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CONVERGENCE IN C([0,7T]; L*(©)) OF WEAK SOLUTIONS TO PERTURBED
DOUBLY DEGENERATE PARABOLIC EQUATIONS

JEROME DRONIOU!, ROBERT EYMARD?2, AND KYLE S. TALBOT?

ABSTRACT. We study the behaviour of solutions to a class of nonlinear degenerate parabolic
problems when the data are perturbed. The class includes the Richards equation, Stefan problem
and the parabolic p-Laplace equation. We show that, up to a subsequence, weak solutions of
the perturbed problem converge uniformly-in-time to weak solutions of the original problem as
the perturbed data approach the original data. We do not assume uniqueness or additional
regularity of the solution. However, when uniqueness is known, our result demonstrates that
the weak solution is uniformly temporally stable to perturbations of the data. Beginning with
a proof of temporally-uniform, spatially-weak convergence, we strengthen the latter by relating
the unknown to an underlying convex structure that emerges naturally from energy estimates on
the solution. The double degeneracy — shown to be equivalent to a maximal monotone operator
framework — is handled with techniques inspired by a classical monotonicity argument and a
simple variant of the compensated compactness phenomenon.

1. INTRODUCTION

Consider the class of doubly nonlinear parabolic problems
OB(u) — div[a(z, v(u), V¢(u))] = f in Qx (0,7),

(P) B(u)(x,0) = B(u™)(z) in €,
Cu)=0 on 00 x (0,T)

on a bounded open subset © of R¢. The functions 3 and ¢ are nondecreasing and the function v
satisfies v/ = 3¢’. The operator a is of Leray-Lions type and ™ € L?(2). In applications one may
have only approximate knowledge of the data (83, ¢, v, a, f,u™), and one is interested in the value of
the solution at a particular instant in time. The main result of this article concerns the continuity
of v(u) with respect to perturbations of the data. For n € N, consider perturbed problems with
corresponding solutions ,,:

OB (un) — div [an (2, vn (un), Vi (un))] = fn in Q x (0,7),

(Pn) Bn(un)(x7 0) = Bn(ulr?l)(x) in Q,
Ca(un) =0 on 9Q x (0, 7).
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2 J. DRONIOU, R. EYMARD, AND K.S. TALBOT

If the data (Bn, Cns Un, Gn, fn, i) converge to (B3, ¢, v, a, f,u™) in suitable manners, we show that,
up to a subsequence, v, (u,) converges to v(u) in C([0,T]; L*(Q)).

Instances of (P) arise in various contexts. We focus our attention upon three models in particular:
the Richards equation, the Stefan problem, and the parabolic p-Laplace equation. By taking ¢ to
be the identity, v = § and a(z,v(u), V{(u)) = K(x, B(u))Vu, we recover the first of these, which
describes the flow of water in an unsaturated porous medium [25, 29]. The quantity of interest is the
pressure-dependent saturation §(u), with K (x, 5(u)) the mobility. A model of the Stefan problem [6]
of heat diffusion in a medium undergoing phase transition is realised by taking 5 to be the identity,
v = and a(z,v(u), V{(u)) = K(z,((u))V{(u). Here we are interested in the enthalpy-dependent
temperature {(u), with K (x,((u)) representing the thermal conductivity. To recover the parabolic
p-Laplace equation, take each of 3, ¢ and v to be the identity and a(x,v(u), V{(u)) = |Vu[P~2Vu.
The parabolic p-Laplace equation features in, for example, the theory of non-Newtonian filtration;
see E. DiBenedetto’s monograph [12] and the references therein.

In each of these examples the quantity of practical interest is v(u). More specifically, it is the
value of v(u) at a particular instant in time, say ¢ = T. Pragmatically speaking, it is therefore
critical that v(u)(T") be stable to perturbations of the data. Our main result shows this to be the
case in each of the above examples, where uniqueness of the solution is known (at least if K depends
only upon z; see Appendix C). For general problems (P), uniqueness appears to be open, so we
can only assert that a subsequence of v, (u,) converges to v(u), where u is a solution of the limit
problem.

The existence and uniqueness of weak solutions to (P) with ¢ = Id is studied in the seminal
article of HW. Alt and S. Luckhaus [1]. F. Otto [28] subsequently improved their uniqueness
result by removing a linearity assumption on the diffusion operator a(v(u), Vu), and by assuming
independence with respect to x, strict monotony with respect to Vu and Holder continuity with
respect to v(u). However, to our knowledge there are no existence and uniform temporal-strong
spatial stability results for parabolic equations with as many nonlinearities and degeneracies as (P).

Stability results do exist for simplified models. Using techniques from nonlinear semigroup theory,
P. Bénilan and M.G. Crandall [5] show that solutions to the Cauchy problem for d;u — Ap(u) =0
on the whole space are stable in C([0,7]; L'(R?)) with respect to pointwise perturbations of ¢
and L!(R9)-perturbations of the initial datum. D. Blanchard and A. Porretta [8] demonstrate
the L>=(0,T; L'(Q))-stability of renormalized solutions to the initial-boundary value problem for
Oyb(u) — div(a(z,u, Vu)) + div(®(u)) = f, under L-perturbations of the source and initial datum.
The authors assume that b is a maximal monotone graph on R, b=! € C(R) and a is a Leray-Lions
operator. We refer the reader to Section 3 for further comparisons of our work to this reference.

Stability for other notions of solution to degenerate parabolic problems has also been consid-
ered. In the framework of entropy solutions, B. Andreianov et al. [2] demonstrate the stability
in L1(2 x (0,T)) of solutions to (P) with additional convection and reaction terms, but with spe-
cific assumptions on the monotonicity of ¢ and a. I1.C. Kim and N. Pozar [20] show that viscosity
solutions to the Richards equation are stable. One can also consider stability of solutions to the
parabolic p-Laplace equation with respect to perturbations of p. To this end, we refer the reader to
the work of J. Kinnunen and M. Parviainen [21] and subsequently T. Lukkari and Parviainen [24].

The convergence of vy, (uy,) to v(u) in C([0,T]; L*(£2)) cannot be deduced by mere interpolation
from the uniform-in-time L!(€2) stability results in the previous references, since the best uniform-
in-time bound that we can obtain for v(u) is in L?(2). From the viewpoint of uniform-in-time
estimates, establishing a convergence result in this “limit” space L?(Q2) therefore requires new
ideas. The first step is the uniform-[0, 7], weak-L?(2) convergence of (,(u,) to B(u). A key
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ingredient of the proof of this fact, and indeed much of our paper, is the function B (and its
perturbed analogue B,,) defined below in (2.4). The importance of B was previously observed in
[1] when ¢ = Id. It enables energy estimates on the solution via an integration-by-parts formula
for the action of 9¢5(u) on ((u). These estimates are sufficient for us to deduce the aforementioned
convergence of f3,(u,) thanks to Proposition 4.9, a uniform-in-time, weak-in-space analogue of
the Aubin—Simon compactness theorem. The spatial compactness is weak here since (P) does not
provide any information on the gradient of S(u). The convexity of B yields lower semi-continuity
of certain integral functionals, that when combined with the energy identity satisfied by the limit
solution, enables us to prove the uniform convergence of [, By (8 (us)(z,-)) dz on [0,7]. A uniform
convexity property of B connects the convergence of these integrals to that of v, (u,) in L?(£2), thus
enhancing the convergence of v, (u,) to prove the main result, Theorem 2.3.

We anticipate that these ideas for obtaining uniform-temporal, strong-L? spatial dependence
of solutions upon the data may generalise to systems of equations as in [1], and to convection—
diffusion—reaction equations of the form studied in [2], but in the variational setting.

We obtain the existence of solutions to (P) as a straightforward corollary to Theorem 2.3. When
a(z,v(u), V¢(u)) = A(z)V{(u), we give a short uniqueness proof in Appendix C. We do not,
however, address uniqueness or regularity for general a. With the nonlinearities in (P) and the
irregularities in the data seen in the applications described above, one cannot expect to obtain such
properties in these instances. Indeed, examples of non-uniqueness of weak solutions exist, see [15,
Remark 3.4] for stationary Leray—Lions equations (corresponding to 5 =0 and ¢ = Id).

Since 8 and ¢ may share common plateaux, one of the challenges in studying compactness prop-
erties of solutions to (P) is identifying weak limits. Our method handles this difficulty principally
using a monotonicity argument. However, the double degeneracy necessitates the use of a compen-
sated compactness lemma (see Remark 5.1), which in our setting is actually a direct consequence
of the Aubin—Simon theorem.

These tools enable us to generalise some aspects of [8], at least when the regularity index p is
not too small; see the concluding remarks to Section 3 for additional discussion on this point. The
first two authors of the current article use similar techniques [14] for the convergence analysis of
numerical approximations of (P). Discrete compensated compactness was recently employed by
B. Andreianov, C. Cances and A. Moussa [3] to identify the limits of numerical schemes in the
framework of maximal monotone operators.

The article is organised as follows. In Section 2 we list the hypotheses on the model (P) and state
the main result, Theorem 2.3. In Section 3 we recast the problem in the framework of maximal
monotone operators and give the analogue of Theorem 2.3 in this setting. In Section 4.1 we note
some technical properties of the function B. To focus attention on the convergence problem, some of
these results are only stated. For proofs, the reader should consult [14]. Section 4.2 establishes our
estimates. Section 4.3 presents two lemmas that play an important role in the proof of Theorem 2.3,
and which may be of independent interest. Our temporally-uniform, spatially-weak analogue of the
Aubin—Simon compactness theorem occupies Section 4.4. Section 5 is the proof of the convergence
results, including the C'([0,T]; L(£2)) convergence. Appendix A lists several minor lemmas that we
employ throughout the article. Aubin—Simon compactness appears again in Appendix B, where we
use it to prove a compensated compactness lemma adapted for our current setting. Appendix C is
a self-contained uniqueness proof when the Leray-Lions operator a is linear.
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2. HYPOTHESES AND MAIN RESULT

We assume that 7' > 0, 2 is a bounded open subset of R? (d € N), and

B : R — R is nondecreasing, Lipschitz continuous with Lipschitz constant

(2.1a) Lg > 0, and satisfies 5(0) =0

¢ : R — R is nondecreasing, Lipschitz continuous with Lipschitz constant
(2.1b) L¢ > 0, and satisfies ((0) = 0. Furthermore, there are positive constants
My, My such that for every s € R, |((s)| > M|s| —

(2.1c) Forall se R, v(s)= /S ¢'(q)B (q) dgq

Fix p € (1,00) and denote by p’ = -5 its Holder conjugate. We assume that a : 2 x R x R? — R

is Carathéodory, and that there are constants a,p0 > 0 and a function @ € L” (Q) such that for
almost every x € €, every s € R and for all £,y € RY,

(2.1d) a(z,s,£) - € > al¢fP,

(2.1¢) la(z, 5, ) < a(z) + plgl~t,
(21f) (a(m,s,f) _a(xvsv)()) ' (g_X) >0
The source term and initial trace satisfy

(2.1g) feLr0,T;whr(Q), W e LX(Q).

Due to the double degeneracy (from § and (), identifying weak limits obtained by compactness
results is challenging and requires monotonicity and compensated compactness techniques. To
prove that weak limits of sequences of solutions to (P) are also solutions to (P), we consider three
separate cases for p:

O p=2

or

(IT) d+2 < p < 2 and there are positive constants M3, My such that for all s € R,

(2.2) 18(s)] = Ms|s| — My,

or

() 1<p< 24,
|B(s)| > Ms|s| — My, and S is (strictly) increasing.

there are positive constants M3, M, such that for all s € R,

Remark 2.1. (i) The assumption 3(0) = ¢(0) = 0 is not restrictive, since replacing 5 and ¢
with B — 5(0) and ¢ — ((0) (respectively) does not change the problem.
(i) Hypotheses (2.1d) and (2.1e) can be relaxed to

a(z,s,&) - &> al¢lP — O(x) with © € LY(Q),
and
la(x, s E)l <a(z) + pls|? + pléfP? with ¢ < max(2/p',p —1).
(iii) The condztwnp > d+2 in (2.2) is equivalent to p* > 2, where p* is the Sobolev exponent of p;
e, pt = rp if p<d andp* =+o0 if p>d.
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(iv) Since the basic energy estimates on (P) provide strong compactness for v(u) (see (5.5)), we
can just as easily handle source terms of the form f(xz,t,v(u)) as in [1].

Denote by Rg the range of 8 and for s € Rg define the right inverse 8" : Rg — R of 8 by
inf{t e R|B(t) =s} ifs>0,
(2.3) B(s) =40 if 5 =0,
sup{t e R|B(t) = s} ifs<0.

That is, 5" (s) is the closest t to 0 such that 8(t) = s. Since 8(0) = 0, note that 5" is nondecreasing,
nonnegative on Rg N RT and nonpositive on RB N R~. We can therefore extend 3" as a function
Rz — [—00,0]. We then define B : Rg — [0, 00| by

(2.4) / B (s

The signs of ¢ and 3" ensure that B is nonnegative on Rg, nondecreasing on Rz N R* and nonin-
creasing on E N R~. Moreover, since { and 8" are non-decreasing, B is convex on Rig This calls
for extending B as a function R — [0, +00] by setting B = +o00 outside Rz. This function is still
nondecreasing on Rt and nonincreasing on R™.

Our notion of solution to (P) is as follows.

Definition 2.2. Under Hypotheses (2.1), a solution to (P) is a function u satisfying

u:Qx (0,T) = R is measurable, ((u) € LP(0,T; W, *(Q)),
B(8(w)) € I®(0,T;IQ)),  Blu) € C(0,T]; L(Q)-w),

0,8(u) € LP (0, T; W= (), Bu)(-,0) = B(u™) in L2(Q),

T
(25) | @80, 000 g

. 0
+/ a(z,v(u(x,t)), V{(u)(z,t)) - Vo(z,t)dedt
o Jo
T
(f(

)

Here C([0,T]; L?(2)-w) denotes the space of continuous functions from [0, 7] into L?(f2), where
the latter is equipped with the weak topology. This notion of continuity for 8(u) can be understood
as a natural consequence of the integrability of S(u) and the PDE itself. Fix ¢ € C°(Q2) and
consider the map L, : [0,T] — R, t = (B(u)(t),p)r2(q). One can show, using the PDE in the
sense of distributions and the fact that B(u) € L>(0,T;L?(2)) (see Estimate (4.5) below), that
L, € WH1(0,T) c C([0,T]). From the density of C°(£2) in L?*(2) one deduces that for every
v € L*(Q), L, € C([0,T)). That is, B(u) : [0,T] — L*()-w is continuous.

The main result of this paper is the following convergence theorem.

HWWMM%MWMtWEH@ﬁWWm»

Theorem 2.3. Let (B, Cny Vn, Gn, fr, UM )nen be a sequence converging to (3,¢, v, a, f,u™) in the
following sense:

Bn, Cn and vy, converge locally uniformly on R to 8, ¢ and v, respectively;
(2.6) for almost every x € Q, an(x,-,-) — a(x,-,-) locally uniformly on R x R%;
fo = fin L2 (0, T; W12 () and ul™ — u™ in L2(£2).
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Assume that (B8,¢, v, a, f,u™) and (Bn, Cns Vs Gy fr, wi™) (for every n € N) satisfy (2.1) and (2.2),

and that the constants Lg, L¢, My, Mo, M3z, My, a, v and the function @ are independent of n.
Let uy,, be a solution to (Py,). Then there is a solution u of (P) such that, up to a subsequence,

Bn(un) = B(w) in C([0,T]; L2(2)-w),
(2.7) Un(un) = v(u) in C([0,T]; L*(Q)), and
Colun) = C(u)  weakly in LP(0,T; WyP (Q)).

If in addition we assume that a is strictly monotone, that is, the inequality in (2.1f) with x # £ is
strict, then

(2.8) Co(un) = C(u)  strongly in LP(0,T; W, P(Q)).

Remark 2.4. This theorem provides a stability result for any subclass of problem (P) for which
uniqueness of the weak solution is known. This is indeed the case for simplified versions of the
Richards equation and Stefan problem; see Appendix C. In these settings, Theorem 2.8 shows that
the whole sequence 3, (uy) (respectively (,(uy,)) converges uniformly-in-time to B(u) (respectively

((u)).

Remark 2.5. Since B,, (., and v, are non-decreasing and 3, ¢ and v are continuous, Dini’s
theorem shows that we only need to assume that By, ¢, and v, converge pointwise. The Arzela—
Ascoli theorem can be used to arrive at the same conclusion, since By, C, and v, are uniformly
Lipschitz continuous.

Remark 2.6. The local uniform convergence on R of v, to v holds if we assume that B, — ('
almost everywhere on R, or ¢/ — (' almost everywhere on R. Indeed, suppose that the latter
pointwise convergence holds. Since (8], )nen s bounded by Lg, up to a subsequence, B, — x weak-*
in L>(R) for some bounded x : R — R. Then as n — oo,

Bn(s) = /08 B (q)dg — /OS x(q)dg.

But 8,(s) = B(s) for every s € R, so it must be that x = 8’ almost everywhere on R and therefore
that 8, — B’ weak-x in L>°(R). One can then pass to the limit as n — oo in the definition of
U, using dominated convergence on the sequence () )nen, to obtain the local uniform convergence
towards v.

Remark 2.7. Observe that in the case 1 <p < dQ—fQ in (2.2), we do not need the strict monotonicity

of each B, ; we only require that the limit 8 does not have any plateauz.
As a by-product of this convergence result, we obtain existence for (P).
Corollary 2.8. Under Hypotheses (2.1) and (2.2), there exists a solution to (P).

Proof. Theorem 2.3 shows that we only need to establish the existence of a solution for perturbed
problems (P). Upon replacing § and ¢ by 840 Id and ¢+ ¢ Id for some small § > 0, we can therefore
assume that

B>5 and (¢ > onR.

In particular, these perturbed S and ( are bi-Lipschitz homeomorphisms, and we define

(2.9) ag(z,5,€) = a(z,v(87(s)), (C o B71) (5)€),
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where for some p > 0, ((o B871)/(s) € [p, p~}] for all s € R. The function ag satisfies (2.1d)—(2.1f).
J.-L. Lions showed [23] that there exists a solution to

Opv — div (ap(x,v,Vv)) = f in Q x (0,7),
(2.10) v(x,0) = B(u™)(x) in €,
v=20 on 90 x (0,7)

in the sense that v € LP(0,T; Wy P (Q)) N C([0,T); L*()), dw € LP' (0, T; W17 (Q)), v(-,0) =
B(u™), and the equation is satisfied against any test function in LP(0,T; W, ?(Q)).

We then set v = B(u). Then ((u) = (( o B71)(v) with ¢ o =1 Lipschitz continuous, and thus
C(u) € LP(0,T; Wy P(€)). We have S(u) = v € C([0,T]; L3(Q)), B(u)(-,0) = v(-,0) = B(u™), and
d:8(u) = 8o € LP (0, T; W=L(Q)). The definition (2.9) of ag shows that

ag(z,v, Vo) = a(z,v(87(v)), (o B71) (1)Vv) = a(z, v(u), V((u))
and thus the integral equation in (2.5) follows from writing the equation (2.10) against test functions
in LP(0,T; W, *(£2)). Finally, since Bo § grows quadratically (see (4.1d) below) and u = 3~ (v) €
C([0,T); L*(2)), we have B(B(u)) € L>=(0,T; L*(2)). Thus u is a solution to (P). O

3. A MAXIMAL MONOTONE OPERATOR VIEWPOINT

This section demonstrates that our setting covers problems defined by sublinear maximal mono-
tone operators. We begin with a lemma.

Lemma 3.1 (Maximal monotone operator). Let T : R — P(R) be a multi-valued operator. Then
the following are equivalent:
(i) T is a mazimal monotone operator with domain R, 0 € T(0) and T is sublinear in the sense
that there exist Ty, To > 0 such that, for allx € R and all y € T (), |y| < Ti|z| + Ts;
(ii) There exist ¢ and 8 satisfying (2.1b) and (2.1a) such that the graph of T is given by Gr(T) =
{(¢(s), B(s)), s € R}.

Proof. (i)=(i). Clearly 0 = (¢(0), 3(0)) € 7(0). The monotonicity of 7 follows from the fact that
¢ and $ are nondecreasing. We prove that 7 is maximal, that is if z, y satisfy (¢(s)—z)(8(s)—y) >0
for all s € R then (z,y) € Gr(T). By (2.1a) and (2.1b) the mapping 5+ ¢ : R — R is surjective, so
there exists w € R such that
(3.1) B(w) +C(w) =z +y.
Then ((w) — 2 = y — B(w) and therefore 0 < (¢(w) — 2)(B(w) —y) = —(B(w) — y)?. This implies
B(w) = y and, combined with (3.1), ((w) = . Hence (z,y) € Gr(T). The sub-linearity of T' follows
from |f(w)] < Lg|w| < Ly(|¢(w)| + Ma)/M.

(i)=(ii). Recall that the resolvent R(7) = (Id+7)~! of the maximal monotone operator T
is a single-valued function R — R that is nondecreasing and Lipschitz continuous with Lipschitz

constant 1. Set ¢ = R(7) and 8 = Id—(. These functions are nondecreasing and Lipschitz
continuous with constant 1. By definition of the resolvent,

(z,y) € Gr(T) & (z,z+y) € Gr(Id+T) & (z +y,z) € Gr(¢) & =z = ((z + y).

Since 8 = Id —(, setting s = « + y shows that (z,y) € Gr(T) is equivalent to (z,y) = ({(s), 8(s)).
Since 0 € T'(0) this gives 3(0) = ¢(0) = 0. Finally, the existence of M; and My in (2.1b) follows
from the sublinearity of 7. If (z,y) € Gr(T) then |y| < Ti|z| + T» and = = {(x + y), which gives
[z +yl < (L+T)C(z + )|+ T2). 0
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Using this lemma, we recast (P) as

(PM)

0T (z) —div (a(z,v(z + T (2)),Vz)) = f in Q x (0,7,
T(2)(-,0) = b™ in Q,
z=0 on 90 x (0,7).

Hypotheses (2.1a) and (2.1b) translate into

(3.2)

T is a maximal monotone operator with domain R, 0 € 7(0)
and 7T is sublinear in the sense that there exist 17,75 > 0 such that,
forall z e R and all y € T(z), |y| < Thlz| + To.

Hypothesis (2.2) becomes

I p>2

or

(IT) f—_& < p < 2 and there are positive constants T3, T, such that

for all (z,y) € Gr(T), |y| > Ts|z| — T4,

or

(III) 1<p< %, there are positive constants T3, Ty such that

for all (x,y) € Gr(T), |y| > Ts|x| — Ty, and T is strictly monotone.

In (PM), v is defined as the anti-derivative of ('8’, where ( = R(7) and 8 = Id—(. The
reciprocal 71 of T is itself a maximal monotone operator, and the function ¢(3"(s)) in (2.4) can be
computed in terms of 71: ((B7(s)) = inf T~1(s) if s > 0, ¢(87(0)) = 0, and {(B"(s)) = sup T *(s)
if s < 0. We then see that, for all s in the domain of 71, 7~1(s) is the convex sub-differential
O0B(s) of B at s.

Definition 3.2. Under Hypotheses (3.2) and (2.1d)—(2.1g), take a measurable function b™ satis-
fying b (x) € T (u™(z)) for a.e. x € Q. A solution to (PM) is a pair of functions (z,b) satisfying

2 € LP(0,T; W P(Q)), bz, t) € T(2(x,t)) for a.e. (z,t) € Qx (0,T),
B(b) € L*=(0,T; L*(Q)), be C([0,T]; L*(Q)-w),
ab e L (0, T; WL (), b(-,0) = b™ in L2(Q),

T T
/ (Oub(-, 1), 00 1))yyr gyt i+ / / alw, v((b+ 2)(@,1)), Va(a,1)) - Vo(, ) de dt
0 0 Q

T
=/ (FC1),0( ) s wro dt Yo € LP(0, T Wy ().
0

Remark 3.3. The sublinearity of T ensures that b™ € L?(Q) since u'™ € L%(Q).

The following theorem is an immediate consequence of Theorem 2.3 and Corollary 2.8. We
simply take u = b + z, which implies S(u) = b and ((u) = z since (z,b) € Gr(T).

Theorem 3.4. Under Hypotheses (2.1d)—(2.1g), (3.2) and (3.3), (PM) has at least one solution.
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i

Moreover, let (Ty, an, fn, ™) en be a sequence that converges to (T, a, f,u™) in the following
sense:
R(Trn) and v, converge locally uniformly on R to R(T) and v respectively;

for almost every x € Q, an(x,-,-) — a(x,-,-) locally uniformly on R x R%;

fo = fin L2 (0, T; W12 () and ul™ — u™ in L2(£2).
Assume that (T, a, f,u™) and (Tn,an, fo,ul™) (for every n € N) satisfy (3.2) and (2.1d)—(2.1g),
and that the constants Ty, Ty, T3, Ty, a, 11 and the function @ are independent of n. Let (zp,by) be

a solution of (PM) with (T, a, f,u™) replaced with (Tp, an, fn,ul™). Then there is a solution (z,b)
of (PM) such that, up to a subsequence,

b, — b in C([0,T); L?(2)-w),

Un(bp + 2n) = v(b+2) in C([0,T); L*(2)), and

Zn — 2z weakly in LP(0,T; Wy (Q)).
If in addition we assume that a is strictly monotone, that is, the inequality in (2.1f) with x # & is
strict, then z, — z strongly in LP(0,T; Wy P (2)).

Remark 3.5. Blanchard and Porretta [8] prove the L°°(0,T; L(Q))-stability of renormalised so-
lutions to

T (u) — div (a(z,u, Vu)) + div (D(u)) = f in Qx(0,T),
T (u)(z,0) = bo() in €,
u=0 on 09 x (0,7),

with f € LY(Q x (0,T)) and by € L*(Q). They assume that T is a maximal monotone graph on R,
T~ € C(R) and a is a Leray-Lions operator. Although the continuity assumption on T 1 — which
prevents T from having plateauz — is not required for the stability result, it is necessary in their
existence theorem for identifying u as the pointwise limit of solutions to reqularised problems using
compactness arguments. If p > f—fz we overcome this assumption on T in the variational setting
by using monotonicity and compensated compactness arguments; see Section 5.2. Indeed, it may
be interesting to determine whether similar arguments may be used in the setting of renormalised
solutions in [8]. If p is ‘too small’ — that is, in case (III) of Hypothesis (3.3) — we must also
assume that T (respectively 8 outside the present section) does not have any plateauz, but we still
identify weak limits by montony and compensated compactness arguments rather than by pointwise
convergence.

4. PRELIMINARIES

4.1. Properties of B. We recall here two lemmas proved in [14]. Lemma 4.1 states some properties
of the functions v and B. The uniform convexity property (4.le) plays a critical role in our
proof of the uniform temporal convergence of v, (u,). Lemma 4.2 brings together two identities
— an integration-by-parts formula and an energy equality — and some continuity properties of
the solution. Although the integration-by-parts formula (4.2) apparently follows from the formal
relation ((u)0:(B(v)) = C(u)f (w)dsu = (B o B) (u)du = 9:(B(S(u)), its rigorous justification is
quite technical, owing to the lack of regularity of w.

Lemma 4.1. Assume (2.1). Then for every a,b € R,
(4.1a) v(a) —v(b)| < Lgl¢(a) = C(b)], and
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(4.1b) [v(a) = v(b)]* < LgLc[C(a) = C(b)][B(a) = BO)]-

The functions B : Rg — [0,00] and Bo 3 : R — [0,00) are continuous, and for all s € R,

(4.10) /c

There are positive constants K1, Ko and K3, depending only upon Lg, L¢ and the constants My, Mo
n (2.1b), such that for all s € R,

(4.1d) K18(s)? — Ko < B(B(s)) < K3s>.
Finally, for every a,b € R,
(4.10) () - v < 4L | B3(@) + B0 - 28 (X2

Before stating the next lemma, a few remarks on notation are necessary. The discussion following
Definition 2.2 concerning the continuity of 5(u) neglects a subtlety that one must account for in
order to give meaning to the convergences (2.7). Indeed, by the statement 5(u) € C([0,T]; L*(Q)-w),
one understands that the mapping (x,t) — S(u(z,t)) is equal almost everywhere on  x (0,7 to
a function Z that is continuous as a map from [0,7] to L*(Q)-w. We henceforth write 3(u) for
Z; similarly v(u) for the continuous in time almost-everywhere representative of (z,t) — v(u(z,t))
(see part (ii) of the following lemma). This distinction is essential in the present context, where
we are frequently concerned with the values of these functions at a particular point in time. The
composition B(u(-,-)) is only defined up to null sets in Q x (0,7, so for a particular ¢ € [0, 7] the
expression f(u(-,t)) is ill-defined. The expression S(u)(-,t) is, however, well-defined, and we take
care to use the notation S(u) (without the bar) only when this quantity is used in an average sense.
Nonetheless, for the sake of clarity Theorem 2.3 is stated without this distinction.

Lemma 4.2. Let (2.1) hold.

(i) If v is a measurable function on Q x (0,T) such that ((v) € LP(0,T; Wy (Q)), B(B(v)) €
L>(0,T; LY(2)), B(v) € C([0,T]; L2(Q)-w) and d,8(v) € LV (0, T; W1 (Q)) then the map-
ping [0,T] > t — [, B(B(v)(x,t))dz € [0,00) is continuous and bounded, and for all Ty €
[0, 7],

To . _
@2 [ OB, Oy dt = [ BEN T do — | BE)(w.0) da

Q

(it) If u is a solution to (P) then for all Ty € [0,T],
To
(4.3) / B(B(u)(x, Ty) dz+/ / a(z,v(u), V¢(u)) - V¢(u)dz dt
To
= [ BO@ @) ot [0,y g
0

and the function v(u) is continuous from [0,T] into L*(Q).

Since B plays such a critical role to our main result, we highlight its stability properties in the
following lemma.

Lemma 4.3. Assume (2.1) and (2.6). Define B, : Rg, — [0,00] from (., B analogously to (2.4),
and extend B,, to R by setting B,, = 4+00 outside Rg,. Then
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(i) B and all (By)nen are convex lower semi-continuous on R;
(i) By o Bn, — Bo 8 locally uniformly on R as n — oo;
(iti) For any z € R and any sequence (z,)nen that converges to z, B(z) < liminf, o Bn(2,)-

Proof. (i) The convexity has already been noted. Since B and B,, are continuous on Rg and Rg,
respectively by Lemma 4.1, their extension by 4+oc outside their initial domain ensures their lower
semi-continuity.

(ii) Let M > 0. By (4.1c) applied to By, B,(8,) is Lipschitz continuous on [—M, M| with
Lipschitz constant Lg supj,<as [¢n(s)]. This quantity is bounded with respect to n since (¢n)nen
converges uniformly on [—M, M]. Hence, the local uniform convergence of (B, (5,))nen follows
from the Arzela—Ascoli theorem if we can prove that B, (8,) — B(/3) pointwise. The reasoning in
Remark 2.6 shows that 8], — 5’ weak-x in L*°(R). Hence, for any s € R, since ¢, — ¢ uniformly
on [0, s],

B(pn(s)) = [ " Ga@)B(a) dg = / (@B () dg = B(B(s)) as n — oo,

and the proof of (ii) is complete.

(iil) Without loss of generality, we can assume that (B, (z,))nen converges in [0, co], otherwise
we extract a subsequence that converges to the inferior limit. We study four distinct cases.

Case A: z, & Rg, for an infinite number of n. Then the corresponding By, (z,) are equal to 400
and therefore lim,,_, o By (z,) = +00 > B(2).

Case B: z, € Rg, for n large, and z ¢ Rg. Assume that z > sup Rg (the case z < inf Rg is
similar). Take Z € (sup Rg, 2) C (0,00). For n sufficiently large, 2z, > Z and z, € Rg,. Then use
the definition (2.4) of B,,, Hypothesis (2.1b) and the fact that 3], is nondecreasing to see that

(44) Bo(zn) = / " (B (s)) ds > / " (B (5)) ds

> [ )~ Ma)ds = (20— Z)O5(2) — M),
We prove by contradiction that (8] (Z))nen is not bounded. Otherwise, upon extraction of a subse-
quence it converges to some m € R. Then, by local uniform convergence of 8, Z = 5,(6,(Z)) —
B(m) € Rg. But Z > sup Rg, which is a contradiction. Hence, §],(Z) — +oo as n — oo. Since
zn — Z — z — Z > 0, passing to the limit in (4.4) gives lim,, oo By (2,) = +00 > B(z2).

Case C: z, € Rg, for n large, = € Rg and (BL(2n))nen is bounded in R. Let s, = B (zn),
which gives z, = 8,(sn). Since (s,)nen is bounded, up to extraction of a subsequence we have
sp, — s € R and thus, by (ii), By (2n) = By, 0 Bn(sn) = B o B(s). The local uniform convergence of
(Bn)nen gives z, = Bn(sn) — B(s), which means that §(s) = z. Hence B, (z,) — B(8(s)) = B(z)
and the proof is complete.

Case D: z, € Rg, for n large, z € Rg and (8 (2n))nen is unbounded. Again, let s, = 87 (2,) €
[—00,+00]. The function B, is continuous (with values in [0, 4+o00]) at the endpoints of Rg,. Since
these endpoints correspond to lims_,+ o 35 ($), applying the monotone convergence theorem to (4.1c)
then shows that this formula also holds if s = +00. Hence, for any n,

Bu(zn) = Bu(Bu(sn)) = / " @B (a) dg.

The sequence (s, )nen contains a subsequence that goes to +o0o0. Say, without explicitly denoting
the subsequence, that s, — 400 (the case s,, — —o0 is similar). Let M > 0 and for n sufficiently
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large, since ¢, > 0 on RT and 3/, > 0, write

o (20) / Cala dq>/R 0.0)(@)Cn(0)8,(0) da.

By the reasoning in Remark 2.6, 5/, — 8’ in L*°(R) weak-*. Since (,, — ¢ uniformly on [0, M], we
can conclude that

lim By (zn) > /R 10.41(0)C(0)8(g) dg.

n—roo

Take the limit inferior as M — oo using Fatou’s lemma to deduce that

Jm B> [

Since z > 0 (because for n large enough, each z, = 3,(sy,) is nonnegative), s = 5"(z) € [0, o] and

thus
Jm Bu(a) > [ c@pa)d

We already saw that (4.1c) is valid for any s € [—o0,00], and we infer that lim, oo Bn(zn) >
B(5(s)) = B(z) as required. O

4.2. Estimates. The results of the previous section enable energy estimates, the subject of our
next lemma. Note that none of the estimates we prove in this section require Hypothesis (2.2).

Lemma 4.4. Let (Bn, Cns Vns Gy fr, W™ )nen be a sequence of data that satisfies the hypotheses of
Theorem 2.3, and let w, be a solution to (P,). Then there exists C1 > 0 independent of n such that
the following quantities are bounded above by Ci:

su B (Bn(un) (-t ‘ , n(Un )| 7000 7ot ,

) 0]DT H un)(+t)) o) [6n (un)ll o 0,752 7 (2
(4.5)

i ‘ ’ 0 v’ W=t ’

tes[%’pT] Bn(un) (-, 1) L@ 10 B (un) I, (0,T;W =17 ()

Proof. By hypothesis, (85, Cny Vns Gn, fr, ui™) (for every n € N) satisfies an identity analogous to
(4.3). From this identity, the quadratic growth (4.1d) of B,, o 3,,, the uniform coercivity of (an)nen
and Young’s inequality,

To
(4.6) /QBn(ﬁn(un)(x,To))derg/o /Q|VQL(un)|”dmdt

2 a . 12\
L2(Q) + 2 ”vCﬂ(u”)HLP(O,TO;LT’(Q)d) + p @ Hf”HLP (0,To;W =12 (Q))

Taking Ty = T shows that
ini 1 2 Pl/p P/
(K3 H“ HL2(Q) + 2? (gp) Hf"”LP'(O,T;Wl«P'(Q))) :

With the assumed convergence properties of (ul™), ey and (f,)nen, substituting the previous in-

equality into (4.6) gives the first two estimates in (4.5). The estimate on (8, (uy))nen follows from

ini
n

§K3|U

V¢ (un) ||IL)/P(07T;LP(Q)d) <

ISR
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that on (B, (Bn(un)))nen and (4.1d). To prove the estimate on 8; 8, (uy), let v € LP(0,T; Wy P ()
and deduce from (2.5) that

T
| @80 0D

_ —1
< HU||LP(07T;W01=T’(Q)) (”ClHLp’(Q) +u ||V<n(un)”ip(oj;Lp(Q)d) + ||f71HLP'(O’T;W—lm'(Q))) :
Take the supremum over v in the unit ball of L?(0,T; W, P (Q)) and use the bound on (, (tn))nen
in LP(0,T; W, *(€2)) to complete the proof. O

The following lemma, applied to F,, = ¢, G\, = B, and w,, the solution to (P,), provides us with
crucial estimates of the time translates of v, (u,). Nevertheless we state it in a generic setting, as
it will also be applied with different functions.

Lemma 4.5. For every n € N, let F,, : R — R and G,, : R — R be nondecreasing and Lip-
schitz continuous, uniformly with respect to n. Suppose also that F,(0) = 0. Define H,(s) :=
fo F!(q¢)G' (q)dg. Take p > 1 and (un)neN a sequence of measurable functions on 2 x (0,T) such
that (Fy(un))nen s bounded in LP(O T; W, ’p(Q)), (Gn(un))nen is bounded in L>=(0,T; L*(Q)) and
(8(G (un)))nen is bounded in LP (0, T; W17 (Q)). Then there exists Co > 0 independent of n
such that, for all2 <r < oo and all 7 > 0,

(4.7) [ Hy (un) (- +7) = Hi(un)
where Hy(uy) is extended by zero outside Q x (0,T).

p < Cort/?

Proof. Denote by L and L¢ the uniform Lipschitz constants of (F},),en and (G, )nen, respectively.
We introduce the truncations Ty : R — R at level k& > 0, defined by Tg(s) := max(—k, min(s, k)),
and the functions

Fi6) = Tu(Bas) and HEG)i= [ (B (@Ga) da
0
Then F¥(u,), H*(u,) € L?(0,T; L*(9)), the latter coming from
(4.8) [H ) (un)| < Lp|Gp(un)].
Now let 7 € (0,T). Inequality (4.1b) with (F¥, G,,, HX) in place of (¢, 3,v) yields

[ [ )~ B @) e

<teto [ o [ a1+ 7) = Gl 0)) (P ()4 7) = F ) 011)) s

~ LrLo / (o) (4 7) = Gl 1), F () (14 7) = F () (1)) sy g
—teto [ ([ 0G5 B4 - B0 ) ar

—1.p/ 1,p
w-Lr" Wy

T—1 rt
_ LFLG/ / (G 8), FE () (4 7) = FE ) (50 gy s gy A,
0 t 0
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where the first equality holds since Gy, (u,)(-,t) € L2(Q) N W12 (Q) and F¥(u,)(-,t) € L(Q) N
Wy (Q) for a.e. t € (0,T). Note that obtaining this L? integrability of FF¥(u,) is the only
reason for introducing the truncations; if p > 2 then the truncations are redundant. As k —
oo, H*(u,) — H,(u,) almost everywhere on  x (0,7) and therefore also in L2(0,T; L?(2)) by
dominated convergence with (4.8). Thanks to G. Stampacchia’s important result [31], we can write
VEF (un) = T} (Fn(un))VEu(un) = 145, (u,)1<k} VFn (ur), which converges in LP(0,T; LP()?) to
VE,(u,) as k — co. So FF(u,) = F,(uy,) in LP(0,T; Wy ?(Q)). Let k — oo on both sides of the
above inequality to obtain

T—1
/0 /Q (Hp (un) (2, t +7) — Hy(up) (2, 1)* dzdt
T—1 pt+7
< LFLG/O /t (OrGr(un)(+, 8), Fn(un) (it +7) — Fn(un)(~,t)>w,1,p/7W01,p dsdt

T—1 t+7
<eic [ [ 100G lls oy 1Flin) (b 7) = Faun) Ol dsa

Apply Young’s inequality and interchange the order of integration in s and ¢ where appropriate to
obtain

(49) ||Hn(un)(, -+ 7') - Hn(un)(’ ')Hiﬁ(Qx(O,Tf‘r))
1 / 2
= brler <p’ 10:GonCum )t 0 010 2y + P ”F"(“”)|§p(o:;w&*?(ﬂ))) =G

where C5 does not depend on n or 7. From the definition of H,, we have |H,(u,)| < Lp|Gy(uy)]-
Hence, (H,,(un))nen is bounded in L>°(0,T; L?(£2)). This enables us to estimate the time translates
on (0,7) and (T — 7,T) and, combined with (4.9) we deduce that (4.7) holds for » = 2. The
conclusion for a generic r € [2,00) follows by interpolation (Holder’s inequality), using the bound
of (Hp(un))nen in L%(0,T; L2(£2)). O

4.3. Two lemmas: convexity and monotonicity. Lemma 4.6 is a general result on the uniform
weak lower semi-continuity of sequences of convex functions.

Lemma 4.6. Let U, ¥, : R — [0, 00] be convex lower semi-continuous functions such that for every
n €N, U, (0) = ¥(0) =0. Assume that for any z € R and any sequence (z,)nen converging to z,
U (z) <liminf, oo Uy (2n). If (vn)nen C L2(Q) converges weakly to v in L?(2) then

/Q\Il(v(z))dzSliminf/Q\Iln(vn(x))dx.

n—oo

Proof. For x € Q, r > 0 and n € N, extend v,, by zero outside {2 and write

1
[l (2) = ]i = [ s

for the mean value of v, over the closed ball of radius r centred at x. Since v,, — v in L?(Q) as
n — oo, for every x € (Q,
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We have extended v by 0 outside Q. Hence for every z € Q, ¥([v],(x)) < liminf, oo Uy ([vn]r(x)).
We can apply Fatou’s lemma and Jensen’s inequality to obtain

/Q\Il([v]r(a:))da:gliminf/Q\I/n([vn]r( x)) dx<hm1nf/][ o y)) dy dz.

n—0o0 n— oo

Use Fubini-Tonelli and the fact that ¥,,(v,) = 0 outside © to write

/Q]é(m,r) qj"(v"(y))dydx:/Q‘I’n(vn(y))dy-
Thus

(4.10) /Q‘I’([U]T(.Z‘)) dz < lim inf/Q U, (v, (y)) dy.

n—oo

Almost every z € ) is a Lebesgue point of v and, for those, we have lim,_,q[v],(x) = v(z). Then
from the lower semi-continuity of ¥, another application of Fatou’s lemma and (4.10), we deduce
that

/Q\Il(v(;v))dxg/liminf\Il([v}r(x))dxgligl_)iglf/ﬂlll([v]r(x))dx

Q r—0

< liminfliminf [ ¥, (v,(y))dy = liminf [ ¥, (v,(z))dz. O

r—0 mn—oo Jo n—oo o
We employ the next result to identify weak nonlinear limits in Section 5.2.

Lemma 4.7. Let V be a measurable subset of RY. Take sequences (Xn)nen, (¥n)nen C C(R) of
nondecreasing functions satisfying x,(0) = 1¥,(0) = 0 for every n € N and such that x,, — x and
Yn — ¥, both pointwise on R. Assume there is a sequence (vp)nen of measurable functions on 'V
and two functions ¥, 1:1; € L3(V) such that

(i) xn(vn) = X and ¥, (v,) — ¥, both weakly in L2(V);

(i) there exists an almost-everywhere strictly positive function ¢ € L=(V') such that

lim [ o(2)xn(0n(2))¢n(vn(2)) dz = / P(2)X(2)9(2) dz.
\%4 \%4

n—oo
Then for all measurable functions v satisfying (x +1¥)(v) = X + ¥ almost everywhere in V,
X=x) and = Y(v) almost everywhere in V.

Proof. Observe that x(v),¥(v) € Lj(V) since by hypothesis they have the same sign, so that
Ix(0)] + [ ()] = |(x+¥)()| = X+ | € L3(V). Let Ty (s) = min(k, max(—k, s)) be the truncation
at level k. Since x,, and v, are nondecreasing, for the function ¢ in (ii), write

(4.11) /V 0 (2) [Xn(vn(2)) = Xn(Tr(v(2)))] [¥n (v (2)) = Yn(Tk(v(2)))] dz > 0.

By their monotonicity and sign properties, the functions y, and 1, are bounded on [—k, k] by
max(|xn(£k)|, |¥n(£k)|), which is uniformly bounded with respect to n since y,, and ,, converge
pointwise. Hence, by the dominated convergence theorem, x,,(Tx(v)) — x(Tx(v)) and ¥, (Tx(v)) —
(T (v)) in L?(V) as n — oo. Using (i) and (ii), we can therefore pass to the limit n — oo in (4.11)
and we find

(4.12) | SR ~ XD [ — b(Tutolz)] dz > 0
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The monotonicity and sign properties of x and 1 ensure that |x(Tx(v))| < |x(v)| and |[¢(Tx(v))] <
| (v)]. Since x(v) and v (v) belong to L?*(V), we deduce that as k — oo, x(Tx(v)) — x(v) and
»(Tr(v)) — 1(v), both in L2(V). Passing to the limit in (4.12), we obtain

(4.13) /V P(DR() — XENE(E) — $(o(=)] dz > 0.

The identity x(v)+1(v) = X+ gives X(2) — x(v(z)) = —(1(z) —1(v(2))), which after substitution
into (4.13) yields

- [ RE) =@ dz == [ o) [5) — v a0,

From the positivity of ¢ we conclude that X(z) = y(v(2)) and 1(z) = ¥(v(z)) for almost every
zeV. g

4.4. Uniform-temporal, weak-spatial compactness. The classical Aubin—Simon compactness
theorem — an amalgamation of the work of J.-P. Aubin [4] and J. Simon [30] — does ensure
uniform temporal compactness in Lebesgue spaces (for the norm topology), provided that a spatial
compactness estimate is available in such spaces. This usually requires control of the gradients in
Lebesgue spaces. Since we lack such estimates on the gradient of S(u), we must forfeit (at least
initially) strong compactness in the spatial variable. We first recall a basic definition.

Definition 4.8. A sequence of continuous functions v, : [0,T] — L%(Q)-w converges in the space

C([0,T); L*(Q)-w) to a function v : [0,T] — L*(Q) if for all ¢ € L*(Q), the sequence of functions

[0,T] >t (vn(t), ) r2(0) converges uniformly on [0,T] to [0,T] >t = (v(t),v)r2(q) as n — oo.
Note that v is then necessarily an element of C([0,T]; L?(Q)-w).

Proposition 4.9. Let (v,)nen be a sequence of real-valued measurable functions on Q x (0,T).
Suppose that there exists ¢ > 1 and R > 0 such that for every n € N,

(4.14) sup Jon (5 )2y < Be 1000l o110 < B-
t€[0,T]

Then (v )nen is relatively compact in C([0,T); L2(Q)-w); that is, there is a subsequence of (Vn)nen
that converges in the sense of Definition 4.8.

Remark 4.10. The space W~11(Q) has been chosen by convenience, but it could be replaced with
the dual space of any Banach space in which C°(§2) is dense.

Proof. Denote by E the ball of radius R in L?(£2), endowed with the weak topology. Take (¢;)ien C
C2°(Q) a dense sequence in L%() and equip E with the metric

min(1, [{(v —w, ¥1) 2|
dp(v,w) = Z ol -

leN

The L?(Q) weak topology on FE is the topology induced by this metric. The set E is metric compact
and therefore complete. The first bound in (4.14) ensures that every v, takes values in F. It remains



CONVERGENCE IN C([0, T; L*(%)) FOR DEGENERATE PARABOLIC EQUATIONS 17
to estimate dg(v,(s),v,(s")). To this end,

[(vn(s') = vals), o1 2| = /Q(vn(wﬁ’) = vn(2, 8))pi(2) dz

= [(vn (- s’) — (-, 8), Qpl>W—1,1’W01,oo‘

’

= / <atvn('vt)»@l>wfl,1ﬁwol,oc dt

IN

10conll a0, w110y Ml o (5,50 el ()
_ Ve L
< R|s—s el (g -
Then
/ -1 _J11/d . /
Ais(vn(s), va(s)) < 3227 min (1, Rls = /19 oty ) ) = (s, 8).
leN

Dominated convergence for series then implies that w(s,s’) — 0 as |s — s’| — 0. Hence, (vp)nen

belongs to C([0,T]; E) and is equi-continuous in that space. Invoking the Arzela—Ascoli theorem
and the compactness of E in L?(Q)-w completes the proof. O

5. PROOF OF THE MAIN RESULT

We prove Theorem 2.3 in five steps. In Step 1 we obtain compactness of the sequences of interest,
and in Step 2 we identify the limits of these sequences. In Step 3 we pass to the limit in (2.5). Step
4 improves the temporal convergence of (v, (uy,))nen to establish (2.7). We conclude by establishing
the strong convergence (2.8) in Step 5.

5.1. Step 1: compactness results. Apply Proposition 4.9 using Estimates (4.5) on (8, (un))nen
and (0B (un))nen, and Lemma A.1 with H, = S3,, v, = ul to deduce the existence of 3 €
C([0,T); L*(Q)-w) satisfying §(-,0) = B(u'™) in L?(Q2) and such that up to a subsequence,

(5.1) Bulun) =B in C([0,T]; L*(2)-w).
From (4.5), up to a subsequence,
(5.2) Colun) — ¢ weakly in LP(0, T; WP (Q))

for some function E e LP(0,T; VVO1 P(Q)). Next we obtain strong compactness of the sequence
(Vn(un))nen by demonstrating that the translates in space and time vanish. Recalling (4.1a) and
using a classical translate estimate in Wol’p(Q), for ¢ € R? and ¢ < p*,

(5:3)  Mvn(un)( 4 &) = va(un) | Lo, 1a(0)) < Lo 6 (un) (- + &) = Calwn)ll 1o 0,720 (0))
< Cy HVCn(Un)HLp(Qx(o,T))d |f‘9 < C4Cl|€\9,

where § > 0 and Cy do not depend on £ or n, and v,(u,) and (,(u,) are extended by zero
on the complement of Q. But |v,(u,)| < L¢|Bn(un)| and (vn(un))nen is therefore bounded in
L>(0,T; L?(£2)). Interpolated with (5.3), this shows that, for all 7 < +o0,

(5.4) lvn (un)(- + &) — vn(un)|

where 6, > 0 and C5 do not depend on £ or n. By the energy estimates (4.5), Lemma 4.5 applied
with F,, = (, and G,, = (8, shows that the time translates of v, (u,) converge uniformly to zero

6,
LT'(O,T;LH!in(?,q)(Q)) S C5|£‘
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in L"(0,T; L?(Q2)) for all 7 < +o00. Combined with (5.4) and the Kolmogorov—M.Riesz—Fréchet
compactness theorem, this establishes that, up to a subsequence,

(5.5) Un(tp) — 7 in L7(0,T; L™"ZD(Q)) for all r < 400 and all ¢ < p*.

From the uniform growth of the sequence (a,)nen and (4.5), we assert the existence of @ € L (€2 x
(0,7))¢ such that, up to a subsequence,

(5.6) an (- v (Un), Vin(un)) = @ weakly in LP' (2 x (0,T))<.

5.2. Step 2: identifying nonlinear weak limits. We show that there exists a measurable u
such that E = B(u), Z = ((u) and ¥ = v(u). Three separate analyses are required, depending on
the case in Hypothesis (2.2).

5.2.1. Case (I): p > 2.

Define p = 84+ ¢, pn = Bn + ¢ and o = EJr Z Fix a measurable function u such that
(t+v)(u) = @+ v. Such a u exists since the hypotheses on 8 and ¢ ensure that the range of u+ v
is all of R and therefore the domain of the right inverse (u+ v)" of (u+ v) (defined analogously to
(2.3)) is R. One possible choice for « is then v = (u + v)"(iz + 7). We now demonstrate that for
such a u, f = B(u), ¢ = ((u) and 7 = v(u).

Using p > 2, the convergences (5.2) and (5.5) ensure that C,(u,) — ¢ weakly in L2(Q x (0, T)),
and that v, (u,) — v strongly in L2(2 x (0,7)). We deduce that g, (u,) = Bn(un) + Cu(un) —
B+ ¢ = i weakly in L%(Q x (0,T)) and that

/ i (un) (2, )y (uy) (2, t) de dt — w(x, t)v(x,t) de dt.
Qx(0,T) Qx(0,T)

We can thus apply Lemma 4.7 with ¢ = 1, v, = up, v = u, Xn = ln and ¥, = v, to deduce
that 7 = v(u) and g = p(u) almost everywhere on 2 x (0,T), the latter of which states that
B+ (u) =B+¢

Since p > 2, Estimates (4.5) ensure that (G, (un))nen and (B (un))nen satisfy the hypotheses of
Lemma B.1, and 50 B, (up)Cn(un) — B¢ in (C(Q x [0,T])). Now as (84 ¢)(u) = B + (, we apply
Lemma 4.7 again with ¢ = 1, v, = uy,, v = u, Xn = B and 1, = (,, to conclude that E = B(u)
and ¢ = ((u) almost everywhere on € x (0, 7).

5.2.2. Case (II): % <p<2and|Bn(s)| > Ms|s| — My.

Since (B, (un))nen is bounded in L*°(0,T; L?(£2)), the assumption on 3, shows that (u,)nen is
bounded in the same space. By the uniform Lipschitz continuity of ¢, we infer that ({,(un))nen
is also bounded in L>°(0,T; L?(£2)). Hence, as in the previous case the convergence (5.2) also holds
weakly in L2(Qx (0,7T)). Since p* > 2, (5.5) gives the strong convergence of v, (uy,) in L2(2x (0,T)).

We proceed as in the previous case to see that with u = (u+v)"(u+7), v(u) = v and S(u)+((u) =
B+ C. Now apply Lemma B.1 t0 ((u(tn))nen and (By(un))nen. As in Case (I), this gives 8 = B(u)
and ¢ = ((u).

5.2.3. Case (III): 1 < p < %, |Bn(s)| > M3|s| — My and B is strictly increasing.

As in Case (II), the coercivity assumption on £, ensures that (¢, (u,))nen converges weakly in
L2(2x (0,T)). However, we can no longer ensure the strong convergence of v, (u,,) in L?. We must
therefore truncate ¢, first. Let (¥ = Tx((,), where Ty (s) = min(k, max(—k, s)) is the truncation at

level k. Up to a subsequence, for some ¢* € L2(€2 x (0,T)), ¢¥(un) — C* weakly in L2(€2 x (0,T)).
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Set
Vk: s) = / kN7 )
5(s) / B1(a)(¢Y) (q) dg

Note that (V¢ (un))nen = (Lqic, (un) <k} Vén(Un))nen is bounded in LP(€2x (0,T))?. Hence, follow-
ing the reasoning in (5.3) and using an interpolation in space between p and oo (we have |¢¥| < k),

o Cn) -+ €)= v ()| oo gy < Lo ll6n (a4 €)= Gawn)ll oo 220
< Lp(2k)' % ||¢F (un) (- + 6, ) — Cﬁ(“n)Hi(O,T;Lv(Q))

< Co |IVEE ()| g 0.0 161 < CHlEI%,

where Cg and C7 depend on k but not on n or €. Use the bound on (v (u,,))nen in L>(0,T; L%(Q)) to
infer that the space translates of these functions vanish uniformly with respect to n in L™(0,T; L(£2))
for all » < 4+00. Lemma 4.5 applied to F,, = ¢¥ and G,, = B, shows that the time translates of
vk (u,,) vanish uniformly with respect to n in L"(0,T; L%(Q)) for all » < +oo. Hence, (v (u,))nen
strongly converges, up to a subsequence, to some ¥ in L2(Q x (0,7)).

We can then work as in the previous cases with 3,, ¢¥ and v*. We define ¢¥ = Ty(¢) and
vR(s) = [ B'(q)(¢*) (q) dg, and we let u¥F = B+ (*. By coercivity of 3, the mapping p* +v* is onto
and we can define u* = (¥ + V)" (ji* + %), where [i* = 3+ C* is the weak limit in L2(2 x (0,7))
of B, + ¢¥. By strong convergence in L?(Q2 x (0,T)) of (v (un))nen we can apply Lemma 4.7 to see
that ¥ = v*¥(u*) and

(5.7) B+ ¢k = BuF) + ¢F(uh).

We now apply Lemma B.1 to (¢*(u,))nen and (B (un))nen. Indeed, (¢¥(u,))nen is bounded in
L>(Q x (0,T)). We therefore obtain By, (uy )¢ (u,) — B¢* weakly in C(€ x [0,T])’. Use Lemma
4.7 and (5.7) to deduce that ¢¥ = ¢*(u*) and 3 = B(uk).

Since  does not have any plateaux and E does not depend on k, the latter relation shows that
u* does not depend on k. Write u = u*. Then 8 = B(u), (¥ = T(¢(u)) and 7% = v*(u). If we can
show that ¢* — ¢ and 7¥ — ¥ in D'(Q x (0,T)) as k — oo, then we can pass to the limit in the
previous equalities to get E = ((u) and ¥ = v(u), as required.

Begin with the convergence of ¢*. This function is the weak limit in L2(2x (0, T)) of (¢* (un))nen.
By Tchebycheff’s inequality, uniform Lipschitz continuity of ¢*¥ and the bound of (u,)nen in
L*(0,T; L2(2)) (from the coercivity of 3,,),

(5.8) meas({|ck(ua)] > K}) <

with Cs not depending on k or n. Let ¢ € C°(Q x (0,T)). Then

(5.9)

/ ¢k — C(x, 1)) p(x, t) da dt
Qx(0,T)

<

+

[ @ i, Dt de
Qx(0,T)

/ [Cﬁ(un) — Cn(upn)(z, t)(z,t) dz dt
Qx(0,T)

+

/ [Cn(un) - g](x,t)go(x,t) dz dt
Qx(0,T)
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By (5.2), the last term tends to 0 as m — oo. The first term also vanishes as n — oco. Estimate
the second term using |¢F(un) — Colun)| < 1qic, (un) >k} Cn(un)|, Hélder’s inequality, the energy
estimate (4.5) and the inequality (5.8). Taking the limit superior as n — oo of (5.9) yields

C8 1/p
< Gilllz=@x(0,m) (k) ~

/ [¢F = C(x, t))(x, t) dz dt
Qx(0,T)

Letting £ — oo concludes the proof that Ek — E in the sense of distributions.

The proof that 7* converges as k — oo to ¥ in the sense of distributions is similar. The functions
vk and 7 are the weak limits in L2(Q x (0,7)) of (X (un))nen and (v, (un))nen (note that since
the latter sequence is bounded in L°°(0,T; L?(f2)), the convergence (5.5) also holds weakly in this
space). Moreover

V(1) = V(1) = / B (@) (Th(G) — G (@) dg =0 if u] < k.
0

We can therefore reproduce the same reasoning as for the convergence of (C¥)x_ oo to see that
v¥ — 7 in the sense of distributions as k — oo.

Remark 5.1. If 5, =1d (resp. ¢, =1d), then v, = ¢, (resp. v, = Bn) and the strong convergence
of Vn(uy,) enables us to pass to the limit in fQX(O,T) Br(un)Cn(un) (or the truncated version if p is
small). We only need the compensated compactness lemma to identify this limit in the case of two
genuine degeneracies, that is B, # Id and ¢, # 1d.

5.3. Step 3: the function u is a solution to (P). We know that ¢(u) = ¢ € LP(0,T; W, *(Q)),
B(u) = B € C([0,T); L2(Q)-w) (with an abuse of notation), B(u)(-,0) = B(-,0) = B(u™). Since
(8¢ B (tn))men is bounded in L (0, T; W17 (Q)), we infer that 0,8, (u,) — 9:8(u) weakly in this
space. Lemma 4.3 shows that ¥ = B and ¥,, = B,, satisfy the assumptions of Lemma 4.6. Let
Ty € [0, T]. By (5.1), Bn(un)(-,To) — B(u)(-, Tp) weakly in L?(2). Hence by Lemma 4.6,

(5.10) /QB(W(;U,TO)) dz < liminf [ B, (Bn(u,)(z,Tp)) da.

n—oo Q

Combined with (4.5), this shows that B(3(u)) € L>(0,T; L' ()).
Passing to the limit as n — oo in (2.5) is then possible thanks to the convergence properties of
OB (un) and an (-, vy (uy), VG (uy)). We obtain

T T
(5.11) /0 <3tﬂ(u)(-,t),v(~,t)>W71,p/7W01,p dt—|—/0 /Sza(x,t)-Vv(m,t)dxdt
:/0 P80 g dE Vo € L0, T WEP().

To complete Step 3, it remains to demonstrate that

(5.12) a(z,t) = a(z,v(u), V{(u))(x,t) for ae. (z,t) € Q x (0,T).
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Let Ty € [0,7] and consider the identity (4.3) with data (8., Cn, Vn, Gn, fr, ui). Take the limit
superior and use (5.2) (recall that ¢ = {(u)) to obtain

To
(5:13) timsup [ [ 0 vn ), T (0) - T ) dodl
0 Q

n—oo

To
<timsup [ B8, () ot [ 0G0y g

n—oo

— lim inf /Q B (Bn(un) (2, Tp)) dz.

n— oo

Part (ii) of Lemma 4.3 and (4.1d) show that B,, o 3,, converges uniformly and has uniform quadratic
growth. By applying Lemma A.1, the convergence ui™ — ™ in L?(2) shows that (B, 03, )(ul™) —
(B o B)(u™) in L'(Q). Together with the inequality (5.10), this gives

To
(5.14) lim sup/ / an (T, Vn(un), VG (uy)) - VG, (uy) dzdt
o Jo

n—oQ

P TO
< [ B @) dr+ [0y g

- [ BEw e T e = [ : [t Ve dz

using the identities (4.2) (with v = u) and (5.11) (with v = ((u)).
We now employ the classical Minty-Browder argument. For G € LP(0,T; LP(©)?), the mono-
tonicity of (an)nen gives

To
(5.15) /0 /Q (2, V2 (1), Vo (1)) — (2, v (1), G - [VCo (1) — G] dzdt > 0.

Together with the strong convergence in L'(Q x (0,T)) of v, (uy,) to v(u), the assumptions on the
sequence (ay)nen ensure that ay, (-, v, (uy ), G) converges in L' (Q x (0,T))% to a(-,v(u),G). Using
this, (5.14) and the weak convergence (5.6), we pass to the limit superior on the expanded form of
(5.15) with Ty = T to see that

To
/0 /Q (e, £) — ala, v(u(z, £), Gz, )] - [VC() (1) — Gla, t)] da dt > 0.

Following G.J. Minty [26], take G = V((u) & r¢ for ¢ € LP(0,T; LP(2)?), divide by r > 0 and let
r — 0 to obtain (5.12).

5.4. Step 4: uniform temporal convergence of v,(u,) to v(u). Take To, € [0,7] and

(Th)nen C [0, T asequence converging to Too. Thanks to Lemma A.2, the convergence of (v, (un))nen
in C([0,77; L?(2)) follows if we can demonstrate that

V() (- To) = V() (-, Toc)|

5.16 li -
(5.16) im L2

n— oo

Note the use of the continuous representatives [0, 7] — L?(Q) of vy, (u,) and v(u) (whose existence
is ensured by Lemma 4.2). Without loss of generality, we can assume that T, is such that

(5.17) B (tn (-, T0)) = Bn(un) (-, Tn) and vy (un (-, Tp)) = vn(un) (-, Ty) a.e. on 2.
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Indeed, by definition of the continuous representatives, there is T), € (T,, — 1/n,T,, + 1/n) N [0, T
such that (5.17) holds at T, and such that

using vy, (u,,) € C([0,T]; L2(£2)). Proving (5.16) with 77, instead of T;, establishes it for T;, also.
To estimate the quantity in (5.16), which involves a variation of v, and w, with respect to n,

our strategy is to freeze one of these variations using the triangle inequality with v, (u)(:, T ) as an

intermediate point. But v, (u) may not be continuous in time, so its value at T, is not well-defined.

Instead we use v, (u)(+, s) and average over a small interval around T,,. To this end, let € > 0 and
define I, := [T, — &, Too + €] N[0, T). Using (5.17) and (4.1e) with v, B, and 3, write

1
n’

U (un)(+, Tn) — v (un)(, Twlz)

IN

L2(Q)

(5.18) ‘ ’

V() (5 T) = v() (- Too)|

L*(Q)
2

Vo(u(-, 5)) fM(-,Tm)] ds

<24 |wn(un(-, 1)) — vn(ul-, s ))||L2(Q) d5+2][ ‘ L2(Q)

IE

<8L5Lg</B o (Un (2, T)) dx—i—][ /B (Bn(u(z,s)))dzds

_2][/ ( “"$T>)2+5“((’))>dxds)

=:8LgL¢[Z1(n) + Za(n,e) — 2Zs(n, e)] + 2Z4(n, €).

To determine the convergence of Z, expand (5.15) with Ty = T,,, G = V((u) and take the limit
inferior of the resulting expression. Noting the identity (5.12), we obtain

(5.19) hmlnf/ /an 2, Un(Un )y VEn(un)) - VI (uy) dadt

n—oo

2/0 /Qa($71/(u),V§(u))~V§(u)dxdt.

Now in (4.3), replace (3,¢, v, a, f,u™, To) with (By, Cns Vn, Gy fr, ul™, Ty,) and using (5.17), (5.19)
and the fact that u satisfies the energy equality (4.3), take the limit superior as n — oo to deduce
that

(5.20) limsupZ; (n / B(B(u)(z,Ts)) dz < +o00.

n—oo

To handle Z,, recall that B, o 3, converges locally uniformly on R to to B o 3 (Lemma 4.3). By
Hypothesis (2.2), u € L?(Q x (0,7)). Hence by the dominated convergence theorem, the quadratic
growth (4.1d) of B,, ensures that B, (3,(u)) — B(B(u)) = B(B(u)) in L'(Q x (0,T)) and so

(5.21) lim Zy(n,¢) ][ / )) dz ds.

n—oo
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Now the convexity of B,, enables the application of Jensen’s inequality to Z3, yielding

wo-f [ 5 (5nunw>>2+ﬁn<u<x,s>>)dxds

( o (Un (2, Tn)) + £ Ba(u(z,s)) ds) b

2

The convergence in C([0,77]; L?(2)-w) of B, (un) to
by Lemma A.2 that B, (un(,Ty)) = Bnl(un)(-,Ty)
L2(Q2 x (0,T)) the assumptions on 3, give 3, (u

B and the continuity of the latter imply
— ( ( T.) weakly in L?(Q). Since u €

w) in L2(0,T; L3(2)), and so

) = B(u
][ Bn(u(-,s))ds%][ W)(-,s)ds in L2(Q).
I. I

Thus (8, (un(, - T0)) +f; Ba(u(-,s))ds) = 1(B(u) +JCI s)ds) weakly in L?(2) and
Lemma 4.6 gives
(5.22) / B <B(U)(x7TOO) al ;CIE Pz, s) ds) dz <liminf Z5(n,¢).

O n—oQ

Since u € L*(Q x (0,T)), vn(u) — v(u) in L2(Q x (0,T)) and so

2 2

v(u) — l/(u)(-’Too)‘ LA@x L)

A COCDRTORES] |

L2(9)
Thanks to (5.20), (5.21) and (5.22), we may split the limit superior as n — oo of the right-hand
side of (5.18), using (5.23) for the remaining term to obtain

(5.23) Zy(n,e) =

() = (), Too)|

L2(Qx1.)

ds.

2
(5.24) limsup

n—oo

aln)(, T) = v () [,

§8LﬁL<</B(ﬂ( 2, T dx+][s/ ) dz ds
2/QB<6<@<x,TM>+;fIE z8 )m) HJ{E HTu)(»s%M(»Tm)!

To complete the proof it remains to take the superior limit as ¢ — 0. By the continuity of the
mapping [0,7] 3 s — [, B(B(u)(x,s)) dz,

lim][ / (z,5) dzds—/B u)(z, Ts)) dx.
e—0

Using the continuity of v(u) : [0,T] — L*(Q),

2

ds.
L2(Q)

2

lim £, Hu(u)(.7 5) — V(u)(~,TOO)‘ oy 15 =0
Since B is convex lower semi-continuous and 3 (3(u)(-, T ) + fI s)ds) = B(u)(+, Ts) weakly

in L?(Q) as € — 0 (using the continuity of 3(u) : [0, ] — L2 (Q)- ), we apply Lemma 4.6 to deduce
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that

/B(M($7Too))dxﬁliminf B <6(u)(x’T°°)+ffe plu)z, s) ds) dz.
Q e—0 Q 2

Taking the limit supremum as € — 0 of (5.24) yields (5.16), hence the result.

Remark 5.2. Since B, (un) (-, Ty) — B(u) (-, Tro) weakly in L*(Q)) whenever T,, — Ts, (see Lemma
A.2), (5.10) still holds with Ty in the left-hand side replaced with T, and Ty in the right-hand side
replaced with T,,. Thus with (5.20) we see that

/Bn(ﬂn(un)(x,Tn))dI‘)/B(M(I,Tm))dl’ as n — 0o.
Q

Lemma A 2 (md Part (i) in Lemma 4.2 then show that [, By (Bn(un)(z,-)) dz converges uniformly
to [, B z,-))dz on [0,T].

5.5. Step 5: convergence of (,(u,) to ((u) in LP(0,T; W, (Q)). We follow the ideas of J.
Leray and J.-L. Lions [22]. Use (5.14) with 7o = T and (5.12):

limsup/ /an T, Un(Un ), VEn(un)) - VI (uy) dadt </ / a(z,v(u), V{(u)) - V((u) dz dt.

n—oo

Together with T,, = Too = T in (5.19), we see that

(5.25)  lim / /an 2, Un (Un), VCn(tn)) - Vi (uy) dadt

n—oo

:/0 /Qa(x,u(u),VC(u)) - V((u) dz dt.
Now define

Fy = [an (@, vn(un), VGn(un)) — an(@, vn(un), VQ())] - [VCa(un) — V((u)] = 0
integrate this expression over Q x (0, T) and expand. The convergences (5.2), (5.6), (5.25) and the
convergence in L (Q x (0,T))% of ay (-, vn(un), V¢()) to a(-, v(u), V¢(u)) imply that, as n — oo,

/ / (z,t)dzdt — 0.

The nonnegativity of F,, then ensures that F), converges to zero in L'(£2 x (0,T)) and therefore,
upon extraction of a subsequence, almost everywhere on 2 x (0, 7). Now use the strict monotonicity
of a to apply Lemma A.4 with X = QxR, b,,(s,€) = an(x, $,£), xn = V(n(un) to deduce that, up to
a subsequence, V{, (u,) = V{(u) almost everywhere on Q x (0,T). A subsequence of (v, (un))nen
converges almost everywhere on Q x (0,7) to v(u), therefore the local uniform convergence on
R x R? of (a,)nen ensures that

an (s Vn(tn), VG (tn)) - VGn(un) = al(-,v(u), V¢(u)) - V¢(u) a.e. on Q x (0,T).
Lemma A.3 then guarantees, using (5.25) and the nonnegativity of ay, (-, vp (tn), VCn(tn)) - Vi (un),
that

an (s Vn(Un), Vi (un)) - VEn(un) — a(-,v(u), V¢(u)) - V¢(u) in LY(Q x (0,T)).
Therefore, the sequence (an (-, vn(tun), Vi(tn)) - VCn(un))nen is equi-integrable, and so too is
(IVCn(un)|P)nen thanks to the uniform coercivity of (an)nen. The strong convergence (2.8) then
follows from Vitali’s theorem. |
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APPENDIX A. CONVERGENCE LEMMAS
We make frequent use of the following lemma, proved in [16].

Lemma A.1. Let H, : R — R be a sequence of continuous functions such that

(i) there exist positive constants Co, v such that for every s € R, |H,(s)| < Co(1+ |s|7);
(i) H, converges locally uniformly on R to a continuous function H : R — R.

Let N € N and take a bounded subset E of RN. If ¢ € [y,00) and (vp)nen C LY(E) is such that
vp — v in LY(E), then H,(v,) — H(v) in LY/7(E) as n — co.

The next lemma gives an equivalent characterisation of uniform convergence, which is critical to
Step 3 of the proof of our main result. For a proof of this lemma, see [14].

Lemma A.2. Let (K,dg) be a compact metric space, (E,dg) a metric space. Denote by F (K, E)
the space of functions K — E, endowed with the uniform metric dr(v,w) = supe i dp(v(s), w(s))
(note that this metric may take infinite values).

Let (vp)nen be a sequence in F(K, E) and v : K — E be continuous. Then v, — v for dx if and

only if, for any s € K and any sequence (S, )nen C K converging to s for dk, va(sn) — v(s) for
dg.

We employ the final two lemmas of this appendix in Section 5.5 to establish the (strong) con-
vergence in LP(0,T; Wy (Q)) of ¢u(un) to ¢(u). For a proof of the first of these lemmas, see [15,
Lemma 3.3]. The second is a slight modification of [15, Lemma 3.2].

Lemma A.3. Let (F,)nen be a sequence of nonnegative functions in L*(Q)). Let F € LY(Q) be
such that F,, — F almost everywhere and

/Fn(x)dx%/F(x)dx.
Q Q
Then F,, — F in L*(Q) as n — oc.

Lemma A.4. Let X be a metric space and for every n € N let b, : X x R — R? be continuous
and monotone:

(bn(u,0) = bu(u,7)) - (—7) >0 Vue X, V5,7 €R™.

Assume that b, converges locally uniformly on X x R? to a continuous map b: X x R4 — R? that
is strictly monotone:

(b(u,8) = b(u,7)) - (6 =) >0 VYuec X, V6§ #~ R4
Take a sequence (un,Xxn) € X x R and (u,x) € X x R? such that as n — oo,
(br (tny Xn) — b (U, X)) - (Xn — x) = 0 and  wu, — u.
Then xn — X-
Proof. Let § € R%\ {0}. For n € N, define hs,, : R — R by
hsn(8) == (by(tn, X + 86) — by (tn, X)) - 6.
For s > ¢/,

(hon(8) — hsn(s")(s — 8") = (bn(un, X + $8) — bp(un, x +86)) - 8(s — s') >0,
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so hs,r, is a nondecreasing function. Now assume that x,, does not converge to x, so there is some
e > 0 and a subsequence of (xn)nen, not relabelled for convenience, such that s, 1= |x, — x| > ¢
for all n € N. Define
5, = Xn =X
|Xn - X|
There exists § € R? with |§| = 1 such that, upon extraction of a subsequence, d§,, — §. Then

)).anx

n

(bn(una Xn) - bn(una X = hén,n(sn) > hén,n(@) = (bn(UmX + €5n) - bn(una X)) “On-
Let n — oo to see that

0= Tim (b (ttms Xn) — b (t1s X)) - (xm — )

n—00 Sy
Z lim (bn(u’mX + 5671) - bn(un7 X)) : 671
n—oo
a contradiction. O

APPENDIX B. COMPENSATED COMPACTNESS LEMMA

Space—time compensated compactness results usually state the convergence of a product ( f,,gn)nen
of functions, each one converging only weakly but (f,)nen having compactness properties in space
and (gn)nen having compactness properties in time. As seen in the work of A.V. Kazhikhov [19], A.
Moussa [27] and references therein, the proof of compensated compactness is often a consequence
of the Aubin—Simon compactness theorem. The following lemma is no exception.

Lemma B.1. Let Q be an open and bounded domain in R?, T > 0, and p € (1,00). Take two
sequences of functions (fn)nen and (gn)nen in L2(Q2 x (0,T)) such that

o f,— f and g, — g weakly-+ in L*(Q x (0,T)) as n — oo,

o (fa)nen is bounded in LP(0,T; W, P(Q)),

o (8:gn)nen is bounded in LY (0, T; W17 (Q)).

Assume furthermore that one of the following properties holds:

(i) p>2, or
(i) dQT‘_iQ < p <2 and (gn)nen is bounded in L¥' (0,T; L2(Q)), or
(iti) 1 < p < %, (gn)nen is bounded in LP (0,T; L%(2)), and (fn)nen is bounded in L>®( x
(0,7)).

Then fugn — fg in the sense of measures on Q x (0,T), that is, for all o € C(Q x [0,T]),

(B.1) /0 Afn(x,t)gn(x,t)w(x7t) dz dt — /0 /Qf(:zz,t)g(x,t)gp(x,t) dzdt as n — oo.

Remark B.2. This result is clearly not optimal and the conclusion holds under much weaker
assumptions. Using for example the ideas of [14], which consists of reducing the proof to the case
where (fn)nen are tensorial functions, we could establish a convergence result for (fngn)nen under
weaker bounds on the functions, and assuming only space-translate estimates of (fn)nen instead of
bounds in a Lebesgue—Sobolev space. We establish only this simpler lemma that is adapted precisely
to our setting, and emphasise that we make no claim over the originality of its core idea.
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Remark B.3 (p small). If p is too small, then an additional assumption on (fn)nen is mandatory,
as the following example shows.

Ifp < % then p* < 2 and Wy (Q) is therefore not compactly embedded in L*(Q). Take a

sequence (Un)nen that is bounded in W, P(Q) N L*(Q) that converges weakly but not strongly to
some u € L*(Q). Set fn(z,t) = gn(z,t) = uy(z) and f(x,t) = g(z,t) = u(x). Then f, — f and
gn — g weakly in L=(0,T; L*(Q)), (fn)nen is bounded in L>(0,T; Wol’p(ﬂ)) and Orgn, = 0, but
the convergence of fo(O,T) fngn to fo(O,T) fg would imply that ||unHL2(Q) — Hu||L2(Q). Hence, u,

would converge strongly to u in L?(Q), which is a contradiction.

Proof. By density of C>°(Q x [0,T]) in C(Q x [0,T]), we only need to prove the result for ¢
smooth. Replacing (fn)nen With (¢ f)nen, which has the same bound and convergence properties
as (fn)nen, we can actually assume that ¢ = 1 and we only have to prove

(B.2) /OT /Q fo(z, t)gn(z,t)dadt — /OT /Q flz,t)g(x,t)dedt as n — oc.

We recall a classical consequence of Aubin—Simon’s theorem [9, 13]: assume that V, E and F
are Banach spaces such that V is compactly embedded in E and E is continuously embedded in F'; if
(Wn)nen is bounded in L™(0,T;V) and (O;wy)nen is bounded in L™(0,T; F) for some r,m € (1,00],
then (wp)nen s relatively compact in L™(0,T; E).

We first consider Cases (i) and (ii). In both cases, p* > 2 and thus W,"*(Q) is compactly
embedded in L?(Q2). By duality, we infer that V = L?(Q) is compactly embedded in E = F =
W12 (Q). Since (gn)nen is bounded in LP' (0,T;V) (in Case (i), we use the fact that p’ < 2),
and (0rgn)nen is bounded in LP' (0, T; W1 (Q)), the Aubin-Simon theorem shows that (g )nen
is relatively compact in L?' (0, T; W~1#'(Q)), and that its convergence to g is strong in this space.
Since (fn)nen is bounded in LP(0, T; Wy P (R)), its convergence to f also holds weakly in this space.
Observe that

/ /fn ) gn (2, 1) da dt = / (9 (8). FaOyy—sr o .

so the convergence (B.2) holds by strong/weak convergence.

We now consider Casc (iii). Fix s € (0,1) such that 2s < p. By the assumptions on (f,,)nen and
Lemma B.4 below, the sequence (f,,)nen is bounded in LP(0, T; Wg»*(€2)), and thus converges weakly
in this space to f. Since s > 0, W;*(Q) is compactly embedded in L*(Q) (we use [11, Theorem
7.1] with the extension Wg*(Q) — W*2(R?) by 0 outside Q, which is valid since Wg*(Q) is the
closure in W*?2(Q) of compactly supported functions). Dually, V = L?(f) is compactly embedded
in B = W=52(Q). Set F = W~52(Q) + W~12'(Q), and apply the Aubin-Simon theorem to see
that (gn)nen is relatively compact in LP' (0, T; W~52(Q)). The weak convergence of (fn)nen in
LP(0,T; W *(Q)) therefore allows us to pass to the weak/strong limit in (B.2) as above. O

The following lemma is a simple interpolation result between W, ?(Q) and L>(Q).

Lemma B.4 (Interpolation estimate). Let 2 be a bounded open subset of R? and p € (1,00). If
€ (0,1) and q € (p,00) are such that sq < p, then there exists C1o such that for all w € Wol’p(Q)

Y € Wo (@) N L2(Q), Ilullwg ooy < Crollwl oy 010 g

where W§(2) is the closure in W*49(Q) (for the norm defined in the proof) of C2°(2).
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Proof. We write, using the change of variable y = x + &,

_ q
wl|% s.q :/ w(z qu+/ dedy
ol = [ lu@pass [ [ 100
\w y)lP
< w7 llwllzs ) + 2lwllT<g) ‘dﬂq dz dy

< 152 g 1018y + 2007 /S |§|*‘Hq ([ 1wt +9) - wlras) ac

But [, [w(z + &) — w(z)[P dz < |§\”||Vw||m(Q . and Q — Q C B(0, D) where D is the diameter of
Q. Hence

wll§ye0 () < w70y 1wz ) + 2wl o) V@l ) /B(OD) j[P=a=st g

and the proof is complete since p — d — sq > —d. O

APPENDIX C. A UNIQUENESS RESULT
We state and prove the uniqueness of a solution to (P) when p = 2 and
(C.1) a(z,v(u), V¢(u)) = A(z)V¢(u) in Q,
under the hypothesis that

A is a measurable function from Q to Mgy(R) and
(C.2) there exists A, A > 0 such that, for a.e. z € Q,
A(z) is symmetric with eigenvalues in [, A].

J. Carillo [10] gave a proof, based on the doubling variable technique, of the uniqueness of entropy
solutions to 9;f(u) — Al(u) = f (with an additional convective term). Although this could be
extended to our framework, we provide here another proof which is shorter and simpler, using the
idea due to J. Hadamard [18] of solving the dual problem. This idea has been succesfully used
in the case of the one-dimensional Stefan problem [7], and subsequently generalized to the higher
dimensional case [17].

Note that this uniqueness result applies to the equivalent maximal monotone graph formulation

(PM)(C.1)~(C.2).

Theorem C.1. Under Hypotheses (2.1), (C.1) and (C.2), let uy and ug be two solutions to (2.5)
in the sense of Definition 2.2. Then B(u1) = B(uz) and ((u1) = ((ug).

Remark C.2. If 8 and ¢ do not have any common plateau, as a corollary of this theorem we see
that uy = ug. Otherwise, Theorem C.1 is optimal. Indeed, whenever a solution u takes a value in
a common plateau of B and (, we can change this value into any other value in the same plateau
without changing the fact that u is a solution.

Proof. Set ug = B(u1) + ¢(u1) — B(uz) — ((uz2), and for all (z,t) € Q x [0,T], define

¢(ua(z,t)) —¢(ua(z,t)) .
q(xvt) = { 0 ua(z,t) if Ud(£E7t) 7é 07

otherwise.
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Take ¢ € L?(0,T; H}(Q)) with 9y € L*(Q x (0,T)), ¥(-,T) = 0 and div(AV¥) € L?(Q x (0,T)).
Approximating 1 in time by smooth functions, we see that

/OT(BtB (u;), /B i) () (x, 0) da —/ Bu;)(z, t)0pp(z, t) dz dt.
Then (2.5) gives
(C.3) /0 ' /Q wae,0) (1= g2, 1)D (. 1) + gl 1) div(AVe) (2. 1)) da dt = 0.
For € € (0,1/2), denote g. = (1 —2¢)g+¢. Since 0 < ¢ <1 we have e < ¢. <1 —¢ and
(C4) (qqq)2 <e and (‘11_;)2 <e.

Let 1. be given by Lemma C.3 below, with g = ¢. and some w € C°(Q x (0,7)). Substituting ¢
by . in (C.3) and using (C.7),

(C.5) ug(z, t)w(x, t) dedt

Q

T
< /o /Qud(x,t)(qa(x,t) — (@, ) (Aiv(AV) (2, 1) — Oytpe(, t)) da dt| .

The Cauchy-Schwarz inequality, (C.8) and (C.4) imply that

2

l/ /Qud(x,t)(qg(:mt) — q(z,t))(div(AVY.) (2, t) — Oppe (x, 1)) dac dt

<2 (/ /ud (.12 €& ) (xc,] g:v,t)) dxdt) </OT/Qqg(x7t)(div(AV1/J€)(:v,t))2dxdt)
42 (/ /ud 2, 1)? 13(1‘(196( ;t)) dxdt) (/OT/Q(lqs(%t))(atws(x,t))zdxdt)

T
2 2 2
< <o (IVwl oy + 10l ey + 00l @ury) [ [ wate.0? dzar

The right-hand side of (C.6) vanishes as e — 0, and therefore so does left-hand side of (C.5), giving

T
/ / ug(z, t)w(x,t)dedt = 0.
0o Ja

Since this holds for any function w € C°(Q x (0,7T)), we get that uq(z,t) = 0 for a.e. (z,t) €
0 x (0,T). Hence f(u1) — B(uz) = —(¢(u1) — ¢(uz)) and, since § and ¢ are non-decreasing, the
proof of the theorem is complete. O

The following lemma ensures the existence of the function 1, used in the proof of Theorem C.1.

Lemma C.3. Let T > 0, and let Q be a bounded open subset of R% (d € N). Assume Hypothesis
(C.2). Let w € C(Q x (0,T)) and g € L>®(2 x (0,T)) such that g(x,t) € [gmin, 1 — gmin] for a.e.
(z,t) € 2% (0,T), where gmin is a fived number in (0,3). Then there exists a function 1 such that:
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(i) ¥ € L0, T; HA (), 8 € LA x (0,T)), div(AVY) € L2(Q x (0,T)) (this implies 1 €
C([o, T]; L*(9))),
(it) ¥(-,T) =0,
(iii) o satisfies
(C.7) (1 —g(x,t)0pb(x,t) + g(x, t) div(AVY)(z,t) = w(z,t) for a.e. (z,t) € Q x (0,T),

(iv) there exists Coy > 0, depending only on T, diam(Q), A and A (and not on gumin), such that

T 2 _ 2
s [ ((1 — (1) (9. 1))+ gl 1) (v (AV) (2, 1)) ) d dt
0 JQ
< Co (||Vw||2L2(Qx(o,T)) + Hw||2L2(Q><(O,T)) + Hatw||2L2(Qx(o,T))) :
Proof. After dividing through by g, observe that (C.7) is equivalent to

where ® € L>(Q x (0,7)) satisfies 0 < ¢, < P(z,t) < ¢* for ae. (z,t) € Q x (0,T) and
feL>(Qx(0,T)). We first show the existence of a solution ¢ to (C.9) satisfying (i) and (ii).

Let W := {v € C°[0,T); H}(2)) | 0pv € L*(Q x (0,T)) and v(-,T) = 0}. Define T : W — W,
where T'(v) = u is such that for all w € L?(0,T; Hg (%)),

T
(C.10) /o /Q(qﬁ*w(x,t)@tu(x,t) — A@)Vu(z, t) - Vu(z, ) dzdt
T
:/O /Q(f(x,t)+(¢)*—@(x,t))@tv(x,t))w(x’t)dxdt.

Existence of such a uw € W is assured thanks to Lemma C.4 below. Endowing W with the norm

1/2
2 A 2 )

V||l = | sup Opv -y T = Vol 7 )
foll Lem (10001 + 2 19007 e

dividing (C.10) by ¢*, noticing that sup, ;ycax(0,1)

¢*_§*(I’t)‘ < ¢>*¢—*¢* < 1 and using (C.15), we

see that T is a contraction. It therefore has a unique fixed point ¥ € W that satisfies (i)—(iii).
It remains to verify (C.8). Taking s, 7 € [0,T], we have

/ / (z,t) div(AVY)(z, t) dz dt = / / 2)Vw(z,t) - Vi(z, t)d dt,

/ST/QW(L”W(CCJ) dedt = /Q(w(:v,r)w(x,f) —w(z, s)y(z, s)) dz

— /T Y(x, t)Opw(x, t) dx dt.
s Q
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Multiplying (C.7) by 9y (x,t) + div(AVY)(x,t), integrating on Q x (s,T) for s € [0,T], and using
(C.16), ¥(-,T) = 0 and Vi (-,T) = 0, we obtain

(C.11) %/QA(w)Vw(x,s)-Vw(x,s)dx
o ' [ (0= ste.n (00) " + gte0) (ava9)w.0)) ) dar
/ / 2)Vwl(z, ) - Vib(x, 1) dxdt/gw(z:,s)d)(x,s)d:z:/ST/QzZJ(:c,t)atw(x,t) dz dt.

Integrating (C.11) with respect to s € (0,T) leads to

(C.12) / / 2)Vi(z, s) - Vii(z, s)dxds<T/ /|A Waw(z,t) - Vi(z, t)] de dt

+/0 A'w(m’s)wﬂs)'ddeT/o /QW(iC,t)atw(m,t)\dxdt.

We then apply the Cauchy-Schwarz and Poincaré inequalities, which leads to

A
(C13) S IVl L2 0,m))

<TA IVwll 20 (0,7)) + diam(£2) (Hw||L2(Q><(O,T)) +T Hatw||L2(Q><(O,T))) :
Letting s = 0 in (C.11), recalling that w(-,0) = 0, and using (C.13) gives

/O/Q(1—g(:v,t))(8tz/}(a:,t))2—|—g(x,t)(divAV¢(x,t))2)dxdt

< 1 (RIV0liz x o 1y + diam(@) 1920l 0

X (TXHV'W”L%QX(O,T)) + diam(Q) (w2 0,y + T ”athL?(Qx(O,T))) )
which implies (C.8). O

The following lemma states the time regularity of the solution of a linear backwards parabolic
problem with sufficiently regular data. It may be that this lemma can be proved by using the Hille—
Yoshida theorem, since the regularity of the solution is coherent with those of the Hille-Yoshida
theory, but this exact result, with low regularity assumptions on € or A, does not seem to exist in
the literature. We propose a self-contained proof, which is probably shorter than checking that the
Hille-Yoshida framework applies.

Lemma C.4. Let T > 0, and let Q be a bounded open subset of R? (d € N). Assume Hypothesis
(C.2). Let h € L*(Q x (0,7)), and let u € L?(0,T; H}(Q)) with ,u € L*(0,T; H1(2)) such that
u(-,T) = 0 be the standard weak solution of the backwards problem dyu + div(AVu) = h, that is

(C.14) Yo € L*(0,T; HL(Q)),
/O (<3tu(-7t),v(',t)>H1,H3 —/QA(x)Vu(:c,t)-Vu(x7t)dx) dt:/o /Qh(x,t)v(x,t)dxdt.
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Then dyu € L*(Q x (0,7)), div(AVu) € L?(Q x (0,T)), u € C°([0,T]; H}(Q)) and

(C.15) sup_ <||atu||i2(QX(TyT))+ /Q Az)Vu(z,T) - Vu(z,T) dx) < Ihll72 0 0.1 -

Furthermore, for all s <1 € [0,T],
(C.16) / / Opu(z,t) div(AVu)(z,t) dedt = —%/ Alz)Vu(z,7) - Vu(z, 7)dz
s Q Q
+%/ A(z)Vu(z, s) - Vu(z, s) dz.
Q

Proof. Let p € C2°(R) with support in [—1 O] such that p > 0 and f_ol p(s)ds = 1. For n € N,
define p,(s) = np(ns) and w,(x,t) fo pn(t — s)u(z, s)ds. Take

v(z,t) = /0 pn(s — t)Opup(z,s)ds

as test function in (C 14). Since v is a regular function with respect to time and v(-,0) = 0 (thanks
to the support of p), we obtain Ty + Ty = T3, with

T = / / :z:t/ '(st)@tun(x,s)dsdxdt/()T/Q(é‘tun(x,s))2dzd5,

—/T/ A(z)Vu(x,t) - /T pn(s —t)VOpu,(x,s)dsdzdt

0

:—f/ /875 2)Vuy(x, ) - Vun(z,-))(s)dzds
-1 (/QA( VWi (2, T) - Vun(:z:,T)dxf/

A(z)Vup(z,0) - Vuy(x,0) d:c)
Q

and

T T T
T3=/ /h(m,t)/ pn(s — t)Opun(z, ) dsdxdt:/ /hn(x,s)atun(x,s) dsduz,
0o Ja 0 0o Ja

where h,(z,s) = fOT h(z,t)pn(s — t)dt. Observing that u,(-,7) = 0 and |[|hy|z2@x 1) <
l2]l 2@ x 0,1y, Young’s inequality on the right-hand side of T 4 T, = T3 yields

T
(C.17) /0 /Q(ﬁtun(m, s))*dz ds + /Q A(x)Vuy,(2,0) - Vu,(z,0)dz < ||h||%2(QX(07T)).

Hence, (0;un)nen is bounded in L2(2 x (0,7)). Since u, — u in L*(Q x (0,T)), this shows that
Owu € L2(2 x (0,T)). The PDE (C.14) gives div(AVu) = dyu — h € L*(2 x (0,T)). Finally, we
obtain (C.15) by repeating the reasoning leading to (C.17), starting with an arbitrary time 7 € [0, T
instead of 0 and by passing to the weak limits in the corresponding inequalities. Equation (C.16)

is established by repeating the above computations using the same regularization in time.
|
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