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EVALUATIONS OF THE HANKEL DETERMINANTS

OF A THUE–MORSE-LIKE SEQUENCE

GUO-NIU HAN AND WEN WU∗

Abstract. We obtain simple relations between the Hankel de-

terminants of the formal power series
∏

k≥0
(1 + Jx3

k

) where J =

(
√
−3− 1)/2, and prove that the sequence of Hankel determinants

is an aperiodic automatic sequence taking value in {±1,±J,±J2}.
This research is essentially inspired by the works about Hankel
determinants of Thue–Morse-like sequences by Allouche, Peyrière,
Wen and Wen (1998), Bacher (2006) and the first author (2013).
It is worth mentioning that we do not have a unified result, even
though Bacher’s result and ours are very similar.

1. Introduction

In 1998, Allouche, Peyrière, Wen and Wen proved that all the Hankel
determinants of the Thue–Morse sequence defined by the generating
function

P2(x) =
∏

k≥0

(1− x2k) (1)

are non-zero by using determinant manipulation [1], which consists of
proving sixteen recurrent relations between determinants. Recently,
the first author derived a short proof of APWW’s result by using the
Jacobi continued fraction expansion of the underlying sequence [9].
Moreover, he proved that all the Hankel determinants of the Thue–
Morse-like sequence defined by the generating function

P3(x) =
∏

k≥0

(1− x3k) (2)

are non-zero. These results about Hankel determinants have been
shown to have useful applications in Number Theory for studying the
irrationality exponents of some automatic numbers (see [7, 8]).
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Notice that the Hankel determinants of P2(x) and P3(x) do not seem
to have any closed-form expressions. The trick to study such determi-
nants is using the modular arithmetic. Surprisingly enough, Bacher ob-
tained simple relations between the Hankel determinants of the Thue–
Morse-like sequence defined by the generating function

P2(x; I) =
∏

k≥0

(1 + Ix2k), (3)

where I is the imaginary unit [3, 4]. Bacher’s method is based on
the category Rec introduced by himself. Inspired by the above three
results, we derive simple relations between the Hankel determinants of
the Thue–Morse-like sequence defined by the generating function

P3(x; J) =
∏

k≥0

(1 + Jx3k), (4)

where J = (I
√
3 − 1)/2. Our proof is based on APWW’s method by

using direct determinant manipulations.

Consider the sequence c = (c0, c1, c2, · · · ) defined by the generating
function

P3(x; J) =
∏

k≥0

(1 + Jx3k) = c0 + c1x+ c2x
2 + · · · (5)

= 1 + Jx+ Jx3 + J2x4 + Jx9 + J2x10 + J2x12 + x13 + Jx27 + · · ·
It is easy to show that the sequence c can be characterized by the
following recurrence relations

c0 = 1, c3n = cn, c3n+1 = Jcn, c3n+2 = 0, (n ≥ 0) (6)

or equivalently by the morphism σ over alphabet A = {0, 1, J, J2}
where σ is defined as follow

1 7→ 1J0, J 7→ JJ20, J2 7→ J210, 0 7→ 000.

Thus c is an automatic sequence, i.e., it can be generated by a finite
automaton (see [2]).

Recall that for each sequence of complex numbers u = (uk)k=0,1,...

the corresponding (p, n)-order Hankel matrix Hp
n(u) is given by

Hp
n(u) =









up up+1 · · · up+n−1

up+1 up+2 · · · up+n

· · · · · · · · · · · ·
up+n−1 up+n · · · up+2n−2









, (7)

where n ≥ 1 and p ≥ 0. The Hankel determinant |Hp
n(u)| is simply the

determinant of the Hankel matrix Hp
n(u). By convention, |Hp

0(u)| = 1.
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Our main result about the Hankel determinants of c is stated next.

Theorem 1. Let Hp
n := Hp

n(c) be the (p, n)-order Hankel matrix of
the Thue–Morse-like sequence c defined in (5). Then, the Hankel de-
terminants |H0

n| and |H1
n| are characterized by the following recurrence

relations






















|H0
0 | = 1,

|H0
1 | = 1,

|H0
3n| = |H0

n| ,
|H0

3n+1| = |H0
n+1| ,

|H0
3n+2| = −J2|H0

n+1|

(8)

and














|H1
0 | = 1,

|H1
3n| = |H1

n|,
|H1

3n+1| = J |H1
n|,

|H1
3n+2| = J |H1

n+1|
(9)

for all n ≥ 0.

The first values of the Hankel determinants |H0
n| and |H1

n| are repro-
duced in the following table.

n = 0 1 2 3 4 5 6 7 8 9 10 11
|H0

n| = 1 1 −J2 1 −J2 J −J2 1 −J2 1 −J2 J
|H1

n| = 1 J J2 J J2 1 J2 1 J2 J J2 1

Consider the sequence s = (s0, s1, s2, · · · ) defined by sn = cn + cn+1.
We have

S(x) =
(1 + x)P3(x; J)− 1

x
= s0 + s1x+ s2x

2 + · · · (10)

= −J2 + Jx+ Jx2 − x3 + J2x4 + Jx8 − x9 + J2x10 + · · ·
and

s3n = −J2cn, s3n+1 = Jcn, s3n+2 = cn+1. (11)

The Hankel matrices of the sequences s are denoted by Σp
n. An easy

observation shows that

Σp
n = Hp

n +Hp+1
n . (12)

Theorem 2. The Hankel determinants |Σ0
n| and |Σ1

n| are characterized
by the following recurrent relations















|Σ0
0| = 1,

|Σ0
3n| = |Σ0

n| ,
|Σ0

3n+1| = −J2|Σ0
n| ,

|Σ0
3n+2| = −J2|Σ0

n+1|
(13)
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and














|Σ1
0| = 1,

|Σ1
3n| = |Σ1

n|,
|Σ1

3n+1| = J |Σ1
n|,

|Σ1
3n+2| = |Σ1

n|
(14)

for all n ≥ 0.

The first values of the Hankel determinants |Σ0
n| and |Σ1

n| are repro-
duced in the following table.

n = 0 1 2 3 4 5 6 7 8 9 10 11
|Σ0

n| = 1 −J2 J −J2 J −1 J −1 J −J2 J −1
|Σ1

n| = 1 J 1 J J2 J 1 J 1 J J2 J

Theorem 3. The four sequences of Hankel determinants (|H0
n|)n≥0,

(|H1
n|)n≥0, (|Σ0

n|)n≥0 and (|Σ1
n|)n≥0 are all aperiodic taking value in

{±1,±J,±J2}.
Let us make further comments about Hankel determinants and au-

tomatic sequences. Hankel matrices and Hankel determinants of a se-
quence are strongly connected to the moment problem [12] and to the
Padé approximations [5, 6]. Allouche, Peyrière, Wen and Wen stud-
ied the properties of Hankel determinants |Ep

n| of the Thue-Morse se-
quence in [1]. They proved that the two-dimensional sequence (or dou-
ble sequence) of the Hankel determinants |Ep

n| modulo 2 is 2-automatic.
In [11], Kamae, Tamura and Wen studied the properties of Hankel
determinants for the Fibonacci word and gave a quantitative relation
between the Hankel determinant and the Padé pair. Later, Tamura [13]
generalized the results for a class of special sequences.
Theorem 1 implies that the first two columns of the two-dimensional

sequence {|Hp
n|}n,p≥0, i.e., {|H0

n|}n≥0 and {H1
n}n≥0, are 3-automatic se-

quences. They are aperiodic, this is different from the Hankel determi-
nants of the Thue–Morse sequence and from the regular paperfolding
sequence studied in [1] and [8, 10] respectively.

In Section 2 we establish a key lemma, namely, Lemma 5, which
consists of a list of recurrence relations between the determinants |Hp

n|
and |Σp

n|. Theorems 1-3 are simple consequences of Lemma 5. The
recurrence relations them-self are proved in Sections 3 and 4.

2. The sudoku method

The proofs of Theorems 1-3 are based on the method developed
by Allouche, Peyrière, Wen and Wen [1], that could be called sudoku
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method. The sudoku method consists of some basic determinant ma-
nipulations. Matrices are often split into 3× 3 = 9 small blocks.
For each matrix M = (mi,j)i,j=1,2,...,n of size n×n, denote by M t the

transpose ofM . Let M (i) be the n×(n−1)-matrix obtained by deleting
the i-th column of M , and M(i) be the (n − 1) × n -matrix obtained
by deleting the i-th row of M . The determinant of the matrix M is
denoted by |M |. Also, let 0m,n denote the m × n zero matrix and In
denote the identity matrix of order n.

For each n ≥ 1 let P (n) be the n× n-matrix defined by

P (n) = (e1, e4, · · · , e3n1−2, e2, e5, · · · , e3n2−1, e3, e6, · · · , e3n3
), (15)

where n1 = ⌊n+2
3
⌋, n2 = ⌊n+1

3
⌋, n3 = ⌊n

3
⌋ and ej is the j-th unit col-

umn vector of order n, i.e., the column vector with 1 as the j-th en-
try and zeros elsewhere. For simplicity, we write P instead of P (n),
when no confusion can occur. Obviously, |P (n)| = ±1. When consider
P (3n), P (3n+1), P (3n+2), the following diagram shows the values of
n1, n2 and n3 in these cases:

n1 n2 n3

3n n n n
3n+ 1 n + 1 n n
3n+ 2 n + 1 n+ 1 n

The proof of the following lemma is left to the reader.

Lemma 4. Let M = (mi,j)1≤i,j≤n be an n × n-matrix and P = P (n)
be the matrix, of the same size as M , defined in (15). Then

P tMP =





(m3i−2,3j−2)n1×n1
(m3i−2,3j−1)n1×n2

(m3i−2,3j)n1×n3

(m3i−1,3j−2)n2×n1
(m3i−1,3j−1)n2×n2

(m3i−1,3j)n2×n3

(m3i,3j−2)n3×n1
(m3i,3j−1)n3×n2

(m3i,3j)n3×n3



 ,

where (m3i−2,3j−1)s×t means the matrix (m3i−2,3j−1)1≤i≤s,1≤j≤t.

Recall that for each sequence of complex numbers u = (uk)k=0,1,...

the corresponding (p, n)-order Hankel matrix Hp
n(u) is defined by (7).

Let Kp
n = Kp

n(u) := (up+3(i+j−2))1≤i,j≤n. When applying Lemma 4 for
M = Hp

3n(u), H
p
3n+1(u), H

p
3n+2(u), we get

P tHp
3n(u)P

=





(up+3(i+j−2))n×n (up+3(i+j−2)+1)n×n (up+3(i+j−2)+2)n×n

(up+3(i+j−2)+1)n×n (up+3(i+j−2)+2)n×n (up+3(i+j−2)+3)n×n

(up+3(i+j−2)+2)n×n (up+3(i+j−2)+3)n×n (up+3(i+j−2)+4)n×n
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=





Kp
n Kp+1

n Kp+2
n

Kp+1
n Kp+2

n Kp+3
n

Kp+2
n Kp+3

n Kp+4
n



 , (16)

and

P tHp
3n+1(u)P =





Kp
n+1 (Kp+1

n+1)
(n+1) (Kp+2

n+1)
(n+1)

(Kp+1
n+1)(n+1) Kp+2

n Kp+3
n

(Kp+2
n+1)(n+1) Kp+3

n Kp+4
n



 , (17)

P tHp
3n+2(u)P =





Kp
n+1 Kp+1

n+1 (Kp+2
n+1)

(n+1)

Kp+1
n+1 Kp+2

n+1 (Kp+3
n+1)

(n+1)

(Kp+2
n+1)(n+1) (Kp+3

n+1)(n+1) Kp+4
n



 . (18)

As shown in Sections 3-4, Formulae (16)-(18) can be used to prove the
following recurrence relations between the determinants |Hp

n| and |Σp
n|

when the sequence u is taken from the sequences c and s defined in (6)
and (11) respectively. Through these eighteen recurrence formulae, we
can evaluate all the Hankel determinants |Hp

n| and |Σp
n| (n ≥ 1, p ≥ 0).

Our key lemma is stated next.

Lemma 5. For each p ≥ 0 and n ≥ 1 we have

(L1) |H3p
3n| = (−1)n|Hp

n| · |Hp+1
n | · |Σp

n|,
(L2) |H3p

3n+1| = (−1)n|Hp+1
n | · |Hp

n+1| · |Σp
n|,

(L3) |H3p
3n+2| = (−1)n+1J2 |Hp

n+1|2 · |Σp+1
n |,

(L4) |H3p+1
3n | = (−1)n|Hp+1

n |2 · |Σp
n|,

(L5) |H3p+1
3n+1| = (−1)nJ |Hp+1

n | ·
∣

∣Hp
n+1

∣

∣ · |Σp+1
n |,

(L6) |H3p+1
3n+2| = (−1)nJ |Hp+1

n+1| ·
∣

∣Hp
n+1

∣

∣ · |Σp+1
n |,

(L7) |H3p+2
3n | = (−1)n|Hp+1

n |2 · |Σp+1
n |,

(L8) |H3p+2
3n+1| = 0,

(L9) |H3p+2
3n+2| = (−1)n+1|Hp+1

n+1|2 · |Σp+1
n |,

(L10) |Σ3p
3n| = (−1)n|Σp

n|2 · |Hp+1
n |,

(L11) |Σ3p
3n+1| = (−1)n+1J2 |Hp

n+1| · |Σp
n| · |Σp+1

n | ,
(L12) |Σ3p

3n+2| = (−1)n+1J2 |Hp
n+1| · |Σp

n+1| · |Σp+1
n |,

(L13) |Σ3p+1
3n | = (−1)n|Hp+1

n | · |Σp
n| · |Σp+1

n |,
(L14) |Σ3p+1

3n+1| = (−1)nJ |Hp
n+1| · |Σp+1

n |2,
(L15) |Σ3p+1

3n+2| = (−1)n+1|Hp+1
n+1| · |Σp

n+1| · |Σp+1
n |,

(L16) |Σ3p+2
3n | = (−1)n|Σp+1

n |2 · |Hp+1
n |,

(L17) |Σ3p+2
3n+1| = (−1)n|Σp+1

n |2 · |Hp+1
n+1|,

(L18) |Σ3p+2
3n+2| = 0.
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Corollary 6. Let Ap
n = (−1)n|Hp+1

n | · |Σp
n| and Bp

n = (−1)n|Hp
n+1| ·

|Σp+1
n |. Then,

(C1) A3p
3n = (Ap

n)
3 ,

(C2) A3p
3n+1 = Ap

n(B
p
n)

2 ,

(C3) A3p
3n+2 = Ap

n+1(B
p
n)

2 ,

(C4) B3p
3n = (Ap

n)
2Bp

n ,
(C5) B3p

3n+1 = (Bp
n)

3 ,

(C6) B3p
3n+2 = (Ap

n+1)
2Bp

n .

Proof. (C1) From Equalities (L4) and (L10) stated in Lemma 5 we
have

A3p
3n = (−1)3n|H3p+1

3n | · |Σ3p
3n|

= (−1)3n(−1)n|Hp+1
n |2|Σp

n| · (−1)n|Σp
n|2|Hp+1

n |
= (−1)3n|Hp+1

n |3|Σp
n|3

= (Ap
n)

3.

Identity (C2) (resp. (C3), (C4), (C5), (C6)) are proved in the same
manner by using Equalities (L5) and (L11) (resp. (L6) and (L12), (L2)
and (L13), (L3) and (L14), (L1) and (L15) ) stated in Lemma 5. �

Proof of Theorems 1-2. Let pn = (−1)n|H1
n|·|Σ0

n| and qn = (−1)n|H0
n+1|·

|Σ1
n|. Then Corollary 6 shows that

(1) p3n = p3n ,
(2) p3n+1 = pnq

2
n ,

(3) p3n+2 = pn+1q
2
n ,

(4) q3n = p2nqn ,
(5) q3n+1 = q3n ,
(6) q3n+2 = p2n+1qn .

Moreover, the first values are p0 = p1 = p2 = q0 = q1 = q2 = 1. By
induction, we have pn = qn = 1 for all n ≥ 0. In other words,

|H1
n| · |Σ0

n| = (−1)n and |H0
n+1| · |Σ1

n| = (−1)n. (19)

The last three identities in (8) are consequences of Equations (L1),
(L2), (L3) respectively. Similarly, the last three identities in (9) are
consequences of Equations (L4), (L5), (L6) respectively. Thus, Theo-
rem 1 is proved. By Relation (19), Theorem 1 implies Theorem 2. �

Proof of Theorem 3. Suppose that (|H0
n|)n≥0 were periodic and T > 0

were the smallest period. Thus, there exists a positive integer N such
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that |H0
k | = |H0

k+T | for all k > N . If T = 3τ (resp. T = 3τ + 1, T =
3τ + 2), then

|H0
k |

by (8)
===== |H0

3k|
periodicity
======== |H0

3k+3τ |
by (8)
===== |H0

k+τ |

(resp. |H0
k |

by (8)
===== |H0

3k|
periodicity
======== |H0

3k+3τ+1|
by (8)
===== |H0

k+τ+1|,

|H0
k+1|

by (8)
===== |H0

3k+1|
periodicity
======== |H0

3k+3τ+3|
by (8)
===== |H0

k+τ+1| )

for all k > N . This implies that τ (resp. τ + 1, τ) is a period of
(|H0

n|)n≥0, which contradicts the fact that T were the smallest period.
In the same manner, suppose that (|H1

n|)n≥0 were periodic and T > 0
were the smallest period. Thus, there exists a positive integer N such
that |H1

k | = |H1
k+T | for all k > N . If T = 3τ (resp. T = 3τ + 1, T =

3τ + 2), then

|H1
k |

by (9)
===== |H1

3k|
periodicity
======== |H1

3k+3τ |
by (9)
===== |H1

k+τ |

(resp. |H1
k |

by (9)
===== J−1|H1

3k+1|
periodicity
======== J−1|H1

3k+3τ+2|
by (9)
===== |H1

k+τ+1|,

|H1
k+1|

by (9)
===== J−1|H1

3k+2|
periodicity
======== J−1|H1

3k+3τ+4|
by (9)
===== |H1

k+τ+1| )

for all k > N . This implies that τ (resp. τ + 1, τ) is a period of
(|H1

n|)n≥0, which contradicts the fact that T were the smallest period.
The aperiodicities for the sequences (|Σ0

n|)n≥0 and (|Σ1
n|)n≥0 are proved

in the same manner.
Since the set {±1,±J,±J2} is closed under multiplication, all ele-

ments in the four sequences take their values in the set {±1,±J,±J2}
by Relations (8), (9), (13) and (14). �

3. Proof of equalities (L1)-(L9)

Recall that the Thue–Morse-like sequence c = c0c1 · · · cn · · · ∈ A∞

is characterized by the recurrent equations in (6), and that Hp
n :=

Hp
n(c) is the (p, n)-order Hankel matrix of c. Let Kp

n := Kp
n(c) :=

(cp+3(i+j−2))1≤i,j≤n. By (6), we have for all n ≥ 1, p ≥ 0,

K3p
n = Hp

n, K3p+1
n = JHp

n, K3p+2
n = 0n,n. (20)

Equalities (L1)-(L8) are proved by combining (20) and (16-18) where
the sequence u is specialized to c. For simplicity, during the proof, we
will denote n + 1 and p + 1 by n and p respectively. Also, let In,n be
the identity matrix of size n× n.

(L1) Combining (20) and (16), we have
∣

∣H3p
3n

∣

∣ = |P tH3p
3nP |
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=

∣

∣

∣

∣

∣

∣

Hp
n JHp

n 0n,n

JHp
n 0n,n Hp

n

0n,n Hp
n JHp

n

∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣





Hp
n JHp

n 0n,n

JHp
n 0n,n Hp

n

0n,n Hp
n JHp

n









In,n −JIn,n 0n,n

0n,n In,n 0n,n

0n,n −J2In,n In,n





∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

Hp
n 0n,n 0n,n

JHp
n −J2Hp

n − J2Hp
n Hp

n

0n,n 0n,n JHp
n

∣

∣

∣

∣

∣

∣

=(−1)n|Hp
n| · |Hp+1

n | · |Σp
n|.

(L2) Combining (20) and (17), we have
∣

∣H3p
3n+1

∣

∣ = |P tH3p
3n+1P |

=

∣

∣

∣

∣

∣

∣

Hp
n (JHp

n)
(n)

0n,n

(JHp
n)(n) 0n,n Hp

n

0n,n Hp
n JHp

n

∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣





Hp
n (JHp

n)
(n)

0n,n

(JHp
n)(n) 0n,n Hp

n

0n,n Hp
n JHp

n









In,n −JIn,n 0n,n

0n,n In,n 0
0n,n −J2In,n In,n





∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

Hp
n 0n,n 0n,n

(JHp
n)(n) −J2(Hp

n +Hp
n) Hp

n

0n,n 0n,n JHp
n

∣

∣

∣

∣

∣

∣

=(−1)n|Hp+1
n | · |Hp

n+1| · |Σp
n|.

(L3) Combining (20) and (18), we have
∣

∣H3p
3n+2

∣

∣ = |P tH3p
3n+2P |

=

∣

∣

∣

∣

∣

∣

Hp
n JHp

n 0n,n

JHp
n 0n,n (Hp

n)
(n)

0n,n (Hp
n)(n) JHp

n

∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣





Hp
n JHp

n 0n,n

JHp
n 0n,n (Hp

n)
(n)

0n,n (Hp
n)(n) JHp

n









In,n −JIn,n −J2(In,n)
(1)

0n,n In,n J(In,n)
(1)

0n,n 0n,n In,n





∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

Hp
n 0n,n 0n,n

JHp
n −J2Hp

n 0n,n

0n,n (Hp
n)(n) J(Hp

n +Hp+1
n )

∣

∣

∣

∣

∣

∣

=(−1)n+1J2
∣

∣Hp
n+1

∣

∣

2 ·
∣

∣Σp+1
n

∣

∣ .
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(L4) Combining (20) and (16), we have

∣

∣H3p+1
3n

∣

∣ = |P tH3p+1
3n P |

=

∣

∣

∣

∣

∣

∣

JHp
n 0n,n Hp

n

0n,n Hp
n JHp

n

Hp
n JHp

n 0n,n

∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣





JHp
n 0n,n Hp

n

0n,n Hp
n JHp

n

Hp
n JHp

n 0n,n









In,n −JIn,n J2In,n
0n,n In,n −JIn,n
0n,n 0n,n In,n





∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

JHp
n −J2Hp

n Hp
n +Hp

n

0n×n Hp
n 0n,n

Hp
n 0n,n 0n×n

∣

∣

∣

∣

∣

∣

=(−1)n
∣

∣Hp+1
n

∣

∣

2 · |Σp
n| .

(L5) Combining (20) and (17), we have

∣

∣H3p+1
3n+1

∣

∣ = |P tH3p+1
3n+1P |

=

∣

∣

∣

∣

∣

∣

JHp
n 0n,n (Hp

n)
(n)

0n,n Hp
n JHp

n

(Hp
n)(n) JHp

n 0n,n

∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣





JHp
n 0n,n (Hp

n)
(n)

0n,n Hp
n JHp

n

(Hp
n)(n) JHp

n 0n,n









In,n 0n,n −J2(In,n)
(1)

0n,n In,n −JIn,n
0n,n 0n,n In,n





∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

JHp
n 0n,n 0n,n

0n,n Hp
n 0n,n

(Hp
n)(n) JHp

n −J2(Hp
n +Hp+1

n )

∣

∣

∣

∣

∣

∣

=(−1)nJ · |Hp+1
n | ·

∣

∣Hp
n+1

∣

∣ · |Σp+1
n |.

(L6) Combining (20) and (18), we have

∣

∣H3p+1
3n+2

∣

∣ =
∣

∣P tH3p+1
3n+2P

∣

∣

=

∣

∣

∣

∣

∣

∣

JHp
n 0n,n (Hp

n)
(n)

0n,n Hp
n (JHp

n)
(n)

(Hp
n)(n) (JHp

n)(n) 0n,n

∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣





JHp
n 0n,n (Hp

n)
(n)

0n,n Hp
n (JHp

n)
(n)

(Hp
n)(n) (JHp

n)(n) 0n,n









In,n 0n,n −J2(In,n)
(1)

0n,n In,n −J(In,n)
(n)

0n,n 0n,n In,n





∣

∣

∣

∣

∣

∣
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=

∣

∣

∣

∣

∣

∣

JHp
n 0n,n 0n,n

0n,n Hp+1
n 0n,n

(Hp
n)(n) (JHp

n)(n) −J2(Hp+1
n +Hp

n)

∣

∣

∣

∣

∣

∣

=(−1)nJ · |Hp+1
n+1| ·

∣

∣Hp
n+1

∣

∣ · |Σp+1
n |.

(L7) Combining (20) and (16), we have
∣

∣H3p+2
3n

∣

∣ = |P tH3p+2
3n P |

=

∣

∣

∣

∣

∣

∣

0n,n Hp
n JHp

n

Hp
n JHp

n 0n,n

JHp
n 0n,n Hp+1

n

∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣





0n,n Hp
n JHp

n

Hp
n JHp

n 0n,n

JHp
n 0n,n Hp+1

n









In,n 0n,n 0n,n

−J2In,n In,n 0n,n

JIn,n −J2In,n In,n





∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

0n,n 0n,n JHp
n

0n,n JHp
n 0n,n

J(Hp
n +Hp+1

n ) −J2Hp+1
n Hp+1

n

∣

∣

∣

∣

∣

∣

=(−1)n|Hp+1
n |2 · |Σp+1

n |.

(L8) Combining (20) and (17), we have
∣

∣H3p+2
3n+1

∣

∣ = |P tH3p+2
3n+1P |

=

∣

∣

∣

∣

∣

∣

0n,n (Hp
n)

(n) (JHp
n)

(n)

(Hp
n)(n) JHp

n 0n×n

(JHp
n)(n) 0n×n Hp+1

n

∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

0n,n (Hp
n)

(n) (JHp
n)

(n)

(Hp
n)(n) JHp

n 0n×n

0n,n −J2Hp
n Hp+1

n

∣

∣

∣

∣

∣

∣

=0.

(L9) Combining (20) and (18), we have
∣

∣Σ3p+2
3n+2

∣

∣ = |P tΣ3p+2
3n+2P |

=

∣

∣

∣

∣

∣

∣

0n,n Hp
n (JHp

n)
(n)

Hp
n JHp

n 0n,n

(JHp
n)(n) 0n,n Hp+2

n

∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣





0n,n Hp
n (JHp

n)
(n)

Hp
n JHp

n 0n,n

(JHp
n)(n) 0n,n Hp+2

n









In,n −JIn,n J2In,n
0n,n In,n −JIn,n
0n,n 0n,n In,n





∣

∣

∣

∣

∣

∣
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=

∣

∣

∣

∣

∣

∣

0n,n Hp
n 0n,n

Hp
n 0n,n 0n,n

(JHp
n)(n) −J2(Hp

n)(n) Hp
n +Hp+1

n

∣

∣

∣

∣

∣

∣

=(−1)n+1|Hp+1
n+1|2 · |Σp+1

n |.

4. Proof of equalities (L10)-(L18)

Recall that the sequence s = s0s1 · · · sn · · · ∈ A∞ is characterized by
the recurrence equations in (11), and that Σp

n := Σp
n(s) (resp. Hp

n) is
the (p, n)-order Hankel matrix of the sequence s (resp. c). Let Kp

n :=
Kp

n(s) := (sp+3(i+j−2))1≤i,j≤n. By (11), we have for all n ≥ 1, p ≥ 0,

K3p
n = −J2Hp

n, K3p+1
n = JHp

n, K3p+2
n = Hp+1

n . (21)

Equalities (L10)-(L18) are proved by combining (21) and (16-18) where
the sequence u is specialized to s.

(L10) Combining (21) and (16), we have
∣

∣Σ3p
3n

∣

∣ = |P tΣ3p
3nP |

=

∣

∣

∣

∣

∣

∣

−J2Hp
n JHp

n Hp
n

JHp
n Hp

n −J2Hp
n

Hp
n −J2Hp

n JHp
n

∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣





−J2Hp
n JHp

n Hp
n

JHp
n Hp

n −J2Hp
n

Hp
n −J2Hp

n JHp
n









In,n J2In,n 0n,n

0n,n In,n J2In,n
0n,n 0n,n In,n





∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

−J2Hp
n 0n,n Hp

n +Hp
n

JHp
n Hp

n +Hp
n 0n,n

Hp
n 0n,n 0n,n

∣

∣

∣

∣

∣

∣

=(−1)n|Σp
n|2 · |Hp+1

n |.

(L11) Combining (21) and (17), we have
∣

∣Σ3p
3n+1

∣

∣ =
∣

∣P tΣ3p
3n+1P

∣

∣

=

∣

∣

∣

∣

∣

∣

−J2Hp
n (JHp

n)
(n) (Hp

n)
(n)

(JHp
n)(n) Hp

n −J2Hp
n

(Hp
n)(n) −J2Hp

n JHp
n

∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣





−J2Hp
n (JHp

n)
(n) (Hp

n)
(n)

(JHp
n)(n) Hp

n −J2Hp
n

(Hp
n)(n) −J2Hp

n JHp
n
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×





In,n J2(In,n)
(n) J(In,n)

(1)

0n,n In,n 0n,n

0n,n 0n,n In,n





∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

−J2Hp
n 0n,n 0n,n

(JHp
n)(n) Hp

n +Hp
n 0n,n

(Hp
n)(n) 0n,n J(Hp

n +Hp+1
n )

∣

∣

∣

∣

∣

∣

=(−1)n+1J2|Hp
n+1| · |Σp

n| ·
∣

∣Σp+1
n

∣

∣ .

(L12) Combining (21) and (18), we have
∣

∣Σ3p
3n+2

∣

∣ =
∣

∣P tΣ3p
3n+2P

∣

∣

=

∣

∣

∣

∣

∣

∣

∣

−J2Hp
n JHp

n

(

Hp
n

)(n)

JHp
n Hp

n −J2
(

Hp
n

)(n)

(

Hp
n

)

(n)
−J2

(

Hp
n

)

(n)
JHp

n

∣

∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

∣







−J2Hp
n JHp

n

(

Hp
n

)(n)

JHp
n Hp

n −J2
(

Hp
n

)(n)

(

Hp
n

)

(n)
−J2

(

Hp
n

)

(n)
JHp

n







×





In,n J2In,n J(In,n)
(1)

0n,n In,n 0n,n

0n,n 0n,n+1 In,n





∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

−J2Hp
n 0n,n 0n,n

JHp
n Hp

n 0n,n
(

Hp
n

)

(n)
0n,n J(Hp

n +Hp+1
n )

∣

∣

∣

∣

∣

∣

=(−1)n+1J2|Hp
n+1| · |Σp

n+1| · |Σp+1
n |.

(L13) Combining (21) and (16), we have
∣

∣Σ3p+1
3n

∣

∣ =
∣

∣P tΣ3p+1
3n P

∣

∣

=

∣

∣

∣

∣

∣

∣

JHp
n Hp

n −J2Hp
n

Hp
n −J2Hp

n JHp
n

−J2Hp
n JHp

n Hp+1
n

∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣





JHp
n Hp

n −J2Hp
n

Hp
n −J2Hp

n JHp
n

−J2Hp
n JHp

n Hp+1
n









In,n 0n×n 0n×n

JIn,n In,n J2In,n
0n×n 0n×n In,n





∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

J(Hp
n +Hp

n) Hp
n 0n×n

0n×n −J2Hp
n 0n×n

0n×n JHp
n Hp

n +Hp+1
n

∣

∣

∣

∣

∣

∣
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=(−1)n|Hp+1
n | · |Σp

n| · |Σp+1
n |.

(L14) Combining (21) and (17), we have

∣

∣Σ3p+1
3n+1

∣

∣ =
∣

∣P tΣ3p+1
3n+1P

∣

∣

=

∣

∣

∣

∣

∣

∣

JHp
n (Hp

n)
(n) −J2(Hp

n)
(n)

(Hp
n)(n) −J2Hp

n JHp
n

−J2(Hp
n)(n) JHp

n Hp+2
n

∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣





JHp
n (Hp

n)
(n) −J2(Hp

n)
(n)

(Hp
n)(n) −J2Hp

n JHp
n

−J2(Hp
n)(n) JHp

n Hp+2
n





×





In,n −J2(In,n)
(1) J(In,n)

(1)

0n,n In,n 0n,n

0n,n 0n,n In,n





∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

JHp
n 0n+1,n 0n,n

(Hp
n)(n) −J2(Hp

n +Hp+1
n ) J(Hp

n +Hp+1
n )

−J2(Hp
n)(n) J(Hp

n +Hp+1
n ) 0n,n

∣

∣

∣

∣

∣

∣

=(−1)nJ |Hp
n+1| · |Σp+1

n |2.

(L15) Combining (21) and (18), we have

∣

∣Σ3p+1
3n+2

∣

∣ =
∣

∣P tΣ3p+1
3n+2P

∣

∣

=

∣

∣

∣

∣

∣

∣

∣

JHp
n Hp

n −J2
(

Hp
n

)(n)

Hp
n −J2Hp

n J
(

Hp
n

)(n)

−J2
(

Hp
n

)

(n)
J
(

Hp
n

)

(n)
Hp+1

n

∣

∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

∣







JHp
n Hp

n −J2
(

Hp
n

)(n)

Hp
n −J2Hp

n J
(

Hp
n

)(n)

−J2
(

Hp
n

)

(n)
J
(

Hp
n

)

(n)
Hp+1

n







×





In,n 0n,n 0n,n

JIn,n In,n J2(In,n)
(n)

0n,n 0n,n In,n





∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

J(Hp
n +Hp

n) Hp
n 0n,n

0n,n −J2Hp
n 0n,n

0n,n J
(

Hp
n

)

(n)
Hp

n +Hp+1
n

∣

∣

∣

∣

∣

∣

=(−1)n+1|Hp+1
n+1| · |Σp

n+1| · |Σp+1
n |.
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(L16) Combining (21) and (16), we have
∣

∣Σ3p+2
3n

∣

∣ =
∣

∣P tΣ3p+2
3n P

∣

∣

=

∣

∣

∣

∣

∣

∣

Hp
n −J2Hp

n JHp
n

−J2Hp
n JHp

n Hp+1
n

JHp
n Hp+1

n −J2Hp+1
n

∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣





Hp
n −J2Hp

n JHp
n

−J2Hp
n JHp

n Hp+1
n

JHp
n Hp+1

n −J2Hp+1
n









In,n 0n,n −JIn,n
0n,n In,n 0n,n

0n,n JIn,n In,n





∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

Hp
n 0n,n 0n,n

−J2Hp
n JHp

n Hp
n +Hp+1

n

JHp
n 0n,n −J2(Hp

n +Hp+1
n )

∣

∣

∣

∣

∣

∣

=(−1)n|Σp+1
n |2 · |Hp+1

n |.

(L17) Combining (21) and (17), we have
∣

∣Σ3p+2
3n+1

∣

∣ =
∣

∣P tΣ3p+2
3n+1P

∣

∣

=

∣

∣

∣

∣

∣

∣

∣

Hp
n −J2

(

Hp
n

)(n)
J
(

Hp
n

)(n)

−J2
(

Hp
n

)

(n)
JHp

n Hp+1
n

J
(

Hp
n

)

(n)
Hp+1

n −J2Hp+1
n

∣

∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

∣







Hp
n −J2

(

Hp
n

)(n)
J
(

Hp
n

)(n)

−J2
(

Hp
n

)

(n)
JHp

n Hp+1
n

J
(

Hp
n

)

(n)
Hp+1

n −J2Hp+1
n







×





In,n 0n,n −J(In,n)
(n)

0n,n In,n 0n,n

0n,n JIn,n In,n





∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

∣

Hp
n 0n,n 0n,n

−J2
(

Hp
n

)

(n)
J(Hp

n +Hp+1
n ) Hp

n +Hp+1
n

J
(

Hp
n

)

(n)
0n,n −J2(Hp

n +Hp+1
n )

∣

∣

∣

∣

∣

∣

∣

=(−1)n|Σp+1
n |2 · |Hp+1

n+1|.

(L18) Combining (21) and (18), we have
∣

∣Σ3p+2
3n+2

∣

∣ =
∣

∣P tΣ3p+2
3n+2P

∣

∣

=

∣

∣

∣

∣

∣

∣

∣

Hp
n −J2Hp

n J
(

Hp
n

)(n)

−J2Hp
n JHp

n

(

Hp+1
n

)(n)

J
(

Hp
n

)

(n)

(

Hp+1
n

)

(n)
−J2Hp+1

n

∣

∣

∣

∣

∣

∣

∣
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=

∣

∣

∣

∣

∣

∣

∣

Hp
n 0n,n J

(

Hp
n

)(n)

−J2Hp
n 0n,n

(

Hp+1
n

)(n)

J
(

Hp
n

)

(n)

(

Σp
n

)

(n)
−J2Hp+1

n

∣

∣

∣

∣

∣

∣

∣

=0.

5. Concluding remarks

It is worth mentioning that we do not have a unified result, even
though Bacher’s result and ours are very similar. Let HA

n , H
B
n , H

C
n , H

D
n

be the Hankel determinants of the Thue–Morse-like sequence defined
by the following generating functions respectively:

PA(x) =
∏

k≥0

(1− x2k),

PB(x) =
∏

k≥0

(1 + Jx3k),

PC(x) =
∏

k≥0

(1 + Y x5k),

PD(x) =
∏

k≥0

(1 + Ix2k),

where Y = e2iπ/5. The first values of these Hankel determinants are
reproduced in Table 1.
As shown by Bacher and the authors, the determinants HD

n and HB
n

have simple expressions. Unfortunately, the determinants HA
n and HC

n

do not seem to have any simple expressions. Hence, we do not have a
unified theory about the Hankel determinants of the sequence defined
by the generating function of the form

∏

k≥0(1 + ξxdk).
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