£ and k — 1 from vy. We have drawn in green the leftmost
shortest path (starting with e;) from v; to vy. Cutting along this line
and unwrapping the map creates a k-slice with apex vy and base e; (right)
characterized by the properties (1)-(4) of the text. The correspondence
between k-pointed-rooted maps and k-slices is a bijection.

map whose all faces have a fixed degree 6 (with 6 = 3 if the map before cutting was a trian-
gulation or § = 4 if it was a quadrangulation), except the root face (which is the face on the
right of e; after cutting and unwrapping) which has degree 2k. A k-slice is characterized by
the following properties:

(1) the left boundary of a k-slice, which is formed by the k edges incident to its root
face lying between v; and vy clockwise around the rest of the map is a shortest path
between vy and vg within the k-slice;

(2) the right boundary of a k-slice, which is formed by the k — 1 edges incident to its
root face lying between the endpoint of e; and vy counterclockwise around the rest
of the map is a shortest path between these two vertices within the k-slice;

(3) the right boundary is the unique shortest path between its endpoints within the
k-slice;

(4) the left and right boundaries do not meet before reaching vyg.

The vertex vy is called the apexr and the edge e; the base of the k-slice. Clearly, due to the
particular choice of cutting line, the cutting procedure applied to a k-pointed-rooted map
creates a k-slice. Given this k-slice, the original k-pointed-rooted map is reconstructed by
gluing the left boundary of the k-slice to the union of its base e; and its right boundary in
the unique way which preserves the distances to vg. The transformation between k-pointed-
rooted maps and k-slices is a bijection. More simply, the k-slice with apex vy and base e;
may be viewed as a canonical representation of the associated k-pointed-rooted map with
origin vy and root edge e;.

2.1.1. Definition of the hull boundary in a pointed-rooted quadrangulation. Let us now define
the hull boundary of our k-pointed-rooted map. We start with the case of quadrangulations
and perform our construction on the associated k-slice. Our construction is in all point
similar to that discussed in [4]. Given k > 3 and d in the range 2 < d < k — 1, we start

(0)
d

from the (unique) vertex v, of the right boundary of the k-slice at distance d — 1 from wg

and consider the face on the left of the edge connecting v((io) to its neighbor at distance d — 2
from vy along the right boundary. The last two vertices incident to the face are necessarily
distinct from the first two and are at distance d and d — 1 respectively from vy (see figure
3). This is a direct consequence of the property (3) of the right boundary (see [4] for a

detailed argument). The vertex ’UEIO) is therefore incident to at least one edge leading to a
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FIGURE 3. The construction of the hull boundary for quadrangulations (see
text for details). The hull boundary is first constructed as an open line on
the associated k-slice, then transformed into a simple closed curve on the
quadrangulation by re-gluing.

neighboring vertex at distance d from vg itself incident to one edge leading to a vertex at

distance d — 1 from vy and distinct from v((io). These two edges define a 2-step path of “type”

d—1— d— d—1 with distinct endpoints. Pick the leftmost such 2-step path from vc(lo) and
call (e&o), 50)) the corresponding pair of successive edges, leading to a vertex vc(ll) at distance

d— 1 from vy and different from v((io). We can then draw the leftmost shortest path P; from

vc(ll) to vy and consider the face on the left of the edge connecting v((ll) to its neighbor on P
at distance d — 2 from vy. Repeating the argument allows us to construct a leftmost 2-step

path (e((il)7 0(l1)) from v((jl) to yet another distinct vertex v{(f) and so on. As explained in [4],

the line formed by the successive 2-step paths (efj), y)), 1=0,1,--- cannot form loops in

the k-slice and necessarily ends after p iterations at the (unique) vertex v((ip ) at distance d — 1
from vy lying on the left boundary of the k—sliceﬂ (see [M] for a detailed argument). This
line forms our hull boundary at distance d from vy. Indeed, upon re-gluing the k-slice into
a k-pointed-rooted quadrangulation, we identify v(go) and vép ) and the line forms a simple
closed curve visiting alternatively vertices at distance d — 1 and d from vy and separating v
from vy (see figure . Clearly, all the vertices in the domain lying on the same side of the
line as vy are at a distance larger than or equal to d — 1 (and which can be equal to d — 1
on the line only) and this domain constitutes what we called C4 in the introduction. As for
the domain lying on the same side of the line as vy, it contains all the vertices at distance
less than or equal to d — 1 from vy (together with other vertices at arbitrary distance) and
constitutes the hull Hg4.

The hull perimeter £(d) is the length 2p of the line above. For convenience, we decide
to extend our definition of the hull boundary to the case d = 1 and k > 2 by taking the
convention that it is then reduced to the simple vertex vy and has length 0 accordingly, i.e.:

L(1) =0 for quadrangulations .

2.1.2. Definition of the hull boundary in a pointed-rooted triangulation. The case of triangu-
lations is slightly simpler and the construction follows that of [5]. We start from the k-slice
associated with a given k-pointed-rooted triangulation, with now k > 2. Given d in the

4Note that the vertex preceding vglp ) on the line, at distance d from vg may lie either strictly inside the
k-slice or on its left boundary.
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FIGURE 4. The construction of the hull boundary for triangulations (see
text for details). The hull boundary is first constructed as an open line on
the associated k-slice, then transformed into a simple closed curve on the
triangulation by re-gluing.

range 1 < d < k — 1, we look at the (unique) vertex véo) of the right boundary of the k-slice

at distance d from vy and consider the triangle on the left of the edge connecting v((io) to its

neighbor at distance d — 1 from vg along the right boundary. The third vertex incident to
the triangle is necessarily distinct from the first two and at distance d from vy (see figure

4). This is again a direct consequence of the property (3) of the right boundary (see [5]

for a detailed argument). The vertex Uc(lo) is therefore incident to at least one edge leading

to a distinct neighbor at distance d from vy. Call eg)) the leftmost such edge and vc(ll) its

extremity different from vg)). We can then draw the leftmost shortest path P; from v((il) to

vo and consider the triangle on the left of the edge connecting vc(ll) to its neighbor on P; at

distance d — 1 from vy. Repeating the argument allows us to construct a leftmost edge egll)

to yet another distinct vertex vc(f)

successive edges efii)7 1=20,1,--- cannot form loops in the k-slice and necessarily ends after
(p)
d

and so on. As explained in [5], the line formed by the

p iterations at the (unique) vertex vy~ at distance d from vy lying on the left boundary of
the k-slice (see [5] for a detailed argument). This line forms our hull boundary at distance
d from vy. Upon re-gluing the k-slice into a k-pointed-rooted triangulation, the line indeed
forms a simple closed curve visiting only vertices at distance d from vy and separating vg
from vy. Clearly, all the vertices in the domain lying on the same side of the line as v; are
at a distance larger than or equal to d (and which can be equal to d on the line only): this
domain constitutes what we called Cy4 in the introduction. The complementary domain H,,
lying on the same side of the line as vy, constitutes the hull and contains all the vertices at
distance less than or equal to d from vy together with other vertices at arbitrary distance.
The hull perimeter £(d) is the length p of the line above. Again, for convenience, we
decide to extend our definition of the hull boundary to the case d = 0 and k£ > 1 by taking
the convention that it is then reduced to the simple vertex vy and has length 0, namely:

L(0) =0 for triangulations .
2.2. Main results on the statistics of hull perimeters. Having defined the hull perime-

ter L£(d), our results concern the statistics of this perimeter in the ensemble of uniformly
drawn k-pointed-rooted quadrangulations (respectively triangulations) having a fized number
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of faces N, and for a fized value of the parameter k (recall that our definition of k-pointed-
rooted maps imposes not only that the first extremity v; of their root edge e; is at distance
k from the origin vy but also that the second extremity of e; is at distance k — 1 from wvy).
More precisely, we shall give explicit expressions in the limit N — oo of this ensemble. Note
that, when sending N — oo, k is kept finite (at least at a first stage) and does not scale
with N. This limit is called the local limit of infinitely large quadrangulations (respectively
triangulations). We shall denote by Py ({-}) the probability of some event {-} and Fy({-})
the expectation value of some quantity {-} in this limit. When d and k themselves become
large (recall that d < k — 1), we find that the perimeter £(d) typically scales like d?, so we
are naturally led to define the rescaled quantity:

L(d)
2

Let us now present the main three results of this paper on the statistics of L(d).

L(d) =

2.2.1. Probability density for L(d) when k — oco. Our first result concerns the k — oo limit,
with probabilities and expectation values denoted by P ({-}) and E-({-}). We insist here
on the fact that, although both N and k are sent to infinity, k& does not scale with N: in other
words, we first send N — oo, and only then send & — co. As mentioned in the introduction,
the hull perimeter £(d) may then be viewed as the length of the line “at distance d” from
v separating vy from infinity. We find:

1
: —TL(d)y _
(1) dhm E(e ) Axcr)i

or equivalently (via a simple inverse Laplace transform):

2 VL .

(2)  lim Puo(L < L(d) < L+dL) = £dL

—=—75¢€
i N

with ¢ taking a different value for quadrangulations and triangulations, namely:

1
c= 3 for quadrangulations ,
®3)

1 . .
c= 3 for triangulations .

We recover here the precise form of the hull perimeter probability density found by Krikun
[7,[6] and by Curien and Le Gall [2,[3]. The value of ¢ = 1/3 that we find for quadrangulations
matches that of [3]E| but is only 2/3 of that found in [6]. This suggest that our prescription and
that of [3] yield hull boundaries whose lengths are essentially the same, while the prescription
used in [6] creates hull boundaries which are larger by a factor 3/2. Our value ¢ = 1/2
for triangulations is half that found in [7), 3], suggesting that our prescription yields hull
boundaries whose lengths are half those of the previous studies.
Note that, we find in particular,

lim B (L(d)) = -5

d—o0 2

5The correspondence with [3] is ¢ = p/(4h2) where p = 22/3/3 and h = 1/22/3 for quadrangulations,
leading to ¢ = 1/3 and p = 1/3'/3 and h = 1/(2 - 3'/6) for triangulations, leading to ¢ = 1. Although p
and h are different, the same value ¢ = 1 is also obtained in [3] for so-called triangulations of type II, which
have no loops. These are the triangulations considered in [7] by Krikun, who also finds ¢ = 1, while he gets
¢ = 1/2 for quadrangulations [6].



8 EMMANUEL GUITTER

FIGURE 5. The probability density P(L;u) for ¢ = 1/3 and for u = 0 (blue
thick line) and increasing values u = 1/8, 1/4, 1/3, 1/2 and 2/3. For this
latter value, a peak starts to emerge around L = 0.

2.2.2. Probability density for L(d) when d is a finite fraction of k. Our second result concerns
the statistics of the hull perimeter at a distance d corresponding to a finite fraction of the
total distance k between vy and vy, in the limit of large k. In other words, we consider the
situation where

d=ku, O<u<l,
for some fixed u and for large k. We find that:

1-2 1—u)?
lim Ei(e~"6%) = F (o(rsu)u)  with o(r;u) = ~2uteTL =)

k—o00 u2 ’
4 3 2 3
Flosu) = 8c* + 470° 4+ 900 +12OJ+48_12 U
4(o +1)5/2 o3
(4) n 40* + 1903 + 3002 + 680 + 32 4308 u(l — 2u)
4(o +1)5/2 o3
40° + 160* — To? — 400 — 24 30% 5046 (1 —2u)(1 —u)? (1 — 2u + 2u?) 7
4(o + 1)5/2 otud

with ¢ as in above.

Note that, for 7 > 0 and 0 < u < 1, o(7;u) + 1 = (1 + ¢7)(1 — u)?/u® > 0 so that the
denominator (¢+1)°/2 in ([#)) does not vanish. For 0 < u < 1/2, we have the stronger property
o(r;u) > 0 and F (o(7;u);u) therefore clearly has no singularity for 7 > 0. For 1/2 < u < 1
however, o(7;u) vanishes at the non-negative value 7 = ~ (21“:13)2 and F (o(7;u); u) may seem
at a first glance to develop some singularity there. Such behavior is not allowed for the
Laplace transform of some probability density so a closer look at the formula is required.
Expanding F(o;u) around o = 0 shows that F'(o;u) is in fact well-behaved around o = 0
with F(o;u) = (512u® — 3012u® + 7518u* — 10020u> + 7515u? — 3006w + 501)/(64u?) + O(o).

The seeming singularity at 7 = - (21“:1})2 is therefore only an illusion.
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FIGURE 6. The same plot as figure [5| limited to the range 0 < L < 1,
with two new value u ~ 0.69 and u ~ 0.71. This plot is to emphasize the
emergence of a peak for small L when u > 1/2.

Via an inverse Laplace transform, whose details are discussed in Appendix A, eq. is
equivalent tdf]

lim Py(L < L(ku) < L+dL) ="P(
L
cb

k—ro0 L;u)dL
e =L (1 —er L)) - LYy p(L
with P(L; u) = ;%c\ﬁeﬁ « ( \/7<1 ffg{/%.?.l)iﬂ )p (&) +r(%)

(1—w)?
u?
p() =2b(b* — 1) €% — (50 +3b+4) L+ 6 (b° — 1) ,

r(€) =b (156> —1) 042 (56> — 1) .

The function P(L;u) is plotted in figure |5| for various values of v and ¢ = 1/3. The limit
u — 0 (i.e b = 00) describes situations where the distance d at which the hull perimeter is
measured does not scale with k, so we expect to recover the result of eq. in this limit.
This is indeed the case as:
2 VL _
The probability density P(L;0) is displayed in blue in figure |5| (thick line). Note that
P(L;u)/P(L;0) is a function of the variable
L u? d?
R= =L =L .
b(u) (1—wu)? (k —d)?
Recall that L(d) is the ratio of the the actual hull perimeter £(d) by its “natural scale” d?.
The new variable R therefore corresponds to probing the value of the random variable
£(d)
R(d) =
(d) T a2
i.e. measuring the hull perimeter at a scale no longer fixed by d? by rather by (k—d)2. When
u becomes larger than 1/2; a peak for small L starts to emerge in P(L,u), as displayed in

where b = b(u) =

9

ol

SHere erf(a) denotes the usual error function (2/+/7) Jo =% dz.
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R

FIGURE 7. The probability density P(R;u) for ¢ = 1/3 and for u ~ 0.64,
0.67, 0.69, 0.71, 0.75, 0.875 and u = 1 (red thick line). The height of the
peak for small L increases with increasing u.

0.2 0.4 0.6 0.8 1 U

FIGURE 8. The average value L,y (u) = limy_, oo Ex(L(ku)) as a function of
u (here ¢ =1/3).

figure @ This peak increases when u tends to 1 (b — 0). This limit is best captured by
switching to the variable R, namely considering

Jim Py(R < R(ku) < R+dR) = P(R;u)dR with P(R;u) =bP(bR;u) .
—00

In other words, when d approaches~k:, the natural scale for £(d) is no longer d? but rather
(k — d)2. The probability density P(R,u) is displayed in figure E for ¢ = 1/3 and various

values of u. When u — 1 (b — 0), P(R;u) converges to a well-defined distribution

P(R;1) = 2\/§(R+c) - CE; (2R +3c)e* (1 — erf (\/f)) .

This distribution is displayed in red in figure E (thick line). Note that this distribution has
all its moments infinite.

This result may appear strange at a first glance but the divergence of, say the first moment
is in fact consistent with a direct computation of the average values of L(d) and R(d) for
arbitrary u: expanding eq. at first order in 7, we have indeed

Loy(u) = khﬁrrolo Ey(L(ku)) = %(1 +u—3ub +u”)
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lim By (L0 u)/R?)
= u? L (u)

0.4

FiGURE 9. The average profile of the hull perimeter, i.e. the quantity
limy 00 Bk (L(ku)/k?) = u? Lay (u) as a function of u (here ¢ = 1/3).

{/
'0;::%
o
"":szf
gl
0"
ol

%
,‘c
o0
L]
,;t

L)
l"

W

W

9
oo

0"'

L7
77
o
LA
L
Q080
000,
LKA
AT AIAT AP
: LR "‘z
2
i

oY
'.2“’*‘“

200
Q2
2,
0"

LI

205
1R

i

o

27
2L

...

#""

S

FIGURE 10. The joint probability density P (L1, L2;v) for v = 2 (here ¢ = 1/3).

The average value Ly, (u) is displayed in figure [8| for u < 0 < 1 and ¢ = 1/3. When u — 0,
it tends to a finite value 3¢/2, meaning that the average hull perimeter at distance d from
the origin scales like 3¢/2 x d? when k is infinitely large, as expected. When d corresponds
to a finite fraction u < 1 of k, the average hull perimeter remains of order d? with a finite
prefactor L,y (u) depending on u. When d — k however, i.e. © — 1, then Ly, (u) ~ 15¢(1—u)
hence the average hull perimeter vanishes like 15¢ k(k — d). This vanishing is not surprising
since the hull perimeter is also the length of the boundary of the domain Cy in which the
vertex vy is “trapped”. When d approaches k, this domain becomes smaller and smaller and
so does its boundary. This vanishing is only linear in (k — d) and the average value of R(d)
behaves accordingly as 15¢k®/(k — d), hence diverges when d — k.

We may finally consider the average “profile” of the hull perimeter, i.e. the average value
Er(L(ku)/k?) of the hull perimeter at distance d = ku normalized for all u by the same
global scale k?* (instead of the local natural scale (ku)?). In the limit k¥ — oo, it is simply
equal to u? L,,(u) and has the form displayed in figure @

2.2.3. Joint probability density for L(d;) and L(d2) when k — oco. Our third main result
deals with the joint law for hull perimeters at distances d; and ds from vy, with again
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F1GurRE 11. The correlation Cor(v) as a function of v. This quantity is
independent of c.

k — oco. Assuming ds > di, we set:

dy=d, dy=vd, with v > 1.
We find that:
lim E (e—TlL(d)—TzL(Ud))
d— oo e
V3

6) =
(V2(1+cm)(14cm)—2ven (1+em—IFcm)+cm (2—1—071—2\/14—07'1))3/2

which equivalently yields a joint probability density (see Appendix A for details on the
appropriate double inverse Laplace transform):

dhm Py (L1 < L(d) < Li+4+dLy and Ly < L(U d) < Lo+ dLQ) = P(Ll,LQ;U) dLy dLs ,
— 00

(7)
P(L1, La;v)

Lo v?2 n %
2V e_% « QU%_C(U—ZJ)E i (-1) (C(U_1)2) T ( c(v—1)2)
/T 32 ¢ (v—1)2 Tl .

n=0

Here m,(t) is the polynomial (of the Hermite type) defined byﬂ
2dvtt o 2

(8) Wn(t)z—eQW(te 2).

The joint probability density P (L1, Lo;v) is plotted for v = 2 in figure
Expanding eq. @ at first order in 7, and 79, we immediately get

2
lim Eo(L(d) L(vd)) = 32 (3 + ) for v > 1
d—oo 4 v
hence, by dividing by the common average value 3¢/2 for L(d) and L(vd) (and using an
obvious symmetry to extend the result to v < 1), a correlation
limg— 00 Eoo (L(d) L(v d)) B 2
limg 00 Eoo (L(d)) X limg—yeo Foo(L(v d)) ~ 3max(v, 1/v)

Note that this correlation is independent of ¢. The value 2/3 at v = 1 is obtained directly
from eq. . The correlation Cor(v) is plotted in figure [L1] for illustration.

forallv>0.

Cor(v) =

"The first polynomials are mo(t) = t, w1 (t) = t(3 — t2), m2(t) = t(12 — 9t2 + t4), w3(t) = (60 — 75¢2 +
18t4 — ¢6).
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Another measure of the correlation is the average value L,y (v|L1) of L(d v), knowing that
L(d) lies in the range [L1, L1 +dL4]. By integrating Lo P(L1, La; v) over Lo, it is easily found
to bd¥

3c(v—12+3ymcly (v—1)+2L
202 ’

which varies from Lay (1|L1) = L1 to Lay(00|L1) = 3¢/2, as expected.

Law(v|L1) = v>1,

3. THE SLICE RECURSION AND THE HULL PERIMETER

We now come to the derivation of our various results. It relies on the existence of a
recursion relation for slice generating functions, as described in [4] for quadrangulatiions and
[5] for triangulations. As we shall see, the origin of this recursion is indeed intimately linked
to the notion of hull boundary and this will eventually allows us to have a direct control on
the hull perimeter.

3.1. The case of quadrangulations.

3.1.1. The slice recursion. We consider here the k-slices defined in Section [2.1]in correspon-
dence with k-pointed-rooted quadrangulations, and more generally the larger set of ¢-slices
with 1 < £ < k. Recall that, in an f-slice, £ is the length of its left boundary and is also
the distance d(vg,v1) between its apex and the first extremity of its base. Let us denote
by R,(Cq) = R,(f)(g), k > 1, the generating function for this larger family of slices, where we
assign a weight g to each tetravalent inner face (i.e. each face other than the outer face).
The quantity ngq) is also the generating function, with a weight g per face, of pointed-rooted

quadrangulationﬂ whose graph distance d(vg, v1) between the origin vy and the first extrem-

)

ity v; of the root edge satisfies 1 < d(vg,v1) < k. The explicit expression for R,(Cq can be

found in [4] and reads:

RO - g L=t —ah) g 1= VTo T2
k (1 — zF+1)(1 — zh+2) 69 ;

where z is a parametrization of g through

z(l+x+a?)

(1 +4r +a22)2
Note that = and 1/z lead to the same value of g so we shall impose the extra condition
|z| <1 to univocally fix z. The generating functions are well-defined for real g in the range

0 < g < 1/12: this then corresponds to a real z in the range 0 < z < 1. To be precise, the
recursion relation found in [4] concerns the quantity

T]Eq) = Rl(cq) _ R§Q) , k Z 1 ,

which enumerates ¢-slices whose left boundary length £ is between 2 and k (note that Tl(q) =

0). From the explicit expression of R,(gq), we immediately deduce
k—1 k+4 2
7@ —p@lzz A=z ) ) sltdete)
(1 — zFt1)(1 — zk+2) (1+z+ z2)2

8 It is easily verified that, when computing the p-th moment of Ly with the distribution P(L1, La;v),
only the first 2p 4+ 1 polynomials 7, (i.e. n =0,---,2p) in (7)) give a non-zero contribution.

y y g

9By pointed-rooted quadrangulations, we mean in general ¢-pointed-rooted quadrangulations with arbi-
trary £ > 1.
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It was shown in [4] that this generating function satisfies a recursion relation of the form:

T]EQ) = K(q) (T/S(i)l) ,

(@)y2 (@ &) _
U ISP g0y = 007, ) = 3 0 9) 772
1= Ry7(T + R") ®@(T) i>2

9)

(@ (T) =

for k > 2 with Tl(q) = 0. Here hg%)(g) are appropriate generating functions whose definition
can be found in [4] and whose explicit expression will not be needed in our calculation.
The precise form of the “kernel” K(9)(T) is also not important for our calculation and we
displayed it only to help the reader make the connection with [4]. What matters for us
is only the following simple property: the kernel K(@(T) is independent of k whereas T,gq)
depends on k only through the variable 2. We immediately deduce that, if we make the
transformation 2% — Az* in the expressions for T, ,EQ), the obtained quantity still satisfies the
same recursion relation. In other words, if we set

(1 — X2k H(1 — Aakt?)

(1= Azht1)(1 — Azkt2) "

then T,gq)()\) still satisﬁe
(1) 20 = KT ) -

(10) TP =T®

This, together with the explicit form of T,gq)()\) is the only ingredient that we shall rely
on in the following for our explicit calculations.

3.1.2. Connection with the hull perimeter. Let us now briefly recall the origin of the recursion
relation and show how it may allow us to control the hull perimeter. Starting with an /-
slice with left boundary length ¢ between 2 and & (as enumerated by T]EQ)), the recursion is
obtained by cutting the f-slice along some particular line, called the “dividing line” in [4].
This dividing line is precisely the hull boundary at distance £ — 1 = d(vg,v1) — 1 from vy in

the f-slice, as we defined it in Section (see figure . The generating function T, lgq) is
obtained by multiplying the generating function of the domain C;—; (corresponding in the
slice to the domain on the same side of the hull boundary as v1) by the generating function of
the domain H,;_; (corresponding in the slice to the domain on the same side of the boundary
as vg). For a fized value L of the hull perimeter £(¢ — 1), the first generating function is
easily seen to be independent of ¢ (since there is no restriction on mutual distances within
this domain apart from the fact that vy is at distance 1 from the boundary). This generating
function is nothing but (see [4] for details):

[TL/Q]IC(‘I) (T)

(recall that £ is even). As for the domain Hy_1, it is formed of ezactly L/2 slices with
respective left boundary lengths £1,4,--- £, /o, each satisfying 2 < ¢; < £ — 1, hence 2 <
£; < k — 1 when we sum over all possible values of ¢ between 2 and k. These slices are
obtained by decomposing the domain H,_; upon cutting along the leftmost shortest paths
to vg from the £/2 — 1 vertices of its boundary which are at distance ¢ — 1 from vg, but the
last oneB Note that when ¢ = 2, the hull boundary at distance £—1 = 1 must be understood
as reduced to the single vertex vy, having length 0. Each of the £/2 slices composing the

10A detailed calculation shows that this actually holds only for A close enough to 1 so that we are

(1-AZ 22k +1) . . . . . ) )
Toash) (1 aahtT) remains non-negative. We shall be in this regime in the following.
iy [], a first edge of the right boundary of the slice, linking its vertices vée) and v(()éfl) at respective
distances £ — 1 and ¢ — 2 from vg was added for convenience to the dividing line. This edge is not present in
our definition where we let the dividing line start at the vertex v(()[_l) at distance ¢ — 2.
12The leftmost shortest path from this last vertex to vg follows the left boundary of the original ¢-slice

and need not being cut.

guaranteed that
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FIGURE 12. The decomposition of a slice enumerated by T,Eq) leading to the
recursion relation @[) The hull boundary at distance £ — 1, represented in
red and made of an alternating sequence of vertices at distance ¢ — 2 (filled
red circles) and at distance £ — 1 (open red circles) from the apex, serves
as a dividing line of even length L£(¢ — 1) (here equal to 10) separating a
domain Cy_; from the hull. By drawing the leftmost shortest paths to the
apex from each of the vertices at distance £ — 1 along the hull boundary
(open red circles), the hull itself is decomposed into a number £(¢ —1)/2
of sub-slices, each enumerated by Tlg@l (since each sub-slice S; has a left
boundary length ¢; satisfying 2 < ¢; < k — 1). The generating function of
the domain C,_; is [TFU¢—1/2)@(T).

domain H,_; is thus enumerated by 7, ,Eq)l and the net contribution of this domain to T,gq) is

eventually -

(T2) 7" .
Summing over all (even) values of £ yields the desired recursion relation (9).
If we now wish to keep a control on the value £ of the hull perimeter at distance d(vg,v1)—1
in the original (-slices (characterized by 2 < d(vg,v;) < k) by assigning, say a weight a*
to these f-slices, we simply need to replace T,@l by a? T,E‘i)l at the step k — 1 — k of the
recursion. In other words, the generating function of ¢-slices with 2 < ¢ < k, with a weight
g per inner face and a weight a“¢~1) is simply given by

3 TFPKD(T) x o x (T,g‘?l)ﬁ/

L>0
L even

2
=K@ (a” Tl&i) :

In the argument leading to this formula, ¢-slices with £ = 2 must be understood as having
L(¢ —1) = 0 (since the hull boundary is reduced to vy in this case), in agreement with our
general convention £(1) = 0 for slices associated with quadrangulations. The 2-slices are
thus enumerated with a weight o1 = 1.

3.1.3. Controlling the hull perimeter at some arbitrary d. If we wish instead to control the
hull perimeter at distance £ — 2 from the apex vy in f-slices with 3 < ¢ < k, we may simply
repeat our construction within each of the £(¢ —1)/2 sub-slices S; forming the domain H,_
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(=2

°
<k /—1

FIGure 13. The construction of the hull boundary at distance ¢ — 2 (i.e.
formed by an alternating sequence of vertices at distance £ —3 and ¢ — 2) by
concatenating the hull boundaries at distance £; —1 (represented in different
colors) of the various sub-slices S; forming Hy_1.

(recall that the left boundary length ¢; of the sub-slice S; satisfies 2 < ¢; < k — 1). More
precisely we start by constructing the hull boundary at distance £; — 1 within each sub-slice
S;. Here the distances within the sub-slice S; are measured from its aper w; which serves
as origin of the sub-slice. In particular, if ¢; = 2 for some ¢, its hull boundary is reduced
to the vertex w;. The hull boundary at distance ¢ — 2 is then obtained by concatenating
all the hull boundaries at distance ¢; — 1 of the successive sub-slices S; (see figure
This property is a direct consequence of the fact that the notions of distances and leftmost
shortest paths within the /-slice are strictly bound to the same notions within the sub-slices
S;. In particular, even though the apex w; of §; is in general distinct from vy, the distance
d(vg,v) from vy to any vertex v inside §; is equal to d(vg,w;) plus the distance within the
slice S; from w; to v: this is a direct consequence of the fact that the sub-slice boundaries
are shortest paths from their base extremities to vy in the original ¢-slice.

To summarize, the boundary perimeter £(¢ — 2) is the sum of the hull perimeters at
distance ¢; — 1 of the L(£ — 1)/2 sub-slices S; forming the domain H,_;. As before, each of
these sub-slice hull perimeters corresponds to twice the number of sub-sub-slices forming the
hull at distance ¢; — 1 of the sub-slice S; at hand, each sub-sub-slice being now enumerated by
T ,5‘1)2 (see figure . Considering two consecutive steps of our recursion relation, we deduce
that the quantity

(@ (/c@) (O; Té?z)) — K@(0).

is the generating function of f-slices with 3 < ¢ < k with a weight g per inner face and
a weight o= As before, we have taken the convention that (-slices with ¢ = 3 have
perimeter £(¢ —2) = 0 (since their hull boundary is reduced to vg). The subtracted term

K@) (0) = Tl(q) suppresses the /-slices with ¢ = 2 which would otherwise be present from the

13Note that when £; = 2 for some i, the hull boundary at distance £ — 2 simply passes through the apex
w; without entering the sub-slice S;, hence contributes 0 to the hull perimeter.
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first term. We may instead consider the un-subtracted quantity
(a)
(@ (;Cm) (O; T 2))

which is the generating function of ¢-slices with 2 < ¢ < k with a weight g per inner face and
a weight a£=2) if ¢ > 2 (and no a-dependent weight otherwise) . Repeating the argument,
we may, for 1 < m < k, identify

(12) IC(‘I)(IC(‘!>(~--(IC(q)(aZT,E‘i)m))))

m times

as the generating function of ¢-slices with 2 < ¢ < k with a weight g per inner face and a
weight a“(=™) whenever £ > m.

Assuming now k£ > 3 and d in the range 2 < d < k — 1, the generating function of k-slices
with a weight g per inner face and a weight a*(?) is given by

(13) ]C(q)(K(Q)(...(]C(q)(a2 Té@)))) _ k@ (IC(q)(«-~(IC(q)(a2 T<§Q_)1)))) ]

k—d times k—d times

Indeed, the first term corresponds to m = k — d in hence enumerates f-slices with
2 < ¢ < k with a weight Qfd+=k) if ¢ 4+ ¢ — k > 0 while the second term corresponds to
taking k > k—land m=k—d in hence enumerates ¢-slices with 2 < ¢ < k—1 with the
same weight o~ 4=k if d 4+ ¢ — k > 0. Taking the difference selects precisely (-slices with
¢ = k, enumerated with a weight a*(¥) (the condition d > 0 is automatic since we assumed
d>2).

Each of the term in the equation above may be computed as follows: define A\(@) (a;d) as
the solution of the equation

T (A (a;d) = a? T}
or equivalently

(14) (1= A9D(a;d) 24 1) (1 = MDD (a; d) 20H%) .2 (1 — 291 (1 — 2d+)
(1 — MDD (a; d) 24+1)(1 — MDD (a; d) 29+2) (1 — zd+1)(1 — zd+2)

This equation is quadratic in A@ (a; d) and we have to pick the branch of solution satisfying
A (1;d) = 1['4 This defines a unique value A(9)(c;d) and, from property (II), we have

(KD(KD (- (KD (a? Téq))»)) — T,EQ)()\(‘Z) (a:d))

k—d times

(@ (1= M (a;d) 2* 1) (1 = A9 (g d) 2FH4)
(1= XD (a;d) b 1) (1 = N D (s d) 2k+2)

(1-A2 g2ty
(1-xzm)(1-Agmtl
non-negative for A = )\(q)(a;d) and for all m < d + 1. Since z is in the range 0 < x < 1, the most
(1-22 £2d+3)
1-X Id+1)(17)\ zd+2)
sign upon changing A — 2473 /) which precisely corresponds, in the equation for A, to going from one
branch of solution to the other. So only one of the solutions can be used, which by continuity is the branch
satisfying A(9)(1;d) = 1 (the other branch satisfying A(9)(1;d) = 1/224+3 is not acceptable).

Lpg already noted, to be able to use property (|11)), we have to ensure that ) remains

constraining requirement is for m = d + 1, i.e. that ( > 0. Now this quantity changes
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By the same argument, we may compute the subtracted term in and we find eventually
that the generating function of k-slices with a weight o“(?) is given by

ZD(a;d, k) = T (A (a;d) — TR, (A9 (05d — 1))
(1—2)(1—2%) (1+4z + 2?)
= X
(15) (14 z+2?)
2P AD (s d — 1) = XD (e d) 2) (1 — XD (a;d — DAD (o; d) 22FF2)

(1= AXD(azd —1)2*) (1 = XD (a;d — 1) 2F+1) (1 — XD (a; d) 2F+1) (1 — XD (; d) 2*+2)
with )\(q)(a; d) as in . This quantity is also the generating function of k-pointed-rooted
quadrangulations as we defined them, with a fixed distance d(vg,v1) = k > 3, with a weight
g per face and a weight o“(? where £(d) is the hull perimeter at some fixed distance d
(2 < d < k) from vg. The first terms of the expansion in g of Z(@(a;d, k) for the first
allowed values of k and d are listed in Appendix B.

This calculation is trivially generalized to control simultaneously the perimeters at two
distances dy and dy with 2 < dy < ds < k. We simply have to properly “insert” the weight

aq at the di-th step of the recursion, then the weight as at the ds-th step. By doing so, we
find that the generating function of k-pointed-rooted quadrangulations (with a fixed distance

d(vg,v1) = k > 3) with a weight g per face and a weight af(dl)ag(dz) (L(dy) and L(d2) being
the hull perimeters at respective distances d; and dg from vg) is, for dy < da:

(16) Z(q)(al, 9] d1, dg) = Téq)(/\(q)(ozl,ag; dl, d2)) — T,g‘i)l(/\(")(al, 9] d1 — 1,d2 — 1)) s
with T,gq)()\) as in (I0), and where A(9 (a1, aa;d, d) is defined as the solution of
(]. — )\(q) (0[1, [eDHN dl, dg) xdz*l)(l — )\(q) (0417 Q9] dl, dg) $d2+4)
(1 — /\(q)(oq, a9} dl, d2) ,Id2+1)(1 — A(q) (Oél, a9} dl, dg) Id2+2)
9 (1 — )\(Q)(al; dl) :Cd271)(1 — )\(q) (011; dl) ZL’d2+4)
=«
2 (1= XD (aq;dy) 22+1) (1 — MDD (ay; dy) 2%2+2)

with A(@ (a1;dq) defined as in . Again the equation is quadratic in \(@) (a1, a9;dy,da)
and we pick the branch of solution satisfying A9 (ay,1;d1, ds) = A9 (ay;dy).

X

(17)

3.2. The case of triangulations.

3.2.1. The slice recursion. Let us now discuss k-slices, as defined in Section [2.1] in corre-
spondence with k-pointed-rooted triangulations. Again we consider the larger set of ¢-slices
with 1 < £ < k and denote by R,(f) = R,(f)(g)7 k > 1 their generating function with a weight
g per inner triangle. The function R,(:) is also the generating function of pointed-rooted
triangulations with 1 < d(vg,v1) < k and a weight g per trianglﬂ The explicit expression
for R,(f) reads [5:

R'E:) _ R(t) (1 —(I‘k)<1k<"—>1§)’2k+2) R(t) _ V 1 + 10z + .'172 )
11—z ’ 1+
where x parametrizes g through
B (14 x)
9= A+ 10z + 22)373

Again we fix x univocally by imposing the extra condition 0 < x < 1: the generating

functions are now well-defined for real g in the range 0 < g < 1/(2-3%/4). The recursion

), the generating function T,gt) of l-isoslices with 1 < ¢ < k

. . . .. t

relation involves, in addition to R,(C

15By pointed-rooted triangulations, we mean in general ¢-pointed-rooted triangulations with arbitrary

£ > 1. In particular, the endpoint of the marked edge e; is at distance 1 less from the origin than its first
extremity.
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and a weight g per inner triangle. The ¢-isoslices are defined exactly as ¢-slices except that
both their right and left boundaries have the same length ¢ (in other fords, both extremities
of the base are at distance ¢ from the apex — see ﬁgure. Note that, as opposed to f-slices,
{-isoslices are not related bijectively to some particular set of triangulations. We have the
explicit expression [5]:

(1- )
(1 — g+l

1— xk+3)

( (1+ 10z + 22)1/4
(1 —ak+2)

(t) _ (t
T =T (1 + x)3/2

7O = Vo

The recursion relation of [5], which fixes R,(:) and T,gt), may now be written as:

R =NO@) 0 =K@,

R®
NO(T) = L 7
(18) 1— RW T o0(T)
1- R ToO(T) I ’

for £ > 1 with T, O(t) = 0. Here the quantities hl(-t)(g) denote appropriate generating functions
defined in [5] and whose explicit expression is not needed. Again we note that the kernels

NO(T) and K®(T) are independent of k while R\" and 7" depend on k only through the

variable z*. A before, we immediately deduce that, if we set

1—AzF)(1 — A akt2)
(1 — Aght1)2 ’

(1= Xa®)(1 — Xakt3)
(1 = ANaht1)(1 — Aaht2) 7

19) R\ =R ( TN =1®

then
200 RIN)=NIUTL 0, 10 =K1 o)
(for A close enough to 1).

3.2.2. Controlling the hull perimeter. Again the recursion relation is intimately linked to
the notion of hull perimeter. Let us recall how it works for triangulations. We consider an

l-isoslice with left boundary length ¢ between 1 and %k (as enumerated by T,gt)) and cut it
along its so-called dividing line (as defined in [5]) which is nothing but the hull boundary at
distance ¢ — 1 from vy in the ¢-isoslice, defined exactly as in Section (see figure|14] for an

illustration) Thanks to this cutting, we deduce that the generating function Tkt is the
product of the generating function of the domain Cp_; times that of the domain H,_;. For
a fixed value £ of the hull perimeter £(¢ — 1), the first generating function is simply:

[TE1CO(T)

while the second generating function reads:

L
()
(Tk_1> .
This is because the domain H,_; may be decomposed into exactly £ sub-isoslices with left
boundary lengths ¢;, 1 < ¢ < L, satisfying 1 < £; < £ — 1, hence 1 < ¢; < k — 1 when

considering all possible values of ¢. As before, these sub-isoslices are obtained by cutting
along the leftmost shortest paths to vy from the £ — 1 internal vertices of the hull boundary
at distance ¢ — 1. Each of the £ sub-isoslices contributes a factor T,gtjl to the generating
function. Summing over all values of L yields the desired recursion relation . To assign a
weight o to our /-isoslices, we simply need to replace T,gtjl by « Tlii)l at thestepk—1— k

6\When ¢ = 1, the hull boundary at distance £ — 1 = 0 must be understood as reduced to the single
vertex vo, having length 0.
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FIGURE 14. Schematic representation of an f-isoslice and its decomposition
by cutting along the hull boundary at distance ¢ — 1 from its apex. The
domain Cy_; is enumerated by [T#]K®) (T) if the value of the hull perimeter
L(¢—1) is £ while the complementary domain is formed of £ isoslices, each
enumerated by T,gt_)l (if we wish, for fixed £, to count all the f-isoslices
satisfying 1 < ¢ < k). Here £ = 5.

of the recursion so that the generating function of ¢-isoslices with 1 < ¢ < k, with a weight
¢ per inner face and a weight o“¢~Y is simply

KO (i)

(again, f-isoslices with ¢ = 1 must be understood as having £(¢ — 1) = 0, hence are enumer-
ated with a weight a*(~1) = 1).

As for the relation giving R,(f) in 7 it follows from a similar decomposition of ¢-slices
with left boundary length ¢ between 1 and k. The hull H,_; is characterized by exactly the

c
same distance constraints as for isoslices, hence yields the same generating function (T,gt_)1>

if £(¢ — 1) has a fixed value £. Only the domain Cp_; is modified and has then generating
function [TXJN O (T) (see figure . This leads to the desired relation in (I8). Again, we
may easily assign a weight o* by multiplying T,E?l by «. In other words, the generating

function of f-slices with 1 < ¢ < k, with a weight g per inner face and a weight o“¢~1 is

NO@T?)

(¢-slices with £ = 1 are enumerated with a weight o*(‘~1) = 1).

Repeating the argument of Section [3.1] we obtain, for 1 < m < k, the generating functions
of, respectively, ¢-slices and f-isoslices with 1 < ¢ < k with a weight g per inner face and a
weight a£(=™) whenever ¢ > m, namely:

NO(KD (... (/C(t)(aT,Et,)m)))) and

m—1 times

(21)
Kc® (;C(t) ( . (;C(t) ( o T]gt_)m)))) respectively

m times
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-— .

(—1
CER o)

FIGURE 15. Schematic representation of an /¢-slice and its decomposition
by cutting along the hull boundary at distance £ — 1 from its apex. The
domain below the hull boundary is now enumerated by [T*IN®(T) if the
value of the hull perimeter £(¢ — 1) is £ while the complementary domain
is formed of L isoslices Z; of left boundary length ¢;, exactly as in figure
each enumerated by T,gt_)l (if we wish, for fixed £, to enumerate all ¢-slices
with 1 < £ < k). The hull boundary at distance ¢ — 2 from the apex is
obtained by concatenating the hull boundaries at distance ¢; — 1 from their
apex w; of all the sub-isoslices Z;.

(see figure [15] for an illustration of the first identity when m = 2).
If we now take k > 2 and d in the range 1 < d < k — 1, the generating function of k-slices
with a weight g per inner face and a weight a*(%) is

NO(ED (- (K (aTy?))) = NO (KO (- (KO (aT)?)))) -
k—d—1 ti k—d—1ti

As for quadrangulations, both terms in the equation may be computed upon defining A(*) (a; d)
as the solution of the equation

TV A (a;d)) = a TS
namely

(L= XD (s d) a?)(L = XD (asd)a™?) (1= ad)(L = aT+?)

@2 A0 d) e ) (1~ A (o d)22) ~ (L= )1 = 2892)

where we pick the branch of solution satisfying )\(t)(l; d) = 1. From property 7 we have

NO(KO (- (KO (aT{)))) = RO AD (a;d))
_pod- A (a; d) %) (1 — XD (a; d) 2F+2)
(1= A (a;d) ak+1)2
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so that the generating function of k-slices with a weight a“(%) eventualy reads
Z0(a;d, k) = RY (N9 (o)) = R, (A (a5d — 1))
(11— x)Q\/mx
(23) (1+x)
1A (a;d — 1) = XD (a;d) ) (1 — A (s d — 1)AD (; d) 226 +1)
(1 -2 (a;d—1) x"?)2 (1= A (s d) x’“+1)2

with A (a;d) as in (22). This is also the generating function of k-pointed-rooted triangula-
tions as we defined them, with a fixed distance d(vg, v1) = k > 2, with a weight g per triangle
and a weight a*(9) where £(d) is the hull perimeter at some fixed distance d (1 < d < k)
from vy. The first terms of the expansion in g of Z(®) (a; d, k) for the first allowed values of
k and d are listed in Appendix B.

Again we may impose a simultaneous control on the perimeters at two distances dy and ds
(1 <dy <dy < k). The generating function of k-pointed-rooted triangulations (with a fixed
distance d(vg,v1) = k > 2) with a weight g per face and a weight af(dl)af(dQ) (L(dy) and
L(d3) being the hull perimeters at respective distances d; and ds from vg) is, for d; < da:

X

(24)  Z0(a1,az;dr, o) = RY (A (a1, a0;dy, da)) — RY | (AD (ar, a0;dy — 1,dz — 1))
with R,(:)(/\) as in (19), and where A (a1, as;dy, do) is defined as the solution of

(1 — )\(t)(ozh ag;dy, dg) xdz)(l — )\(t)(al, ao;dy, dz) l‘d2+3)
(]. —A\®) (Ckh a9, dl, dg) (Ed2+1)(1 — ) (al, a9, dl, d2) $d2+2)

(1= 2B (ay;dy) 2%) (1 — AP (ay;dy) 2%+3)
(1= A (a5 dy) 2% 1) (1 = X (a5 dy) 2%212)

with A®(ay;d;) defined as in (22)). The correct branch of solutions for A®) (e, ao;di, da) is
that satisfying A)(ay, 1;dy,do) = A (ay;dy).

(25)

:a2

4. THE LIMIT OF LARGE MAPS

4.1. Singularity analysis. We now have at our disposal all the required generating func-
tions. Let us recall how to extract from these quantities the desired expectation values and
probability distributions. Our results of Section[2.2]apply to the ensemble of uniformly drawn
k-pointed-rooted quadrangulations (respectively triangulations) having a fixed number N of
faces and a fixed value k of the distance between their origin vy and the first extremity vy
of their marked edge e;. In our generating functions, k is already fixed but, in order to
have a fixed N, we must in principle extract the coefficient of ¢g"V in their expansion in g.
In Section [2.2] we specialized our results to the limit N — oo: the asymptotic behavior
of the coefficient of gV is then directly encoded in the singular behavior of the generating
functions. In the case of quadrangulations, a singularity occurs when g approaches its “crit-
ical value” 1/12, corresponding to the limit 2 — 1. For triangulations, the singularity is for
g — 1/(2-3%/%). The singular behavior is best captured by setting

1 4 .
D (1 —€ ) for quadrangulations ,

1 4 . .
9= 5 331 (1—¢*) for triangulations ,

g:

and expanding our various generating functions around € = 0.
Let us now discuss in details the case of quadrangulations. The small € expansion of
Z\9(a; d, k) takes the form:

(26)  Z9D(a;d, k) = Agn(a; d, k) + Aé‘”(a; d,k)e* + A:(,,q)(oz; d,k)e® + O(e®)
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where we note in particular the absence of a term of order €. The constant term and the
term of order ! = 1 — 12 g being regular, the most singular part of Z(9(«;d, k) is therefore

Z9D(0;d, k)|sing. = A (3 d, k) (1 —12g)%/?
and, by a standard result, we deduce the large N behavior

3 12N
4 N5/2

This gives the large N asymptotics of the “reduced” generating function (with « as
only left variable) of k-pointed-rooted quadrangulations with a fixed number N of faces,
a fixed distance d(vp,v1) = k and a weight af(@ To get the expectation value of a/f(%)
in the ensemble of k-pointed-rooted quadrangulations with fixed N and k, we must divide
this generating function by the cardinal of this ensemble. The latter is easily obtained by
taking o = 1, in which case Z@(a;d, k) and Ag‘Z) (a;d, k) do not depend on d (recall that
A(1;d) = 1 independently of d). The large N behavior of the number of k-pointed-rooted
quadrangulations with fixed NV and k is thus

§ 12V
4 N5/2
irrespectively of d. The expectation value of «
qu)(a; d, k)
A (1d, k)

[gV129 (asd, k) ~ x A (ard, k) .

(gN)ZD(1;d, k) ~ x A (1;d, k)

£(4) in our ensemble is thus simply

27 W\(a;d) = Ep(at@) =

The computation of W,Eq) (a; d), although straightforward, is quite cumbersome and we do
not give its full expression here. As we discussed in Section [2.2] our main interest is the
limit of large k. If we send k — oo, keeping d finite, the expression of W,Sq)(a; d) drastically
simplifies and we find

1 (_ V(d=2)%(d+ 3)2a* —26(d — 2)d(d + 1)(d + 3)a? + 25d2(d + 1)2

(;ng)(o‘;d) 2 d(d+1)(1—a?) + 6a?

+

V(d—1)2(d+4)2a* —26(d — 1)(d + 1)(d + 2)(d + 4)a2 + 25(d + 1)2(d + 2)2
(d+1)(d+2)(1—a?)+ 6a? '

In particular, the average length £(d) is simply

0 2(d +1)2 (3d2 + 6d — 4)

B (L(d)) = 5o WD (@ dlams = =iy

For large d, this average length scales like d?/2 = (3¢/2) x d? with ¢ = 1/3. Introducing as
in Section [2.2| the rescaled variable L(d) = £(d)/d?, we have
- 1
i —TL(d)y _ 5 D(e~Fod) = — —
dlggo Eoo(e ) dlggo Wes'(e7#3) (1+cT)3/2
with ¢ = 1/3, as announced in eq. (I).
Returning to a finite value of k, we give in Appendix C the general expression for the
average length £(d), i.e. the expression of

0
Ex(L(d)) = 5 W, (0 d)]a=r -
From this expression, we deduce, by considering the limit of both d and k large, with a fixed
value of the ratio u = d/k (0 < u < 1), the average value L,y (u) of rescaled length L(d) ,
namely:

3¢

Lao(u) = lim —— B (L(ku)) = .

k— o0 (ku)2 (1+U_BUG +U7)
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with ¢ = 1/3, as announced in Section

We may perform similar calculations for triangulations, taking as starting point the quan-
tity Z®) (a;d, k) of eq. . Following the same lines as above, we obtain an expression for

W (a; d) = Bi(aX®)

in the ensemble of k-pointed-rooted triangulations with fixed & and N, in the asymptotic
limit where N — oo. In particular, we now get

1 <_ VA@=1)(d+2)(d=1)(d+2)(9—a)(1 —a) — 20a + 36) + 36

W (ad) = 3 d-D)d12)(1_a)t2

(29) i
N Vd(d+3)(d(d+3)(9 — a)(1 — a) — 20a + 36) + 36
d(d+3)(1 —a) +2 ) ’

from which we extract
~ 3d(d+1)%(d+2)
Eo(L(d)) = (2d+1)(2d +3) ’

which now scales at large d as 3d%/4 = (3¢/2) x d* with ¢ = 1/2. The explicit formula of
E(L(d)) for finite k and d is presented in Appendix C. We also easily compute as above the
values of limg_,o0 Foo (e~ (D) and Ly, (u) for triangulations, whose expressions are exactly
the same as for quadrangulations, except for the value of ¢, now equal to 1/2.

4.2. A shortcut in the calculations. The calculations above were performed for finite d
and k, leading to some non-universal quantities with rather involved expressions from which
we then extracted some of the universal laws at d,k — oo announced in Section such
as the expressions for L, (u) and for limg o Foo (e_TL(d)). To obtain in a more systematic
way the results of Section 2.2] we may simplify our calculations and incorporate ab initio
the fact that k and d are eventually supposed to be large.

4.2.1. A more direct computation of the probability density for L(d) when k — oco. We
start again with the case of quadrangulations. All our calculations rely on the expression
of Aéq)(a; d, k) in . The large k& behavior of this coefficient may be deduced from the
so-called scaling limit where we let ¢ — 0 and k — oo as

K
k=—

€
with K finite. More precisely, when € — 0, we have the expansions
z=1-V6e+O()
AD(a;d) =1 — AD(a;d)e + O(€?)
where A9 (a; d) is obtained by expanding at leading order in €, namely as the solution
of
(30) (A@ (a; d))z +V6(2d + 3)AD (0rd) 4 6(d ~1)(d+4) _ , (d=1)(d+4)
(A@(a;d))” + v6(2d + 3)A@D (a; d) + 6(d + 1)(d + 2) (d+1)(d+2)

which vanishes when o« = 1. We then have the scaling behavior when ¢ — 0:

A (a;d7 K> ~ ZD(0;d, K) €
€
240 VOK (1 4 e\/€K> (AD(a;d) — AD(a;d — 1) + V/6)

o)

2D (a;d, K) =
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To be consistent with the expansion , the coefficient qu)(a; d, k) must behave at large
k as k?*=3 and more precisely

A (i d, k) L~ R RP T (i d K)
—00
Expanding Z(Q)(a; d,K) at small K and extracting the term of order K3, we thus deduce
2 /2
A (a;d, k) I~ kS x 7\/; (A(q)(a; d)—AD(a;d—1) + \/6)

—00
and, from ,

AD(a;d) — AD(a;d — 1)+ /6
£y @ (e (s d) ;
(31)  Ep(a™'Y) =W, " (a;d) N 7

from which follows immediately. When d — oo, we easily get from that

AD (e~ d) = \/éd(\/liﬁ — 1) +3\/§ <(1+017)3/2 - 1) +0 (2)
AD (e~ d—1) = Vod (\Aiﬁ —1> +\/§<(1+;)3/z - 1) o (2)

with ¢ = 1/3 and immediately implies and, by some inverse Laplace transform, the
expression of the probability density for L(d) when d is large. In conclusion, the above
approach based on the scaling limit provides a more direct proof of our first main result,
here for quadrangulations.

4.2.2. Computation of the joint probability density for L(dy) and L(d2) when k — co. By a
straightforward extension of the above analysis, we find that, for d; < d,

(32) Ek(aladl)aé:(dz))k: (a1, 0;d1,do) (a1, az;di —1,do — 1) + /6
> V6

where A(q)(al, ao;dy, dy) is fixed by
(AD (0, a2 dl,dg)) +6(2ds + 3)AD (a1, ag; dy, do) + 6(dy — 1)(do + 4)
(A@ (a1, az; dl,dg)) +6(2ds + 3)AD (a1, ag; dy, do) + 6(dy + 1)(do + 2)
, (A@(ay;dy )2 +V6(2d + 3)A@ (a1;dy) + 6(da — 1)(do + 4)
* (A (ay; dy))” + v6(2da + 3)A@ (0 dy) + 6(dz + 1)(da + 2)
with A9 (ay;d;) defined by (we pick the solution such that A@ (ay, 1;dy, do) = AD(ay;dy)).
Setting dy = d, dy =vd (v > 1) and letting d — oo, we then have

AD (e~ 3 e GaT 4, vd) = V6 do 1+ (v— 1wy .
Vo2w? +en(l+ (v —1w)?

" 3\/3 ((v2 W2+ em(l f(u —Dan)2)?? 1) O Cl)

1+(’U—1)0J1 1
V2w +en(l+ (v—1w)?

3 1
/2 e 77— 1 )+O(>
2\ (2w 4 em(l4 (v —1)w)?) d
where w1 =1 +cm ,

with ¢ = 1/3. Plugging these expansions in , we deduce the announced result @
Knowing @, it is not difficult to deduce the expression for the joint probability density

A(q)(e_ﬁ’e_(vTj)Q 7d_ 1,Ud_ 1) = \/éd/U (
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P(L1, La; v) by performing a double inverse Laplace transform. The details of this transfor-
mation are presented in Appendix A. This proves our third main result for quadrangulations.

4.2.3. Similar results for triangulations. In the case of triangulations, we find along the same
lines

(33)  B(af@) = WO (ara) ~ AD@id) = AD(aid 1)+ V83
k k—o00 8\/§
with A® (a;d) fixed by

(A(tad)+\/ 3(2d+ 3)AD(a;d) +8V3d(d+3) d(d+3)

(A (a;d))* + V/8v/3(2d + 3)A®) (a; d) + 8v/3(d + 1)(d + 2) IS TR

This immediately leads to for finite d and, in the limit d — oo, to with ¢ = 1/2. We
have similarly

£(dy)  L(dz) AW (g, az;dr, do) — A® (aq, 5dy — 1,ds — 1) + V/8V/3
Ep(a7 Vay ™)~
k—o00 8\/3

with A® (ay, ag;dy, ds) now fixed by
(A(t)(al,az;dth ) +F2d2+3 (o, ag;dy, dy) + 8v/3dy(dy 4 3) B
(A® (a1, az; di, d2))” + V/8v/3(2dy + 3)A®) (al,ag;dl,d2)+8f(d2+1)(d2+2) -
(A® (ar;d1))” + V/8v3(2ds + 3)AD (e dy) + 8V3 da(ds + 3)

* (AO(ar;d))? + V8V3(2ds + 3)AO (al;d1)+8f(d2+1)(d2+2) '

Setting di = d, do = vd and sending d — oo leads again to @, now with ¢ = 1/2. This
ends the proof of our first and third main results for triangulations.

4.3. The hull perimeter at a finite fraction of the total distance. We end our cal-
culation with the derivation of , corresponding to the limit d, k — oo with u = d/k fixed
(0 < u < 1). For quadrangulations, we have

A(Q) Tz . ku. k

lim Ek(ef'rL(ku)) — lim W(Q) (e (k“)z k:u) — lim =3 (6 R U, )

k—o0 k—o0 k—oo qu)(l; ke, k)
(recall that the denominator in the last expression is actually independent of ). Again the
full knowledge of Ag‘n (; d, k) is not required to handle the limit of large k and we may again
have recourse to the scaling limit by setting k = K /e and letting ¢ — 0. We have now the
expansions
2@ (e(KTu)QEZ; Ku) = 1@ — D¢+ O(e?)
(34) o
A@ (e‘(KTuﬂe ;ﬂ _ 1) = u@ — @ 4 O(2)

€

where (9 = p,(q)(T; K u) is obtained by expanding at second order in e, while v(9 =
V9 (7; Ku) and €@ = £ (7; K u) follow from an expansion to third order. We find explic-

itly
9w? cosh? (\/§w> + <9w2 —6w \/sz coth? (\/g) +27‘—|—27'> sinh? (\/§w>
Vow

(@) — (V6

‘LL pry
w2+ 27 sinh? (\/gw)

with w =K u
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and

(6\/?3Ku T 1) (e\/éKu B H(q))3

(e\/éKu _ 1)3 (e\/éKu n M(q))

Plugging the expansion in , we then have the scaling behavior

zZ@ (e_mez;lﬂ&’[() ~ (1 K u)é

(9 — @ = /6 (@)

—

e e
(D Ku) — 24¢VEK (6\/6K i u(q)) (V@ f35<q> VB )
(35) (e Vor u<4))
241/6 V0K (eﬁku n 1) (eﬁm N M(q))3 (eﬁK N u(‘”)
_ (evou - 1)3 (evr u('”)g (evosu 1 @)

To be consistent with the expansion , we need that
A (e TD ku k) ~ k2 x K2 (1 K )

k—o0

We deduce in particular

AD (T ku k) [K3CD(r K
hm Ek(efTL(ku)) — hm 3 ((6) yRU, ) _ [ 3]C( )(7_; ,'LL) .
koo koo AW (1w, k) [K3]¢(@(0; K, u)

Using the above explicit expressions for u(? and ¢(@ (1; K,u) and performing a small K
expansion to extract the appropriate term of order K3, we eventually arrive at with
c=1/3.

We can repeat the analysis for triangulations. If we use notations which parallel those
introduced for quadrangulations, we find the simple correspondence

3r 2
) (. — (@ .
L (T,Ku)—,u (2,31/4Ku)

t) €(t) . \/8% (GMKu + 1) (e 8V3Ku __ #(t))?’
Y - (ev/avaRa 1) (evavaa 1 40)

24 MemK (emK“ + 1) (emK“ - ,u(t))3 (e\/ﬁK + /L(t))

®

—p

(O K u) =

(e 8V3Ku _ 1)3 (6 8VBK _ ,ut))g (eMKu n M(t))

and

- —rpkwyy _ KOO (7 K u)
o, Ble )= B0 K ) |

With these expressions, we arrive at the same expression as for quadrangulations, but
now with ¢ = 1/ﬂ

This proves our second main result for quadrangulations and triangulations. To obtain
the expression for P(L;u), we simply have to compute the inverse Laplace transform of
F (o(7;u);u) as given by . The details of this computation are presented in Appendix A.

17Note that the passage from quadrangulations to triangulations amounts to two simultaneous changes:
K — 2K/31/4 and 7 — 37/2. The first change has no impact on the formula for limy_, oo Ej(e~"L(* %)) but
the second change is responsible for the passage from ¢ = 1/3 to ¢ =1/2.
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5. CONCLUSION

In this paper, we showed how to control the hull perimeters in pointed-rooted quadrangu-
lations or triangulations in a very explicit way by some appropriate decoration of recursion
relations inherited from a decomposition of the maps via cuts appearing precisely along
hull boundaries. Even though we concentrated here only on the statistics of hull perime-
ters, namely the lengths of hull boundaries, we could in principle measure other quantities
characterizing the hulls such as for instance their volume, as was done in [2] 3].

It was recognized in [7, [6] that the structure of the hull in a random map can be under-
stood as some particular time-reversed branching process. In our formalism, this process
appears in the branching nature of the successive cuttings of the original slice encoding the
pointed-rooted map at hand into smaller and smaller sub-slices. In particular, the branching
information is entirely captured by the kernel of the recursion relation. In this respect, it is
likely that the universal laws that we found can be given some more direct interpretation as
statistical laws for appropriate quantities in the branching process.

To conclude, we would like to stress that we were eventually interested in this paper in the
limit N — oo with distances which do not scale with V. This is the so-called local limit of
large maps, whose continuous description is provided by the Brownian plane [1]. If we want
instead a full access to properties of the so-called scaling limit, described by the celebrated
Brownian map [9, 8], we simply have to let k and d scale like N'/* when N becomes large.
Our expressions are also well adapted to this scaling limit and it could be interesting to
extend our calculations to this case.

Note finally that the notion of hull was recently shown in [I0] to be a fundamental ingre-
dient in the characterization of the Brownian map, which makes its statistical study even
more appealing.

APPENDIX A. INVERSE LAPLACE TRANSFORMS

The quantity P(L;u) is simply the inverse Laplace transform of F (o(7;u);u) as given
by , where L is the conjugate variable of 7. Assuming that we know the inverse Laplace
transform F(f;u) of F(o;u), where £ in the conjugate variable of o, we clearly have, since
o(r;u) = (b(u) — 1) + cb(u) x 7 (with b(u) = (1 — u)?/u?):

1 . L _bw)-1 p
Liu) = Pl v L
P = e F ()

To compute F (¢;u) , we simply need the inverse Laplace transforms of the functions o™ for
n = —4, —3 and —2, and those of 0" /(14 ¢)°/? for n = —4,—3,--- ,+1. The first three are
respectively £3 /3!, £2/2! and £. As for the last six, they are equal to:

e VI (4% +315) 1 ( \/Z)

- (803 — 6002 _
n=—4 NG + 15 (8¢° — 60¢% + 2100 — 315) erf
Se~tVI(20+21) 1, ,
e Vi4l+15) 1

n=-—1: —Qez\f\ﬁ?g)—l—erf(\/z) ,
4e=tp3/2
NG
2e7VI(20-3)
3T '
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Using these values, we easily evaluate

Flu) = “32\%( ((&m (1 —af (\/Z)) - 1) p(0) + r(£)>

with p(¢) and 7(¢) as in (5)) where b = b(u) = (1 —u)?/u?. Equation (5] follows immediately.

Let us know discuss how we may obtain the expression for the joint probability density
P(Lq, La;v). Clearly, it is simply the result of a double inverse Laplace transform of the
expression @ where L; and Lo are the conjugate variables of 71 and 79 respectively. The
inverse Laplace transform in the variable Lo is easily performed, leading to

_ Lyv2w? ) _ t3 (v—1)%w?
Ly v e elw-—Dwr+n? 2 (v—1)v e 2(—Dwrt)? ¢,

T AR (Do) Vi ¢ (- Dem 1)

. 2L2 1}2
with w1 =vV1+cm and =4/ — .
c(v—1)2

Writing the second factor as

t% (v71)2w% t%
e Ho—Dwrt)? ty ¢ 2+ 03 1
= b} 1 =T ’
(v - Dwr +1° (@ +1)° (0= Ljwn

we may expand the last expression as

2

2
SRR U PR e i
=e % X E (—=1)" m,(t2)
3
(1 +1) — nl

with 7, (t) as in . This latter equation is obtained from the relatioﬂ

B (2", 0
( 2o A A n—1_-—-=3
e =) T (t ‘ )

upon differentiating with expect to Q; and multiplying by (23/t2). We may now use the
inverse Laplace transform:

n+3
> —1

E N L
1 1 Inv. Laplace Trans. e (c(v—11)2
=131 fen) s c(v—1)2T (233)

n+3 __
Qe =

Incorporating this formula in our infinite sum, we end up with

nt3 g
[e%e) -4 Ly 2
2 (’U— 1)’1)2 _ 5 1 € (W) n
Pl Laio) =y 2 X e X D oy (g (D ()

MV

n=0

which is precisely .

18Using the Leibniz formula to compute the n-th derivative and rearranging the terms, the right hand
n

side in the relation is indeed easily rewritten as the shift operator 3572 § %y %f(t) = f(t+ a) acting on the
function f(t) = e~*"/2 with a = —tQ /(0 + 1).
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APPENDIX B. FIRST TERMS OF THE g-EXPANSION OF Z9(a;d, k) AND ZW(a;d, k)

We give here the first terms of the g-expansion of Z(9)(«;d, k) (up to order ¢®) and of
ZW(a;d, k) (up to order g'?) for the smallest values of d and k allowed in our formulas. The
coefficients of o gV in these expansions are the numbers of k-pointed-rooted quadrangula-
tions (respectively triangulations) with a given number N of faces and a fixed value £ of the
hull perimeter £(d). We find:

ZD(a;2,3) = ®¢* +15a%g* +a? (a® +178) g* +7a? (4a? +281) ¢°

+a? (o' +518a%+21165) g°+ (42a°+8018a" +2254880°) g”

+a? (a5+1075a +112671a% +2395983) ¢°+O (¢°)
ZWD(;2,4) = a?g>+2202¢* + (a4+342a2) g+ (36a4+4640a2) q°

+(a®+815a* +587990?%) g7 + (510 +14914a* +71686502) ¢*+0 (g°)
Z(q)(a; 3,4) = g3 4+22a%¢* +o? (2a2+341) ¢>+a? (71a2+4605) g8

+a? (3a* +1586a° +58026) ¢” +5a° (30a* +5731a”+140605) ¢°+0O (g°)
Z9(a;2,5) = a’¢*+290%g° + (a* +555a2) ¢+ (430" +8876a%) g

+(a®+1127a* +128712a%) g*+0 (g°)
Z9D(a;3,5) = a?¢*+290%¢° +2a* (a?+277) ¢°+ (87a’ +8832a2) ¢”

+a” (3a*+23000°+127537) ¢°+0 (g”)
7D (a;4,5) = o?¢* +290%¢° +2a* (a?+277) ¢°+a? (86a%+8833) ¢”

+a? (3ot +22510° +127586) g°+0 (¢°)

and

ZW(a;1,2) = ag’+a(a+14)g" +a (a®+26a+199) ¢°+a (o’ +39a% +533a+2952) ¢°
+a (o' +530%+10620% +101470+45473) g'°
+a (0 +68a" +18240° +250400° + 187756+ 722498) ¢'* 40 (g'*)
ZW(a;1,3) = ag'+a(a+28)¢° +a (a?+42a+612) g8 +a (o’ +57a% +12200+12326) g*°
+a (o' +730%+20900% +304560:4-239793) g*2+a+0 (g'*)
ZW(;2,3) = ag*+a(2a+27)¢° +a (302 +79a+573) ¢®+a (4a® +159a2 +2178a+11263) ¢'°
+a (5at +2700° +54790° +51970a+214689) ¢'?+0 (g'*)
ZW(a;1,4) = ag®+a(a+42)¢* +a (o +56a+1225) g*°
+a (a®+71a*+2031a+30792) g"*+0 (g"*)

Z®(a;2,4) = ag®+a(2a+41)g* +a (3*+111a+1168) g'°

+a (40’ +2130° +3984a+28694) g"*+0 (g**)
ZW(a;3,4) = ag®+a(2a+41)g*+a (302 +108a+1171) ¢'°

+a (40® 42040 +3791a+28896) '+ 0 (g™ .

APPENDIX C. GENERAL EXPRESSION FOR THE AVERAGE HULL PERIMETER

We give here for information the expression of Er(L(d)) at finite k and d, for both
quadrangulations (satisfying Fx(L(d)) = %W,ﬁq)(a; d)|a=1) and triangulations (Ex(L(d)) =



STATISTICS OF HULL PERIMETERS 31

Ey(L(d))/d?

0.2 0.4 0.6 0.8 1 d/k

FIGURE 16. A plot of Ex(L(d))/d? for quadrangulations as a function of
d/k for k = 100, 200, 500 and 1000 (from top to bottom), and the scaling
limit L., (d/k) (green line).

%W,ﬁt) (o;d)|a=1)- In the case of quadrangulations, we find:

k(k+1)(k+2) y
(k2 +2k—1) (5k*+20k3 +27k% + 14k+4)

Ex(L(d) = 2

X ((d—1)(d+1)(d+2)(d+4)(2k+3)x

(1—d)(d+1)(d+2)(d+4) (5d*+15d+17)+(k+1)*(k+2)? (5k?+15k+2) —4)
8 3(2d+3)(k+1)2(k+2)?

— (d—2)d(d+1)(d+3)(2k+1)
 (2=d)d(d+1)(d+3) (5 +5d+7) +K(k+1)* (5k2+5k;—8)—4)>

3(2d+1)k2(k+1)?

for 2 < d < k. This quantity, rescaled by d?, is plotted in figure [16| to emphasize its scaling
limit at large k and d.

In the case of triangulations, we find instead:

k% (k+1)?

E d)) =

k(L)) 2(2k+1) (5kO+ 15k5 + 14k1 4 3K% —k2—1)

y d(d+1)(d+2)(d+3) (10(k+1)°—=7(k+1)*—2d(d+1)(d+2)(d+3) (5d*+15d+14) —2)
(k+1)%(2d+3)

(d—1)d(d+1)(d+2) (10kS —7k*—2(d—1)d(d+1)(d+2) (5d>+5d+4) —2)
B k3(2d+1) '

for1 <d<k.
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