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Abstract

Let 75 be the set of all positive integers pqr, where p, g, r are primes such
that at least two of them are not equal. Denote by P(n) the largest prime
factor of n. For n = pqr € o, define w(n) := P(p+ q)P(p+1r)P(g+ ). In
2006, Wushi Goldring proved that for any n € 73, there exists an ¢ such that
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w'(n) € {20,98,63,75}, where w®(n) = n and w'(n) = w(w*~t(n)) (i > 1). If
w(m) = n, then m is called a parent of n. Let %3 be the set of all positive
integers pg® of a73. In this paper, we study the function w extensively. For

example, one of our results is that there exist infinitely many n € %5 which

1.1886

have at least n parents in %A3. Several open problems are posed.

2010 Mathematics Subject Classification: 11A25, 11A41, 37B99

Keywords: w function; primes; dynamics

1 Introduction

Let &2 be the set of all (rational) positive primes. For any positive integer n let

P(n) denote the largest prime factor of n with the convention P(1) = 1. Let

oy ={pqr | p, ¢, r€ PI\{p’ | p € Z}.

Recently Goldring [4] introduced his w-function on %, which is defined by
w(n):=Pp+q)Plp+r)Plg+7r) (n=pqre o),

and investigated its dynamics. Here and in the sequel, the letters p, ¢, r and s denote
prime numbers. According to [4, Lemma 2.1], we have w(n) € <7 for all n € .

Thus we can consider iteration of w. For every integer ¢ > 0, write

w’(n) :=n, w'(n) == ww' ' (n)) (Gi=1,2,...).

For example, one can verify that
w(20) = 98, w(98) = 63, w(63) = 75, w(75) = 20.

Interestingly, Goldring [4, Theorem 1.1] proved that for every n € o, there exists
an integer i such that w'(n) € {20,98,63,75}. Denoting by ind(n) the smallest
such integer i. We call ind(n) the periodicity index of n. Goldring [4] proved that
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ind(n) < 4(w(P(n)) — 3), and posed several conjectures related to w(n). Two of

them are
Conjecture A ([4, Conjecture 2.9]). We have ind(n) = O(logm(P(n))).

Conjecture B ([4, Conjecture 2.10]). There are subsets in <75 of arbitrarily

large periodicity index.

Chen and Shi [2] proved Conjecture B and ind(n) = O((log P(n))?).

Let n € o and .¥ C 4. By a parent of n € 44 in %, we mean a posi-
tive integer m € . such that w(m) = n. We also call m a .#-parent of n. Let
By ={p°q : p#q,p,q € P} and 63 = o \ B3. Goldring [4] proved that there
exist infinitely many elements of %5 that have at least seven %s-parents and posed

the following conjecture:

Conjecture C [4, Conjecture 2.16]). Fvery element of o3 (respectively %s) has
infinitely many €s-parents (respectively $Bs).

Chen and Shi [3] proved that for any positive integer k there exist infinitely many
elements of #5 that have at least k parents in %3 and there exist infinitely many
elements of %3 that have no parents in As.

Define

Ny (n) = [{m €. :w(m) = n}|,

Recently Jia [6, Theorem 3] established more precise results:

e There is an element n = pg? of %3 with x < p < 2z and /rlogr < ¢ <
2y/x log x such that

Ny (n) > z'(logz) ™ > n'/*(log n) ",
provided z is sufficiently large.

e There exists an element n = ¢r? of %3 with ¢ < 4z and /zloger < r <
2y/xlog x such that

Ny, (n) > z(logz)~* > n'*(logn) 2,
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provided z is sufficiently large.

e There is an element n = ¢rs of €3 with ¢ < 4r and /rlogx < r,s < 2\/xlogx
such that
Ng,(n) > z(logz)™ > n*?(logn) >,
provided z is sufficiently large.
Here we establish some stronger results.
Theorem 1. (i) Let B > —1. As x — oo, we have
(1.1) #{n <z :n € Bs, Ny, (n) > n>(logn)P} > 2?3(logx) B3
(ii) There exist infinitely many n € By such that Ng,(n) = n19%6,

Theorem 2. For any ¢ > 0, as x — oo, we have

(1.2) #{n < x:n € Bz, Ng,(n) = 1} >, xl/g(logx)’%s,

(1.3) #{n <z :n € Bs, Ng,(n) > n'?*(logn) =27} > eloglog ,
where the implied constant in (1.3) is absolute.

Theorem 3. For any ¢ > 0, as x — oo, we have

(1.4) #{n <z :n € G, Ng,(n) > n'*(logn) 27} > (eloglogz)?,
(1.5) #{n < x:n € G, Ng,(n) > n'/*°} > (clogz)?,

where the implied constants are absolute.

In order to improve Goldring’s bound to
ind(n) < (log P(n))? (n € ),

Chen & Shi [2] proved their [2, Lemma 4], which is stated as follows: for each n € o}
there is a positive integer ¢ = i(n) such that

~ 1
| <i<log(P(n)+6)+2 and P(wi(n)) < %P(n) 46,

In Section 5 and 6, we study the distribution of sequences { P(w(n))/P(n)}new and
{w(n)/n}new and establish the following result.
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Theorem 4. We have

log P
(1.6) lim inf 2820 o960
nox log P(n)
1
(1.7) lim inf logw(n) o so94.
(= logn
1
(1.8) lim sup 22U S 554
n—00 IOgTL
ne.as

From Theorem 4, we can deduce the following corollary.

Corollary 5. We have

(1.9) lim inf Plw(n) =0 and lim sup Plw(n) =1,
hen P0) w0

(1.10) lim inf win) =0 and lim sup win) = 00.
n—00 n n—o0 n
neo3 neo3

Introduce the notation

(1.11) As(z) = e N [1, 2|

Theorem 6. For all o € (%, 1], we have, as x — o0,

(1.12) #{n <z:ne€ o Plwn)) <aP(n)} ~ As(zx).

When « € (0, %], we have, as T — 00,

(1.13) #{n < x:n€ o, Plwn)) <aP(n)} > a?As(z),

where the implied constant is absolute.

In view of Corollary 5, it is natural to raise the following problems.
Problem 7. Is the set {P(w(n))/P(n) :n € @4} dense in [0,1]?
Problem 8. Is the set {w(n)/n :n € o4} dense in [0,00)?

Theorem 6 shows that the density

1
D((/f3 (Oé) = xlggo Ag(l’) Z 1

n<r, nEs
P(w(n))<aP(n)

exists for % < a < 1 and is equal to 1. Naturally we want to know the other case.
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Problem 9. Does Dy () exist for a € (0,3]? If it exists, what is its value?

The lower bound (1.1) of Theorem 1 is probably far from optimal. On the other
hand, Chen & Shi [3, Theorem 4] proved that there exist infinitely many elements

of %3 which have no %s-parent. It is very natural to ask
Problem 10. Does the set {n € %3 : n has no Bs-parent} have zero density?

In view of [4, Conjecture 2.16], it is interesting to know if there exist elements n €
A such that Ng,(n) = co. As Chen & Shi [3, Remark] indicated, this assertion is
equivalent to the following conjecture: For any nonzero integer a there are infinitely
many primes p such that P(a+ p) takes the same value. This conjecture seems very

difficult. Here we propose a slightly easier question.

Problem 11. Let q be a large prime number. Are there infinitely many primes p

such that P(p + 2) = q¥

If the answer to this problem is affirmative, then Ny, (2¢%) = oo (since w(4p) =

2¢%). In Section 7, we shall give a heuristic argument for Problem 11.

Acknowledgement. This work was begun during Conference on Number Theory
at Chern Institute of Mathematics, Nankai University, China, August 23-28, 2009.
We would like to thank Chern Institute of Mathematics of Nankai University for
agreeable hospitality and Jia for his excellent talk on the dynamics of Goldring’s

w-function. We also thank the referee for his/her helpful comments.

2 Proof of Theorem 1

First we need to prove a preliminary lemma, which is of independent interest.

Lemma 2.1. For two coprime positive integers a and d with 1 < a < d— 1, denote

by m(x,d,a) the number of primes p < x such that p = a (modd). Let By > 0 and



P =Q(logQ)~Pt. Then we have

PQ Q?
(2.1) >, D, 1~ ~ et
it log PlogQ  (log Q)51+
m(Q2%,4,4—p)2Q/(81log Q)
PQ Q?
2.2 1~ ~
(2:2) Z Z log Plog@  (logQ)B1+2’

Q<q<2Q p<P
Ng, (pg?)2Q/(81og Q)

as () — oo.

Proof. According to [7, Theorem 7.12], for 1 < @ < x and any A > 0 we have

2
23 X Y B daP = QelogQ+ 0s(Qet g ).
d<Q (1<a)<d (10g 5U>
a,d)=1

where
x
2.4 E(x,d,a) = logp — —
(2.4) wd,a)= 3 g
p=a(mod d)

and ¢(q) is the Euler function. Here the implied constant depends only on A.
Clearly (2.3) with the choice of x = Q? implies

S DY IE@ qq-pP< > D |EQq.a)

Q<q<2Q p<P Q<q<2Q 1<a<gq

(2.5) (a,9)=1
Q4
4 {log Q)
for all @ > 3.

Introduce

S(Q) = {(g,p) : Q <q<2Q, p< P},
EQ) = {(q,p) € S(Q) : |E(Q*,q.q—p)| = Q°/(2¢(q))}-

From the inequality (2.5), we easily deduce
&Y Q!
E —_ —.
20 (524 —77) < sy
Thus
Q2

(2.6) |E(Q)] <a W‘



For all (¢,p) € S(Q)\E(Q), we have

2

20(q)

|E(Q% q,q—p)| <

From this we deduce ,

Z logp’ > 2Q
ot ©(q)
p'=q—p(mod q)

for all (¢,p) € S(Q)NE(Q). Thus

W(Q27Qaq _p) > 8lOgQ

for all (¢,p) € S(Q)NE(Q). Taking A = B; + 3 in (2.6), we can write

S Y- vy o)

Q<g<2Q p<P Q<q<2Q p<P
|E(Q2,9,4—1)|<Q%/(2¢(q))

(2.7) < DD 1+0($)

Q<q<2Q p<P
(Q%,4,4—p)>Q/(81og Q)

< 2, 5ol waor)

Q<q<2Q p<P

Now the required asymptotic formula (2.1) follows from (2.7) and the prime
number theorem.

Now we prove (2.2). For each pair (g, p) with Q < ¢ < 2Q,p < P and 7(Q?, ¢, q—
p) = Q/(8logQ), there are at least Q/(8log Q) prime numbers p; < @ such that
pi = q¢ — p(modq). Writting p; = ¢;,q + ¢ — p, we must have 1 < ¢; < ¢ — 1 for
i=1,...,]Q/(8logQ)]. Thus

w(p®p;) = pP(p + pi)? = pP((li + 1)q)* = pg®

and




From these and (2.1), we deduce that

QQ
(log Q)1 +2 ~ Z Z 1
Q<q<2Q p<P
m(Q2%,4,4—p)2Q/(810g Q)

< Yy o

Q<q<L2Q p<P
Naz, (pg?)>Q/(8log Q)

<Y T

Q<g<L2Q p<P
Q2
(log @)P1+2
This is equivalent to (2.2). O

~

Now we are ready to prove Theorem 1.

The inequality (1.1) is an immediate consequence of (2.2) by writtng n = pg?

and B; = 3B + 3.

Next we prove the second assertion. According to [1, Theorem 1], for any given

prime ¢, there are two positive constants ¢y = ¢y(q) and zg = x(q) such that

Z >4 (x > xg).

co
p<z, P(p+q)<x0-2961 (1Og ‘T)

Hence there exists a prime r < 2%2%! such that

T 0 2x0.7039
E 1> > — (x > x0).
0.2961 c co—1
p<z, P(p+q)=r m(z )(log z)0 (log )<

Let p1 < -+- < pp < @ with P(p; +¢q) =7 (1 < i <k = [0.22"7/(log z)*1]).
Then w(p;q?) = qr? for i = 1,2,...,k and qr* < qa®%9% < z%592]og x. Thus for

Ng = qr? we have
N, (ng) =k > 0.12%7% /(log )" > n 1%,

Since there are infinitely many prime numbers ¢, there are infinitely many n € %3

such that Ne,(n) > n'1886,

3 Proof of Theorem 2

As before, we first prove a preliminary lemma, which is an analogue of Lemma 2.1.
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Lemma 3.1. For two coprime positive integers a and d with 1 < a < d—1, denote
by m(x,d,a) the number of primes p < x such that p = a(modd). Then, for any

B > 3, we have

Q2
(3.1) >y 1~ Tz O

Q<q<2Q p<Q
m(Q(log Q) B ,q,q—p)>(log Q)B—1

Q2
(3.2) >y 1~ T O

Q<g<2Q p<Q
3Ir<Q(log Q)B such that Neg, (¢27)21

as () — oo.

Proof. We shall prove only (3.2), since (3.1) is very similar to (2.1).

By using (3.1), for each (¢,p) counted in the left-hand side of (3.1), there
are c(log@)?~! prime numbers p; < Q(log@Q)? such that p; = ¢ — p(modyq).
Writting p; = £;¢ + ¢ — p, we must have 1 < ¢; < (logQ)? < Q < ¢—1 for
i=1,...,[c(log@Q)P~1]. Thus

w(ppip;) = P(p+ pi)P(p + p;) P(pi + p;) = ¢ P(p;: + p;).

Clearly p # p; and P(p; + p;) # q for all 1 < 4,j < [c(logQ)P~!]. Taking r =
P(p; + p;), we have
N, (¢%r) > 1.

This and (3.1) imply our required result. O

Now we are ready to prove Theorem 2.

From (3.2), we easily deduce that

Q
2 ' g0

R<e<2Q
37r<Q(log Q) such that Negg (¢?r)=>1

and
Yoz ) TR
7 (log 2)B+9)/3
n<w, n€A3 0.5z1/3(log 2) ~B/3<q<at/3(log x)~B/3
Negy(n)>1 Ir<zl/3(log 2)2B/3 such that N<g3(q2r)21

This proves the inequality (1.2) by taking B = 3¢ + 3.
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Next we shall prove the estimate (1.3). The method of proof is the same as in
[6, Theorem 2|. The new ingredient is that we add a process of summation, which
allows us to get the lower bound > loglog x.

For k > 1 and 2! < 2'/2/(logz)", we consider the sum

O 1= Z Z Z log p» log p3

r<p1 L2 x<pa<2x x<p3<2x
2kg1/2< P(p1+p2)=P(p1+p3)<2k+izl/?

- Y (X )

T<p1<2T 2k pl/2 <p2h+11/2 T<p2<2T
P(p1+p2)=r

Since for all z < p; < 2z and 2¥z1/2 < r < 2F121/2 we have
r<py<2r and P(p1+p2) =r & = <ps <2z and ps = —p;(modr),

we can write

T *
Z 1ng2 = — + E (33',7", _pl)a

r<p2<2z 90(7“)
P(p1+4p2)=r
where
(34) E*(Z',’f’, _pl) = E(QQ?,T, _pl) —E($,T, _pl)

and E(z,d,a) is defined as in (2.4). Thus
(3.5) o = U,(Cl) + 20,(5) + a,(f’),

where

vz 5 G

T<p1<2x 2k g1/2 <pL2k+141/2

0,532) = Z Z %E*(x,r, —p1),

T<p1<22 2k pl/2 <pL2h+1p1/2

o) = Y S B @ -p)

T<P1<2T 2k g 1/2 <p L2k +1g1/2

By the prime number theorem, it is easy to see that

2 —k,.5/2
@ x 27y 1
3.6 2| ———— 1 1+0
(3.6) oy (2k+1x1/2) Z Z > (logx)Q{ i (10g$>}

T<P1<2w 2k g 1/2 <2k H151/2
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uniformly for
(3.7) kE>1 and  2F <22 /(logz)".
By the simple inequality
|E*(z, 7, —p1) [ < 2(|E 22,7, —p1) P + | E(z, 7, —p1)[?)

and formula (2.3) with A = 4, we have

= S Y Y Fanap

okgl/2 <ok +1p1/2 1<a<r  z<p1<2x
p1=—a (modr)

(3.8) < 3 3 ;\E*(x,r, a)|?

2k p1/2 <p2k+1p1/2 1<a<r
2_k]}5/2

= Tloga)*”
uniformly for x and & satisfying (3.7).
By the Cauchy-Schwarz inequality and the following simple bound

)ONED DR

T<P1<2T 2k 51/2 <2k +151/2

2k$3/2

(log x)?

uniformly for x and & satisfying (3.7), it follows that

2
R CRD DD DR e}

T<p1<2x 2k z1/2 <pL2k+141/2

Z |E*<(L',7“, _p1)|2

T<p1<2x 2k g1/2 <pL2k+141/2
B 2_k]§'5/2 0(3) 2—2k$5
(log )2 " (log x)6

2—kx5/2
3.9 2
(39) < (log x)?

uniformly for x and & satisfying (3.7).
Inserting (3.6)-(3.9) into (3.5), we find that

2k g/ 1
1 L S |
(3.10) > (logw)Q{ i O(logm)}

uniformly for x and k satisfying (3.7).

Since

Z Z Z log ps log p3 < 2*log

r<p1<L2x x<p2<2x x<p3<L2x
P1P2p3¢Es
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the inequality (3.10) yields immediately

o) 1= Z Z Z log p2 log ps

r<p1 <2z z<p2a<2z z<p3<2x

(3 11) 2kz1/2 < P(p1+p2)=P(p1+p3)<2k+1zl/?
) P1P2P3E€EL3

27k g5/2 1
- 1 -
~ (logfv)z{ i O(logw)}

uniformly for x and k satisfying (3.7). On the other hand, we can write

O-Z = Z Z Uk(Qa T)

q<4x 2k p1/2 p2k+141/2
qr2e%;

with

or(q,r) = Z Z Z log po log p3.

T<p1 L2 x<p2<2x r<p3<22x

P(p2+p3)=q, P(p1+p2)=P(p1+p3)=r
P1P2P3€EL3

Since we have
2k$3/2

(log )2

> > 1<

qs4T 2k g1/2 <L 2R+ 11/2
qr2eB;

uniformly for z and k satisfying (3.7), the inequality (3.11) guarantees that there is
at least a couple (q,r) satisfying ¢ < 4x and 2821/ < r < 28+121/2 such that

T T k c
O'k(q,T> > ﬁ > W (2 < (IOgZL’) )

In other words, for each integer k with 2% < (log ), there is at least a couple (g, r)

with ¢ < 4o and 2F2Y/2 < r < 281212 such that Ne,(qr?) > z/(log x)**2¢. Thus

)RR DI

n<4x?(log x)?e, nEHA3 qr?<4z?(log x)2¢, qr2cHs
Negg (n)>z/(log x)2t2e g<da, 2z'/2<r<al/2 (log x)®
Negy(qr?)>a/(log x)*+2

S oD T

k<eloglogz qr2<4x?(logx)?s, qr2cBs
q<dz, 2k g1/ 2okt g1/2
Negy (qr?)>a/(log z)>+2

> cloglogx — 1.

This implies (1.3) by replacing 42?(log z)* with .
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4 Proof of Theorem 3

Since the proof is similar to (1.3), we shall point out the principal lines only.
For 27+ < 212 /(log #)7 and 2¥*! < 2'/2/(log x)7 with j > 1 and k > 1, consider

the sum

(4.1) Ok = Z Z Z log po log ps.

T<p1<L2x z<Pa <2z z<p3<L2x
20 x1/2< P(p1+p2)<2i+1ial/2, 2kg1/2 < P(py+pg)<2k+1g1/2

Similar to (3.5), we have

(4.2) Ok = Ogh + O O o,

where

Qq/\
==
Il

=G

r<p1<2z 2j1’1/2<q<2j+1l‘1/2 SO 2kx1/2<7n<2k+1x1/2 QO
@ ._ X *
O-jak T ( ) E (I7T7 _p1)7
T<P1<2T 25 p1/2 < g2+ 41/2 w\q 2k g 1/2 <pgohtlgl/2

B ._ " x
o , - E (-ZU,C], _pl) (’I")’
T<p1<2% 25 41/2< <2+ 1 21/2 2k p1/2 <pL2k+11/2 ¥
4) E* E*
Ok = ($7Q7 _pl) (ZL‘,T‘, _pl)a
r<p1<2z 2jx1/2<q<2j+1$1/2 2k$1/2<T<2k+1$1/2

and E*(z,r, —p;) is defined in (3.4).

By the prime number theorem, it is easy to see that

3 1
4, M) > (log2)2—2 1
( 3) U],k (Og ) (10gx)3 +O logx

uniformly for

(4.4) gk =1, 2 < 2'?/(logz)” and 2% < 2'/?/(logzx)".

Similar to J,(f), with the help of (2.3) with A = 6 we easily prove that

3
i T .
(4.5) aj(.% < Tog 2! (i =2,3)

uniformly for z, j and k satisfying (4.4).

14



By applying the Cauchy-Schwarz inequality two times, it follows that

< Y S B (g )X

T<Pp1<2% 2 1/2< g2+ 1 21/2

<Y Y (Y Fernw)

93<p’1<2:17 2jx1/2<q/<2j+1x1/2 2k$1/2<7"<2k+11‘1/2

S S o

2al/2 < gl <2+ g1/2 2k l/2 <yt LORF141/2
Thus (3.8) implies that
2jx1/2 2k1.1/2 2_j$5/2 2_kZL’5/2 76

(4)]2
4.6 ;
(4.6) o] < logz logz (logz)* (logx)* < (log )"

uniformly for z, j and k satisfying (4.4).
Inserting (4.3)-(4.6) into (4.2), we find that

an o> 62 (s

uniformly for x, j and k satisfying (4.4).
In order to remove py,p2, ps in o, such that w(pipaps) ¢ 63, we consider the

subsums of o ;:

I
T = > 2 X log pz log ps,
r<p1 L2 x<pa<2x x<p3<2x

2921 /2< P(p1+p2)<29H121/2, 2k 21/ 2< P(py +p3) <2kt 1al/2
P(p1+p2)=P(p1+ps3)

o) = Z Z Z log p log ps,

r<p1 L2 x<pa<2x x<p3<2x
2921 /2 < P(p1+p2) <2 T 121 /2, 2R2 /2 < P(py +p3)<2htizl/2
P(p1+p2)=P(p2+p3)

ol = >y Y log p» log p3.

T<p1 L2 x<pa<2x x<p3<2x
2921 /2 < P(p1+p2) <2 T 121 /2, 2821 /2 < P(py+p3)<2htizl/2
P(p1+p3)=P(p2+ps3)
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For o%;, we must have j = k and

Tjk = > > > > logpylogps

21 31/2<q<2iH11/2 z<p1<22 r<pa<2z x<p3<2x
P(p1+p2)=q P(p1+ps)=

<dlogz)’ ) > > >, 1

2jx1/2<q<2j+1:€1/2 z<p1<2z r<pa<2z r<p3<L2x
p2=—p1(mod q) ps=—p1(mod q)
2

< 16(log z)* Z Z %

2g1/2<q<2iT121/2 <p1<2z

< 202°%(log x)?.

The same bound holds for o7, and 7). These estimates allow us to remove the

P1, P2, P in 0} such that w(p1paps) ¢ €s:

Tjh = o> >, log p2 log ps

T<p1<L2x z<pa<2x z<p3<2x
(4 8) 2jzl/2<P(p1+p2)<2j+1x1/2, 2kxl/2<P(p1+p3)<2k+1x1/2
) w(p1p2p3) €3

el

uniformly for z, j and k satisfying (4.4). On the other hand, we can write

o= > > oik(q,r,s)

q<AT 27 p1/2 <p L2015 1/2 2k 51/2 < g2k +151/2
qrSESs

with

ijk(% T, s) = Z Z Z log p2 log ps.

r<p1<L2T c<p2<2x z<p3<2T
P(p2+p3)=q, P(p1+p2)=r, P(p1+p3)=s

Since we have

9tk 32

2. 2 2, 1<

q<AT 25 21/2 <p 23+ 15 1/2 2k 1/2 < g 2k +111/2
qrs€es

(log z)®

uniformly for z, j and k satisfying (4.4). The inequality (4.8) guarantees that there is
at least a triple (¢, 7, s) with ¢ < 4z, 2721/2 < r < 271212 and 2F21/2 < 5 < 21512
such that

z/(logx)* for 29 < (logx)® and 2% < (log x)®,

T
oik(q,r,s) > 25tk >

xl—% for 27 < zf and 2F <

16



In other words, for each couple (4, k) with 2/ < (logz)® and 2% < (log )¢ (resp. 2/ <
2° and 2F < ), there is at least a triple (q,7,s) with ¢ < 4, 27212 < r < 27H1g1/2
and 2F21/2 < s < 28+151/2 such that N, (grs) > z/(log x)**2¢ (resp. x'73¢). Thus

> 1> 3 1

n<4x?(log 1), nEE;s qrs<4z?(log x)2¢, qrs€%s
Negy (n)>z/(log z)2t2e q<de, 201/2<r<a /2 (log )¢, 221/2<s<ae /2 (log )¢

Nigy (ars)>a/(log 2) 22

> > D 2 !

j<eloglog z k<eloglog qrs<dz?(logz)%¢, qrs€ss
q<4z, 2j$1/2<7"<2j+1.1’1/2, Qkx1/2<5<2k+lxl/2
Negy (qrs)>a/(logz)>+2e

> (eloglogx)* — 1.

This implies (1.4) by replacing 4z%(log z)* with z. The inequality (1.5) can proved

in the same way.

5 Proofs of Theorem 4 and Corollary 5

According to [1, Theorem 1], there are two positive constants ¢; and x such that

(5.1) 3 1> —— (23> ).

(log )
p<z, p(p+2)<10.2961

Since

Z 1= Z 14 O(:L,O.2961/0.2962)

p<w, P(p+2)<a0-2961 £0-2961/0.2962 < pc oy P(p+2) <ar0-2961

< Z 14 0(11:0'2961/0'2962),

p<a, P(p+2)<pP-2962

the inequality (5.1) implies

2 1> % (x = x0).
p<z, P(p+2)<p042962 ( 0g .’If)

For such p, we have

log P(w(4p)) _ log P(p+2)

< 0.2962.
log P(4p) log p
logw(4p)  log(2P(p +2)?) o 0.5924logp + log 2
log(4p) log(4p) log(4p)
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These imply (1.6) and (1.7).
By applying [1, Theorem 2|, there are infinitely many prime numbers p; with
P(p; +2) = p?57". Thus

logw(4p;)  log(2P(p; +2)?) -, 1.354log p; +log 2
log(dp:) — log(dp:) 7 logp; +log4

Hence (1.8) follows immediately. This proves Theorem 4.

Clearly Theorem 4 implies Corollary 5 except for the second formula of (1.9). In
order to prove it, we first notice that P(w(n)) < P(n) + 2 for all n € «%. Thus
. Plw(n))
2 1 —
(5:2) S )

nes

< L

On the other hand, according to the Green-Tao Theorem on arithmetic progressions
in primes (5], for any integer k£ > 2, there are two positive integers a = a(k) and

d = d(k) such that a + id is prime for i = 0,...,2%. Put

p=a+2%d, q:=a+ (2F —2)d, ri=a

and
o= ]% —a+t (2"~ 1)d,
q = Z% =a+ 214,
r = % =a+ (2" —1)d.

Obviously w(pgr) = p'q'r’ and P(w(pgr)) = p’. Thus

(5.3) lim Plwlpar) _ lim v

= =1
k—oo  P(pqr) k=00 P

Now the second relation of (1.9) follows from (5.2) and (5.3).

6 Proof of Theorem 6

We need to establish two preliminary lemmas.
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Lemma 6.1. With the notation of (1.11) (Bs(x) and C3(x) can be defined similarly),

we have, for x — oo,

(6.1) As(x) ~ 5 1 (log log )2,
1
. ith Bs:= —
(6:2) Bao) ~ Bappy with Ba= 305
T
. ~ 1 2
(6.3) Cs(x) o x(log ogx)

Proof. By the prime number theorem, we can write
x
B = 2 1Y D o)
p?q<z, p#£q p<(x/2)1/2
On the other hand, we have
x x
— << J—
Y S < X

log x<p<(x/2)1/2 p>logx
xz

< (log z) loglog =’

€T T 1
2 pPlog(z/p?) ~ logx 2 p?

p<logx p<loga:

~ Bs

log T
Inserting these into the preceding formula, we get (6.2).

According to a classic result of Landau (see [8, Chapter I1.6]), we have

ORRE

n<e
Q(n)=3

log log x)? (r — 00).

From this and (6.2), we immediately deduce (6.3), since

= > 1- > 1- > L

n<T n<T n<T
Q(n)=3 Q(n)=3,w(n)=2 Q(n)=3,w(n)=1

Finally (6.1) follows from (6.2) and (6.3), since Az(z) = Bs(z) + Cs(z). O
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Lemma 6.2. For k € N, define
Cs(k) == {pqr:r < q<p, ¢=r(mod2¥), p= —r (mod2")}.

For any € € (0, Qk%), we have, as T — 00,

(6.4) > I~ > L

n<z, n€63(k) n<z, n€63(k)
P(w(n))<(14€)2=%P(n)

Further we have

X
: 1~ log log z)*
(6.5) > Tiog s leglos )’

n<z, ne€63(1)

(6.6) Yo As(x)

22k
n<z, n€%s(k)

where the implied constant in the >-symbol is absolute.

Proof. For any ¢ € (0, 52 ), we have

IDD DD DL D DD DI

r<zl/3 g<(z/r)1/2 p<q/e r<al/3 q<(x/7‘)1/2

x
< 2
7’§1/3 rlog®(z/r)
xloglogx
(logz)?

[

Thus we can write

2. 1= > ) !

n<z, nee3 (k) r<al/3 r<q<(x/r) /2 q<psz/(qr)
g=r(mod 2F) p=—r(mod 2*)

log 1
Y Yy o)

(log z)?
r<al/3 r<q<(x/r)'/? q/e<p<z/(gr)

g=r(mod 2¥) p=—r(mod 2k)

For each (p, q,r) counted in the last triple sums, we have obviously that

p+q 1+¢
Pp+a) < =5 < P
p+r 1+e¢
Plp+r) < o QFP,

1+e¢
—p'

Plg+r)<2¢<2p< o0
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Thus
P(w(pgr)) = max{P(p+q), P(p+ ), Plg+7)} < (1+)27"p

and

log 1
PO EID DI DENED DENE E N e s
(log z)?
n<z, n€Gs (k) r<zl/3 r<q<(z/r)1/2 q/e<p<z/(qr)
P(w(pgr))<(1+e)2=5P(pqr)

log1
I M S
(log x)?
r<al/3 r<q<(z/r)l/2 q<p<z/(q
P(w(pqr))<(1+£)2~*P(pq )

log 1
S S (—”“" o8 Ogj‘").
n<z, n€6s(k) ( 08 .T)
P(w(n))<(14+€)27FP(n)

N

This implies (6.4).
The asymptotic formula (6.5) is an immediate consequence of (6.3), since

1= > X

n<x, nE%3 r<al/3 r<q<(x/r)1/2 q<p<z/(qr)

xloglog x
> OOY X eo(EE

3<r<al/3 r<g<(x/r)/2 q<p<z/(qr)
_ Z 1+O(a:loglog:c)'
log x
n<x, n€%3(1)

In order to show the lower bound of (6.6), we begin by the following trivial

inequality
PR EID DD DI DR
n<z r<al/S r<q<al/3 2l/3<p<a/(qr)
nees(k) g=r(mod 2¥) p=—r(mod 2¥)
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Then we apply the prime number (in arithmetic progressions) theorem to write

1
Zl>ﬁz > p

n<e r<zl/6 r<q<al/3, g=r(mod 2%

z 1 1/3
>>m Z ;{loglogx/ —loglogr—l—O(l)}

r<zl/6

1
> i lons i)gx{(log log z'/%)(log log 2'/%) — §(log log 2'/%)? + O(log log x)}

1
> — * (loglog x)?

22k Jog

»ﬁ

This completes the proof. n

Now we are ready to prove Theorem 6.
For any « € (0, 1], we can choose k and ¢ such that (1 +¢)27% < a < 27%1 In

particular for a € (3, 1], we can take k = 1. Thus

>, 1z )

n<r, nEds n<z, n€ess(k)
P(w(n))<aP(n) P(w(n))<aP(n)
> > 1.

n<z, n€s3 (k)
P(w(n))<(14€)2~%P(n)

The asymptotic formula (1.12) follows from (6.4) with £ = 1, (6.5), (6.1) and the
trivial inclusion relation 63 C 4. The inequality (1.13) can be obtained in the
same way (i.e. by replacing (6.5) with (6.6)).

7 A heuristic argument on Problem 11

The aim of this section is to present an heuristic proof of

(7.1) Y 1o (z—00)
p<z, P(p+2)=q
where ¢ is a large fixed prime number.
Since P(n 4+ 2) = q is equivalent to n + 2 = ¢/ with P(¢) < ¢, we have

Yo=Y 1= +2)/e9),

n<z, P(n+2)=q < (xz+2)/q, P(£)<q
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where

According to [8, Theorem II1.5.2], we have

1 1
logW((z + 2 q,q:Z{l—i-O( + )}
BY( )/4:9) logq  loglog((x +2)/q)
uniformly for x +2 > ¢* > 10000, where
log((z +2)/q) < q ) q < 10g(($+2)/Q))
/o= T Jog |1+ + log [ 1+ )
log q *\ Tlog((x +2)/9)) " logq ° g
From this we deduce
q
> log1
2Tog oglog x
and
(7.2) U((z+2)/q,q) > (logz)?/oed)

for x > x(q), provided the constants g and z((q) are suitably large.

According to Cramér’s model [9, Section 3.2] it seems reasonable to assume that

(7.3) Yooir >

p<z, P(p+2)=¢ n<z, P(n+2)=¢q

og (x — 00).

Thus (7.2) implies (under the hypothesis (7.3))

Z 1> (log z)¥/ g1 5 oo,
p<z, P(p+2)=q

as r — OoQ.
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