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Abstract

We deal with positive Cyp-semigroups (U(t)), of contractions in
LY(Q; A, ) with generator T' where (£2;.A4, 11) is an abstract measure
space and provide a systematic approach of compactness properties
of perturbed Cy-semigroups (et(“T_Vw) >0 (or their generators) in-
duced by singular potentials V' : (2; ) — R,. More precise results
are given in metric measure spaces (2, d, ). This new construction
is based on several ingredients: new a priori estimates peculiar to L'-
spaces, local weak compactness assumptions on unperturbed operators,
“Dunford-Pettis” arguments and the assumption that the sublevel sets
Qu = {z;V(z) < M} are “thin at infinity with respect to (U(t)),-,"-
We show also how spectral gaps occur when the sublevel sets are not
“thin at infinity”. This formalism combines intimately the kernel of
(U());s( and the sublevel sets 2,7 Indefinite potentials are also dealt
with. Various applications to convolution semigroups, weighted Lapla-
cians and Witten Laplacians on 1-forms are given.
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1 Introduction

This work is an abridged (and improved) version of [49] and provides new
functional analytic tools and results on perturbation theory and spectral
analysis of substochastic Cy-semigroups in L' spaces and also various results
of applied interest. Before outlining the content of this work, some related
information in Hilbert space setting is worth mentioning. According to a
classical result going back at least to K. Friedrichs [18], the spectrum of a
Schrodinger operator in L2(RY)

—A+V (form-sum)

is fully discrete (i.e. it consists of isolated eigenvalues with finite multiplicity)
or equivalently —A +V has a compact resolvent for nonnegative potentials
V € L}, (RY) such that
lim V(x) = 4o0.
|z|—o0

Of course, it is also known since a long time that this condition is not
necessary since F. Rellich [61] already observed for example that for the
potential

V($17x2) = ‘T%:E%v (1)

—A + V is still resolvent compact in L*(R?) even if V(x1,z2) fails to go
to +oo at infinity near the axes. Besides K. Friedrichs [18], the literature
on discreteness of the spectrum of Schrodinger operators goes back to A.M.
Molchanov [5I] and is now considerable; we refer to the survey [65] and



also to the more recent paper [39] for more developments. This literature
deals with Schrodinger operators on more general non-compact Riemannian
manifolds and provides optimal (i.e. necessary and sufficient) conditions
of discreteness in terms of Wiener capacity of suitable sets. Such sharp
results are not always of simple practical use, but sufficient or necessary
conditions in terms of measures are also available. For instance, we note
A M. Molchanov’s necessary condition of discreteness

/ V(y)dy — +o0 as |z| — oc.
B(z,r)

We note also that if for any M > 0 the sublevel set
Q= {y; V(y) < M}
is “thin at infinity” in the sense that for some r > 0
|B(x, )N Q] — 0 as || — oo (2)

(B(z,7) is the ball centered at x with radius r and || refers to Lebesgue
measure) then —A 4V in L2(RY) has a discrete spectrum, see [65] Corollary
10.2, p. 268.

In ([20] Lemma 5 and Remark 2) it is observed that the sublevel sets of
a nonnegative function V' are “thin at infinity” if and only if

dy — 0 as |z|] — o0 (3)

1
/B(z,r) 1+ V(y)

for some r > 0; the argument relies on the simple double inequality (for
arbitrary M > 0)

1 1
Blz,r) N Q| < _ 1 4
527 B@7) M’—/B(w)lJrV(y) Y
/ < Bl N Q]+ —— B0, )]
By LT V() T =T M A

One realizes then that the above sufficient criterion of discreteness coincides
with the one already given in [6] under Assumption (3); one sees also that
A M. Molchanov’s necessary condition follows from “thinness at infinity” of
sublevel sets ), since

BO.1)| = [Bla.r) V“K“’)dy
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and then
1B(0, )]
1 )
fB(z,r) 1+V(y) dy

/ V(y)dy > — |B0,7)] +
B(z,r)

it seems that this has not been noticed in the literature on the subject.
More recently, it was shown in [34] that 7" — V is resolvent compact in
L?(RY) when T is the relativistic a-stable operator

T=—(~A+ma)% +m (4)

provided that lim, o V(7) = +o00. This result was extended in [72] (for
sublevels sets Qs having finite measure only) to much more general sym-
metric Markov generators in L?(€; i) satisfying the so-called intrinsic super
Poincaré inequality and such that the Markov semigroup has a density with
respect to p. The proof given by the authors is however quite involved
and combines various technical arguments; shortly after, a simpler proof
was given in [69] and other developments, still for self-adjoint operators in
Hilbert spaces, were also given in [20[[35]. Even the finiteness assumption
on the measure of the sublevels sets Q); has been dropped. For instance,
we find in [69] that if T is a self-adjoint operator in L2(€; ) such that
{etT; t> 0} is an wltracontractive Cy-semigroup in the sense that

el e LILA (), L 1) (5)

(for some ¢ > 0) then 7' — V is resolvent compact in L?(€2; i) provided that
V e L (RY) and V > 0 is such that its sublevels sets are r-polynomially

loc

thin (for some r > 0), i.e. for any R > 0
/ Qs N B(z; R)|" p(dz) < 4o00.
Qs

We note that in RY, r-polynomially thin set is necessarily thin at infinity
in the sense (see [20] Lemma 7).

There exists also an important literature on Poincaré (or spectral gap)
inequality for Markov Cp-semigroups arising in Probability and Statistical
Mechanics

varf) i= [ Pdu ([ s <cadpabp), fepad)

(of interest e.g. for exponential trend to equilibrium) where (€2, 1) is a prob-
ability space, A is a nonnegative self-adjoint operator in L2(Q, 1), 1 € D(A)



and A1 = 0. Such an inequality is sometimes derived from Log Sobolev (or
Gross) inequalities; see e.g. [24][63][26][73][3]. This notion of a spectral gap
amounts to the fact that 0, the bottom of o(A), is an isolated simple eigen-
value; as such, it is meaningful in much more general (e.g. non hilbertian)
contexts even if it cannot be formulated in terms of variance inequality.
This inequality amounts to strict positivity of the bottom of the essential
spectrum o.s5(A); we refer to [59]J41] for the location of essential spectra
of Schrodinger operators —A 4+ V' in L2(R™) when the sublevel sets of V/
are not “thin at infinity”. We refer also to [13] for different related spectral
problems. We point out that all the results above are hilbertian in nature;
in particular neither L' compactness results nor spectral gap results in L'
spaces can a priori be derived from this literature.

1.1 A new formalism in L' spaces

This work is intended to provide a new point of view on these spectral
problems in abstract L' spaces. Let

(%A, 1)

denote a general measure space and let (U(t)),- be a positive Cp-semigroup
of contractions (i.e. a substochastic Cp-semigroup) on L'(€; A, 1) with gen-
erator 7. In the sequel, for brevity, we will write L'(; ) or even L'(Q)
unstead of L'(£2; A, ). We denote by

V:Q—- Ry,

a nonnegative (or more generally bounded from below) finite almost every-
where measurable function, i.e.

0<V(z) < +o0 ae. (6)

Let V,, := V An and (et(T*V”))
It is elementary to see that

et(T*VnH)f < et(Tan)f Vf € L1+(9§N)

£0 be the Cp-semigroup generated by T —V,.

so that a monotone convergence in L'(£2; )

Uy(t)f:= lim TV)y (7)

li
n—-+o0o

defines a semigroup (Uv (t));»- This semigroup is a priori strongly contin-
uous for ¢ > 0 only (see e.g. [2]). We say that

V' is admissible for {U(t);t > 0} (8)



if (Uv(t));>o is a Co-semigroup, i.e. is strongly continuous at ¢ = 0. In such
a case, Ty, the generator of (Uy(t)),s, is an extension of

T -V :D(T)ND(V) — LY p).

Note that if
D(T)N D(V) is dense in  L(§2; )

then V' is admissible for {U(t);t > 0}, see [71] Proposition 2.9. (The above
considerations hold in all LP spaces, see [71]. Actually, this construction
extends in case (U(t));5( is not positive but is dominated by a positive
contraction Cp-semigroup and also to complex potentials V', see [37].)

In this paper, we deal with spectral theory of perturbed Cy-semigroups
(Uv(t))s=o or perturbed generators Ty. More precisely, we are concerned
with resolvent compactness of Ty, and, more generally, with existence of
spectral gaps for perturbed generators, i.e.

Sess(TV) < S(TV) (9)

where

s(Ty) :=sup{Re ;A € o(Ty)}
is the spectral bound of Ty, and

Sess(Tyv) :=sup{Re\; X € 0cs5(TV) }

is the essential spectral bound of Ty, (0ess refers to essential spectrum).
Note that s(Tv) € o(Tv) and s(Tv) coincides with the type w of (Uv (1)),
from classical theory of positive Cp-semigroups on LP spaces (see [52][74]).
Note also that @ implies that

o(Ty) N{A; ReA > sess(Tv)}
consists of a nonempty set of isolated eigenvalues with finite algebraic mul-
tiplicities.
We study also the compactness of the perturbed Co-semigroup (Uv (%))~
and, more generally, its essential compactness i.e.

Tess(Uv (1)) < re(Uy (1)) (10)
where r,(Uy (t)) is the spectral radius of Uy (t) (ro(Uy(t)) = e**) and

Tess(Uv (1)) := sup {|u|; 1o € oess(Uv (t))}



is the essential spectral radius of Uy (t).
Note that we can attach to (Uy (), an essential type wess € [—00, s(Tv)]
such that
Tess(Uv (1)) = evesst (t=>0),

(see e.g. [52] p. 73-74). We say that (Uy(t)),~q has a spectral gap if is
satisfied or equivalently if
Wess < s(Tv).

Similarly, implies that

a(Uv(t) N {B; |8l > ress(Uv (1))}

consists of a nonempty set of isolated eigenvalues with finite algebraic mul-
tiplicities; this in turn implies that

o(Ty) N {A; ReX > wess}

consists of a nonempty set of isolated eigenvalues with finite algebraic mul-
tiplicities (see e.g. [52]) and consequently

Sess (TV) < Wess-

Thus the existence of a spectral gap for (Uy(t));», implies that Ty, has a
spectral gap while the converse statement is not true in general. Indeed, in
practice, unless we know that (Uy (t)) >0 is operator norm continuous, i.e.

(0,+00) 3t — Uy(t) € LIL' (2 1))

is continuous in operator norm, a priori we do not have a spectral mapping
theorem for (Uy (t)),s( so that, in general, its spectral properties cannot be
completely inferred from the knowledge of o(7Tv).

Here the essential spectrum o.s5(O) of a closed linear operator O on a
Banach space X is the complement of its Fredholm domain. It is known

that if O € £(X) then
Uess(o + S) = GBSS(O)

for any strictly singular operator S (see e.g. [36], Proposition 2.c.10, p. 79)
and consequently

Tess(O +5) = Tess(O0).

(We point out that there are several non equivalent concepts of essential
spectra but, for bounded operators, the corresponding essential spectral



radius is the same for all them, see [I7] Corollary 4.11, p. 44.) It is known
also that in L'-spaces the class of strictly singular operators is nothing but
the class of weakly compact operators, see [58]. The use of weak compactness
turns out to be the right tool for spectral theory in L' spaces. Indeed, most
of our proofs rely on weak compactness arguments.

We are particularly interested in case the unperturbed Cyp-semigroup
(U(t)); is neither compact nor essentially compact. A new and systematic
approach of compactness or essential compactness properties of perturbed
Co-semigroups (Uy (t));so (induced by singular potentials V') is provided.
While most of the known literature on full discretenes or spectral gaps is
concerned with hilbertian results and quite often by self-adjoint semigroups,
we provide here a new point of view relying on a new circle of ideas pe-
culiar to L'-spaces without any connection with self-adjointness. In our
general context, the relevant technical tools we need will be different de-
pending on whether we deal with Ty or (Uy(t));sq- Thus, in our study of
spectral properties of perturbed generators Ty, we take advantage of the
quite unsuspected fact (in comparison to L2-space setting) that V is always
Ty-bounded in L' spaces [53][71]. On the other hand, to study spectral
properties of perturbed Cop-semigroups (Uy (t));q, we provide two different
strategies. The first strategy consists in assuming that (U(t)); is operator
norm continuous, (i.e.

(0,4+00) 3t — U(t) € LIL(Q; 1))

is continuous in operator norm), in showing the operator norm continuity of
the perturbed Co-semigroup (Uy (1)), and in taking advantage of spectral
properties of Ty, and “spectral mapping tools” for operator norm continu-
ous Cp-semigroups. In a second (direct) strategy, we show a “weak type”
estimate for ¢ > 0

/{V>M}(Uv(t)f)u(dx) < Ct]\‘/[fH WV fE Li(Q;M), VM>0 (11)

under the assumption

’U;(t +e)1 - Uy ()1
g

< o0, (t>0) (12)
Lo (1)

¢ := lim inf
6—>0+

where Uy, (t) is the dual operator of Uy (t). Actually, the contractivity of
(Uv(t));=o shows that is equivalent to

lim inf
E—>0+

< 400, (t€(0,0)) (13)
Lo (Ssp1)

’U{;(t +¢e)1 = U (t)1
9




for some small ¢ > 0.

The weak type estimate ((11)) provides us with an alternative approach of
compactness or essential compactness of perturbed Cop-semigroups (Uv ()),-
when (U(t)) is not a priori operator norm continuous. A sufficient condi-
tion for to hold is

o Up(t o1 = Up (o)1

e—04 9

exists in weak star topology

ie.

Uy ()1 € D((Ty)"), Vt>0 (14)
((Ty)*, the dual of Ty, is the weak star generator of (U7 (8)) =) or equiva-
lently

Ve LY u), (0, +00) St — /Uv(t)f is differentiable. (15)

If
(0,400) 5t — Uy (t)1 € L*(R) is continuous (16)

(e.g. if 1 € D((Tv)")) then and turn out to be equivalent.

We point out that is much weaker than a differentiability assumption
on (Uy (1) -

A peculiarity of Assumption is that it concerns the dual perturbed
Co-semigroup (Uy;(t)),, which is not a priori a "given object" in contrast
to (U(t));»o and V. The good news is that is always satisfied if

(U(t))4»0 is holomorphic (17)

because (Uy(t));, is then holomorphic too [2][30]. On the other hand, it
is an open problem (even for bounded V') to decide whether a differentia-
bility of (U(t));sq can be inherited by (Uy(t));s, regardless of V' (see e.g.
[62]). Note that a sufficient condition of (immediate) differentiability of a
contraction Cp-semigroup (S(t));-o with generator G is

Jw >0, lim In|s|||(w+is—G)'| =0, (18)
|s|—o0

see ([57] Corollary 4.10, p. 58). We denote by P the class of Cyp-semigroups
of contractions with generators satisfying and show that if (U(t));0
belongs to P and if V' belongs to its generalized Kato-class potentials, i.e.

V is T-bounded and lim r, [V(A-T)7'] <1 (19)

A—-+o0



then (Uy (1)), belongs also to P. Thus is also satisfied for the class-
P differentiable Cp-semigroups (U(t));», and their generalized Kato-class
potentials V.

We point out that could hold for Co-semigroups (Uy (t));q, which
are not even operator norm continuous (see Proposition |§| and Proposition
m below). A further understanding of the validity of (@ outside the class
of operator norm continuous Cy-semigroups is thus a very interesting open
problem.

Actually under we obtain the following result which is more general
than the weak type estimate (11)):

Uv(t) € LILY(Qp); D(V)) (Yt > 0) (20)

where D(V) is the domain of the multiplication operator by V endowed
with the graph norm. The smoothing effect has been obtained with M.
Brassart and did not appear in the initial version [49] of this paper where
the weak type estimate only is obtained for almost all t > 0 under the
additional assumption that L'(Q; A, i) is separable.

The fact that V' is Ti/-bounded, the weak type estimate combined
to local weak compactness assumptions on unperturbed operators, to prop-
erties of sublevel sets

Qar:=A{y; V(y) < M},

more precisely their “size at infinity with respect to unperturbed opera-
tors” (see the definition below), and to “Dunford-Pettis” arguments, play
an important part in our formalism and provide us with new relevant tools
in spectral theory of perturbed sub-stochastic Cy-semigroups. Our local
L' weak compactness assumptions on unperturbed operators are very weak
ones and are trivially satisfied by most examples occuring in the literature.
We provide thus a pure L' theory on full discretenes or spectral gaps of
perturbed substochastic Cp-semigroups.

For sub-Markov Cp-semigroups (U(t)) (i.e. which act in all L” spaces
as positive contraction semigroups), the L' spectral picture extends to LP
spaces, providing us e.g. with hilbertian results, (while converse statements
are not true in general, see [I1] Section 4.3). However, our aim here is
rather to build and explore an L' spectral theory for its own sake; as far as
we know, this program is undertaken here for the first time.

Our approach of the subject suits Cy-semigroups exhibiting integral
kernels. The existence of such kernels is a consequence of our local weak-
compactness assumptions, (see Remark [23| below). We have in mind var-
ious kinds of transition kernels which appear in the literature on Markov

10



processes in metric spaces. For instance, the Heat kernel associated to
the Laplace Beltrami operator on non-compact complete Riemannian man-
ifolds (€2, d, 1) of dimension n (d is the geodesic distance and pu is the Rie-
mannian volume) with Ricci curvature bounded below and having the so-
called “bounded geometry” (see [LI] p. 172) satisfies a Gaussian estimate
for each t > 0

d(z, y)*

)
see e.g. [11][22]. However, Brownian motions on some fractal spaces lead to
transition kernels with sub-Gaussian estimates

C d’(z,y)

nley) < 5 e(~(— ) ) (22)

pi(z,y) < Cf exp(— (21)

where a > 0 is the Hausdorff dimension and g > 2 is “a walk dimension”,
see e.g. [5]. On the other hand, the study of kernel estimates for non local
Dirichlet forms, in connection with Markov processes with jumps, devel-
opped also in the last decades and typical kernel estimates of jump Markov
Cy-semigroups are polynomial

pile.y) < Uz, 9) ) (@), (23)

see e.g. [28].

1.2 Main results

Before outlining our main results, we mention first a useful abreviation used
in all the paper in order to avoid cumbersome notations: for any linear
operator O € L(L*(Q; 1)) and for any measurable subset = C ), the (abuse
of) notation

O : LN p) — LNE; )

refers to the operator
L) 2 f— [Of]z € L' (B ),

where [Of] 2 is the restriction of Of to the subset E.

Section iz is devoted to various technical results. We show the weak type
estimate from Assumption (12)). Actually, we show first a more general
result, the smoothing effect ; its proof consists actually in pushing fur-
ther the proof of the weak type estimate given in [49]. We show also how

11



(15) implies and why they are equivalent if is satisfied. Besides the
class of holomorphic Cp-semigroups (U(t));q, we show how (11)) is satis-
fied for class-P differentiable Cyp-semigroups (U(t)),, and their generalized
Kato class potentials V.

We show also the stability estimate for arbitrary C > 0

sup Het(T*V")f — Uv(t)fH < e’ IV -Val(1— Tv) ' fl|, Vf € LL(Q;p)

t<C

where V,, := V A n. Note that {[V —V,](1—-Tv) '} is a sequence of
bounded operators going strongly to zero as n — +oo. This estimate im-
plies that (Uy(t)),s, is operator norm continuous provided that (U(t)),
is operator norm continuous and

|V =Va] (1 =Ty — 0 as n — +o0. (24)

)_1H£(L1(Q;u))
Finally, we show how weighted translation Cop-semigroups (Uv(t));5o on
L'(R) satisfy although they are not operator norm continuous.
Section |3| contains our main compactness theorems for general measure
spaces (€2; A, ). We show that Ty, is resolvent compact provided that

AN=T)"1: LY ) — LY(Qy; ) is weakly compact (25)

where
Q= {y; V(y) < M}

are the sublevel sets of V.

If (Uy (1)) is operator norm continuous then implies the stronger
result that the perturbed Co-semigroup (Uy (1)), is compact on LY (s ).
We can also avoid the operator norm continuity assumption. Indeed, if
is satisfied then we show that (Uv());5, is a compact Co-semigroup on
LY (; 1) provided that

U(t) : LY p) — LY (Qus; i) is weakly compact (¢ >0, M > 0). (26)

Before proceeding further the general theory, we devote Section [4] to a spe-
cific class of Cyp-semigroups, the so-called convolution semigroups (related to
Lévy processes) on euclidean spaces because of their great applied interest.
We show first a preliminary technical result:

Let h € LY(RY) and let

H:L'RY)> ¢ — @ u)ey)dy € L'(RY)

12



be the corresponding convolution operator on L'(RY). For any Borel set
Z C RY, we characterize the compactness of

H:L'RY) - L'(3);

in particular, a sufficient condition for this to happen is that = be “thin
at infinity” in the sense . This allows us to deal with convolution Cp-
semigroups (U (%)),

U): £ € LRY) — [ 1o = pmldy) € L'RY)
where {m;},, are Radon sub-probability measures on RY such that mg =

do (the Dirac measure at zero), my * ms = myys and my — mg vaguely as
t — 04. The sub-probability measures {m;},., are characterized by

() = (2m) % / T my(de) = (2m) " 3O Ce RN (27)

where F'(¢) is the so-called characteristic exponent; (see e.g. [31] Chapter
3). The resolvent of the generator T is also a convolution with a measure

m)\
(A-T)'f = / f(@ — yym(dy)
where oo )
- = e_’\tn/l\t = .
() = /0 Ot = 5175

Thus, if m*(dy) is a function (i.e. is absolutely continuous with respect
to Lebesgue measure) then 7y has a compact resolvent provided that the
sublevel sets 2y are “thin at infinity” in the sense . Similarly, if my(dy)
are functions (¢ > 0) then (Uy(t)),, is a compact Cp-semigroup provided
that is satisfied and the sublevel sets Q;; are “thin at infinity”; in
addition, this property is shown to be stable by subordination. For instance,
this covers all Cy-semigroups subordinated to the heat semigroup, e.g. the
symmetric stable semigroup of order 2«, the geometric a-stable semigroup,
the relativistic a-stable semigroup etc.

Sectioncomplements Section in the context of L' spaces over separa-
ble metric measure spaces, i.e. separable metric spaces (€2, d) endowed with
a Borel measure p which is finite on bounded Borel subsets of {2. This frame-
work is motivated by Markov processes in metric spaces, (see e.g. [23]). The
existence of a metric d allows to complement the main compactness results

13



of Section 3] in particular to understand further the key conditions
in terms of "thinness at infinity" of sublevel sets 2. We restrict ourselves
to the relevant case

p(§2) = 4o0.

We show that if is satisfied and if U(¢) is such that
U(t): LN ) — L'(E; )
is weakly compact for any bounded Borel set = C Q then (Uy(t));s is a

compact Cp-semigroup in L'(€Q; 1) provided that for some zq € €

lim sup

/ pe(e,y)ya(dz) = 0 (28)
C=+00yeQ J{zeQu; d(z,x0)>C}

where p;(z,y) is the kernel of U(t).
We express by saying that the sublevel sets Qs are “thin at infinity
with respect to (U(t));s " In particular, if

v(r) = ilelgu(B(w,r)) <oo (r=0)

and if p.(.,.) satisfies an estimate of the form

pt(xv y) < ft(d(:C? y))

where
ft : Ry — R, is non increasing

and such that (for large r) the function
r— fi(r)v(r+1)

is nonincreasing and integrable at infinity then the sublevel sets 2, are
“thin at infinity with respect to (U(t)),s,” if they are “thin at infinity” in
the sense there exists a point 7 € 2 such that for any R > 0

p{Qy NB(y;R)} — 0 as d(y,y) — +oo.

These results apply e.g. to kernels with estimates of the form or
(23) under an appropriate condition on the volume growth

r — o(r)

(in order to meet the conditions on 7 — f;(r)v(r+1)), see Remark [34] below.

14



In Section |§| (which continues Section , we show how spectral gaps
occur when the sublevel sets 23, are not “thin at infinity with respect to
(U(t));»0”, more precisely, when is not satisfied. Indeed, we show that

if is satisfied, if
)

is weakly compact for any bounded Borel set = and if the kernel p;(z,y) of
U(t) satisfies the estimate

U(t): LY(Q) — LY(

[1]

sup lim sup (@, y)p(dz) < TV (29)

M>0C—+0yecQ /{fEEQJVI; d(z,x0)2C}

(for some z¢ € (2) then the perturbed Cop-semigroup (Uy (1)), exhibits a
spectral gap (i.e. is essentially compact); more precisely, we show that

pt(x,y)u(dw)>

o1 .
Wess < Inf —1In | sup lim sup
t>0 M>0C—+00 yeQ J{zeQy; d(z,m0)>C}

where wess is the essential type of (Uy (t)),so. To get some insight into ,
it is useful to have in mind that s(Ty/) is the type of (Uy(t));s, and that

e = 1o (U (1) < IOV ()l cqu ey < IUOlqua ey = sup /th@vy)”(dx)'
Y

We also study spectral gaps for generators Ty . Indeed, we show that if the
kernel Gy (x,y) of (1 — T)~! satisfies the estimate

1

=@y

sup lim sup

/ G1(z, y)p(dz) <
M>0 C—+o0 yeN {J?EQIM? d(x,mo)}c}

(for some ¢ € 2) then the perturbed generator Ty exhibits a spectral gap;

more precisely
n((1—s(Ty))
Tess [(1 — Ty )71

where n is the difference between the right and left hand sides of .
Similiarly, we gain some insight into by noting that

S(TV) - Sess(TV) >

1 1

228/@(93,@/)#(6156) =Ia=D 27 (=D = 1 2 Ty

Thus, under (30), o(Ty)N{X; Re A > sess(T)} consists of a nonempty set of
isolated eigenvalues with finite algebraic multiplicities. This spectral picture

15



does not prevent a priori the existence of sequences of isolated eigenvalues
of Ty with imaginary parts going to infinity. If additionally (Uy (%)), is
operator norm continuous then we get the much stronger conclusion that
this Cp-semigroup has a spectral gap, i.e. is essentially compact.

We point out that the main results above extend more generally in case
(U(t))»0 is mot positive but is dominated by a positive contraction Cop-

semigroup <ﬁ(t)) . ie.
>

UWf<TBWIf], feLMQ)

(note that any contraction Co-semigroup in L! space admits a modulus, i.e. a
minimal dominating positive contraction Cp-semigroup [33]) and to complex
potentials V' provided that Re V is nonnegative and admissible with respect

to (ﬁ(t))po and |Im V| is regular with respect to <ﬁ(t)>t>0’ (see [37] for

the definition of regularity). Indeed, in this case

Uy (D) f] < Urev(t) |£], f€LNQ)

(see [37] Proposition 1. 20 (a)) and then the role played here by (U(t));¢
and V should be played respectively by(ﬁ (t))t>0 and ReV because weak

compactness properties are stable by domination. We do not try to elaborate
on these points here.

In Section[7, we deal with some weighted Laplacians on euclidean spaces
(see e.g. [11][22][27][19]); we revisit and complement several L? compactness
results given in [27] in connection with Fokker-Planck operators. Indeed, let
p(dz) = e~ ®@dz be a measure on RV and let —AH* be the positive self-
adjoint operator on L?(RY; u(dx)) associated to the Dirichlet form

[, IVl utda).
RN
Then A* is is unitarily equivalent to a Schrodinger operator on L%(RY; dx)
1 9 1
A—|=|VO|"—=-AdD |.
(§Iver - ;o)

Then, assuming that
1 5 1
=—|Vo|" — =Ad
Vv 1 |V 5

is bounded from below, we give several new compactness results on Schrodinger
Co-semigroups in L' spaces for various classes of potentials ® arising in the
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literature (related to the fact that the sublevel sets of V' are thin at infin-
ity). More generally, we deal also with spectral gaps (when the sublevel
sets of V are not thin at infinity); in particular, if V| — 1A® >0 and
e~® € LY(RY;dx) then the existence of a spectral gap for A" is guaranteed
under the condition

! lz—yl’

sup lim sup / = exp(—
M>0C—+00 ycmN J{zeQyy; |z|>0) (47t)2 4

Ydx < 1

where Q) are the sublevel sets of V| — $A®; (while A* need not be
resolvent compact). Thus, this condition provides us with a sufficient crite-
rion for a probability measure Z e~ ®®@)dz on RN to satisfy the Poincaré
1nequality.

In Section [§] we deal with Witten Laplacians, i.e. Hodge Laplacians on
weighted forms (i.e. forms with coefficients in L?(RN;e~®®)dz)); see e.g.
[70][32] and [26] Chapter 2. The Witten Laplacian on O-forms is unitarily
equivalent to

1 1
AD = A0 4 Vel - o

in L2(RN;dz) (where A = —A) while the Witten Laplacian on 1-forms
is unitarily equivalent to

Ag) = AEI?) ® Id+ Hess®

in (L*(RY; dm))N (1-forms are identified to their coefficients); both Lapla-

cians are nonnegative and the lower spectral bound of AEI? ) is equal to zero

when e~®@)dz is a probability measure. The interest of Witten Laplacians
in Statistical Mechanics stems in particular from the beautiful Helffer- Sjos-
trand’s covariance formula

(@ = (ta@) ~ ghe *@da = [ (L) df.dg) e *da, (31)

where (f) = [ f(z)e ®@dzx (see [70][32] and [26] Chapter 2). The invert-
ibility of Ag ) is of course a key point, (see [32] for the details). We show

the existence of spectral connections between AEI? ) and Ag ), By combining
L! results and hilbertian tools (Glazman’s Lemma) we show here that if ®
is convex (no strict convexity is needed) then the essential lower spectral

bound of AEI? ) is less than or equal to that of Ag ); in particular Ag) is

resolvent compact if AEI? ) is. We show also, still for convex @, that if AEI? )

17



has spectral gap and if the lowest eigenvalue Ag of Hess® is not identically

zero then the spectral lower bound of Ag) is strictly larger than that of AEI? )

and consequently Ag ) is invertible if e~ ®@)dz is a probability measure. In

such a case, is thus meaningful while Brascamp-Lieb’s inequality

/ (@) — () (g() — (g))e*@da < ((Hess®)df, dg)

needs ® to be uniformly strictly convex (see [32]). We can also remove the
convexity assumption and study the existence of a spectral gap for A((I,l ) in

terms of the heat kernel and the sublevel sets of
1 9 1
—|VO|" — AP + \p.
1 |V 5 + Ao

In Section EI, we come back to the general theory in L'(€2; A, 1) and consider
indefinite potentials
V - V+ - V_

(which are not a priori bounded from below); we regard “I" — (V. —V_)” as
perturbed operators
Ty, + V_

provided that V_ is Ty, -bounded and belongs to the generalized Kato class
of (etT"+ )t>0 - This second perturbation theory uses different ideas inspired
by transport theory [42][47][48]. In particular, we show how the com-
pactness or essential compactness properties of (etT"+)t20 are inherited by
(et(TV+ +V*))t20. Finally, for sub-Markov Co-semigroups (U (%)), we show
how these results extend to LP spaces.

The author is indebted to the referee for helpful remarks and suggestions
which improved the initial version of the paper. He thanks also M. Brassart
for an interesting discussion around the weak type estimate (11 (as given
in the previous version of this paper [49]) which led to (20).

2 Preliminary results

In this section (and in the following one), (£2; A, 1) denotes a general measure
space and (U(t));, is a sub-stochastic Cp-semigroup on LY (% A, 1) with
generator T. We denote by (Uy (t)),, the sub-stochastic Co-semigroup on
LY(2; A, 1) defined in the Introduction (see ) where V' is a nonnegative
potential satisfying @ and admissible for (U(t)),- (- This section is devoted
to several technical results. We start with the following known result peculiar
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to Ll-spaces [53][71]; for reader’s convenience, we recall briefly its proof (as
given in [71] Lemma 4.1) in a slightly different form.

Lemma 1 LetV satisfy (6)(5). Then D(Ty) C D(V) and V is Ty -bounded.

Proof. For a bounded potential W and f € D(T') N LY (€; 1) we have for
any real A

Glerowr] = 5 [evworau= [ 4 [ o ]au
_ / (T = X=W) [eMUw )] du

= [@-n[ervwr] au- [w e vwor ] da

< e WUw()]
or
WU Of] <~ [T (3)

It follows for A > 0 that and

[ e awusias - [ 5 e oo a =151

Thus o
| et 0fde < 1) i
0

since Uy, (t) < Uy, (t). Letting m — +o0, by monotone (decreasing) con-
vergence we get

+00
/0 e MVl () f| dt < |I£]

and then, by monotone (increasing) convergence, we obtain

“+o0o
/0 e M VU (&) flldt < || £

which is nothing but

[V =Tv) 7 ] < 1IFI
for f € D(T)NLY(Q; p). Finally the density of D(T)NLL (Q; p) in L (Q; p)
and the fact that L'(Q;pu) = L1 (Q; ) — L1 (Q; ) show that V(A — Ty) ™!
is a bounded operator or equivalently V' is Ty-bounded. m

We show now, under a suitable assumption, that the above smoothing
effect of (A —Ty)~! is inherited by (Uy (t)),s -
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Theorem 2 Let V satisfy (@(@ If (@ 1s satisfied then
Uy(t)f € D(V) and [VUv () fIl < el fl ¥feL'(p)
where

¢ = lim inf

e—0

H Up(t+e)l = Uy ()1
9

Lo (Q;1)
Proof. Let f € L1 (Q;p). We start from with A =0

d

IWUw @) fll < —— IOw @) fIl-

Then )
/ IVl ()£l ds < Uy, (@) ]| — U (0)F1]

In particular

b
/ VaUv,, (s)f [ ds < |[Uv, (a) fI| = [Uv, (O) ] ¥m =n

so that (by the construction of (Uy(t));s) letting m — +o0

b
/HVnUv(S)fHdSSHUvn(a)fH—HUvn(b)fH vn

and letting n — +oo (by monotone convergence theorem)

b
/ VU flds < [Uv@f] - |TvG)f]

_ /Uv(a)f—/UV(b)f
_ / (U (@)1 = U3 (0)1) f.

In particular

t+e * _TT*
L[ o sas < [EHOIETEEI, (o s

3

U (1)1~ Uy (t 4 €)1

1 t+e
€ /t /{V(:v)>0} V(z) (Uy(s)f) (z)pu(dx)ds < / :

20
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We choose an arbitrary 6 > 0. Then (using (6]))

/ V(@) (Uv(s)f) (2)(de)
{(V(2)>0}

V() Uy (s)f) (z)p(dz)

kez /{(1+5)k<V(z)<(1+5)k+1}
> 2+ 5)k/ (U (s)f) (z)u(dz).

hez {(+0)k <V (z)<(1405)F+1}
It follows, for arbitrary M > 0, that

kl e S S T X
> (o)t / d /{ wrapeviopeser) (CVOD @0l

Ik|<M

- / Up (1)1 — g{}(t +e)l

U (t+ €)1 — Up (£)1
g

<

1FIF(34)

Lo ()

so that, knowing that

1

t+4e
L[ weesds » eof (0. in L@,
€ Jt

and passing to the limit in as € — 04 we get

S (1+6)F / Oy (O)F) @) < e || f] VM >0

|k|<M {a+0)k<V(2)<(1+0)k+1}

or equivalently

/ (1 + (5)]‘C (Uv(t)f) (x)u(dm) <¢ ”f” '
wez {140k <V (@) <(146)k+1}

On the other hand, on the set
{0+ 6/ < V(@) < 146y}
we have

V(z)

1 k
1+5<( +0)

SO
1

5 2 Jasorarregaapoy V0 OO @ula) <]
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ie. .
1+4 /{V(az)>0} V(@) U (0)) (e)ude) < e | f]

or

1+ 5 VUvOF < el fll-

It follows that
VU @) fIl < cell ]l

since § > 0 is arbitrary. For arbitrary f € L'(Q; i), the positivity of V and
Uy (t) implies

VU@ F < [IVUv@) [fII < e lllf]I] = e[ f]

and ends the proof. m
We deduce immediately:

Corollary 3 Let V satisfy (@(@ If (@ is satisfied then
[ weonuan <
{V>M}

Remark 4 The weak type estimate was obtained previously in a di-
rect way in [49] for almost all t > 0 under the additional assumption that
LY (2 A, ) is separable.

N feLl(Qp), Y M >0, vt>0. (35

It is worth to analyze the key Assumption .

Proposition 5 If (15 (./ is satisfied then so is @ If (@ is satisfied (in
particular if 1 € D ((Tv)™)) then and are equivalent.

Proof. Note that amounts to

U (t+¢e)1 — U (1)1
9

exists

vVt > 0, lin%J

in the weak star topology of L*(£2; 1) which in turn implies the boundedness
of e U (t+¢e)1 — Uy ()1 oo (g, for € €]0,1] by the uniform bounded-
ness principle and implies . Conversely, let be satisfied, i.e.

U (€)gt — gt
€

lim inf
e—04

< 400 (36)
Lo (Qp)
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where g; := Uy (t)1 (t > 0). The subspace of L>(£2; i) of strong continuity
of (Uy(t)),5¢ is nothing but D ((Ty)*) (and is invariant under (Uy:(t)),s,)
so that is equivalent to

gt € D ((Tv)"). (37)

Finally and ([9] Theorem 2.1.4 (c) p. 91) imply that g € D((Ty/)*). =

We do not consider here the question whether U*(¢)1 € D (T*) (Vt > 0)
can imply U (t)1 € D ((Ty)") (Vt > 0) ? Note that if (Uy(t)), is oper-
ator norm continuous then so is (Uy()),., and of course is satisfied
or equivalently Uy (t)1 € D ((Tv)*) (t > 0). We note also that if  is a
locally compact space endowed with a Radon measure p and if (U (1)),
leaves invariant (and is strongly continuous on) the subspace of bounded

and uniformly continuous functions then of course 1 € D ((Ty)*) and con-
sequently U (¢)1 € D ((Ty)*) (Vt > 0). (See [54] for the Feller properties of
UV ()0 -)
Note that is also satisfied if
(0, +00) 3t — Uy (t) € LILY(Q; ) is locally lipschitz (38)

since

UV (t+e)l = Uyl oy < N1UvE+e) = UpOll £iroo )

= [Uv(t+e)=UvOll g -
Note finally that the condition is weaker than a differentiability condi-
tion on the perturbed Cyp-semigroup (Uy (t));- because the differentiability

of a bounded Cp-semigroup (S(t));»( in a Banach space X is equivalent to
global Lipschitz conditions

Ve >0, 3C: > 0; [[S(t) = S(s)llgx) < Celt —s|, Vs > ¢,

(see e.g. [29] Lemma 2.1).
Weighted shift semigroups on L!(R,dz) give us some insight into the

nature of .

Proposition 6 Let V € L], (R) and let (U(t)),sq be the translation Co-

loc

semigroup on L'(R,dx)

f=U®Wf=fx—1t), feL'(R,dx). (39)
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The perturbed Co-semigroup (Uy (1))
Uy (0)f = e Tt VOE f (o 1)

satisfies (@ if and only if
<t+e - Ct

3

lim inf
8—>0+

< +o0, (t>0) (40)
L (R)

where ¢, € L*(R) is the function

¢, Roy— o J T V(s)ds

In particular (@ 1s satisfied if
(0,400) 3t — ¢, € L>®(R, dx) is locally lipschitz. (41)
Condition (16) amounts to
(0,+00) 2t — ¢, € L™(R,dx) is continuous.

Proof. A change of variable shows that

/ Uy (t)f = / RV py)ay
R R

so that e
Up(t)l = el VOB — ¢ ().

In particular
HU\*/(t + 5)1 - U\*/(t)lnLoo(R) = HCt+z—: - CtHLoo(R)

which ends the proof. m

Thus, under e.g. , (Uv(t))ssp satisfies although it is neither
differentiable nor operator norm-continuous. Actually, we can check directly

for the translation Cy-semigroup above without appealing to .

Proposition 7 LetV € L}, (R). Let (U(t)),s be the translation Co-semigroup

loc
(59

(i) The smoothing effect (20) holds if and only if

y—V(t+y)e JTVEMs i pounded (t>0). (42)

(ii) If V is differentiable, bounded away from zero and if VVI s bounded
then @) is satisfied.
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Proof. (i) follows from a simple change of variable since

/RV(:w (Uy (8)f) ()da = / Vit +y)e VO p(y)dy.

R

(ii) We note that for all u,v € R

Vi) ¢
> V) _ s
V(o) = el

where C' = sup VV, On the other hand, there exists € [y, y + t] (depending

on y and t) such that

1

y+t
t/y V(s)ds = V(z)

whence (using « := sup,~qze ?)

- fy+t V(s)ds _ V(t + y) —tV(x)
V(t+y)e v V) V(x)e

< ae VyeR
since v — (t+y)| <t. =

Remark 8 In Proposition @ (ii), V' may have e.g. a polynomial growth at
infinity.

The operator norm continuity of (Uy (%)), is of course a natural mean
to translate compactness properties from the resolvent (A — Ti/)~! to the
semigroup Uy (t) (see [57] Theorem 3.3, p. 48). However, it is an open
problem to decide whether the operator norm continuity of a substochastic
Co-semigroup (U(t)),s( is inherited by (Uy(t)),s, regardless of V. This
problem is not covered by the paper [38] which deals with a special class
of unbounded perturbations preserving immediate norm continuity of Cp-
semigroups. We provide here a solution to this open problem.

Theorem 9 Let V satisfy @(@ Let V, :=V An.
(i) Then for all finite C > 0 and all f € LY (% p)

sup Het(T_V")f - UV(t)fH <V -V -Tv) . (43)
t<C
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In particular, if (U(t)),sq is operator norm continuous and if

[V =Va] (1 -Tv ) — 0 asn— 400 (44)

)_1H£(L1(Q;u

then (Uy (t));s s also operator norm continuous.
(ii) In particular, let (1 — Ty)~1 be an integral operator with kernel
Gv(z,y). If (U(t));=q s operator norm continuous and if

Sup/ Gy (z,y)V(x)u(dz) — 0 as n — +o0 (45)
yeQ J{V=n}

then (Uy (t));sq is also operator norm continuous.

Proof. Note first that both V and V,, are Ty -bounded so that the sequence
{lv-vi,](1- Tv)*l}n of bounded operators converges strongly to zero.
According to the general theory e/T=Va) f — Uy (t)f for all f € LY(Q;p)
uniformly in ¢ € [0, C]. We start with the Duhamel formula (for a positive
bounded perturbation) and f € L1 (Q; )

(HTVa) f — TV f / LTV [y V] TV s,
0
By letting k — 400, V() — Vi (2)—V (z) — Vi (x) a.e. and then
AN = U5 + [ Urle =)V = Vil Uy (o) .
The additivity of the norm on the positive cone shows that

|y r — vy = \ /0 Ut — ) [V — Vi) Uy (s) fds

_ /O U (t = ) [V = Vo] Uy (s) f]| ds

< [w-vivesas=| [ v -wiovssa

- H[V—Vn]/OtUV(s)fds < H[V—Vn]/OCUv(S)fds

C
< e [V—Vn]/ e *Uy(s)fds
0

for all £ < C where C' > 0 is arbitrary. Hence

L Vf e Li(Qp)

sup [TV f — Oy (0)1]| < |V = Vil (1= Tv) 7|
t<C
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and
sup (e V) — Uy (1)) < |V - Vil (1= 7)Y
t<C

Finally, if (U(t));»( is operator norm continuous then so is (et(T_V”)) >0

because V;, is a bounded perturbation [60] so that the last operator norm
estimate ends the proof of (i). If (1 — Ty)~! is an integral operator with
kernel Gy (x,y) then an elementary calculation shows that

V-V, (1-Ty)t —sup/ Gy (z,y)V(x)u(dx
H[ ]( V) Hc(Ll(Q)) o0 Jvsn) V( ) ()( )

and this combined with (i) end the proof of (ii). m

Remark 10 Condition s of course satisfied if

sup/ G(z,y)V(x)u(dr) — 0 as n — 400 (46)
yeQ J{V=n)

where G(z,y) is the kernel of (1 — T)~Y. In particular, if (1 —T)™! €
L(LY(Q), LP()) for some p > 1 and if V € LP"(Q) (p* is the conjugate
exponent of p) then (@ s satisfied.

We give now a stability property for a suitable class of differentiable
Co-semigroups (U(t));, and suitable perturbations V.

Theorem 11 Let (U(t));5q be a class-P differentiable Co-semigroup and
let V' belong to its generalized Kato class potentials in the sense @) Then
(Uv(t))=p is class-P differentiable.

Proof. Let V,, := V An and let w > 0 be such that
ro [Vw=T)"" < 1.
Since (U(t)); is positive then it is easy to see that for any integer k
e B e Y ey
so that

Ty [Vn(w + 15 — T)_l] <7, [V(w — T)_l] <1 Vs eR, Vn.
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Thus

(wWHis—(T=V) ' f=(w+is—T)" i(—l)k (Va(w+is—T)1)*f
k=0
and
H(w—iris—(T—Vn))_lfH < H(w—l—is— HZH (W + is — )‘1)kH\|f|]
<

|@+is—1)7 Z | v =1 us.

On the other hand, by construction (see ), elT=Vn) —, e!Tv gtrongly as
n — oo so that

(w—|—i3—( _ f / w—HsttT V"fdt
implies
(WHis—(T—=V) ' f = (w+is—Ty) ' f asn— oo

and
[ is = 7)Y < e+ 35— | 2| (v = 1)
k=0

Finally lims o In|s| || (w + is — Ty) || is than or equal to

(ZH (w—=T)" H) lim In|s|||(w+is—T)7"|| =0

|s|—o0

which ends the proof. m

In the theorem above, it is not clear whether we can remove the assump-
tion that V' belongs to the generalized Kato class of (U(t));. We end this
section with a helpful tool.

Lemma 12 Let (V(t))>q be a Co-semigroup on L'(Q;u) with generator
G. If the resolvent (A — G)~! is a weakly compact operator for some (or

equivalently all) X\ € p(G) then (A — G)~! is a compact operator for all
A € p(G).
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Proof. The resolvent identity
A=) = (=) =(=-ANA=G)(u-G)"" Apep@)

shows that the weak compactness of (A — G)~! implies the the weak com-
pactness of (1 — G) L. By the classical Dunford-Pettis’ theorem (see e.g. [I]
Corollary 5.88, p. 344) the product of two weakly compact operators on
LY(; 1) is a compact operator so that

A=) = (=N =) =) = [(a— G = 0 s p— oo

shows that (A — G)~! is a compact operator. m

3 Compactness results on abstract L'(Q; A, ;1) spaces

As pointed out in Section [l for any linear operator O € L(L'(2; 1)) and
for any measurable subset = C €2, the notation

O: LY ) — L' )
refers to the operator
LY(Qp) 2 f— [Of)z € L'E; )
where [O f]z is the restriction of Of to the subset =. We start with:

Theorem 13 Let V satisfy (@)@ Let (U(t));» be a sub-stochastic Cy-
semigroup on LY(%; p) with generator T. Then Ty is resolvent compact if
and only if for all M > 0

A=Ty) 1 LY u) — LY(Qur; p) is weakly compact. (47)
A sufficient condition for to hold is that
A=T)"1: LY p) — LY Q) is weakly compact. (48)

Proof. According to Lemma [I2] it suffices to show that Ty is resolvent
weakly compact. Let f = (A — Ty)~tg with A > s(Ty) (g € B) where B
is the unit ball of L'(Q;u). Since D(Ty) C D(V) and V is Ty-bounded
(Lemma (1)) then there exists a constant ¢ > 0 such that ||V f|| < ¢]|g|| so
that

M /m )| pldr) < / V@ U@In)

/V x)| u(dz) <e, Vg € B

IN
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so that f{V(z)>M} |f(z)| p(dz) — 0 as M — +oo uniformly in g € B. Thus
we have decomposed f = (A —Ty) g as flq,, + flac, where flge can be
made as small in L'-norm as we want (uniformly in g € B) and flg,, is a
relatively weakly compact set by . This shows the first claim. Finally,

the domination
A=Tv)g, SA=T)q,

1927
shows that implies (47). m

Remark 14 If the sublevel sets Qpr have finite pu-measure then Condition
(@ is automatically satisfied provided that

A=T)"" € LILNQ ), LP( 1))

for some p > 1. This follows from the fact that the embedding of LP(Qr; )
into LY (Qar; i) is weakly compact (i.e. a bounded subset of LP(S2pr; p) is an
equi-integrable subset of LY (Qar; ) ).

We complement Theorem [13| with:

Theorem 15 Let V satisfy (@)(@) Let (U(t));» be a sub-stochastic Cy-
semigroup on LY(Q; p) with generator T. We assume that for M > 0 and
t>0

U(t) : LY p) — LY (Qur; i) is weakly compact (t > 0) (49)

Then:
(i) Ty is resolvent compact.
(i) If is satisfied then (Uv (t));»q is a compact Co-semigroup.

Proof. Let Pg,, : L'(Q; ) — L' (5 1) be the restriction operator. Note
that

-1

“+00 £
Pa, (A =T)"" = Po, /0 e MU(t)dt = lim Po,, / e NU(t)dt
€

where the convergence holds in operator norm. Let us show that Pq,, (A —
T)~! is weakly compact. It suffices to show that

-1 -1

Pa,, / e MU (t)dt = / e P, U(t)dt
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is a weakly compact operator. This is a strong integral (not a Bochner
integral) of a bounded, strongly continuous W (L(Q; i), L*(Qr; p))-valued
mapping where W (L*(Q; 1), L (Qa; 1)) is the Banach space of weakly com-
pact operators from L'(€2; u) into L'(Qaz; ). By [66] or [43]

—1

/ e M Pq,,U(t)dt

is a weakly compact operator. Then the first claim is a consequence of
Theorem [13]

(ii) We choose an arbitray ¢ > 0. Let f = Uy (t)g with g € B the unit
ball of L}(Q; ). By corollary f{V(x)>M} |f(z)| p(dz) — 0 as M — +oo
uniformly in g € B. On the other hand

[fl = |Uv(®)g| < Uv(@®) 19l <U®E) |9l

so that, by , the restriction to Qa of {Uy(f)g; g € B} is relatively
weakly compact by domination and then, by arguing as in the proof of
Theorem one sees that {UV (t)g; g € B} is a relatively weakly compact
subset of L' (), i.e. Uy(t) is a weakly compact operator for all ¢ > ¢
and consequently for all ¢ > 0. Actually, Uy (t) is a compact operator for all
t > 0 since Uy (t) = Uy (£)Uy (%) and the product of two weakly compact
operators on L'(€2; 1) is a compact operator (see e.g. [I] Corollary 5.88, p.
344). m

Remark 16 If the sublevel sets Qpr have finite p-measure then Condition
(@ 18 automatically satisfied provided that

U(t) € LILY (s ), LP(Qp)) (> 0)

for some p > 1. This is the case e.g. for ultracontractive (in the sense (@)
symmetric Markov Co-semigroups (U(t)),sq since

U(t) € LILY(Q; 1), L (1) (¢ >0).

Since the compactness of (A — Ty/)~! is equivalent to the compactness
of Uy(t) for t > 0 if (Uy(t));5( is operator norm continuous (see e.g. [57]
Theorem 3.3, p. 48) then we have:

Corollary 17 Let V satisfy (@) . Let (Uv ()¢ be operator norm con-
tinuous. If @) is satisfied then (Uy (1)), is a compact Co-semigroup.
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It is not difficult to see that (A — Ty)~! is compact if and only if
fg Uy (s)ds is for all ¢ > 0 (the argument holds for general Cyp-semigroups in
Banach spaces). Thus Theorem (13| implies that

t
/ Uy (s)ds is a compact operator on L'(€; 1)
0

under Assumption only.

If (U(t));s0 is a sub-Markov Cp-semigroup (i.e. acts in all LP spaces
as a positive contraction semigroup), we denote it by (U?(t)),~, as a Co-
semigroup acting on LP(£2; 1) and denote by TP its generator. As in the
L' case, we define the perturbed Cp-semigroup (Ue-(t)) with generator
Ty and (U\I}(t))tzo
Proposition 3.1). Then using the compactness interpolation theorem for o-
finite measures (see e.g. [11] Theorem 1.6.1, p. 35) we obtain immediately:

Corollary 18 Let V' satisfy (@@ Let (U(t))y>q be a sub-Markov Co-
semigroup and let p be o-finite. Then:

(i) If @ is satisfied then TV is resolvent compact in LP(Q; ). If ad-
ditionnaly (Uy (t));~q s operator morm continuous (on LY () then the

>0
is strongly continuous if and only if (Uy (%)), is ([71]

Co-semigroups {U%.(t);t > 0} are compact in LP($; ).
(i) If are satisfied then the Co-semigroups (U‘Zj-(t))po are com-
pact in LP (€ ). -

A more precise result can be derived in the self-adjoint case:

Corollary 19 Let V satisfy (@)(@) Let (U(t));~o be a symmetric sub-
Markov Cy-semigroup and let p be o-finite. If (@ 1 satisfied then the

Co-semigroup (U‘Z}(t))t>O is compact in LP(Q2; p) for p > 1.

Proof. By Corollary TZ is resolvent compact. It follows that the self-
adjoint Cp-semigroup U‘Q/(t)) ~p itself is also compact for ¢ > 0. Then, an

interpolation argument shows that (U?(t)) >0 18 compact (¢ > 0) for all
p>1. = B

Remark 20 Note that under the assumptions of Corollary [I9, the Cpy-
semigroup (Uy (t));sq need not be compact on LY (s ).

We show now that the basic assumption is stable by subordina-
tion. We recall first some notions on subordinate Cy-semigroups. Let
f € C*®((0,+00)) be a Bernstein function, i.e.

kA f(z)

f20, (D)= <0 VkEN
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It is characterized by the representation

+0o0
e @ = / e "*ny(ds) (t > 0)
0

where (1;)¢>0 is a convolution Cy-semigroup of sub-probabiity measures on
[0, +00) (see e.g. [31] Theorem 3.9.7, p. 177). Let (U(t));-, be a contraction
Co-semigroup. We can define (see [31] Chapter 4 for the details) the so-called

subordinate Co-semigroup (U”(t)) +~p (in the sense of Bochner) acting as

| T (U)o ds) € LNEY).

Theorem 21 Let (U(t)), be a positive contraction Co-semigroup on L' ($; )
satisfying (@ Let f be a Bernstein function such that

lim f(x)= +o0. (50)

Tr——+00

Then the subordinate Cy-semigroup (Uf(t))t>0 satisfies also .

Proof. Note first that (ie. e @) - 0asx — 400 (t>0)) amounts
to n,({0}) = 0 V¢ > 0. This implies that

[ Umias) 07| <m0, + m(le 400 0 as <=0,

-1
It suffices to show that f; Pq,,U(s)n,(ds) is weakly compact. By assump-
tion, Vs > 0, Pq,,U(s) is weakly compact. Moreover

so that

— 0 as ¢ — 0.

/ " Po, Uls)n(ds) — Pay U (1)

s> 0— Pg,,U(s) € LIL*RYN), LY (Qu))

is strongly continuous and bounded. It follows from [66] or [43] that the

strong integral f;il Pq,,U(s)n(ds) is also weakly compact. m

It seems that Assumption is purely technical; indeed, see Theorem
below on convolution Cy-semigroups on RY where this assumption is no
longer necessary.
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Remark 22 [t is not clear that Assumption (@ is stable by subordination.

Howewver, for some Bernstein functions f, the subordinate Cy-semigroup
(Uf(t))t>0 is always holomorphic (and thus is satisfied by (U{;(t)) 0)
=z t>

regardless of (U(t)),sq; we note also that if (U(t)), is holomorphic then so
is (Uf(t))t>0 for any Bernstein function f; see [21] and references therein.

Remark 23 Let L'(; A, 1) be separable. If O = LY (s p) — LY p) is
such that
10,0 : L' (1) 3 f — 10,,Of € L'(Qr; )

is weakly compact then 1q,,O is (uniquely represented by) an integral op-
erator with a measurable kernel (see the remark in [16] p. 508) and this
clearly tmplies that O is an integral operator with a measurable kernel since
V(z) < 400 a.e. Thus Condition {48) (resp. Condition (49)) implies that
(A —=T)71 (resp. U(t)) is an integral operator with a measurable kernel.
For instance, this is the case of wultracontractive symmetric Markov Cjy-
semigroups (see also [68] Corollary A.1.2).

4 Applications to perturbed convolution semigroups

Before continuing the general theory, we devote a section to specific com-
pactness results on convolution Cpy-semigroups on euclidean spaces. Let
Z C RY be a Borel subset. We say that = is “thin at infinity” if

2N B(z;1)] = 0 as |z| — o0 (51)

where B(z;1) is the ball with radius 1 centered at z € RY and || refers to
Lebesgue measure. We start with a basic result.

Lemma 24 Let h € L1 (RY) and let

H:L'RY) 3¢ — [ hlz—y)py)dy € L'(RY)
RN
be a convolution operator. Let = C RYN be a Borel set. Then

H:L'RY) - LY(=)
s compact if and only if
sup / h(z —y)dz — 0 as ¢ — +00. (52)
yeRN JEN{|z|>c}

Moreover (@) is satisfied if = is “thin at infinity”.
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Proof. We note first that the continuity of y € RV — h¥(.) € LY(RY)
(where h¥(.) : © — h(z — y) is the translation of h(.) by a vector y) shows
that H : LY(RV) — LY(Z) is compact for any bounded Borel set Z. On the
other hand, if H : ¢ € L*(RY) — L(Z) is compact then

"XE”{W”}HHL(Ll(RN),LI(E)) — 0 as e oo

(we still denote by Xzn(|e|>c} the multiplication operator by the indicator

function Xzn(jz)>cy) because |Ix{|z)>cpf L — 0 as ¢ — +oo uniformly

in f in a compact set of L}(Z), i.e. holds. Conversely, under ,
H: ¢ e LYRY) — LY(ZE) is a limit in operator norm (as ¢ — +o00) of
Xzn{|z|<c}H Wwhich is compact since 2N {|z| < ¢} is bounded.

Let us show now that is satisfied if = is “thin at infinity”. To show
it suffices that

lim h(z — y)dx = 0. (53)

ly|—+oo J=

Indeed, let € > 0 be arbitrary and let D > 0 be such that

/ h(zx —y)dx < e for all |y| > D.

It suffices to show that for any D > 0

sup / h(z —y)dx — 0 as ¢ — +00
ly|<D JEn{|z[>c}

i.e.

sup / hY(z)dz — 0 as ¢ — +o0. (54)
ly|<D JEn{|z|>c}

Since y € RY — h¥(.) € L'(RY) is continuous then
{hY(.); |y| < D} is compact subset of L'(RY)

and consequently {hY(.); |y| < D} is an equi-integrable subset of L!(R") so
that is true. It suffices now to show that is satisfied if E is “thin
at infinity”. We observe first that is actually equivalent to

VR>1, ENB(y;R)| — 0 as |y| — o0 (55)

where B(y; R) is the ball with radius R centered at y € R™. It suffices
to observe that |2N B(y; R)| < Z;]jl |= N B(y;; 1)| where we have covered

35



B(y; R) by a finite number Jr (depending on R only) of balls B(y;; 1) with
radius 1. We write

/h(m—y)dm = / h(z)dz:/ h(z)dz—l—/ h(z)dz
= =y (E—y)NB(O,R) (E—y)NB(0,R)°

/ h()dz + / h(z)d>
(E—y)nB(0,R) B(O,R)C

where B(0; R)¢ is the exterior of the ball B(0;R). The invariance of
Lebesgue measure by translation yields

IA

[(E=y) N B(0; R)| = |EN B(y; R)|. (56)

Finally, for any ¢ > 0 we choose R large enough so that fB(o-R ch(z)dz < e
and then f(E—y)mB(O;R) h(z)dz — 0 as |y| — +oo by 1' and 1} n

We consider now the convolution Cyp-semigroup (U (%)), with generator
T introduced in Section [I]

U(t) o € LIRY) — / (@ — yymu(dy) € L'RY) (57)

where {m;},>, are Radon sub-probability measures on RY such that mo =
80, My * Mg = myys and my — mg vaguely as t — 04. Such convolution
Ch-semigroups cover many examples of practical interest such as Gaussian
semigroups, a-stable semigroups, relativistic Schrodinger semigroups, rela-
tivistic a-stable semigroup etc. (see [31] Chapter 3). This Cp-semigroup
acts in all LP(R™) (1 < p < +00); in such spaces, we denote it by (UP(t)) =0
and denote its generator by TP. We recall that

(A—T) Ty = / (@ — y)m(dy)

where
Q= [ eMmei= 1
m = e 'm = .
0 ' A+ F(C)
Two kinds of assumptions can be used. Either
3 pe € L2 (RY) such that my(dy) = pi(y)dy (t > 0) (58)
or
3 G, € LL(RY) such that m*(dy) = G (y)dy. (59)

Note that is much weaker than . Note also that is satisfied if
e () ¢ LY(RN) (t > 0). As a consequence of Lemma we have:
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Theorem 25 Let (U(t)),s be the convolution Co-semigroup on LY (RN).
Let the sublevel sets Qpr be “thin at infinity”. If (@) 1s satisfied then Ty is
resolvent compact on L*(RY). If and are satisfied then (Uy (t)) >0

is a compact Cy-semigroup on L'(RY).

Since (U(t))
lary [T9] implies:

40 1s selt-adjoint for real characteristic exponent then Corol-

Corollary 26 We assume that the characteristic exponent is real. Let
be satisfied and Qp be “thin at infinity”. Then (U} (1)) are compact

Co-semigroups on LP(RN) for all p > 1.

t>0

We give now a subordination result. For any Bernstein function f, we de-
note by (U7 (t)) >0 the subordinated Co-semigroup (in the sense of Bochner)
defined in Section [3] which is also a convolution Cp-semigroup with charac-

teristic exponent Ff = f o F. We denote by (U‘J;(t)) . the corresponding
t=>

perturbed Cy-semigroup, i.e.
Ul (t) = (U )y ().

Theorem 27 Let (U(t)),s be the convolution Co-semigroup on LY(RN).
Let f be a Bernstein function and let (Uf(t))t>0 be the corresponding sub-

ordinate Cy-semigroup. We assume that my are functions (t > 0). If
1s satisfied by (Uf(t))t>0 and if the sublevel sets Qyr are “thin at infinity”

then (U‘J/c-(t)) . is a compact Cy-semigroup on L'(RY).
t=>

Proof. Let {m{ } o be the Radon sub-probability measures corresponding
>
to the convolution Cy-semigroup (U7 (t)) We have

t>0"

U(t) =@ *xmy

and
+oo
Ve = [ WUEemas)
where
+oo
et (@) :/ e “*n.(ds) (t > 0).

0

Thus

“+o0o
U (1) = /0 (% ma)ny(ds) = o+ m]
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where oo
mf = /O matlo(ds) (60)

is the Radon measure

+o00
mf¢) = [ me.Omds), (¢ € Cu®M)).
0

Let m, be a function ps € LY (RY). Then (ms, () = [pn ps(¥)¢(y)dy and

ooy = [ ([ pewrcti) nias)

= /RN </0+oops(y)m(d8)> C(y)dy

mi (dy) == p] (y)dy

shows that

where
“+oo
f o) e .
Pl () = /0 pe(y)my(ds)

is an L' function. Finally Theorem [25| ends the proof. m
We refer to Remarkto check how could be satisfied by (U7 (t)) =0
Since the heat semigroup is holomorphic in L'(R¥) then so is (U f (t)) ;

>0
for any Bernstein function f (see [21]) and then Theorem [27| implies:

Corollary 28 Let (U(t)), be the heat Co-semigroup on LY(RYN) and let f
be a Bernstein function. Then (U‘];(t)) - is a compact Co-semigroup if the
t

sublevel sets Qpr are “thin at infinity”.

We end this section with some usual examples covered by Corollary [28,
Note that z® (x > 0) for 0 < o < 1 is a Bernstein function f (see [31]
Example 3.9.16, p. 180) and {Uf(t); ¢t > 0}, the so-called symmetric stable
semigroup of order 2a, corresponds to F({) = |C |2°‘. Note that In(1 +
x) (x > 0) is a Bernstein function (see [31] Example 3.9.15, p. 180) so that
In(1+2%) (x> 0) is also a Bernstein function f (see [31] Corollary 3.9.36,
p. 206) and {Uf (t);t > 0}, the so-called geometric a-stable semigroup,
corresponds to F(¢) = In(1+1¢|*) (0 < a < 2). Finally, (:c+m%)% —misa
Bernstein function f (see [64]) and {U7(¢);t > 0}, the relativistic a-stable

semigroup generated by , corresponds to F'(¢) = (|C]2 + mg)% —m.

Remark 29 We can also deal with perturbation of generators of convolution
semigroups by indefinite potentials, see Section[d and Remark [6]).
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5 Compactness results on L'(;d, u)

In this section (and the following one) we complement the main compacte-
ness results in Section [3|in L! spaces over separable metric measure spaces
(Q;d, A, u) where (£2,d) denotes a separable metric space, A is the o-algebra
of Borel subsets of €2 and p is a o-finite Borel measure on €. It follows that
A is separable, i.e. is generated by a denumerable sub-family D C A (see
[55] Theorem 1.8, p. 5) and consequently (see e.g. [8] p. 98) L'(%; A, p) is
separable. We assume also that

bounded Borel sets have finite y-measure. (61)

The existence of a metric d allows to understand further the key conditions

. Let (U(t));so be a sub-stochastic Co-semigroup on L*(€2; A, 1)
with generator 1. We complement Theorem [13| by:

Theorem 30 Let (Q,d, ) be a separable metric measure space satisfying

. Let 'V satisfy @(@) We denote by (Uy(t));q the corresponding
perturbed sub-stochastic Cy-semigroup. We assume that

1-1)"1: LY p) — LYZE)

is weakly compact for any bounded Borel set Z. Let Gi(z,y) be the kernel
of 1 —T)"1. If

Gi(z,y)u(dr) =0, YM >0 (62)

lim Sup/
C=t00yeQ JzeQy; d(z,z0)>C}

(for some zg € Q) then ([{8) holds (and then Ty is resolvent compact).

Proof. Note that is xp-independent. As noted in Remark the
existence of the kernel G'1(z, y) follows from the separability of L!(€2; i) and
the weak compactness assumption. We decompose xgq, (1 — T V) !as

XQAM(l - T)_l = X{CEEij,d({L',LBo)}C}(]‘ - T)_l

+X{m€QM,d(x,mo)<C’}(1 - T)_l
By assumption, X(zcq,, d(z,z0)<c} (1 — Ty)~! is weakly compact. On the

other hand, the norm of X(,cq,,.d(@z0)>c3 (1 — T)~ ! is given by

Gi(z,y)u(dz)

sup

yeQ /{;GQM ; d(w,20)2C}
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so (by Assumption (62))

1 _
HXQM(l - T) - X{IEQM,d(a:,xo)<C}<1 - T) 1HE(L1(Q'/,L))

is arbitrarily small for C' large enough. Hence xgq, (1 — Ty)~! is weakly
compact. H

We note that if (Uy (t)), is operator norm continuous (e.g. if (U(%)),s
is operator norm continuous and is satisfied) then Theorem [30|implies
the compactness of the Cp-semigroup (Uy (t));~o. We have also:

Theorem 31 Let (2,d, ) be a separable metric measure space satisfying

. Let V' satisfy @(@) We denote by (Uy(t)),sq the corresponding
perturbed sub-stochastic Cy-semigroup. We assume that (@ is satisfied. Let

Ul(t) : ! (Q;p) — ! (2)

be weakly compact for any bounded Borel set = . Let pi(x,y) be the kernel of
U(t). If

pi(x,y)p(de) =0 (¢ >0) (63)

lim sup/
C=+00 yeQ J{zeQu; d(x,10)>C}

(for some xoy € Q) then @) holds (and then (Uy(t)),5q is a compact Cy-

semigroup).
Proof. Arguing as in the previous proof, we decompose xq,, U (t) as

XouUt) = X{zeau.dwwo)zc1U (1)
+X{$€QM7d(ZE,wo)<C}U(t)

Since X{erM,d(a:,onC}U(t) is weakly compact and

X0 U0) = Xgaeao.an>cyU D) | = sup pi(e.y)p(de)

yeQ /{xeﬂM; d(z,x0)=C}

goes to zero as M — +oo then xq, U(t) is weakly compact, i.e. holds.
[ |

We link now Theorem [30] and Theorem [31] to the notion of sublevels sets
“thin at infinity”. We say that a Borel set = C 2 is “thin at infinity” if
there exists a point g € Q) such that for all M >0

p{ENBy; M)} — 0 as d(y,y) — +oo (64)

where B(y; M) is the ball centered at y with radius M. This definition is
y-independent.
We give first a basic preliminary result.
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Lemma 32 We assume that

v(r) :=sup u(B(z,r)) < +oo, ¥Vr >0
e

Let H be the integral operator

LY Q) 2 ¢ — /Qh(w,y)so(y)u(dy) e L' p)
satisfying a kernel estimate of the form

h(z,y) < f(d(z,y))

where f: Ry — Ry is nonincreasing and such that (for sufficiently large r)

r— f(r)v(r+1)

s mon increasing and integrable at infinity. Then:
(i) H is a bounded operator on L'(Q; ).
(ii) If a Borel set = C Q is “thin at infinity” in the sense then

H: LYQ;p) — LY(Z; 1) is weakly compact.
Proof. (i) By domination, it suffices to show that
et~ [ fdw)emnd) e Lin ()

is a bounded operator. This holds if and only if there exists C' > 0 such that

[ stz < wyea

We have

/ f(d(z,y)uldr) = /{d( e gt (66)
+Z / F(d(z, y))u(dz)

{n<d(z,y)<n+1}

< f(O)u(B(y, 1)) + Z F(n) [w(B(y,n + 1)) — u(B(y,n))]
n=1

= [f0) = W u(B(y, 1)) + [f(1) = FR) w(B(y,2)) + - --

o0

= S U~ fn+ D] p(Bly.n+ 1)) (67)

n=0
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which is finite if

> fmu(Bly,n+1)) <oo, Y fln+1u(Bly,n+1)) < oo

n=0
or
[e.e] [e.e]
Zf(n)v(n+ 1) < oo, Zf(n+ Do(n+1) < oo
n=0 n=0
or equivalently

S fmp(n+1) < oo
n=0

(since v(n) < v(n + 1)) which follows from f1+°° f(r)v(r 4+ 1)dr < oo and
r — f(r)v(r + 1) is nonincreasing.

(ii) We decompose the integral operator by decomposing its kernel
as

fld(z,y)) = 1=.(z) f(d(z,y)) + 1z (@) f(d(z,y))
where

2. = 2N {z;d(z,7) > ¢} and Z, :=EN {z;d(z,7) < ¢}

since = € E. Note that f(d(x,y)) < f(0) so that
pe '@~ [ 1z @) )eluldy) € I*(Eip)

and (since u{ c} is finite) the imbedding of L®(Z.;p) into L*(Ee;p) is

weakly compact because a bounded subset of Loo(éc; ) is equi-integrable.
It suffices to show that the norm of the second part goes to zero as ¢ — +oo,
i.e.

sup/ fld(z,y))u(dz) — 0 as ¢ — +o0.
ye JEn{d(zg)>c}

Consider first the integral

Loyt
N{d(z,y)>c}

- g;/ f(d(w,y))u(de)
{n<d(z,y)<n+1}IN=EN{d(z,y)>c}

Zf pl{n <d(z,y) <n+1}NEN{d(z,7) >c}].

IN
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We note that

;n f)pl{n <d(@,y) <n+1}NEN{d(,7) > c}]
< i (Mpl{n < d(e,y) <n+1}
- i £0) (Bl + 1) = p(Bly, )]
< g;f(n) (W(By,n+ 1)) + (B, )
< c;f(n) [o(n+ 1) + ()]

so that, for any € > 0 there exists an integer 7 such that
(o @]
Z fm)p{n <d(z,y) <n+1}NEN{d(z,y) > c}| < e uniformly in y € Q.
n=m
It suffices to show that

Zf(n),u[{ngd(a:,y) <n+1}NEn{d(z,y) > c}] -0 asc— +o0

n=0

uniformly in y € €, or equivalently for any n <m
pw{n <d(z,y) <n+1}NnEn{d(z,y) > c}] -0 as c— +o0 (68)
uniformly in y € Q. The inequality
d(y,y) = |d(z,7) — d(z,y)| Z c— (n+1)
for ¢ > (n + 1) shows that either the set
tein < d(@,y) <n+1j0{zd(@,y) >}

is empty (and then p[{n <d(z,y) <n+1}NEn{d(z,y) >c}] = 0) or
d(y,y) = ¢— (n+1). On the other hand, by assumption, for any n

pl{zsd(z,y) <n+1}NE -0 asd(y,7) — oo

and then follows. m
Now Theorem [30], Theorem [31] and Lemma [32] imply:
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Theorem 33 Let (Q,d, ) be a separable metric measure space satisfying
. Let 'V satisfy @(@) We denote by (Uy(t));q the corresponding
perturbed sub-stochastic Cy-semigroup. We assume that the sublevel sets Qpr
are “thin at infinity” in the sense .

(i) If the kernel G(z,y) of (1 — T)~! satisfies an estimate of the form
G(z,y) < f(d(z,y)) where f : Ry — Ry is nonincreasing and such that (for
larger) r — f(r)v(r+1) is nonincreasing and integrable at infinity then Ty
s resolvent compact.

(ii) Let (13) be satisfied. If for each t > 0, the kernel p(.,.) of U(t)
satisfies an estimate of the form pi(.,.) < fi(d(z,y)) where fi : Ry — Ry is
nonincreasing and such that (for large r) r — fi(r)v(r+1) is nonincreasing
and integrable at infinity then (Uy (t)),~ s a compact Co-semigroup.

Remark 34 Theorem [33 applies to the different examples of kernel esti-
mates (@) arising in the theory of Markov process

C r2 C rB-1 C r
r) = —exp(——=), - exp(————) or —(1+ —)"+h),
) = Pl g, em L) o

provided we impose an appropriate volume growth
r— v(r)

in order to meet the above conditions on r — fi(r)v(r + 1).

6 Spectral gaps on L'(Q;d, )

We recall that s(Tv) € o(Tv) and s(Ty) is equal to the type of (Uy (1)),
Note that s(77/) < 0 by the contraction of (Uy (t)),s,- We recall also that the
spectral gap (or essential compactness) property of perturbed Cp-semigroups
(Uv(t))=o refers to the strict inequality

(,UESS(U\/) < S(Tv)

while a spectral gap property of perturbed generator Ty refers to
Sess(Tv) < s(Tv). (69)

We deal first with perturbed generators.
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Theorem 35 Let (Q,d, ) be a separable metric measure space satisfying
. Let 'V satisfy @(@) We denote by (Uy(t));q the corresponding
perturbed sub-stochastic Cy-semigroup. Let

1-17)"1: LY Q) — L'(2)

be weakly compact for any bounded Borel set =. We assume that the kernel
G1(z,y) of (1 —T)~! satisfies the estimate

1

Gi(z,y)u(dr) < 1—s(Ty)

(70)

sup lim sup/
M>0 C=+0yeQ J{zeQu; d(z,x0)>C}

(for some xog € Q). Then
S(TV) - Sess(TV) > /ﬁ

where
(= s(@)
 Tess (1= Tv) ™

and n is difference between the right and left hand sides of (@

Proof. We choose an arbitrary € > 0 such that
e<n.

It is known (see e.g. [52] Proposition 2.5, p 67), for any 5 € p(Ty),

1

~ dist(B,0(Ty))’ (71)

To [(/8 - TV)il]

in particular

_ 1
To ((1 —TV) 1) - ?(TV)
(since s(Tv) € o(Ty)) and
1
L=y
Let
A€ O'(Tv)

be an arbitrary spectral value of Ty and let

q:=1ImA\
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be its imaginary part. Note that Re A < s(Tv).
Note the uniform domination in ¢ € R

+oo
/ e—(1+iq)t€—tvadt
0

“+oo
= / e~te TV |fldt = (1 - Ty) L]
0

|(L+iqg—Tv) ' f| =

The same argument shows that
(1 +ig —Ty)™"f| < (1= Tv) " | f]

for any integer m so that taking the %-powers of the operator norms and
passing to the limit as n — oo

ro((1+ig—Tv) ™) <re((1 —Ty)™ ') Vg eR. (72)
We decompose (1 +ig —Ty) ! as

(I+ig—Tv)™" = xas,(1+iqg—=Tv) ™" + X(weay dwwo)=cy (1 +ig — Tv) ™!
+X{J:EQM,d(x,ro)<C’}(1 +1iq — Tv)il (73)

where 29, is the complement of the sublevel set {1,;. Since

X{werd(zzo)<cy (1 +ig = Ty) ™!
is dominated by X(zc0,; d(@,z0)<c} (1 — Ty)~! which is itself dominated by

X{zeQy,d(z,x0)<C} (1 - T)il

then, by our assumption, the third operator in is weakly compact.
Moreover, we saw in the proof of Theorem that the norm of Xﬂij(l —
Ty)~! goes to zero as M — +oo so that, by domination, the norm of
XQ?‘u(l +iq — Ty)~! goes to zero (uniformly in q) as M — +oo. Finally,
the norm of X(,e0,, d(z.z0)>cy(1+i¢ —Tyy) ! is less than or equal to that of
X{z€Qus d(z,m0)>C} (1 — Ty)~! which is itself less than or equal to the norm of
X{mGQM,d(x,zo)QC}(l - T)_l Le.

sup

/ G (2, y)uldz).
yeQ J{z€Qns; d(z,20)>C}

It follows that for M and C large enough

1

< - _
=1s(1y) ©

HX%(l +iq = Tv) ™" + Xweau d@zo)>cp (1 +iq — Tv)flu
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uniformly in ¢. In L' spaces, the essential spectrum is stable by weakly
compact perturbations (see [36], Proposition 2.c.10, p. 79) so that for M
and C large enough

Tess [(1 +1iq — TV)_I] = Tess [(XQ?M + X{xEQA4,d(x,zg)>C})(1 +1iq — TV)_I}
= H(X% + X{weu,d(zz0)>cy) (1 ¢ — TV)_1H
1

= 1=T, -17

e i Lt
uniformly in ¢ so

1
ﬁ(z—"/) — Tess [(1 + 7/q — Tv)il] > e uniformly n q. (74)

By using and we get

1
Tess [(1 +1iq — TV)_l]
% — Tess [(1+iq_TV)_1] E((l —S(TV))

Qe i Y R e e R

— (1 —s(Tv))

uniformly in q.
On the other hand, v is an isolated eigenvalue of Ty with finite algebraic
multiplicity if and only if ﬁ is an isolated eigenvalue of (1 +iq —Ty) ™!

with finite algebraic multiplicity, then any spectral value v of T3, such that
1

_— > 1+iqg—Ty) ™t

[EEE [+~ Tv)™]

is an isolated eigenvalue of T with finite algebraic multiplicity. Hence any
spectral value A of Ty, (with imaginary part ¢) such that

1
Tess [(1+1q — Ty) 1]

|1 —Re )| <

is an isolated eigenvalue of 1" with finite algebraic multiplicity. Since
0<1—ReA=(1-s(Tv))+ (s(Tv) —ReA)
then any spectral value A of Ty, (with imaginary part ¢) such that

1

Ty) — Re A
s(Tv) — Re St [+ g —Tv) 1]

- (1 =s(Tv))
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is an isolated eigenvalue of T" with finite algebraic multiplicity. Finally, (75
show that any spectral value A\ of Ty (with imaginary part ¢) such that

e((1 —s(Tv))
Tess [(1 —Tv) 1]

is an isolated eigenvalue of T' with finite algebraic multiplicity. The arbi-
trariness of € < 1 ends the proof. =
We have a better insight into if we note the estimates

1 1

s(Ty) —Re X <

sup/Gl(w,y)u(dw) =[a-1) =r (A -7

yeN

Theorem 36 Let the conditions of Theorem |39 be satisfied. If (Uv(t));
is operator norm continuous then wess(Uv) < s(Tv) i.e. (Uy(t));so has a
spectral gap.

T 1-s(T) = 1—s(Ty)

Proof. By the operator norm continuity of (Uy (t)),

A=Ty) ' = /O+Oo e MUy (t)dt (ReX > s(Ty))

is given by a Bochner integral (instead of simply a strong integral) so that
Riemann-Lebesgue Lemma holds

|A=Tv)7!| — 0 as [ImA| — oo. (76)
By Theorem there exists o > 0 such that
o(Ty)N{s(Tv) —a < ReX < s(Ty)}

consists of a (non-empty) set isolated eigenvalues with finite algebraic mul-
tiplicities. This set must be finite. Indeed, otherwise we would have a
sequence of eigenvalues v, = ay + if;, such that oy € [s(Tv) — «, s(Tv)]
and |f;| — oo with normalized eigenvectors xi. Without loss of generality,
we may assume that

ar — a<s(Ty) <0.

Since Ty xy = (ax + if) Tk, i.e.
(I +iBy — Ty )zp = (1 — o)y,

then

—_
Il

ekl = [(1 = )l ||(1 4By, — Tv) ™ au|
(1= ap)l[|(1+ i), — Tv) ™!

IN
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which is impossible if |8;,] — oo because of (76)).

We denote by {v1,...,vs} this finite set of eigenvalues. Let P be the
(finite dimensional) spectral projection corresponding to this finite set of
eigenvalues. Note that this projection commutes with Uy (t). We denote by
Y its finite dimensional range. We decompose L!(Q2) as

INo)y=XaoY
where X = (I — P)(L'(2)). Then
o(Ty) = {v1,...,vyt Uo(Ty|x)
where Ty x is the restriction of Ty to X (with domain D(7y) N X) and
o(Ty|x) = o(Tv) N{ReA < s(Tv) — a}.
We decompose then Uy (t) as
Uy(t) =Uy(t)P + Uy (t)(I — P).
It follows that
Tess(Uv (1)) = 0ess(Uv () = P)) C o(Uy (8)(I = P))

where (Uy (t)(I — P));>¢ is identified to the Co-semigroup on X with gen-
erator Ty |x. Thus

evesst = r o (Uy (1) < roe(Uy(t)(I — P)).

Since (Uy (t)(I — P)),s is also operator norm continuous then the spectral
mapping theorem

o(Uy(t)(I — P)) — {0} = eto(Tvix)

holds (see e.g. [52] p 87) so that r, (Uy (t)(I — P)) < eGTV)=)t and finally
Wess < s(Ty). m

We give now a second approach to spectral gaps for perturbed Cp-
semigroups based on the weak type estimate .

Theorem 37 Let (Q,d, ) be a separable metric measure space satisfying

. Let 'V satisfy @(@) We denote by (Uy(t));q the corresponding
perturbed sub-stochastic Cy-semigroup. We assume that (@ is satisfied. Let

t > 0 be fized and let
Ut): LYQ) — L'(Z)
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be weakly compact for any bounded Borel set =. We assume that the kernel
pi(x,y) of U(t) satisfies the estimate

pe(z,y)u(de) < Tt (77)

sup lim sup/
M>0 C—=+0ye J{zeQu; d(z,20)>C}

for some t >0 (and some xo € Q). Then wess(Uy) < s(Tv).

Proof. We denote by €25, the complement of ), and decompose Uy (t) as

Uv(t) = as, Uv(t) + X(rean dieany>cy Uv (1) (78)
+X{x€QM,d(m,:ro)<C}UV(t)‘

Since X(zequ d@,zo)<cyUv(t) is dominated by X(zcq,, d(z,e)<cyU(t) then,

by our assumption, the third operator in is weakly compact. Then the

stability of the essential spectrum by weakly compact perturbations in L'
spaces (see [30], Proposition 2.c.10, p. 79) shows that

ewess(Uv)t = Tess [UV(t)] = Tess |:(XQ§M + X{erM,d(x,:co)>C’})UV(t)]
< H(Xﬂ?u + X{erM,d(x,xo)>C})Uv(f)H VM, C
and then

ewESS(UV)t S lim lim H(XQII«’W + X{IEQM,d(Z',CCO)>C})UV(t)H

M—o00 C—o0

= ]\Jhinoo Clgréo ‘X{mEQM,d(x,mo)>C}UV<t)H

since shows that the norm of Xas, Uy (t) goes to zero as M — +oo. On
the other hand, the norm of X(,cq,, d(z,z0)>c3Uv (t) is less than or equal to
that of X{xGQM,d(x,xo)>C}U(t) i.e.

sup pe(x, y)p(de)

yeQ /{IGQM; d(z,20)2C}

SO

ewess(UV)t < hm llm Sup pt(‘r? y)lu’(dx)

M—00 C—00 ye) /{ZeﬂM; d(x,20)>C}

Ty )t

= sup lim sup pe(x,y)p(de) < e

M>0C—00ye /{xEQM; d(z,x0)=>C}

and wess(Uy) < s(Ty). =
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Remark 38 Actualy the proof of Theorem provides the "quantitative”
estimate

pt(ﬂ«"ay)u(dw)> :

.1 .
Wess < Inf =1In | sup lim sup
t>0 M>0C—+00 yeQ J{zeQy; d(z,a0)>C}

The proof of Theorem [37] suggests an interesting variant.

Corollary 39 Let (2,d, ) be a separable metric measure space satisfying
. Let V' satisfy @)@ We denote by (Uy(t)),sq the corresponding
perturbed sub-stochastic Cy-semigroup. We assume that (@ is satisfied. Let
t > 0 be fized and let

U(t): LYQ) — LY(Z)

be weakly compact for any bounded Borel set =. We assume that the kernel
pi(x,y) of U(t) satisfies the estimate

sup lim sup pi(z,y)p(dr) < et (79)

M>0C—+00 Q) /{meQM; d(z,20)>C}
(for some xo € Q) where s(T') be the spectral bound of T. Then either
s(Ty) < s(T') or s(Ty) = s(T') and wess(Uy) < s(Tv).

Proof. Since s(Tv) < s(T) then either s(Ty) < s(T') or s(Tv) = s(T') and
then we can of course replace s(T") by s(Ty) in and appeal to Theorem
B7 m

In particular, if (U(t));5, is a stochastic Cp-semigroup (i.e. mass pre-
serving on the positive cone) then [ p(z,y)p(dz) =1 and s(T) = 0 so that
we have:

Corollary 40 Let (2,d, ) be a separable metric measure space satisfying

. Let V' be satisfy @(@) Let (U(t));s¢ be a stochastic Co-semigroup

i.e. mass preserving on the positive cone). We assume that (@ is satisfied.
Let t > 0 be fixed and let

U(t): LYQ) — LY(Z)

be weakly compact for any bounded Borel set Z. If the kernel pi(x,y) of U(t)
satisfies the estimate

sup lim sup pe(z,y)p(de) < 1 (80)

M>0C—+o0 yeQ /{xEQM; d(z,z0)>C}

(for some xo € Q) then either s(Ty) < 0 or wess(Uy) < s(Ty) = 0.
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We consider now the case where (U (%)), is a sub-Markov Cp-semigroup,
i.e. acts in all LP spaces as a positive contraction Cy-semigroup. We denote
it by (UP(t));¢ as a Co-semigroup acting on LP(€; ;1) with generator T7. We
denote by (U} (t)) 1>0 the corresponding perturbed Co-semigroup in LP(; )
and by TV its generator. Let s(T%) be the spectral bound of T?. Finally, let

wess(U}) be the essential type of (U‘Z}(t))tzo :

Theorem 41 Let (2,d,p) be a Sepamble metric measure space satisfying
(.) Let V' satisfy (@)@ Let ( )iso be a sub-Markov Cy-semigroup.
We assume that (@ 18 satisfied. Let t > 0 be fixed and let

U(t): LY(Q) — LY(E)

be compact for any bounded Borel set E. If the kernel py(x,y) of U(t) satisfies
the estimate

pe(@, y)u(de) < ers !

sup lim Sup/
M>0 C—400 4y J{zeQuy; d(a,z0)>C}

(for some g € Q) then wess(UL) < s(TV).

Proof. We recall that s(T7)) is equal to the type of (U(t))
decompose U}, (t) as

£>0 [74]. We

U{Ij'(t) = XQ?V[U\Z;(t)+X{J}€QM,d($,LI:0)>C}U€'(t>
FX {oey d(zao)<c3UT (1)

where €25, is the complement of the sublevel set €2p;. We note the com-
pactness of X(cq,, d(z,e0)<c}UT (1) in LP(Q) (by interpolation from the L
compactness assumption) and then the domination

X{xGQM,d(x,mo)<C} U\I/)' (t) < X{:pGQM,d(m,xo)<C} Up(t)

shows that X(,cq,, dz.m)<c1Uy (1) is compact in LP(2) by Doods-Fremlin’s
theorem (see e.g. [I] Theorem 5.20, p. 286). Moreover, by the L!-
operator norm of Xas, Uy (t) goes to zero as M — o0 while its L°°-operator
norm is less than or equal to one. Then, by Riesz-Thorin interpolation
theorem, the LP-operator norm of Xos, U} (t) goes also to zero as M — +o0.
Finally, the L'-operator norm of X{2€Qur d(z,z0) >} Uv (1) is less than or equal
to that of X{J:EQM,d(ac,azo)>C}U(t) ie.

pe(x, y)p(de)

sup

yeQ /{mEQM; d(z,x0)=>C}
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(and its L°-operator norm is less than or equal to one) so that, by Riesz-
Thorin interpolation theorem, the LP-operator norm of X {,cq,, d(z,z0)>C} Uy (t)
is less than or equal to

(sup

1
/ pe(z, y)p(dz))?.
yeQ J{xe€Qny; d(x,20)>C}

It follows that for M and C' large enough the LP-operator norm of Xqs, Ud(t)+
1
X {2€Qnr d(a20)>Cy Ut (t) 18 less than (ePs(T)tYs = s(TV)t Then the stability

of the essential spectrum by compact perturbations shows that

ewess(U‘g)t = Tess [U\Z}(t)] = Tess [(XQ?M + X{IEQM,d(x,xoDC})UXI;(t)

< es(T‘z})t

< H(XQ% + X{weus d(z.z0)>01) Uy (£)
s0 that wess(U) < s(T). ™
Remark 42 In Theorem if we replace by

sup lim sup at

/ pi(@,y)p(dz) < e
M>0C—+0 yeQ J{zey; d(z,20)>C)}

for some o < s(Ty) then the proof above gives wess(Uy) < a. This formu-
lation of Theorem [37 will be used in the proof of Theorem [5§ below. More
generally, the proof of Theorem [37 shows the "quantitative” estimate

M>0C—=+00 ye /{zEQM; d(z,z0)>C}

pt(w,y)u(dw)> :

1
<infl .
Wess(Uy) < %gg . In (sup lim sup

Remark 43 Note that if the Cy-semigroup {Uy (t);t > 0} is irreducible and
essentially compact (i.e. wess(Uy) < s(Tv)) then s(Tv) is a strictly domi-
nant (algebraically simple) eigenvalue of Ty and

e My (t) = P ast — 400

in operator norm where P is the one-dimenstonal spectral projection asso-
ciated to the leading eigenvalue s(Ty) (see e.g. [52] p. 343-344); in the
case s(Ty) = 0, we have the so-called “exponential return to equilibrium”.
Besides weighted Schrodinger operators (see T heorem below), this occurs
e.g. in neutron transport theory [47).
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7 On weighted Laplacians

Let h € C?(RY) such that h(z) > 0 Vo € RY and let u(dz) = h?(x)dz. We
define the weighted Laplacian on L2(RY; u(dz))

. Vh.V
VA e div(h?V) = A + ZT.

This is (minus) the self-adjoint operator in L2(R"; u(dx)) associated to the
Dirichlet form

/ Vof? u(de)
RN

on

)
HY (RN p) = {wELQ(RN;u), 375 e L*(RY; p), 1 SiSN}
1

(see e.g. [11] Section 4.7, [22]). Let V := %. It is easy to see that

Vh.V 1
Do = Do+2—— L. 7 [hDp +2Vh.Vo + AR — Viph)
1
= 7 [Aph — Voh]
l.e. 1
DV = zo(A=V)oh.

Thus the weighted Laplacian A* in L2(RY; u(dz)) is unitarily equivalent to
the Schrodinger operator A — % on L?(RY;dz) by the unitary transforma-
tion

I:pe L?(RY; u(dx)) — he € L2(RY; dz).

This shows that the weighted Laplacian A* in L2(RY; u(dx)) has the same
spectral properties (i.e. resolvent compactness, spectral gaps...) as the
Schrodinger operator A — % on L2(RY;dz). We begin with several com-
pactness results for weighted Laplacians related to thinness properties of
sublevels sets of V. We start with the following result already obtained in
[40] by other means.

Proposition 44 Let h € C?>(RN) with h(z) > 0 Vo € RN. We assume that
% is bounded from below. Then the weighted Laplacian A" generates a
compact Co-semigroup on L2(RY; u(dx)) provided that the sublevel sets Qs

of % are “thin at infinity”.
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Proof. Let V = %. Up to a bounded perturbation, without loss of
generality, we can assume that V' > 0. Then "A — V7 or more rigorously
Ay, generates a compact Co-semigroup on L' (RY; dz) (see Theorem [25) and
in L2(RV;dz) by an interpolation argument. We conclude by a similarity
argument. ®

Remark 45 It follows from Pmposition that the imbedding of H' (RN ; 1)
into L2(RN; 1) is compact if % s bounded from below and its sublevel sets
are “thin at infinity”; see also [19)].

Generally, the function h is written in the form h(z) := e~ 2@ where &
is a real C? function on RV, i.e.

p(dz) = e~ *@dg,

Note that in this case

A“:A+2¥:A—V¢).V

in L2(RY; e~ ®@)dz); we do not assume a priori that e~®®) is integrable. It

is known that
poOh_1
" h 4

The (minus) Schrodinger operators

Vo (@) - %A(I)(m).

1 1
Agi=—0+ V| — S0

in L2(RY;dz) are also known as the Witten Laplacians (on 0-forms) and
were studied in particular in [27] in connection with Fokker-Planck opera-
tors. Thus Proposition [44] takes the form:

Corollary 46 Let ® be a real C? function on RN. If IV®|? — %A@ is
bounded from below then the weighted Laplacian A* on LQ(RN;G_‘I)(x)da:)
generates a compact Cy-semigroup provided that the sublevel sets of% |V<I>|2—
%A@ are “thin at infinity”.

Remark 47 The Ornstein-Uhlenbeck generator A—x.V is a weighted Lapla-
|| 2
cian in L>(RN;e™ 2 dx) unitarily equivalent to (minus) —/\ + ‘JCTl — & (the
harmonic oscillator) in L?>(RY;dx) and is known to generate a compact Co-
semigroup. We point out that the Ornstein-Uhlenbeck Cy-semigroup is not
|| i
compact in L*(RN;e™ 2 dz) (see [T1] Section 4.3) while the Co-semigroup
generated by (minus) the harmonic oscillator is compact in L' (RY; dx).
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We revisit now various examples considered in the literature in L? set-
ting. The following potential appears e.g. in [25][32]

1ex, A v 171

2 2
=7 E_, 5%+ 57 + thE_l ) — x4 (81)
(with the convention zy11 = x1) where h >0, A >0, v <0, I > 0.

Corollary 48 Let ® be of the form . Then —Ag generates a (holomor-
phic) compact Cy-semigroup in L' (RY; dz).

Proof. Writing in the form

N N N
4 2 2
r)=a) 2j-B) @5+y) |rj— i
=1 j=1 j=1

where o > 0, 8> 0, v > 0, it is easy to see that
AD = 12a|z|* +v(4 — 28)N

On the other (see [32]) there exists ¢ > 0 such that V®(z).z > c¢|z|* for
|z| large enough. Thus V&(x). ) 2 ¢|z)® and then |[V®(z)| > c|z|? for |z|
large enough. Finally

02 ‘33|6

o~ 6alal’ +7(2 - BN — +oo

1 5 1
SIVOPR - A >
1 IVel—5

as |r| — 400 and we are done. ®
Sometimes ® enjoys useful decompositions. We give a result in this
direction and then apply it to uniformly strictly convex ®.

Corollary 49 Let ® = & + Oy where &1, Py be C? functions such that
2 2
(w—lﬁq) )—l— V&,.VOy and %— %A@g are bounded from below. If

the sublevel sets of |vq>2| %A@g are “thin at infinity” then —Ag generates
a (holomorphic) compact Co-semigroup in L*(RY;dx).

Proof. We note that

Va2 1 Vd,* 1 1
1 2&@1) + ( 1 2&@2) + 2VCI)1.V<I)2.

Ng = —A~+(
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2 2
We may assume that (& — %A@l) + %vqn.vq)g and Wi?‘ — %A@g are

1
2
nonnegative. One sees that the sublevel sets of |vf‘ — %AQJ are included in
2
the sublevel sets % - %A(I)g an then are “thin at infinity” whence —Ag

generates a (holomorphic) compact Cp-semigroup in L'(RY;dz). m

A classical result by D. Bakry and M. Emery (see e.g. [63] Théoréme
3.1.29, p. 50) asserts that if ® is uniformly strictly convex with [ e~ ®@) gy =
1 then the probability measure p(dzr) = e ®@)dy satisfies a logarithmic-
Sobolev (or Gross) inequality and consequently (see e.g. [63] Proposition
3.1.8, p. 37) the spectral gap (or Poincaré) inequality holds. We complement

this by the following result which does not depend on the integrability of
e~ ®(@).

Corollary 50 Let ® be uniformly strictly convex (i.e. 3 m > 0, ®"(z) >
mlI Yz € RY) such that i|V<I>|2 — 1A® is bounded below. Then —Ag
generates a (holomorphic) compact Cy-semigroup in L'(RY; dz).

Proof. Let ®”(z) be the Hessian of ® at x. Let ®1(z) = ®(z) — % |2
Then ®(z)(h,h) = ®"(2)(h,h) — 22 |h]> > Z|h)* i e () > 21
so @ is uniformly strictly convex and consequently (see e.g. [63] p. 48)
VO (z) > 2|2 — b where b is a constant. Thus ®(z) = &1 (z) + Po(z)

(where ®a(z) = 2 |2]?) with V&1 (z).V®o(z) = 222 VP () > 207 [2f? —

2 2

%”b. It follows that % — %ACI)l is bounded from below since Lqﬁ(m)' —
2

TAD, = %2 |$|2—% is. This ends the proof since 7|V¢1(‘r)| —1A®; — 400

as |z] — co. m

We find in [27] systematic results on resolvent compactness or spectral
gaps when @ is a polynomial. In particular, if ® is a sum of nonposi-
tive monomials then Ag is resolvent compact in L2(RY;dz) if and only if
> laj>0 | Dg®(@)] = +o00 as [z] — +oo, see [27] Theorem 11.10 (ii), p. 120.
We complement this by:

Proposition 51 Let
O(z) =— Z Ca2 232 23N, (e > 0) (82)
la|<C
where a; > 0 Vi for at least one multi-index &. Then —Ag generates a

(holomorphic) compact Co-semigroup in L*(RN).

Proof. We have
0P

20;—1 ;
aixj = — Z (2ajca)xja] Hi#x?a’

la]<C
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82(p 200 —2 20u;
97 = Z (2a; — 1)(2ajca)acja] Izjx;™ <0
J la|<C
so that —A® > 0. On the other hand
2

2a0;—1 .
VoP? = > Qajea)w; T igai™

laj<C

M= 1M

WV

Z (2ajca)2x?(2aj_1)Hi7éjl'?ai
1|a|<C

J

— 2(2a—1 @;
(2@jcq)a; " V™

\V,
] =

<.
Il
—

We observe that £ IV®|? — 1A® >0 and {x; : IV®(z)]* — LA®(z) < M}

2 —
2020, =1y, | A% < 4M
“ FIE Qajea)?

for any j. It suffices to show that the latter set is thin at infinity. We may
also restrict ourselves to positive coordinates. This set is defined by

is included in

M;
T < 2,
(2aj—1)

Iizj@;

where )
4M 2D
Mj=|—=| ~ .
(2ajcy)
To fix the notations, suppose that j = N and set
20

2 <i<N-1.
Qay—1)  —'=

Bi =
Note first that if ax is large enough then the interesection of a cube

C:={x;a; — 1<z <a;+1; Vi}
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with the set defined by xn < % is empty. On the other hand, it is
i=1 i

true that the Lebesgue measure of this interesection is always less than

a;+1 dxq an-1+1 d:L’N 1

M —... —
N _ B1 - Br_1
a;—1 T an—1—1 TN_1

1 1 1
TR e o)

- ]

[ 1 ( 1 - 1 )]
LA =8y21) (an—1 = 1DFr (ayo + 1A

when 3; # 1, otherwise replace the corresponding term by ln((a#})). One

(a;+1)

a;+1 dxq an—1+1 drn_1 0

N B B1 _ Bn-1
a;—1 331 any_1—1 fol

sees that

if (at least) one coordinate a; (1 <7 < N — 1) tends to infinity. m
The case of nonnegative polynomials

O(z) = Z cax%alxgo@...a:i?w, (ca >0) (83)
lol<C

is much more involved even for homogeneous polynomials, see [27]. We
restrict ourselves to the simplest “elliptic” case.

Proposition 52 Let ®(z) = ., cax%almga?..xiﬁ”\’ (ca >0). IfVO(x) #
0 for x # 0 then —Ag generates a (holomorphic) compact Co-semigroup in
LY(RM).

Proof. It is known (see [27]) that IV (z)|? — FA®(z) — +00 as |z]| — oo;
this is a consequence of the following facts: The compactness of the unit
sphere SV~1 implies the existence of a constant ¢ > 0 such that |V®(z)| >
¢V € SN~ and then |V®(z)| > ¢|z|* ! Va € RN since & is homogeneous
of degree 2r; on the other hand,

N
20 = 37 3205 - 1)(2ajeq)a; 2N a3 a0,
la|=r j=1

This ends the proof. m
Note that Proposition 52| covers e.g. the case

N
O(x) =Y el (¢;>0) (k=>1).
i=1

(2
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Before giving one more example, let us come back to the model case and

observe that the sublevel sets of its potential V (z1,z2) = 2222, i.e.

M
Oy = {m,m; 2] < }
|1

are thin at infinity. Indeed, it suffices to restrict ourselves to

M
Q]\Z = Qu N A{(z1,22);21 > 0,29 > 0} = {(:cl,:cg); T9 < 561}
and to consider the case where we move the ball B(z;1) (centered at z =
(21,22) with 21 > 0) by letting 21 — +o00. The set B(z;1) N Q] is included
in {(z1,22); 21— 1 <21 <z +1} N QJ\JF/[ whose Lebesgue measure is equal
to

z1+1 1
/ —dazleln(21+ ) — 0 as z; — +oo.
21—1 1 21 — 1

We exploit this observation to deal with the weighted Laplacian correspond-
ing to

O (w1, 12) = vixs + e(x? + 23) (€ > 0).
Indeed, it is known (see [27] Proposition 10.20, p. 111) that Ag is resolvent

compact in L?(R?) for all ¢ > 0. We can obtain a stronger conclusion for
€ > 1. Indeed, one checks that

1 1
1 |V(I>|275A<I> = 2223 (224 a3+2e)+ (2 —1) (a2 +23)—2e > a2x3 (2 +23)—2¢
so that, for (22 + 23) > 1,

1 2 1 2 2

—|VO|* — AP > ziz; — 2¢

4 2
and then the above observation implies that Ag generates a compact holo-
morphic semigroup in L!(R?). Note that i|V<I>|2 — 1A% is not bounded
from below if ¢ < 1.

We end this section with an approach of spectral gaps for weighted
Laplacians in terms of kernel estimates involving sublevel sets of

1 5 1
—|VO|" — -AD
4 Vel 2
when the latter are not a priori thin at infinity. We restrict ourselves to the

usual case
e @ e LYRY; da). (84)
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Theorem 53 Let ® be a real C? function on RN satisfying . Let
3 V| — $A® be nonnegative and let Qpp be its sublevel sets. If

1 =y

exp( P Ydz < 1 (85)

sup lim sup/ =
M>0C—=+00 RN J{zeQyy; |z[>C7 (47t)2

(for some t > 0) then the Cy-semigroup generated by the weighted Laplacian
on L2(RN; u(dx)) has a spectral gap (but need not be compact).

Proof. If e=®®) ¢ LY (RY;dz) then u(dz) is finite and then the constant
function 1 is an eigenfunction of A* associated to the eigenvalue 0 which
is then the spectral bound of A*. Then 0 is also the spectral bound of
A— (3 |V®|? — 1A®) in L*(RV;dz) and also in L'(RY;dz) because the
spectrum is the same in L2(RY;dxz) and L'(R";dz) (see e.g. [12]) whence
s(Tyv) = 0 and we conclude by Theorem [

Remark 54 One sees that provides us with a sufficient condition (in
terms of sublevel sets of 1 |V®|*—A®) for the probability measure pu(dz) =
Z e @) dzx (where Z = [e=®®)) to satisfy the Poincaré inequality.
8 On Witten Laplacians on 1-forms
Let ® be a real C? function on RY and let p(dz) = e~ ®@dz. Let

L2(p) := LA(RY, p(dz))

with scalar product (.,.)
spaces is given by

, and norm [|[|,. The d-Complex in weighted L?

40 4
QO - ol - 02 - .. 0N 5 0

where QP := QP(RY) (p < N) denotes the space of L?(u) p-forms (i.e. p-
forms with coefficients in L?(u)) equipped with its

L* (RN, p; APRY)

structure (Q° is identified to L?(p)). For the sake of simplicity, we still keep
in OF the notations (.,.), and ||| ,. Here

d®) . qpr _, qprt+l
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is the restriction to QP of the exterior differential d and is considered as an
unbounded operator

L2 (RN, p; APRN) — L2 (RN, p; APHIRY)
with domain
{w e QP dw e QPH}
where dw is computed in the distributional sense. We denote by
J¥®) .+l _, qp
the adjoint of d?). The Laplacian A® on QP is then defined by

AP = ¢ 0) o q®) 4 gP=1 o =1 (p > 1) (86)

and
AO0) — 7%(0) 5 4(0)

Actually, the unbounded operator A® is defined by means of its quadratic
form

al*(pfl)cuH2 , weE QP
n

we refer to [70][32][26] for the details. It turns out that the Laplacian oper-
ator on weighted 0-forms

]+

AO L2 () — L ()
is unitarily equivalent to the following one
N Uy i Vo[ — %A@
on L2(RY, dx) while the Laplacian on weighted 1-forms
AL = 7+ 5 g1 4 g0) 5 g%(0)
on L? (]RN . s ATRN ) is unitarily equivalent to the following one
AP = AD @ 1d+ Hess®
on the unweighted space
LARY, dz; A'RY)
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where Hess® is the hessian of ®; see [70][32][26].
We identify an 1-form to its coefficients and therefore the spaces

L2(RY, da; A'RY) = (L2(RY, dx))" .

By construction, A((I? ) and Ag ) are nonnegative operators. Thus Ag) is
a nonnegative unbounded operator on (L?(RY, d:z:))N .

Spectral properties of Witten Laplacians AEI?) on O-forms have been con-
sidered in the previous section. Our aim now is to show the existence of
spectral connections between AEI? ) and Ag ) (see e.g. [32] Theorem 1.3 for
other kinds of connections). To this end, we recall first a basic functional
analytic result related to Glazman’s Lemma.

Theorem 55 ([56/ Proposition 6.1.4, Corollaries 6.1.1 and 6.1.2, p. 72).
Let A and B be two self-adjoint operators in a Hilbert space H such that

(Au,u) < (Bu,u), u €D

where D C 'H is a core for both A and B. Then:

(i) For any real X, if c(A)N(—o0, ) is discrete (i.e. consists of isolated
eigenvalues with finite multilpicities) then so si o(B) N (—o0, A).

(i1) If we denote by A\ <M <o <A <.cand \P < AP <...<A\P <
-+« their eigenvalues in (—oo, ), numbered according to their multiplicities,
then At < AD.

If A is a bounded below self-adjoint operator then we define its essential
lower spectral bound A.ss as the supremum of the set

{A;0(A) N (—o0,\) consists of isolated eigenvalues with finite multiplicity }

with the convention that A.ss = 400 if the set is empty or equivalently if A
is resolvent compact.
We give first spectral results under a convexity assumption on ®.

Theorem 56 Let ® be a convexr C? function and let Ag)) and Ag) be the

Laplacians defined above. Let X, and \l,, be respectively the essential lower

spectral bounds of Ag)) and Ag). Then

)\0

€SS

<A

€s8s)

. particular, Ag) s resolvent compact if Ag)) is. Let \° and \' be re-

spectively the lower spectral bounds of Ag)) and Ag). If \° is an isolated
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eigenvalue of AEI?) (i.e. Ag)) has a spectral gap) and if the lowest eigenvalue
Ao (x) of Hess®(x) is not identically zero then

AL > A0

Proof. Let A = Ag)) ® Id and B = Ag). The convexity of ® implies
that Hess® is a form-nonnegative multiplication (matrix) operator so that
(Aw,w) < (Bw,w) for C° 1-forms w. Note that A is nothing but N copies
of Ag) ) 50 that A has the same spectral strucure as ASI?)

the essential lower bound of Ag) ) coincides with that of A. Thus a(A) N
(—00, A2..) is discrete and then, by Theorem o(B) N (—o00,A,) is also

)y 7tess r7'ess

discrete so that \?

€ss

. In particular,

< AL, TIf ASI?) is resolvent compact then A2, = +oo

oss SO Ag ) is resolvent compact too.
To prove the last claim, note that

and then so is \!

Hess® > \p(x)Id

implies

(AD 4 )@ I1d < A (87)

and then the spectral bottom of (Ag)) + g )®1Id (or equivalently the spectral
bottom XO of AEI?) + Ag) is less than or equal to that of A(l), ie.

o<l

It suffices to show that A\° < XO. Note that Ap > 0 by the convexity of ®
and then Ag)) < A((I?) + Ag implies the trivial inequality A < XO. Suppose
now that A is an isolated eigenvalue of AEI?) . Then there exists o > 0 such
that U(AEI?)) N [A% A% + @) is discrete and then, by Theorem O'(AEI?) +
Ap) N [)\0, A0+ a) is also discrete (possibly empty). Thus, if % >\t
we are done. Otherwise, XO is an isolated eigenvalue of Ag)) + Ag; by a
classical result this eigenvalue is simple and is associated to a normalized

positive almost everywhere eigenfunction f. By assumption, there exists
also a normalized positive almost everywhere eigenfunction f associated to

the eigenvalue A° of Ag)). The fact that (f,Aef) > 0 when Ae(.) is not
identically zero implies

N =8 =(£A0F) < (£, A0 F+ Aaf) = X (£, )
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so that A0 < XO. ]

Under the assumptions of the preceding theorem, if [ e ®@)dz =1 then
A = 0so Al > 0 and consequently Ag ) is invertible. This allows thus
the formulation of the “exact” Helffer- Sjostrand’s covariance formula while

Brascamp-Lieb’s inequality

/ (@) — ()g(e) — {g))e*@da < ((Hess®)df, dg)

is meaningful for strictly convex ® only; see [32] for more information.
We remove now the convexity assumption on ®.

Theorem 57 Let ® be a C? function and let Ag)) and A((I,l) be the Laplacians
defined above. Let \g(x) be the lowest eigenvalue of Hess®(xz). We assume

that 1 |V‘I>| —LA® + Ng is bounded below. Then Ag) is resolvent compact
pmmded that the sublevel sets of % IVo|* — A + Ao are thin at infinity.

Proof: It follows from 1' and Theorem that A((I,l ) is resolvent

compact if AEI?) + Ag is; the remainder is clear. H

We show now how spectral gaps for Witten Laplacians on 1-forms occur
when the sublevel sets of % \VQ)F — %ACD + Ag are not thin at infinity. We
still assume that assume that % ]V(I)\Q — %ACD + Ao is bounded below; for
simplicity, we assume that % Ve[? - AP + A\ > 0 (otherwise we “shift”
the operator by adding a suitable constant). Let D! be the space of 1-form
w= Z;VZI wjdr; with w; € HY(RY) and

N ) .
;/(4 |V@\2 _ §A<I)) \wj(x)]2dx + /(Hess@(x)w(x),w(:c))RNda: < 00.

(1)

The lower spectral bound of Ag’ is given by

M= [/ Vaos(a)da+ [ (G190 = S00) o) ]

weD1 ||w||L2 1
+/(Hess@(m)w(x),w(az))RNdx
while the lower spectral bound of Ag)) + Ao is given by

N inf [/\Vf(m)\2da:+/(i|vtl>\2—;A@+>\q>)|f(:c)|2dx]

feDOIfll 2=t
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where
0 1N 1 2 1 2
D :{feH (RM); /(4|V®\ — 30+ ) (@) dx<oo}.

Clearly \” < AL

Theorem 58 Let ® be a C? function such that % V| — TAD+Ng > 0. Let

Ag) be the Laplacian defined above and let A\ be its lower spectral bound.
We denote by Qu the sublevel sets of IVo|? — FAD + Np. If

2
: 1 |z —yl
sup lim sup = exp(—

/ ydz < e Mt (88)
M>0C—=+00 yerN J{zeuy; [a|>C} (471)2 At

(for some t > 0) then Ag) has a spectral gap.

€SS

, Theorem with the heat semigroup (U(t));>, on LY(RY) and the
potential

Proof. Let 3%, be the essential lower spectral bound of AEI? ) + Ag. Under

1 o 1
=—|VO|° — -/ D
Vv 41 | 5 + Ao,

and Remark [42] show that the essential type of the perturbed Cp-semigroup
(Uv(t))s>p in LY(RN) generated by

1 1
—(AY 1 ap) =1 - <4|V®\2— 2A¢>+)\¢,> =A-V

is strictly less —A!. On the other hand, the domination
Uy(t) <U(t)

shows that the kernel of Uy (¢) has a Gaussian upper bound and this implies
that its (essential) spectrum is the same in all LP(RY) (see [12]). In particu-
lar, its essential type in L2(RN) is strictly less —A\! i.e. =%, < —Al. Since
O'(AEI?) + Ao (z)) N (o0, BY,) is discrete, or equivalently

0((&&?) + do(z)) ® Id) N (—o0, 8Y,,) is discrete,

then and Theorem [55( show that O’(Ag)) N (—o0, BY,,) is discrete. The

€SS

fact that 5%, > A! shows that Ag) has a spectral gap. =

€SS

Remark 59 An alternative approach to spectral theory of Witten Lapla-
cians on 1-forms and Witten Laplacians on (0,1) forms is given in [50)].
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9 Perturbation theory for indefinite potentials

This last section continues the general theory of Section [3| for general mea-
sure spaces

(A, 1)

and deals with indefinite potentials
V=V,-V_

(which are not a priori bounded from below) given as differences of nonneg-
ative and finite almost everywhere functions (denoted by) V4 and V_. Note
that Vi and V_ need not be the positive and negative parts of V.

Let (U(t));»0 be a substochastic Co-semigroup in LY(Q; A, 1) with gen-
erator T'. This section deals with spectral properties of

“T _ V77 — “T _ V+ _"_ V_” X

9.1 L! theory
We first define “I" — V, + V_". Let V satisfy @ and assume

V_: D(Ty,) — L*(; p) is Ty 4-bounded (89)
with
A1131 Te VoA =Ty,) 7] < 1. (90)

Then Desch’s theorem [14] (see e.g. [4] Chapter 5 or [42] Chapters 7 and 8)
shows that
Tvy+V_:D(Ty,) — LYQ; p)

generates a positive Cy-semigroup (et(T"Jr +V’)> oo o8 LY (s ).
t

The spectral properties (full discreteness or ‘spectral gaps) of Ty, and
(etTV+)t>0 are dealt with in details in Section [3, Section 5| and Section
In the present section, we show how these spectral properties are inherited
by Ty 4+ +V_ and (et(TV++V*)) . This perturbed Cy-semigroup is given by

>0
a Dyson-Phillips series

TV = N1 (t) (91)
k=0
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where Up(t) = e7V+ and

Ur(t)p = /0 Uk—1(s)V_Up(t — s)pds (k>1) (92)

where the operators Uy (t) defined (by induction) first on D(Ty ) extend
uniquely as bounded operators on L!(€; ;1) and the series converges in
operator norm and uniformly in bounded t; see e.g [42] Chapters 7 and 8
for the details. By renorming the space L!(£2; 1) by an equivalent norm |||| ,
additive on the positive cone, without loss of generality we can replace
by

QH%HV4A—Twy4H<L (93)

(see [42] Lemma 8.3, p. 189). We fiz X large enough such that
V- =Tv) 7 < 1.

By shifting Ty, by —AI (i.e. we replace Ty, by Ty, — A) we can assume
without loss of generality that s(7y, ) < 0 and

Vo0 —Ty,) 7| < 1.

Let
X =C ([0,+00), L(L' (2 p)))

denote the Banach space of strongly continuous L(L(§2, i))-valued functions
equipped with sup-norm

Zllo= sup ||Z(t
1] mw@”omm&m

and define the linear operator on A%
t
O0: X357 — / Z(s)V_Uy(t — s)ds € A}
0

Let us estimate the norm of OZ. Note that for ¢ € D(Ty ;)

t t
HMWM|s[ﬂﬂmmmv@mwswmlnvwwﬂmws

IN

t
|mulnvwa—mwws
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By the additivity of the norm on the positive cone,

H/t V_Us(s) || ds

_ H 9 Il ds

HV—O—Tw 1wa el
|V=(0—Ty,)

t “+o00
/O IV_Us(t - 5) loll| ds /0 V_Up(s) || ds

= V=0 = Tvp) " el

IN

e el

SO

10Z(t)el| < 2] [V-(0 — Tr,)” ) llell vt >0

1H£(L1(Q

and, by density, this estimate remains true for all ¢ € L(Q, 1) so
-1
1020 < V-0 = Tv,) | gers gy 1211

and

101l < [v-(0 _TV+)_1H£( <1

LY(Q,p))
Thus V_ is a Miyadera-Voigt perturbation of Ty, according to the termi-
nology in [38].

We are ready to show:

Theorem 60 Let (U(t));5q be substochastic Co-semigroup in LY(Q; A, )
with generator T and let Vi satisfy @(@ We assume that (@) are
satisfied. Then:

(1) If Ty, is resolvent compact then so is Ty, + V_.

1) 1 (etTV+> 18 compact then so s (et(TV++V‘)> .
(ii) If =0 » =0

Proof. Let Ty, be resolvent compact. The perturbed resolvent for A large
enough

A=Ty, —V) ' =(\-Tv,) 12 (A —Ty,) 1) (94)

shows that Ty 4 4+ V_ is also resolvent compact.

Let (etTV+) . be compact. Then Ty, is resolvent compact (see [57]
t

Theorem 3.3, p. 48) and consequently, by (i), so is T/, + V_. On the other

hand, ( ! V+) . is also operator norm continuous (see [57] Theorem 3.3).
t>
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Since V_ is a Miyadera- Voigt perturbation then the operator norm continu-
ity of (etTV+> . is inherited by (et(TV+ +V‘)> 0 (see [38], Theorem 9). The
> t

HTv, +V-) ) and the resolvent compactness

>0

of Tyy4 4+ V_ imply (see [57] Theorem 3.3) that (et(TV++V*)> . is compact.
t

. >

operator norm continuity of (e

We deal now with spectral gaps for generators.

Theorem 61 Let (U(t)),s, be a substochastic Co-semigroup in L* (€ A, 1)
with generator T and let Vi satisfy (@)(@ We assume that

V_ is Ty -weakly compact (95)
i.e. V(A =Ty, )"t is weakly compact. Then @) is satisfied and
Sess (TV+ + V—) = Sess(TV—i—)- (96)

In particular
S(TV+ + V_) — 8355<TV+ + V_) >0

if
S(TV+) - Sess(TV+) > 0.
Proof. It is known (see [44]) that implies that
lim ro [Vo-(A=Ty. )71 =0
AiToor [ ( V+) ]
so that is satisfied. On the other hand shows that

+oo
(=T, =V~ = (=T ™ = (A =T 3 (V- = T) 7))

is weakly compact. It follows that (A — Ty, — V_)~! and (A — Ty, )~ have
the same essential spectrum (see [36], Proposition 2.¢.10, p. 79) so Ty, + V_
and Ty, share the same essential spectrum and consequently is satisfied.
We note that s(Ty 4 + V_) > s(Ty4) because

A =Ty, =Vo) T > (A= Ty,) ™"
so that
S(Tvy + Vo) = Sess(Tvy + V) > s(Ty4) — Sess(Tv4)
and this ends the proof. m

We consider now spectral gaps for Cy-semigroups.
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Theorem 62 Let (U(t)),q be a substochastic Co-semigroup in L (% A, 1)
with generator T' and let V. satisfy (@(@ Let @ be satisfied. We assume
that

(etTV+>t>0 is operator norm-continuous (97)

Then (et(TV+ +V’)>

consequently the same essential type. In particular, <e

and (etTV+) share the same essential spectrum and

t>0 t>0
t(TvJr +V_ ))

has a
t>0

spectral gap if (etTV+> has.
t>0

Proof. We have seen in the proof of Theorem @ that (et(TV+ +V*)> . is
t>

also operator norm-continuous. We start from

+00 .
/ (eS(TV++V_) STV+) dS o ()\ TV+ —1 Z )\ TV+) )l
0

i=1

so that (for any ¢ > 0 and € > 0) the domination

t+e
)\ TV+ 12 )\ TV+ ) > / (SS(TV++V7) _ eSTVJr) ds
t
shows that
t+e
/ (es(T"+ Vo) eSTV+) ds is weakly compact
t

ans then so is

t+e
Ty +Vo) _ v, _ lir%l (es(Ter-&-Vf) _ 68Tv+> ds (t>0)
e—=0¢

because the limit holds in operator norm since both Cy-semigroups are op-
erator norm-continuous. The stability of the essential spectrum by a weakly
compact perturbation (see [36], Proposition 2.c.10, p. 79) shows the first
claim. The second claim follows from the fact that s(Ty 4 + V_) > s(Tv )
and that these spectral bounds of the generators coincide with the types of
the corresponding Cy-semigroups. m

Note that if V_ is T-weakly compact, i.e. if V_(A — T)~! is weakly
compact, (and therefore T-bounded) then

VoA =Ty) < V(A =T)! (98)
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shows that is satisfied regardless of V. We put aside this particular
case and give a sufficient condition insuring the key condition which
relies on a suitable "competition” between the components V; and V_ of
the potential V.

Proposition 63 Let (U(t)),- be a substochastic Co-semigroup in L'(; A, )
with generator T and let V. satisfy (@(@ Let Qpr = {y; Vi(y) < M} be
the sublevel sets of V.. We assume that

- s bounded and sup V- (z)
+ veqs, Vi (T)

— 0 as M — +oo. (99)

If for all M
1o, Vo(A =Ty, )~ is weakly compact (100)

then @ 18 satisfied.

Proof. By assumption, there exists ¢ > 0 such that
V_(z) < cVi(z) on Q.

Note that
= -1
VoA=Ty,) " = V—V+()\ —Tv,)
Jr
shows that V_ is Ty, -bounded since V7, is Ty, -bounded (Lemma . We

have
V-OA=Ty,) ™t = 1o, Vo-(A\=Ty, )"
+los Vo(A—Ty,) "
By (100) 1q,, V-(X — TVJr)_1 is weakly compact for any M > 0. On the
other hand
v

V;_ V“F()\ - TV+)_1

V_(x) _
< ( vm) Ve = Tv)™

loe Vo-(A=Ty,) ™" = g,

goes to zero in norm as M — oo by since V, is Ty, -bounded. m

Corollary 64 We note that implies that the generalized Kato class
of (U(t));q is included in the generalized Kato class of (Uy, (t))t>0 . See
[43] for some results on generalized Kato class potentials for convolution
Co-semigroups (U(t))=q on L*(RY) (with generator T'), in particular for
T-weakly compact potentials V_.
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9.2 [L? theory

Let (U(t)),5( be a sub-Markov Co-semigroup with generator 7" in L'(2, 1)
(i.e. actsin all LP spaces as a positive contraction Cy-semigroup). We denote
it by (UP(t));> when acting on LP((2, 1) and denote its generator by T% (so

T!' = T). We denote by <U€+ (t)) o the perturbed Cpy-semigroup (for the
2
potential V) and by T{}Jr its generator. Under one shows that the

Cp-semigroup (et(TV++V‘)) oo OO LY(, 1), with generator
t=>

Ty, + V- : D(Ty,) — LY(Q, p),

interpolates on all LP (€, 1) (1 < p < 00) providing positive strongly continu-
ous semigroups (Wp(1)),~q = (etAP)t>0 in LP(2, u) with generators A, where
Ay =Ty, +V_; (this is ‘done in [45] for convolution Co-semigroups but the
ideas can be adapted easily to this general context). We point out that V_ is
not a priori T‘I} -bounded for p > 1 and, as far as we know, there is no sim-
ple characterisation of the domain of A,. However, if (U(t)), is symmetric
then V_ is form-bounded with respect to —T‘2/+ with relative form-bound less
than or equal to

e V-0 1)

and As is given by
—Agy = (—T‘2/+) + (-=V2) (form-sum), (101)
(see [45][40]).

Theorem 65 Let (U(t));sq be a sub-Markov Co-semigroup and let V. sat-

isfy (@)(@) Let @ be satisfied. If Ty, is resolvent compact on LY(Q, p)
then A, is resolvent compact too. In the symmetric case, (Wy(t)),~, is a

compact Cy-semigroup on LP(QQ, ) for all p > 1.

Proof. By Theorem Ty, + V_ is resolvent compact in LY(Q,p). By
interpolation, A, is resolvent compact too in LP(, u) for all p > 1. Since
(Wa(t))ysg = (e'2) />0 18 self-adjoint then it is operator norm continuous so

that, by interpolation, (etAP)
too. Finally (etAP)

4~ (for p > 1) are operator norm continuous

1>0 is compact (see [57] Theorem 3.3). m

Remark 66 Let (U(t));», be subordinated to the heat Cyp-semigroup on
LY(RN) and let V., satisfy (@ (or equivalently let the sublevel sets of Vi
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be thin at infinity). Then Ty, is resolvent compact on LY(RN) by Corol-

lary [28 and Theorem [65 implies that Ay (as given by ) has a discrete
spectrum; (see [7] for a result in this direction when (U(t)),sq is the heat

semigroup).
We end this section with:

Theorem 67 Let (U(t)),s, be a sub-Markov Co-semigroup on L*(; A, 1)
with generator T’ and let V. satisfy (@(@ Let @ be satisfied. We assume

P
that (U(t)),s, s operator norm-continuous. Then (etAP)t>O and (etTV+) o
= — t_

have the same essential type. In particular, (etAP)

tTP
(e V+> has.
£>0

Proof. Note first that implies that

50 has a spectral gap if

Jim 7, VoA=Tyv,) '] =0

(see [44]). We know that IV +V=) _ Vi g weakly compact in LY(Q, p)
for t > 0 (see the proof of Theorem and then so is

(o — etTV+)—1 <et(Tv++v,) _ etTV+)

2
(for large |«|). It follows that {(a — Tyt (et(TV+ o) etTV+)} is com-

pact in L1(, u) (see e.g. [1] Corollary 5.88, p. 344) and consequently, by
interpolation,
[(a B etTlpv_,'_)f]. <etAp _ 6tT1pV+>] 2

is compact on LP(€), 1) for all p > 1. Finally, the analytic Fredholm alterna-
tive shows that e/ and e7*¥+ have the same essential radius (see e.g. [48]
Corollary 7, p. 358) and consequently the same essential type. m
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